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Abstract: The present paper discusses an elliptic equation with Steklov boundary conditions and
(p(x),q(x))-Laplacian. Using mountain pass theorem together with Ekeland’s variational principle,
we prove, under appropriate conditions on the functions involved, that the problem admits at least
two solutions.
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1. Introduction and Main Results

Let QO c RN with N > 3 be a bounded domain with smooth boundary 9Q). Consider the following
elliptic problem with variable exponents

_Ap(x)u — Aq(x)u = )\(x)f(x, M) in Q, (l)
(|Vu|7’(’()_2 + |Vu|‘7(x)_2) 9 = p(x)g(x, u) — [u[P¥) =2 — [u|1¥) 2y onaQ,

where 3% is the normal derivative of the outer uniton 9Q and p,q € C+(Q) ={h € C(Q): 1 <h™ <
h* < oo} suchthatg(.) < p(.). A and p are two functions, which will be described later. f : Q x R — R
and g : 9Q2 X R — R are two Carathéodory functions fulfilling appropriate conditions with potentials
F(x,u) = [y f(x,s)ds and G(x,u) = [’ g(x,s)ds, respectively.

For every m € C*(Q)), we define

m~ =minm(x); m* =maxm(x);
xeQ) xeQ)

WAL i p(x) < N,
+o0 if p(x) > N,

pr(x) =

and (N-Dp(x)
— p X .
pa(x) = N—p(x) if p(x) <N,
+oo if p(x) > N,

In recent years, p(x)-Laplacian equations have attracted a lot of interest and importance because
they can model a wide range of phenomena that appear throughout the study of electrorheological and
thermorheological fluids [3,22], elastic mechanics [24], image restoration [5] and mathematical biology
[14]. For more results and details on variable exponent problems, we refer the interested reader to
[10,11,18,19]. The case when p(.) = g(.) subjected to different types of boundary conditions is widely
investigated (see, for example, [4,6,7,16]) and references therein. Particularly, in [23], A. Zerouali et

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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al. studied the case where A and y are positive constants and established, under suitable hypotheses
on f and g, that the p(x)-Laplacian problem admits at least three solutions, their approach is based
on Ricceri’s theorem [20,21]. The purpose of this study, is to generalize the results found in [23] by
considering a more generalized form problem (1).

The Lebesgue space with variable exponent L? () (Q)) is defined by

Lp(x)(ﬂ) = {u : () c RN 5 R is measurable and / |u|p(x)dx < —i—oo} ,
Q

Y ia gl},

WP () = {u e L™ (Q) / |Vu| € L”(")(Q)},

equipped with the Luxemburg norm

\u|L,,( Q)" 1nf{

and the generalized Sobolev space W*(*) (Q)) as follows

endowed with the norm

ulley = inf{oc >0; /
(@)

We shall first state the hypotheses on the functions involved in the current problem setting.
Assume that f and g satisfy the following assumptions:

@ p(x)

(x)
dx < 1}; Yu e WP (Q).

(F1)  There exist a positive constant ¢ and two functions g, m € C+(Q) with p* < p~ < p*

()
m(x) < p*(x), Yx € Q, such that |f(x,s)| < c[s|P®)~1, (x,5) € Qx Rand A € L7050 (Q),

with B(x) +1 < m(x), Vx € O

(F,)  There exist d > 0 and two functions kg € C(Q,R) and By € C+(Q) with kg(x) > 0, Vx €
Q, ko # 0and BJ < g, such that F(x,s) > ko(x)sPo(®) for a.e. x € Qand all s €]0,d];

(G1)  There exist a positive constant C and two functions §, t € C4(Q) with pt < 6~ < &t <
p ( ) Vx € 9Q), such that |g(x,s)| < C|s|?®)~1 forae. x € Qandalls € Rand u €

Li®-007 (9Q)), with 6(x) +1 < t(x), Vx € oC);
(G2)  Thereexist > p™ and [ > 0 such that for a.e x € 9Q and all |t| > [,

0 < 0G(x,t) < g(x, t)t.

This article consists of three sections. In the second section, we state some necessary preliminary
knowledge and known results. The following theorem, which is the main result of this work, is proved
in Section 3.

