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Abstract

This article investigates sensor placement strategies for three-dimensional (3-D) time-of-arrival (TOA)-
based target localization in Underwater Acoustic Sensor Networks (UASNSs). To mitigate underesti-
mation of localization accuracy in complex marine environments, the actual acoustic ray propagation
time is derived, and the TOA measurement variance is estimated using the ray acoustic propagation
model. These formulations enable a novel 3-D TOA measurement model, and the trace of Cramér-Rao
lower bound (CRLB) for this model serves as the optimization criterion for sensor placement. The
MinMax k-Means algorithm is proposed to determine the optimal sensor placement by minimizing
the average of the trace of CRLB. Extensive numerical simulations are conducted to demonstrate the
effectiveness of the placement strategies.

Keywords: Time of arrival (TOA); Underwater Acoustic Sensor Networks (UASNSs); Cramer-Rao
lower bound (CRLB); optimal sensor placement; MinMax k-means algorithm

0. Introduction

Underwater Acoustic Sensor Networks (UASNSs) have attracted considerable attention over the
past few decades [1,2], driving the recent development of numerous potential applications, such as
underwater security, ocean surveys, and submarine exploration [3,4]. Among various research topics
in UASN:Ss, target localization represents a fundamental capability, typically achieved by acquiring
time, angle, and received signal strength measurements and executing corresponding localization
algorithms [5-7].

Several localization techniques have been developed for UASNS, including time of arrival (TOA)
and time difference of arrival (TDOA) methods, angle of arrival (AOA) techniques based on angle
measurement, and received signal strength (RSS) based on signal energy measurement [8-10]. Among
these, TOA-based localization offers several distinct advantages in underwater environments, making
it the preferred choice for many underwater localization applications [11]. In recent years, extensive
research has been conducted to improve the target localization accuracy in UASNs. Existing approaches
can be broadly categorized into two groups: improving localization algorithms and optimizing sensor
placement strategies. However, the majority of studies have focused on localization algorithms [12,13],
while relatively few works have addressed sensor placement strategies. Given the complexity of
underwater acoustic propagation, it is essential to incorporate the complex underwater acoustic
channel characteristics when optimizing sensor placement [14,15]. Therefore, determining the optimal
sensor placement in UASNs has become a critical research problem.

To address this challenge, the Cramér-Rao Lower Bound (CRLB) has been widely adopted as a per-
formance metric for sensor placement optimization. The CRLB is the inverse of the Fisher information
matrix (FIM), characterizes the theoretical lower bound on localization estimation variance. Achieving
the CRLB indicates that an estimator has attained the optimal localization performance. Consequently,
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CRLB-based criteria are commonly employed to formulate sensor placement optimization problems
[16-18]. In two-dimensional (2-D) space, the optimal sensor-target geometry for multistatic TOA
localization was derived in [19], where the optimality criterion minimizes the area of the estimation
confidence region, equivalent to maximizing the determinant of the FIM(D-optimality). Extending to
three-dimensional (3-D) scenarios, a novel optimization framework was formulated by minimizing
the trace of CRLB with TOA measurement in 3-D space [20]. Furthermore, the concepts of maximum
feasible angle and separation angle were introduced in [21] to transform the objective function and
constraints into equivalent angular forms, maximizing the determinant of the FIM to optimize range
sensor placement in constrained regions. More recently, the authors in [22] propose an efficient block
majorization-minimization algorithm for optimal 3-D sensor placement with closed-form solutions
and guaranteed convergence.

Although the aforementioned works provide many optimal sensor placement strategies, the
existing optimization frameworks can not be directly applied to sensor placement problem in UASNS.
In general, the underwater acoustic measurement models are inherently complex, influenced by factors
such as the acoustic velocity profiles and the multipath effects [24]. In [25] proposed an optimal sensor
placement method for 3-D underwater target localization using range-only measurements. However,
the optimization process relied on idealized acoustic propagation models (e.g., constant sound speed),
potentially reducing robustness in real underwater scenarios. To address this limition, a multivariate
nonlinear optimization problem was formulated in [26] to minimize the trace of CRLB with a practical
isogradient sound speed profile (SSP). Nevertheless, the resulting optimization problem was nonconvex
and multivariate, preventing guarantees of global optimality. Later, to enhance practicality, the effects
of SSP and the active sonar equation were integrated in [27] to improve coverage calculations and
localization performance. However, the recommended star five-node placement method was costly
and impractical for large-scale implementation. More recently, Huang [28] adopted the criterion
of minimizing the trace of the CRLB to determine the optimal placement of reference nodes under
Gaussian measurement noise, which correlates with the signal propagation path in 3-D underwater
space. However, the computational complexity and adaptability to large-scale or heterogeneous
underwater networks remained unverified.

