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Graph in Tree, Cycle in Cycle, Spiral Graph, and More

Takaaki Fujita

Independent Researcher, Tokyo, Japan; takaaki.fujita060@gmail.com

Abstract

A MetaGraph is a higher-level graph whose vertices are themselves graphs, with edges representing
specified relations among these graphs. An Iterated MetaGraph extends this notion recursively: its
vertices are MetaGraphs, thereby forming a hierarchical structure of graphs-of-graphs across multiple
levels. In this paper, we introduce and study specific classes of MetaGraphs, including Graph-in-Tree
and Cycle-in-Cycle structures. In addition, we define a new class of graphs, called Spiral Graphs, and
investigate their fundamental properties.
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1. Preliminaries

This section collects the basic terminology and definitions used throughout the paper. Unless
stated otherwise, every graph appearing here is assumed to be finite.

1.1. MetaGraph (Graph of Graphs)

Classical graph theory studies combinatorial structures made of vertices and edges and uses them
to represent relations and connectivity [1,2]. In this work, a MetaGraph is a graph whose vertices are
themselves graphs; edges encode prescribed relations between these vertex-graphs (cf. [3-5]). Recent
years have also seen the introduction of broader extensions of MetaGraphs, such as Metahypergraphs
and Metasuperhypergraphs (cf. [6-8]).

Definition 1 (Metagraph (graph of graphs)). (cf. [6,9]) Fix a nonempty universe & of finite graphs (undi-
rected and loopless by default) and a nonempty family of binary relations

RCP(6x6).
A metagraph over (&, R) is a directed, labelled multigraph
M= (V,E,s, t,A)

such that
VCe, s,t:E—=YV, AE—TR,

and the following incidence condition holds:
Ve € E: (s(e), t(e)) € A(e).

The elements of V are called meta-vertices (each meta-vertex is a graph G € &). For an edge e € E with
A(e) = R, we write s(e) LN t(e) and refer to e as a meta-edge. If R = {R} is a singleton, we may omit edge
labels. When every relation in 'R is symmetric, M may be regarded as an undirected labelled multigraph.
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Example 1 (A concrete metagraph (graph of graphs)). Let & be the class of all finite simple graphs, and let
R = {Rgup } where

(G,H) € Rgywp <= G isisomorphic to a (not necessarily induced) subgraph of H.
Define three graphs
Gy := Py (a single edge), Gy := P3 (a path on 3 vertices), Gs := C3 (a triangle).
Then Gy is a subgraph of Gy, and Gy is a subgraph of Gs (by deleting one edge of the triangle), hence
(G1,G2) € Rawp, (G2, G3) € Ry

Consider the directed metagraph
M= (V,E,s, t,A)

with
V = {Gy1,Gy,G3}, E = {e1,e23},

and structure maps
s(er) = Gi,  tlez) = Go, Alern) = Rsun,  s(ezs) = G, t(e23) = G3,  Ale23) = Rowp-
Then M is a metagraph over (&, R) since each meta-edge satisfies the incidence condition:
(s(e12), t(e12)) = (G1,Ga) € Reup, (s(e23), t(e23)) = (G2, G3) € Ry

1.2. Iterated MetaGraph (Graph of Graphs of - - - of Graphs)

An Iterated MetaGraph is obtained by repeating the MetaGraph construction: its vertices are
metagraphs, and this recursion produces a hierarchy of graph-of-graphs structures across multiple
levels [6].

Definition 2 (Unit metagraph embedding). [6] For X € & define the unit metagraph
UX):=({X}, o ___).

This yields an injective map
U: & < Obj(Meta(&,R)).

Definition 3 (Relation lifting). Let R be a family of relations on &. Its lift R to finite metagraphs over
(6, R) is defined by

YReR, (My, M) eR" «— JxeV(M),ye V(M) such that (x,y) € R.
Set RT:= {RT:R € R}.

Definition 4 (Iterated object and relation universes). Define recursively for t € Np:

e+ = {ﬁnite metagraphs over (6, R(1)) }, RUHD = (R(t))f.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 5 (Iterated MetaGraph of depth t). For t € Ny, an iterated metagraph of depth t is a
metagraph
M = (V(f),E(f),s(f), t(f),,\(f))

over (Qﬁ(t),R(t)); thatis, V() Cc (1) A1) . E() 5 R gnd
Vec EW : (s (e), t)(e)) € A1) (e).