Theorem 1. Assume that conditions (F;) — (F,) and (Gy) — (Gy) are satisfied. If A(x) > 0a.e x € Q and
i(x) > 0a.e x € 9Q), then there exists a positive constant A* such that the problem (1) possesses at least two
nontrivial weak solutions, for every |A| s € (0,A%),.

x)—a(x) ()

2. Preliminaries

We give some fundamental facts concerning the generalized Lebesgue and Sobolev spaces, which
we refer to as LP(¥) (Q0) and WP(¥)(()), respectively. See [8,13,17] for more details on these spaces.
Here also, we collect the ingredients of our proofs.
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Proposition 1. [8,12,13]

1. Thespace (U’ O(Q), |ul 10 (0 ) is a separable and uniformly convex Banach space. The conjugate space of

LPO(Q) is L' (Q)), where p'(.) := p(”'g‘ll and for every u € LPO)(Q)) and v € LV’ 0 (Q), the following
Holder inequality

1 1
< (55 5= ) Wl o < 2ol il

/ uvwdx| < (1 + % + 1) |u|LP1(-)(Q)|U|LP2(-)(Q)|w|LP3(-)(Q)
Q Pr P2 P3 2)
< 3|“|Lp1(-)(0)|U|Lp2(->(g)|w|LP3(-)(Q)-
foreach u € LM (Q), v € LP2O)(Q) and w € L3O (Q).
Now we will define the norm that will be applied afterward.
Proposition 2. [7] The norm |u| := |Vu|Lp(x)(Q) + |“|LP<X)(aQ) is an equivalent norm to ||.|q on

Wit ().
The following proposition describes both the properties of W(¥) (Q)) and the embedding results.

Proposition 3. [10,17]

(1)  The space (WLI‘J (), || ||) is a separable and reflexive Banach space;

(2) Ifge Cy(Q)andq(x) < p*(x), VYx € Q, then the embedding WP (Q)) < LIX)(Q) is compact and
continuous;

(3) Ifqg € Ci(Q)and q(x) < p°(x), Vx € Q, then the embedding W"P*) (Q)) — LIX)(dQ)) is compact
and continuous.

When dealing with variable exponent Lebesgue-Sobolev spaces, the map p,, : WP (Q) — R
provided by

pp (1) ::/Q|Vu|p(x)dx+/an|u|p(")da,

is particularly useful.
The following proposition clarifies the relationship between the norm ||.|| and the map p,.

Proposition 4. [13] Let u,u, € WLP(")(Q); n=1,2,...,we have

Lo I |[u]] = T then ||u|lP < pp(u) < ||u|P";
2. If[[ul| < 1 then |[u]|P" < py(u) < |ul|P";
3. ||un|| = 0(— oo) if and only if pp(uy) — 0(— oo).

Lemma 1. [2] Ifr, m € C.(Q) with r(.) < m(.) on Q, then for all u € L") (Q)), we have |u|'¥) ¢

m(x

L™ (Q) and
- +
1] iy < 1l ) + 10 0
L) (Q)
or
‘|u|7‘(X) m(x) = |u|qm(x)(0)’
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with 7 € [r—,rT].

We will use the following form of the mountain pass theorem (see [15]) to establish the existence
result of Theorem 1.

Theorem 2. Let (E,|.||g) be a Banach space and let ® € C'(E;R) be a functional, which satisfies the
Palais-Smale condition and

(i) there exist R > 0 and p € R such that ®(u) > p if |u||g = R;
(i)  ®(0) < p and there exists e € E such that ||e||g > R and ®(e) < p.

Then, ® has a critical point ug € E such that uy # 0 and uy # e with critical value

P(up) = inf supP(u) > p >0,
YEP ey

where P denotes the class of the paths -y € C([0,1]; E) joining 0 to e.

Finally, we will apply the Ekeland’s variational principle to establish the existence of a second
solution.

Theorem 3. [9] Let (E,d) be a complete metric space and ® : E +— R U {+oo} be a Ls.c. function, not
identically equal to +oo and bounded from below. Then, for all 6 > 0 and all u € E such that

P(u) < igf@ +¢e Ve>0,

and all 5 > 0, there exists v € E such that

(i) P(v) < D(u);
(i) d(u,v) <¢;
(iii)  forallw # v, ®(v) < P(w) + §d (v, w).

3. Proof of Main Results

We first make some notations before proving our main result. The Sobolev space WP (Q)
will be denoted, from now on, by E. The strong and the weak convergence of 1, to u are denoted
by u, — u and u, — u, respectively. We use the notations c; and C;, withi = 0,1, 2,... to indicate
positive constants in inequalities which we derive in this section.