In respond to the aforementioned limitations, this paper focuses on optimal sensor placement for
3-D TOA-based target localization in UASNs. The main contributions of this work are summarized as
follows:

* A novel 3-D TOA measurement model is developed that incorporates the actual acoustic ray
popagation time and TOA measurement variance estimated using a ray acoustic propagation
model.

*  The CRLB for the proposed 3-D TOA estimation methods is derived, with the trace of CRLB
serving as the optimization criterion for sensor placement, providing a theoretical foundation for
performance evaluation.

¢ A CRLB-based MinMax k-Means optimization algorithm is proposed to determine the optimal
sensor placement problem by minimizing the average of the trace of CRLB, ensuring guaranteed
convergence with reduced computational complexity compared to existing nonconvex optimiza-
tion methods.

e  Extensive simulation results validate the theoretical analysis, demonstrating that the proposed
optimal sensor placement strategies achieve superior localization accuracy compared to existing
placement schemes under the same parameter settings.

The remainder of this paper is organized as follows: Section 1 presents the 3-D TOA-based
localization measurement model and formulates the sensor placement optimization problem. Section
2 develops the CRLB-based MinMax k-Means optimization algorithm to solve the sensor placement
problem. Section 3 provides extensive numerical simulations to validate the theoretical analysis and
evaluate the performance of the proposed placement strategies. Finally, Section 4 concludes the paper
and discusses future research directions.
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1. System Model and Problem Formulation

In this section, we first introduce the TOA-based 3-D localization measurement model and the
involved parameters. Subsequently, we adopt the isogradient sound speed profile and varied noise
measurement to quantify the localization error in terms of the CRLB.

1.1. System Scenario

In this paper, we consider a 3-D underwater acoustic localization scenario, where a stationary
target is to be located using N cooperative sensors. Let C = {1,2,3,..., N} denote the set of sensors,
q = [x,,z]T € R® represent the position of the target, and p; = [x;,;,z;|T denote the location of the
ith sensor, where i € C. The distance between the target and the ith sensor is given by r; = ||q — p;l|,
where || - || denotes the Euclidean norm. Assuming that the acoustic signal generated at time f( arrives
at sensor p; at time is ¢;, and the signal propagation speed is c. The signal arrival time of the ith sensor
in a noisy environment can be expressed as

ri ~
fizfo+;l+Xi=fo+ti+Xi 1)

Here x; denotes the measurement noise, which is assumed to be mutually independent and
follows a zero-mean Gaussian distribution with variance o?. The measurement noise covariance matrix
can be expressed as a diagonal matrix given by

Q = cov (XXT) = diag(tflz, 03, ,(712\]> (2)

In order to facilitate the analysis, we assumed that the signal occurrence time ty = 0. Based on
this assumption, the vector form of the measurement model can be expressed as

t=t+x 3)
with T
t:[tl ty - tN}
i=[f b oo iy 4)
T
X:[Xl X2 XN}

The underwater sound speed is a hierarchical variable. Generally, it follows an isogradient
depth-dependent SSP and can be expressed as

c(z)=b+az ()

where b is the sound speed at the sea surface, and a denotes the steepness of the SSP. Meanwhile, the
target signal fails to satisfy the isotropic conditions, and the actual acoustic path does not propagate
along a straight line but follows a curved trajectory [29]. The deflection angle of the actual acoustic
path relative to the straight line connecting the target and the ith sensor is derived from Snell’s law
and can be expressed as

V=2 + (v —y)?

«; = arctan (6)
l leb + (Z + Zz')
and the angle of this straight line with respect to the horizontal axis can be expressed as
0; = arctan G (7)

(x = x)*+ (y— )
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Above all, the actual ray traveling time (RTT) from the ith sensor to the target along the bent

- 1[1n<1+sin(9z'+“i)> _ln(Hsin("i—“i)ﬂ ®)

a cos(6; + «;) cos(0; — ;)

curve is formulated as

1.2. Problem Formulation

From the above definition, we can deduce the correlation between the observation performance
of the sensors with respect to the target and the localization error. The CRLB establishes a fundamental
limit for unbiased estimators in parameter estimation problem. Mathematically, the CRLB is defined as
the inverse matrix of the FIM. Given an unbiased estimator for { the parameter vector u, the covariance
matrix of @ is bounded from below by the CRLB, then we can obtain