Example 2 (A concrete iterated metagraph of depth 2). Let & be the class of all finite simple graphs and let
R = {R} where
(GH)eR &= |V(G)|L|V(H)|

Thus a meta-edge G K His permitted whenever the source graph has at most as many vertices as the target
graph.
Step 0 (base graphs). Let

A= Pz, B := P3,

so|V(A)| =2and |V(B)| = 3.
Step 1 (metagraphs over (&, R)). Define two metagraphs My, My € &) as follows:
Ml = (Vl, Ellslltll/\l)/ Vl = {A/B}/ El = {e}/
with
si1(e) =A, ti(e)=B, M(e)=R

Also let
My := (Va, Ey, 52,12, A2), Va={B}, &2 =0.

Hence M has a single meta-edge A KN B, while M, consists of one meta-vertex and no meta-edges.

Step 2 (an iterated metagraph over (&), R()), Recall that R1) = {R1} is the lifted relation on depth-1
metagraphs, where

(M,N) € R" «—= Jxec V(M), Iy V(N): (x,y) € R.

We claim (M, My) € R': indeed, taking x = B € Vy and y = B € V; gives (B, B) € R since |V(B)| <
[V(B)].

Now define the depth-2 iterated metagraph
M2 — (V(Z), E®@ 52 t(2),,\(2))

by
v® = (M, My}, E® ={e},

and
s@@e)=M;, tPDE) =M, A@(e)=R"

Then M@ is an iterated metagraph of depth 2, because it is a metagraph over (05(2), R(z)) with vertices in
&2 = &) and its unique meta-edge satisfies the incidence constraint

(s (e), tP(e)) = (M1, Mp) € RT = A@)(¢).

An overview of Graphs, MetaGraphs, and Iterated MetaGraphs is presented in Table 1.
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Table 1. Summary of Graph, MetaGraph, and Iterated MetaGraph
Object Vertices are Edges encode
Graph atomic vertices (points) adjacency/relations between vertices

specified relations between graphs (via
labels R € R)

metagraphs of depth t — 1 (objects in  lifted relations between lower-level

& (1) objects (labels in R(*))

MetaGraph (graph of graphs) graphs G € & (meta-vertices)

Iterated MetaGraph (depth )

2. Main Results

This section presents the main results of this paper. For reference, a summary of Graph-in-
Tree/Tree-in-Tree and Graph-in-Cycle/Cycle-in-Cycle is provided in Table 2. In this section, we briefly
examine and discuss the fundamental properties of these concepts.

Table 2. Summary of Graph-in-Tree/Tree-in-Tree and Graph-in-Cycle/Cycle-in-Cycle

Class Meta-level skeleton What each meta-vertex contains
Graphin Tree  Skel(T) is a finite tree an arbitrary finite graph G € &

Tree in Tree Skel(T) is a finite tree afinitetree T € T C &

Graph in Cycle Skel(C) is a finite simple cycle C,, (1 > 3) an arbitrary finite graph G € &

Cycle in Cycle  Skel(C) is a finite simple cycle C;, (n > 3) a finite cycle graph C;; € € C & (m > 3)

2.1. Graph in Tree

Intuitively, a Graph in Tree is a tree-shaped metagraph: the meta-level incidence pattern is a tree,
while each meta-vertex carries an entire (base-level) graph.

Definition 6 (Underlying (unlabelled) skeleton). Let M = (V, E,s,t, A) be a metagraph over (&, R). Its
(undirected) skeleton is the simple undirected graph

Skel(M) := (V, {{s(e),t(e)} :e € E}),
obtained by forgetting orientations, labels, and multiplicities.

Definition 7 (Graph in Tree). Fix a nonempty universe & of finite graphs and a nonempty family of binary
relations R C P (& x &). A Graph in Tree over (&, R) is a metagraph

T = (V,E,s,t,A) over (&,R)

such that its skeleton Skel(T) is a (finite) tree.
Equivalently, it is the following explicit data:

e afinite (undirected) tree T = (N, F),
* an assignment (node-labelling) 1 : N — &,
e an assignment of relation labels A : E — R on the set

=

F:={(u,v) e Nx N:{u,v}eF}

of oriented edges,

satisfying the incidence constraint
Y(u,0) € F:  (1(u),1(v)) € A(u,0).