We start with proving the lemma below, which is crucial in the definition of a weak solution of
problem (1).

Lemma 2. Assume that (Fy) and (Gy) hold, then the functional | defined by J(u) = [ A(x)F(x, u)dx +
Joq #(x)G(x, u)do satisfies

(a) }is well defined and | € C'(E,R);
(b) ], J' are completely continuous.

Proof.

(@) We use the same technic as in [1] with slight changes. By Proposition 1,Lemma 1, (F;) and (Gy),
we have

el < [ ARG s+ [ ()Gl u)ldo

C
S2— Al i PO 252l RS
p ® () ™

L) () L0 (30) 130 (a00)
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Since m(x) < p*(x) (respectively t(x) < p?(x)), it follows by Proposition 3 that E < L") ((2)
(respectively E < L!(*)(9Q2)) is continuous embeddings. From this we conclude that

4] oy () < collull, (€)
and
] 110 (a0a) < Collull- 4
By (3), (4) and Lemma 1, we obtain
c - + C - +
T <2651 _we  (Illf +ullf7) 42055l (el + ),
B~ i () LT3 (a02)
or
YOIEEY SIS P +2Co bl [l
LB (Q) LI -0 (902)

Consequently, ] is well defined. We proceed to show that | € C!(E,R). Let us first prove that ] is
Gateaux differentiable. We have

J(u+ho) — J(u)

Dj(wo) = lim 7
C tm [/ A(x)(F(x,u+ hv) — F(x,u)) i +/ #(x)(G(x,u+ hv) — G(x,u)) dU] .
h—0 | /O h 20 h
Using the mean value theorem, we see that
DJ(u,v) = lim [/ A(x) f(x, u+ hdv)v(x)dx —|—/ g(x,u —l—hz%)v(x)da] , 9e€(0,1).
h—0 1JO
For |h| <1, the condition (F;) and Young's inequality shows that
AGx) f(x, 1+ h9v)o(x) | <c|A(x)]|u + hdoFO) o]
c(m(x) — p(x)) )
SWI/\( x)| G
_ m(x)
n c(B(x) —1) [|u +h%,ﬁ(x)71} P14 € jpm(x),
m(x) m(x)
Since the function ¢ : s — |s|? is convex for p > 1, it follows that
_ m(x)
A (x)f (x, 1 + hbv)o(x)] g“’”(’;?l (xf(x)) A () | 7P
()
(ﬁ(x) ) m(x)—1 m(x) m(x) ¢ m(x)
S 2T [l o] 4 sl
We now apply the same argument again, with (F;) replaced by (G1), to obtain
C(t(x)—¢ <x)
() -+ hoojo(a)] < ) S0 ”w )|
(6)
C(6(x)—1 C
+ S [l )+ o] 4 e
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Note that the last expression to the right in (5) (respectively (6)) is independent of & and is in L'(Q)
(respectively L!(dQ))). Therefore, by the dominated convergence theorem, it may be concluded
that

DJ(u,v) = /Q)\(x)f(x,u)v(x)dx + /an u(x)g(x, u)v(x)do. )
It is known that the Nemytskii operators

m(x)

FL"0(@Q) - LA
u —  f(x,u)

()

and

Dj(u,0) < BA _ww  fu)]l ww |0l
Lmx)=px) () LA®-1(0)
+3lul I8 u)] 1w 10l oy
LHx)=(x) (30) Lé(x)fl(
< 3ol ww  fu)] w2
Lm(x —B(x) (Q) LB(x)-1 (Q)
+3Colul i g, u)| i o]
LHx)—0(x) (aQ) Lo(x)-1 (80)

Therefore, the functional D] (u, v) is linear and bounded. Consequently, is the Gateaux derivative
of J. Show that D] (u, v) is continuous. For u, #/,v € E, by (7) and Proposition 1, we have

[(DJ(u) = DJ('),0)] < Bl _we  |f(u) = fx )] w [0lpnen(q
Lmx) =) () LE®-1(0)
3l g 8w =g o [olpwan
LHx)=(x) (0Q)) Lo(x)-1 (00))
< alf(hu) = fu)] wo ol +GClg(xu) = g(x,u)] wo  oll,
LAW-1(0) LS0)-1 (902)
thus

IDJ(u) = DJ(u') e+ < cslf(x,u) = flou)] ww  +GCalglxu) —gleu)| woy -
LAW-1(0) L30T (302)

Hence, D] (u) is a continuous operator, therefore J is Fréchet differentiable and | € C!(E,R) with

J'(u) = D] (u).
(b) Let (ug) € E be a sequence such that 1y — u. Show that J(uy) — J(u).