E[(a - u)(a—u)T] > CRLB(u) = FIM " 9)

where FIM is defined as the inverse matrix of CRLB. The natural logarithm of the joint probability
density function (PDF) of the localization measurement vector t and the target location estimation is
derived as follows

np(u;t) = 5 (t-HTQ (t—) (10)

Owing to the spatial heterogeneity of the marine environment, the ambient noise variance and
underwater sound speed exhibit significant depth-dependent variations. Accordingly, we denote the
noise variance and sound speed associated with the ith sensor as o, c;, respectively. The corresponding

FIM is given by
1 (x*;Ci)z 1 (xfx,-)z(yfyl) 1 (x*xi)2(Z*Zz)
N Goin € T i Ti
1 (x=x)(y—yi 1 —Vi 1 —vi)(z—z;
FIM = 207 ( 1,),2(]/ Vi) 207 (v r%/r) 2oz (v ]/122( i) (11)
‘:1 171 1 171 1 11 1
1 1 (=x)(z-z) 1 (y=y)(z=z) 1 (z=z)
2o? 2 c2o? r2 co?  r?

Thus, the trace of CRLB can be expressed as

1 Ve-z)\ (e (Eu-w)
Tar_det(FIM> (; Ci0i27i> N (; Ciffizri B 1221 Ci(Tizri (12)

Given a narrowband acoustic signal characterized by a bandwidth of B(Hz), a center frequency
of f.(Hz), and a duration of T;(s), the theoretical CRLB for TOA estimation can be obtained [30]

0? > CRLB(TOA) = m (13)
where SNR; represent the received signal-to-noise ratio at the ith sensor. Based on the analysis of
underwater acoustic channel characteristics, the received signal-to-noise ratio at each sensor can be
calculated once the system operating parameters are determined.

According to the classical passive sonar equation, neglecting the directivity of the acoustic
transducer, the signal-to-noise ratio at the ith sensor in UASNSs is given by

SNRS = SL — TL; — NL; (14)

where SL represents the source level of the acoustic signal radiated by the target, TL; denotes the
propagation loss from the target to the ith receiving sensor, and NL; corresponds to the ambient noise
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ocean level at that sensor. Note that (14) is the decibel scale signal-to-noise ratio, which is converted to
linear power signal-to-noise ratio as

SNR! = 105NKi/10 (15)
Substituting (14) and (15) into (13), the TOA estimation variance in the underwater environment
is given by
1
2
0f > CRLB(TOA) = ———— 16
T (TOA) 872BT, f2SNRY (16)

It can be seen from (16) that the variance of TOA estimation is determined by the propagation
loss and ambient noise in the marine environment.

2. Sensor Placement Solutions

In the preceding section, we first established the TOA measurement model for UASNs based on a
realistic isogradient sound speed profile and actual ray traveling time. Subsequently, we systematically
investigated the relationship between TOA estimation variance, propagation loss, ambient noise.
Nevertheless, all the above analyses are predicated on the unrealistic assumption that the exact target
location is known in advance, which is invalid in practical localization scenarios. To achieve consistent
and superior localization performance over the entire test region, we adopt the optimization criterion
of minimizing the trace of the average CRLB over all possible target locations. The corresponding
objective function is formulated as

Tave = (l) / / Todxdydz (17)
9]

where () represents the test region, and Ty is defined as the trace of the average CRLB at all possible
target positions within Q). It should be noted that due to the nonlinearity of the underwater acoustic
propagation model and the CRLB expression, the integral in the above (17) has no closed-form solution
when substituting (12).

To facilitate numerical solution, we discretize the continuous test region into a uniform grid of
candidate target locations. Under this discretization scheme, the corresponding optimization objective
function for sensor placement can be rewritten as

1 m=1
ar min T = ar min — 7/ T, 18
gplrp2/-"/pN AvG gperZr"-/pN M % ar(CIm) ( )

where M denotes the total number of discrete target points, q,, is the mth target position in the test
region, and the vector p = [Px,ll Py, P21, Px2s Py2s P22, Px,Ns Py,N» pz,N] T is formed by concatenat-
ing the three-dimensional coordinates of all N underwater acoustic sensors. Given the non-convex
nature of the optimization problem (18), we employ the MinMax k-Means optimization algorithm to
find a suboptimal solution through iterative computation [31]. The detailed implementation steps of
the algorithm are outlined below

1.  Initialization
The initial positions of N sensors are selected using the MinMax k-Means initialization strategy:

* Randomly select a point in the test region () as the initial position of the first sensor py,

®  Select the point in () farthest from p; as the initial position of the second sensor p2,

¢ Fori=3---N: selecting the point that maximizes the minimum Euclidean distance to all
ready selected sensors.