In this viewpoint, the associated metagraph has meta-vertex set V.= ((N) and meta-edge set E = F with
s(u,v) = 1(u), t(u,v) = 1(v), and A(u,v) = A(u,v).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 1 (Rooted form). Ifa root p € N is fixed, one may orient every edge away from p, obtaining a rooted
version in which A is specified only on parent-to-child arrows. This is often convenient when interpreting T as a
hierarchical “tree of graphs”.

Example 3 (A concrete Graph in Tree). Let & be the class of all finite simple graphs and let R = {R} consist
of the single relation
(G H)eR = [V(G)| <[V(H)

(Thus, a meta-edge G R H s allowed precisely when the source graph has at most as many vertices as the target
graph.)
Define three base graphs:

Gy := P, (a single edge), Gy := Ps (a path on 3 vertices), Gz := C3 (a triangle).

Consider the metagraph
T=(V,E,s,t,A)

with meta-vertex set V.= {Gy, Gy, G3 } and meta-edge set E = {e1n, €23} specified by
s(en2) = Gy, t(enn) = Go, Alena) =R, s(ex3) = Gy, t(ex3) = Gz, Aleas) = R.
Then T is a Graph in Tree: its skeleton Skel(T) is the path
G — G2 — G,

which is a tree, and the incidence constraints hold because |V(Gy)| =2 < 3 = |V(Gp)| and |V (Gy)| =3 <
3=V(G3)l

Theorem 1 (Every Graph-in-Tree is a MetaGraph). Fix a nonempty universe & of finite graphs and a
nonempty family of binary relations R C P(& x &). Let T be a Graph in Tree over (&, R) in the sense of
Definition 7. Then T is a metagraph over (&, R) (i.e. a MetaGraph in the sense of Definition [Metagraph
(graph of graphs)]).

Proof. By Definition 7, a Graph in Tree over (&, R) is defined to be a metagraph
T=(V,Es,tA) over(6,R)

whose skeleton Skel(T) is a finite tree.
In particular, the data (V, E, s, t, A) satisfy all axioms required of a metagraph over (&, R):

VCe, s,t:E—=V, AE—=TR,
and the incidence condition holds for every e € E,

(s(e),t(e)) € Ale).

These are exactly the defining conditions of a metagraph (MetaGraph) over (&, R). The additional
requirement that Skel(T) is a tree is an extra structural constraint on this metagraph and does not alter
metagraphhood. Hence T is a MetaGraph. O

Let
T=(V,E,s,tA)

be a Graph in Tree over (&, R) in the sense of Definition 7, and let Skel(T) denote its skeleton (Defini-
tion 6).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 2 (Weak connectivity). Every Graph in Tree T is weakly connected; equivalently, the underlying
undirected adjacency graph on V induced by E is connected.

Proof. By definition, the skeleton Skel(T) is the simple undirected graph

Skel(T) = (V, {{s(e),t(e)} : e € E}).

A Graph in Tree is defined by the condition that Skel(T) is a finite tree, and every tree is connected.
Hence the undirected adjacency graph induced by E is connected, which is precisely weak connectivity
of T. O

Proposition 1 (Acyclicity at the meta-level). The skeleton Skel(T) contains no (undirected) cycles. In
particular, for any distinct X,Y € V there exists a unique simple undirected path in Skel(T) connecting X
andY.

Proof. Since Skel(T) is a tree, it is by definition acyclic. A standard characterization of trees is that
between any two vertices there is a unique simple path. Applying this characterization to Skel(T)
yields the claim. O

Theorem 3 (Meta-edge lower bound and the tree case). Let n := |V|. Then n > 1 and
|[E| > n—1.

Moreover, if T has no multiplicities at the skeleton level in the sense that for every unordered pair {X,Y} C V
there exists at most one meta-edge e € E with {s(e),t(e)} = {X, Y}, then

|[E| =n—1.