2. Iterative Optimization
The iterative framework is similar to the standard k-Means algorithm, but the update rule does
not compute the centroid of each cluster. Instead, the position of each sensor is optimized
individually to minimize the overall objective function. The detailed steps are as follows:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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e Allocation Step: Assign each virtual target point q, to its nearest sensor to form clusters:

C,Et) = {qm:k:argn’ljinﬂm—p§t)}, k=1,...,K (19)

where C,Et) denotes the set of target points assigned to the k sensor at iteration .

e  Update Step: For each cluster, k =1,...,K, if ’C,Et) ‘ = 0, randomly generate a new position
in the test region. Otherwise, fix the positions of all other sensors and update the position of

(£)

sensor p,’ by solving the following sub-optimization problem numerically

(t+1) . .plt)
R CLL ) =
Am <Ly

with P(_t;{ = {pgt), e ,pl((t_)l,p]((:)_l, e ,pg)}
Mathematically, this update rule implements a block coordinate descent optimization scheme [32].
Specifically, we decompose the original high-dimensional optimization problem into N indepen-
dent low-dimensional subproblems. For each subproblem, we fix the positions of all sensors
except the j-th one, and adjust the position of the j-th sensor to minimize the sum of tr(CRLB)
over all virtual target points assigned to that sensor.
3. Convergence Judgment

Terminate the iteration if the maximum position change of all sensors is less than a predefined
threshold e

max Hp](fﬂ) - p,((t) H <e (21)

4.  Output
Return the optimized sensor placement matrix P(+1),

3. Simulation Studies

In this section, comprehensive simulations are carried out to evaluate the performance of the
proposed sensor placement strategies for UASNs. Specifically, we first configure the simulation
parameters, then employ the MinMax k-Means algorithm to optimize sensor placement in UASNS,
and finally a systematic comparison of the root mean squared error (RMSE) performance is presented
for three representative sensor placement strategies.

The simulation parameters are configured as follows. Bulleted lists look like this:

e  Signal Parameters: The center frequency is set to f. = 1000Hz, the sampling interval Ty = 0.001s,
the bandwidth B = 600Hz, and the source level SL = 180dB. The ambient noise at each sensor is
a random value in the interval of 60 — 70dB.

¢  Underwater Acoustic Propagation Parameters: The depth range of the acoustic target is set to
0 — 1000m. The distance between the target and each sensor ranges from Om to 1500m, and the
acoustic emission angle ranges from —90° to 90°. The surface sound speed is b = 1480m/s , and
the underwater sound speed profile is assumed to be isogradient, increasing linearly with depth
z as (5), and linear sound speed profile with steepness a = 0.1.

*  MinMax k-Means Algorithm Parameters: The target location probability is uniformly distributed
in the test region. The region is discretized into a regular grid with a spacing of 10m, where
each grid intersection is treated as a virtual target point. The algorithm is terminated when the
maximum number of iterations t = 1000 is reached or the convergence condition ¢ = 0.01 is
satisfied.

In a 1000m x 1000m x 1000m test region, the MinMax k-Means algorithm is employed to optimize
the sensor placement under the assumption of uniform target occurrence probability. All algorithmic
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parameters are set in accordance with the configurations given above. The surveillance region is
discretized into a 3D grid with a spacing of 10m, where each grid intersection is regarded as a virtual
target point. Simulations are performed with the number of sensors set to 5, 10, 20, and 30, respectively.
The optimal sensor placement for UASNs obtained by the proposed algorithm is illustrated in Figure 1.

Figure 1 presents the optimal sensor placement results obtained by the MinMax k-Means algorithm
with different numbers of sensors, where the distribution of sensors and virtual target points varies
with the number of sensors. It can be observed from Figure 1(a) to (d) that the number of sensors
increases gradually. Specifically, Figure 1(a) exhibits 5 sensors with a sparse yet approximately uniform
distribution within the test region. As the number of sensors increases stepwise in Figure 1(b) and (c),
the sensors are distributed more extensively and uniformly across the entire region. In Figure 1(d), the
spatial distribution of sensors becomes further homogenized, which ensures more thorough coverage
of the surveillance region and effectively covers all virtual target points.

° s?nsor ) ® sensor
Virtual target location Virtual target location

1000 1000

800 800
600 600
N 400 N 400

200 200

1000 1000

1000

200
Y (m) 0 0 X (m) Y (m) 0 o X (m)

® sensor
Virtual target location

1000

Z(m)

1000

1000 1000

Y (m) 0 o X (m) Y (m) 0 o X (m)

(0) (d)

Figure 1. The optimal sensor placements are carried out by taking the number of sensors with N, they should be
listed as: (a)N = 5. (b) N = 10. (¢) N = 20. (d) N = 30.