Proof. Since Skel(T) is a finite tree on 1 vertices, it has exactly n — 1 undirected edges. Each undirected
skeleton edge {X, Y} arises from at least one meta-edge e € E satisfying {s(e),t(e)} = {X, Y} by the
definition of the skeleton. Therefore, to realize all n — 1 distinct skeleton edges, the set E must contain
at least n — 1 meta-edges; hence |[E| > n — 1.

If, additionally, there is at most one meta-edge realizing each unordered pair, then each of the
n — 1 skeleton edges is realized by exactly one meta-edge, and thus |[E| =n—1. O

Proposition 2 (Skeleton-preserving minimal submetagraph). Let n := |V/|. There exists a subset Ey C E
with |Eg| = n — 1 such that the restricted structure

To:= (V, E(],S|E0/t|E0r/\|EO)

is again a Graph in Tree and satisfies
Skel(Ty) = Skel(T).

Proof. The tree Skel(T) has exactly n — 1 undirected edges. For each skeleton edge {X, Y}, choose one
meta-edge e;x vy € E with {s(e;x v}) tefx,y})} = {X, Y} (such an edge exists by the definition of the
skeleton). Let E be the set of the chosen meta-edges. Then |Ey| = n — 1.

Restricting s, t, A to Eq preserves the incidence condition (s(e), t(e)) € A(e) for all e € E, since it
holds for all e € E. By construction, the set of unordered pairs {{s(e), t(e)} : e € Ey} equals the edge
set of Skel(T), so Skel(Ty) = Skel(T), which is a tree. Hence Ty is a Graph in Tree. [J

2.2. Tree in Tree

A Tree in Tree is a Graph in Tree whose embedded graphs are themselves trees.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 8 (Tree universe). Let T C & denote the class of all finite trees (viewed as graphs) that lie in the
ambient universe &. Define the restricted relation family

Rilz:= {RN(TxT):ReR}.

Definition 9 (Tree in Tree). A Tree in Tree over (&, R) is a Graph in Tree T = (V,E,s,t,A) over (&, R)
such that every meta-vertex is a tree, i.e. V C %.

Equivalently, in the explicit description of Definition 7, the node-labelling satisfies ((N) C ¥ and the labels
take values in R | <.

Example 4 (A concrete Tree in Tree). Let & be the class of all finite simple graphs, and let T C & be the
subclass of finite trees. Let R = {R} where

(Tl, Tz) €ER = dlam(Tl) < diam(Tz),

and diam(T) denotes the diameter of a tree T.
Define three trees:

Ty := P, (a single edge), T, := P5 (a path on 3 vertices), Tz := Ky 3 (a star on 4 vertices).

Their diameters are
dlam(Tl) = 1, dlam(Tz) = 2, dlal‘n(Tg) =2.

Consider the metagraph
T=(V,Es,t,A)

with
V={T, T, T3}, = {e1p, e},

and structure maps given by
s(ern) = Ty, tlern) = Ty, Alerz) =R, s(exs) = T, t(exs) = T3, Alexs) = R.
Then T is a Tree in Tree: every meta-vertex is a tree (so V C ), and the skeleton
Th — T, — T;

is a tree. Moreover, the incidence constraints hold because diam(T;) = 1 < 2 = diam(T;) and diam(T,) =
2 <2 = diam(T3).
2.3. Graph in Cycle

Replacing the tree-shaped skeleton by a cycle yields a cyclic variant.

Definition 10 (Graph in Cycle). A Graph in Cycle over (&, R) is a metagraph C = (V,E,s,t,A) over
(&, R) such that its skeleton Skel(C) is a (finite) simple cycle graph. Equivalently, it is data (Cy, 1, \) where
Cy is an n-cycle (n > 3), together with 1 : V(Cy) — & and A : E(Cy) — R satisfying (1(u),1(v)) € A(u,v)
for every oriented edge (u,v) of Cy,.

Example 5 (A concrete Graph in Cycle). Let & be the class of all finite simple graphs, and let R = {R}
where
(G H)€eR :<= [|E(G)| <|E(H)|.