These results demonstrate that the optimized placeyment positions obtained via the MinMax
k-Means algorithm present an approximately uniform distribution in the test region for different
numbers of sensors, which well satisfies the requirements for accurate localization of virtual target
points.

In the follows, we evaluate the localization performance of the proposed placement strategies by
comparing its localization accuracy with two typical benchmark methods, namely, random placement
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and cube placement. To quantitatively assess the localization performance, the RMSE between the
actual target positions and their estimated positions is calculated as follows

RMSE= ]E{||€1—q||2} (22)

Figure 2 presents a comparison of the RMSE versus the number of sensors for three different sensor
placement stratagies. As observed in Figure 2, while the RMSE curves of all three placement schemes
exhibit a decreasing trend with an increasing number of sensors, the proposed MinMax k-Means
scheme outperforms the other two methods by consistently achieving the lowest localization error. A
key advantage of the proposed method is that it not only achieves an approximately uniform spatial
distribution of sensors but also incorporates the inherent characteristics of the marine environment
into the placement optimization process. This unique combination of features makes the proposed
algorithm more robust and suitable for practical applications in UASNS.

—A— The random placement
6.54
—%— The cube placement
—*¥— The proposed placement

4 6 8 10 12 14 16

Number of sensors

Figure 2. Comparison of RMSEs versus number of sensors among three different placements with the steepness
of SSP is a=0.1

Furthermore, we conduct a systematic investigation into the influence of critical environmental
parameters on the performance of the proposed MinMax k-Means algorithm, with the corresponding
experimental results depicted in Figure 3 and Figure 4. Specifically, Figure 3 presents a quantitative
analysis of the RMSE for the three placement schemes as a function of the ToA estimation variance o2

For this set of simulations, the number of placed sensors is fixed at N = 8, and the noise variance
is varied in the range of 0.1m? to 1m?. As clearly observed from the figure, the RMSE values of all three
placement strategies increase linearly with the growth of 02, while the proposed method maintains a
consistently lower RMSE and outperforms the other two schemes in terms of estimation performace.
Importantly, the proposed algorithm retains its superior localization performance even when subjected

to large measurement noise, demonstrating its robustness to noise perturbations.
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—A— The random placement
—&— The cube placement
6 —#— The proposed placement

1 1 1 1 1 1 1 1 1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The noise variance az(mz)

Figure 3. Impacts of the noise variance on the localization performance under different placements with N = 8.

6k
— A~ The random placement
55+ —&— The cube placement
— %~ The proposed placement
51;____&,,——A—~———A _____ A-———— A___‘_A,ﬁ,-—A
451
E
B o4
e S e SRR,
35
3k
_ — o R—— _ %
Y e Fom -
2 1 1 1 1 1 1 1
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Steepness of sound speed profile with N=8

Figure 4. Impacts of the steepness of the SSP on the localization performance for different deployments with
N =8.

Additionally, Figure 4 evaluates the impact of the SSP steepness on the localization performance
of the three placement strategies. It is evident that the RMSE curve of the proposed algorithm exhibits
the least fluctuation when the SSP steepness changes, indicating its strong adaptability to variations in
the underwater sound speed profile. Furthermore, across the entire range of SSP steepness values, the
proposed algorithm consistently achieves superior localization performance compared to the other two
placement strategies. Collectively, the simulation results validate that the MinMax k-Means placement
strategy offers optimal localization performance and enhanced robustness, making it well-suited for
application in dynamically changing underwater acoustic environments.
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4. Conclusions

In this paper, the optimal sensor placement problem for 3-D TOA-based localization in UASNs
is considered. A localization measurement model with varied noise measurements and a realistic
isogradient SSP is proposed, and the trace of the average CRLB is used as the optimization criterion.
Additionally, the MinMax k-Means algorithm is employed to solve the optimal sensor placement
problem by minimizing the average of the trace of CRLB. Simulation results show that the proposed
method achieves better localization accuracy while maintaining satisfactory localization performance
in an underwater environment with dynamic changes.

In future research, we will extend our work to the the scenario of multiple uncertain targets with
distinct probability distributions, as this scenario is more consistent with the practical requirements of
underwater surveillance applications. Furthermore, we will explore the sensor placement problem
for uncertain moving targets in UASNs, aiming to develop a more flexible and practical placement
strategy that can adapt to the dynamic nature of underwater targets.
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