Define three base graphs:

Gy := DPs (a path on 3 vertices), Gy := Cj3 (a triangle), Gj := Ky (the complete graph on 4 vertices).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Their numbers of edges are |E(G1)| = 2, |E(Gy)| = 3, and |E(G3)| = 6.
Consider the metagraph
C=(V,E,s,tA)

with meta-vertex set V.= {Gy, Gy, G3 } and meta-edge set E = {e1n, €23, €31} given by
s(e2) = Gy, t(er2) = Go, Menz) = R,

s(exs) = Gy, t(ex3) = G3, Alex3) =R,
s(e31) = Gy, t(es1) = G3, A(es1) = R.
Then C is a Graph in Cycle because its skeleton is the 3-cycle
G — G — Gz — Gy,

and every meta-edge satisfies the incidence constraint: |E(Gy)| =2 < 3 = |E(Gy)|, |[E(Gp)| =3 <6 =
|E(G3)|, and |E(G1)| =2 < 6 = |E(G3).

Let
C=(V,E,s,tA)

be a Graph in Cycle over (&, R ) in the sense of Definition 10, and let Skel(C) be its skeleton (Definition 6).

Theorem 4 (Every Graph-in-Cycle is a MetaGraph). Fix a nonempty universe & of finite graphs and a
nonempty family of binary relations R C P(® x &). Let C be a Graph in Cycle over (&, R) in the sense of
Definition 10. Then C is a metagraph over (&, R) (i.e. a MetaGraph in the sense of Definition [Metagraph
(graph of graphs)]).

Proof. By Definition 10, a Graph in Cycle over (&, R) is, by construction, a metagraph
C=(V,E,s,t,A) over (&,R)

whose skeleton Skel(C) is a finite simple cycle graph.
In particular, the defining axioms of a metagraph are satisfied:

VCe, s,t:E—=YV, AtE—=TR,

and for every meta-edge e € E the incidence condition holds,

(s(e),t(e)) € Ale).

These conditions are exactly those required for C to be a metagraph (MetaGraph) over (&, R). The
additional requirement that Skel(C) is a cycle merely restricts the allowable incidence pattern at the
meta-level and does not affect metagraphhood. Hence C is a MetaGraph. O

Lemma 1 (Local structure of the skeleton). Let n := |V|. Then n > 3 and, for every X € V, there exist
exactly two distinct vertices X, X+ € V such that the neighbors of X in the skeleton are precisely {X~, X" }.
Equivalently, in Skel(C) every vertex has degree 2.

Proof. By assumption, Skel(C) is a finite simple cycle graph, hence it has at least 3 vertices and every
vertex has degree 2. Translating this statement to the vertex set V of Skel(C) yields the claim. [

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 5 (Cyclic ordering of meta-vertices). Let n := |V|. There exists an enumeration
V={Xo,Xy,...,Xn-1}
such that the edge set of the skeleton is exactly
E(Skel(C)) = {{X;, Xis1}:i=0,1,...,n — 1},

where indices are taken modulo n (so X,, = Xo). In particular, the only unordered pairs of distinct meta-vertices
that can appear as {s(e), t(e)} are consecutive pairs {X;, X1 }.

Proof. Since Skel(C) is a simple cycle on n vertices, it is isomorphic to the standard cycle graph Cj,.
Choose an isomorphism ¢ : C, — Skel(C) and write X; := ¢(i) fori € {0,1,...,n — 1}. Under this
identification, the edges of Skel(C) are precisely the images of the cycle edges {i,i + 1}, hence they are
exactly {X;, X;11} (indices modulo n). [J

Proposition 3 (A lower bound on the number of meta-edges). Let n := |V|. Then |E| > n. Moreover, if
C has at most one meta-edge whose endpoints form a given unordered pair (i.e. for each {X,Y} C V there is at
most one e € E with {s(e),t(e)} = {X,Y}), then |E| = n.

Proof. The skeleton Skel(C) has exactly n undirected edges. By definition of the skeleton, each
undirected edge {X, Y} of Skel(C) arises from at least one meta-edge e € E with {s(e),t(e)} = {X,Y}.
Since a single meta-edge contributes to exactly one unordered pair {s(e), t(e) }, covering n distinct
skeleton edges requires at least n meta-edges. Hence |E| > n.

If, in addition, there is at most one meta-edge realizing each unordered pair, then each of the n
skeleton edges is realized by exactly one meta-edge, so |[E| =n. O

Theorem 6 (Weak connectivity). Every Graph in Cycle C is weakly connected; equivalently, the underlying
undirected adjacency graph on V induced by E is connected.

Proof. The underlying undirected adjacency graph on V has an edge between X and Y precisely when
there exists e € E with {s(e),t(e)} = {X, Y}, which is exactly the definition of the skeleton Skel(C).
Since Skel(C) is a cycle graph, it is connected. Therefore C is weakly connected. [

Proposition 4 (Skeleton-preserving minimal submetagraph). Let n := |V|. There exists a subset Ey C E
with |Eg| = n such that the restricted structure

CO = (V/ EO/ SIEOI t|E0//\|E0)
is again a Graph in Cycle and satisfies Skel(Cy) = Skel(C).

Proof. The skeleton Skel(C) has exactly n edges. For each undirected skeleton edge { X, Y}, choose one
meta-edge e;x vy, € E satisfying {s(e;x,y}), t(efxy})} = {X, Y} (such an edge exists by the definition
of the skeleton). Let E be the set of these chosen edges; then |Ey| = n.

Restricting s, t, A to Ey preserves the metagraph incidence condition (s(e), t(e)) € A(e) for all
e € Ey (since it held for all e € E). By construction, the set of unordered pairs {{s(e),t(e)} : e € Eo}
equals the skeleton edge set, hence Skel(Cy) = Skel(C), which is a cycle graph. Therefore Cy is a Graph
in Cycle. O

Theorem 7 (A sufficient condition for strong connectivity). Let V = {Xo, ..., X1} be a cyclic ordering
as in Theorem 5. Assume there exist meta-edges e; € E (i =0,...,n — 1) such that

s(e;) = X;,  tle;) = Xj41 (indices modulo n).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then C is strongly connected (as a directed multigraph).
Proof. The edges e, ¢y, ...,¢e,_1 form a directed cycle
Xo—> X4 — - — X1 — Xo.

In a directed cycle, every vertex can reach every other vertex by following the forward direction around
the cycle. Hence, for any X;, X; € V, there exists a directed path from X; to X; using a suitable subword
of the cycle edges. Therefore C is strongly connected. [

2.4. Cycle in Cycle

A further specialization is obtained by requiring each embedded graph to be a cycle.

Definition 11 (Cycle universe). Let € C & denote the class of all finite simple cycle graphs (i.e. graphs
isomorphic to Cy, for some m > 3) that lie in . Define

Rle:= {RN(€xE€):ReR}.

Definition 12 (Cycle in Cycle). A Cycle in Cycle over (&,R) is a Graph in Cycle C = (V,E,s,t,A)
over (&, R) whose meta-vertex set consists of cycles, i.e. V. C €. Equivalently, in Definition 10 one requires
1(V(Cy)) C €and labels in R [¢.

Example 6 (A concrete Cycle in Cycle). Let & be the class of all finite simple graphs and let € C & be the
subclass of cycle graphs. Let R = {R} where

(X,Y)eR = |V(X)|<|V(Y)].

Choose three cycle graphs
C3/ C4/ C5 .

Consider the metagraph
C° = (V,E,s,t,A)

with
V= {C3/ C4/ CS}/ E= {634/ e45, 635}/

and structure maps
s(eas) = Cs, t(ess) = Cy, Aless) =R,

s(ess) = Cy, t(ess) = Cs, Aless) = R,
s(ess) = Cs, t(ezs) = Cs, Aless) = R.
Then C° is a Cycle in Cycle: all meta-vertices are cycle graphs (so V. C €), its skeleton is the 3-cycle
G -G -G -G,

and the incidence constraints hold because 3 < 4,4 <5,and 3 < 5.

3. Additional Result: Spiral Graph

The purpose of this section is to formalize a “spiral” as a graph obtained by iteratively gluing a
prescribed family of finite blocks along designated boundary vertices (ports). A type word (finite or
infinite) specifies which block type is used at each step. The PDCA cycle (Plan-Do-Check-Act) serves
as a motivating example, but the construction applies to any finite alphabet of types.
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3.1. Types and Semantics

This subsection fixes the type alphabet X and introduces an optional semantic interpretation map
Sem : ¥ — &, which allows one to declare when two types (and hence two blocks) represent the same
meaning.

Definition 13 (Type alphabet and semantics). Fix a finite alphabet (set of types) £. A semantic interpreta-
tion is a function
Sem:% = S,

where S is an arbitrary set of “meanings” (e.g. phases, labels, actions, roles). Two types o, T € X are said to
have the same meaning if Sem(c) = Sem(7).

Example 7 (PDCA as an interpretation). Let . = {P,D,C, A} and S = {Plan, Do, Check, Act}. Define
Sem(P) = Plan, Sem(D) = Do, Sem(C) = Check, and Sem(A) = Act. This matches the standard PDCA
meaning; other applications may use different alphabets and interpretations.

3.2. Blocks with Entrance/Exit Ports

This subsection defines the building blocks used in the construction. We formalize a block as a
finite graph equipped with two distinguished vertices (entrance and exit ports), and record special
cases such as rooted path blocks and X-indexed families of blocks.

Definition 14 (Two-terminal (ported) block). A two-terminal block is a triple
B = (B,a,w),

where B is a finite graph and a, w € V(B) are distinguished vertices called the entrance port and exit port,
respectively. We do not require & # w, although in most applications & # w. (One may additionally assume B
is connected; the definition itself does not require this.)

Definition 15 (Rooted path block). A rooted path block is a two-terminal block B = (B, «, w) such that B
is a finite simple path graph and its endpoints are o and w.

Definition 16 (Type-indexed block family). Fix a type alphabet X.. A Y-indexed block family is a choice of
two-terminal blocks

{Bcr = (BO'/ Koy wa) }UGZ-

If every By is a path, we call it a path-block family.

3.3. Words and Periodicity

This subsection specifies how a finite or infinite word over X prescribes an ordered sequence of
block types. In particular, we define periodic infinite words (e.g. u*’), which will be used to model
repeating patterns such as PDCA.

Definition 17 (Words and periodic words). A word over L. is a function w : I, — X where either
I,={0,1,...,n—1} (n€N) (finite word)

or
L, =Ny={0,1,2,...} (one-sided infinite word).

We write w(i) = o; and denote the word by oyoy - - - when convenient.
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An infinite word w : Ng — X is periodic with period m > 1if 0;,,,, = 0; for all i > 0. For a finite word
U=T1"Ty_1 € L", wewrite u” for the infinite periodic word

w .
U =T Ty-1T0 " Tp—1"" "

3.4. Spiral Graphs by Gluing

This subsection gives the core construction of the spiral graph S(w). We define S(w) as a quotient
graph obtained by gluing consecutive blocks along their ports according to the word w, and we
introduce the resulting junction vertices.

Definition 18 (Spiral graph induced by a word). Fix a X-indexed block family {By}sex and a word
w : I, — 2. The spiral graph S(w) is constructed as follows.
Foreachi € Iy, take a disjoint copy

B9 — (89,0 o), o3 = ali)
Let Gy be the disjoint union of the graphs Bg) over all i € I. Let ~ be the smallest equivalence relation on

V(Gy) such that
(i) (i+1)

Wo; ~ Koy y

foreveryi € Iy, withi+1 € L.

Define S(w) to be the quotient graph Go/ ~, i.e. the graph obtained by identifying vertices in the same ~-class.
The identified vertices are called junction vertices. We set

v =[], o= (Wi =P (21, i€ 1),

whenever these indices are defined.

Remark 2 (On simplicity vs. multigraphs). The quotient construction above is canonical at the level of vertex
identifications. If one insists on working only with simple graphs, one may additionally simplify the result by
deleting loops and merging parallel edges. In the examples below, no such simplification is necessary.

Remark 3 (Path concatenation case). If each B, is a rooted path block, then each block has a well-defined first
vertex w and last vertex w, and Definition 18 identifies the last vertex of block i with the first vertex of block
i+ 1. Thus S(w) is literally a concatenation of paths (more generally, of two-terminal graphs).

Example 8 (Finite spiral with nontrivial path lengths). Let > = {A, B} and choose a path-block family
Ba = (Py,an,wy) (oneedge), Bg = (P3,ap,wp) (two edges).
Take the finite word w : {0,1,2,3} — X given by
w = ABBA.

Then S(w) is obtained by gluing four blocks in sequence:

The resulting graph is a single path. Its number of edges equals the sum of the block lengths,
E(S(w)| =14+24+2+1=6,
so S(ABBA) = P; (a path on 7 vertices). The junction vertices are

(0) (0) (M m _ @) @ _ 0

Vo=, , V1=wW, =&y, Uy=wp =&y, U3=wWp =&, .
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Hence the word ABBA records a segmentation of the long path into blocks of edge-lengths 1,2,2,1.

Example 9 (Infinite spiral from repeating triangle blocks). Let ¥ = {T} and let w = T = TTT - - - be
the constant infinite word. Define the block By = (Br, at, wr) by letting By be a triangle C3 with vertices
{uo, u1, uy}, and choose distinct ports

Xt = Uy, wT = Uq.

For each i > 0, take a disjoint copy B(Ti) = (Céi), oc(Ti), w(Ti)) and glue them by identifying
w(Ti) = ac(TiH) (i>0).

Then S(T%) is an infinite connected graph in which consecutive triangles share exactly one vertex. If x; denotes
the third (non-port) vertex of the i-th triangle, then for each i > 0 the i-th triangle has vertex set

{vi, vig1, %}

and edge set
{vi,vita}, {vigr, xi}, {xi0i}

Thus S(T) can be viewed as a “chain of triangles” extending indefinitely, each new triangle attached at the
previous exit vertex.

3.5. Meaning Equivalence and Variants

This subsection formalizes the notion of “same meaning” between steps using Sem, and introduces
common variants of the construction. In particular, we define finite truncations S, (w) of an infinite
spiral and cyclic spirals S°(w) obtained by closing a finite spiral.

Definition 19 (Type, meaning, and step equivalence). Let S(w) be as in Definition 18, and fix a semantic
interpretation Sem : X — S. For each i € I, define

type(i) := o; = w(i), meaning(i) := Sem(c;).

We say that steps (blocks) i and j have the same meaning if

i~Semj 4= meaning(i) = meaning(j) :<= Sem(c;) = Sem(c;).
In particular, if Sem = idy, then i ~sem j is equivalent to o; = o;.
Remark 4 (PDCA meaning and periodicity). For w = (PDCA)“ and Sem as in Example 7, one has
meaning(4k) = Plan, meaning(4k+1) = Do, meaning(4k+2) = Check, meaning(4k+3) = Act (k>0),
and therefore i ~gen, j holds exactly when i = j (mod 4).
Definition 20 (Finite truncation). If w : Ng — X is infinite and n € N, the n-step truncation S, (w) is the

spiral graph induced by the restriction w [y, . ,_1y- Equivalently, it is obtained by gluing blocks 0,1,...,n —1

and performing identifications wg) = a,(fﬁll) for0<i<n-—2

Definition 21 (Cyclic spiral). Let w : {0,1,...,n — 1} — X be a finite word. The cyclic spiral S°(w) is
obtained from S(w) by additionally identifying the last exit with the first entrance:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2458.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 December 2025

14 0f 15

Example 10 (A concrete cyclic spiral). Let >~ = {P, D, C, A} and take the finite word w = PDCA. For each
o € %, let By be the one-edge rooted path block. Then S(PDCA) is a path on 5 vertices (with 4 edges), whose
edges are typed in order by P, D, C, A.

The cyclic spiral S°(PDCA) is obtained by identifying the last exit with the first entrance,

®) (0)

wy =ap’.

In this (degenerate) block case, the identification closes the chain and yields a 4-cycle:
S°(PDCA) = Cy,

where the four consecutive edges inherit the types P, D, C, A around the cycle.

4. Conclusion

In this paper, we defined a new class of metagraphs. We expect that future work will explore
extensions based on Fuzzy Sets[10], Neutrosophic Sets[11,12], Hesitant Neutrosophic Sets[13,14],
Uncertain Sets[15,16], and Plithogenic Sets[17,18], as well as applications to methods such as neural
networks. In addition, we expect that studies on extended frameworks based on HyperGraphs [19,20]
and SuperHyperGraphs [21,22] will be pursued in parallel.
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