Assume by contradiction that J(uy) - J(u), then there exists € > 0 and a subsequence (uy) such
that
e < [J(u) = J(u)].

Again, by the mean value theorem, for 0 < 9 < 1, we have

0 <e < [(J'(u+ O (ug —u)), ux — ul.
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Put wy = u+ O(ux —u). As J'(u)(w) = [oAx)f(x, u)wdx + [, pu(x)g(x, u)wdo, using
Proposition 1, (F;) and (G; ), we have

(J'(wie), ue —u) = Joy ACx) f(x,wie) (g — w)dxc + [ ()8 (x, wie) (g — u)dor
Ja |)\(x)||f(xrwk)||”k —uldx + [50 [p(0)|1g(x, wi) [|ug — uldo
Ja el A @) Jwe POy — u|dx + Joq Clu(x)] w0y 2O g, — uldor
G [ IR T

m(x)=px) () Lﬁ(X)fl Q)
+3C|u(x >| IPER (T
Hx)=0(x) (300)

VANVARVAN|

1) e — 1] 1 (302 -
[o(x)-1 (902)

Since kEToo |wy| L) (0) # oo and kEI—Poo |k | 1) (30) # oo, by Lemma 1, it follows immediately
that

lim ‘w ﬁ(x)_l‘ mix
Jm | (x)

#o00 and lim ‘|wk|5(x) !
L,B(X)*l (Q) k— oo

Hx) # oo.

LI)-1(30)

As E — L") (Q) and E < L'¥)(3Q) are compact embeddings, letting k — -+co in the above
inequality, it follows that the right-hand side converges to 0, therefore, | is completely continuous.

Finally, show that ] is completely continuous. Let us recall that

(J'(u),v) = /QA(x)f(x,u)vdx—i—/(_my(x)g(x,u)vda.

For (uy) C E such that u, — u, we have (u) is bounded. Now, (2) makes it obvious that

0w =)l < [ @I w) = flwlfoldx+ [ u()llg(m) = gxw)lfoldo
< B e fou) = fuw)] ww [0l q)
L () LB ()
+3[ul o g ug) —=g(x,u)| w0 [0l 00y
Lt(x)—t)(x) (BQ) Lo(x)—l (BQ)

The compact embedding E — L") () respectively E — L'¥)(30)) guarantees the existence of
a subsequence (1) such that u; — u in L") (Q) (respectively in L!*) (9Q2)). Using the fact that
the operators F and G are continuous, it is clear that |’ is completely continuous, which proves
the lemma.

O

To apply mountain pass theorem, We define the functional ® : E — R by

B |Vu|P) 1) u|P) Jy)a)
q’(”)‘/n< I RTES )dx+/2m<p(x) e )d"

_/QA(x)F(x,u)dx—/aQy(x)G(x,u)dal

(®)

Under (F;) and (Gy), we have ® is of class C! (E, R), therefore, a weak solution of problem (1) can
be defined as follows.

Definition 1. We say that u € E is a weak solution to the problem (1) if :
/Q (|Vu|p(x)_2 + |w|q<x>—2) VuVodx + /m (|u|r’<9f>—2 + |u|‘7(")_2) uodc

— /Q/'\(x)f(x,u)vdx — /any(x)g(x,u)vda =0, foreveryve€E.
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Lemma 3. The functional ® satisfies the Palais-Smale (PS) condition.
Proof. Let M > 0 and (1) C E be such that |®(u)| < M and ®'(uy) — 0in E’. Let us prove that
(uy) is bounded.

Assume by contradiction that ||ux|| — oo. Then, using Proposition 4, for large enough k we have

1
M+ 1+ |lug|| >P(uy) — §<®,(uk)/”k>

(S ()
—/‘mw (x, ug)dor — - / wwp-ﬂvw1)m—§éo&mm+wW@wo
ta / x) f(x, ug ) ugdx + / g(x, ug ) ugdo
(ﬁ _ ;) o1 ( ) P (tg) +/ ( Flx, ) — E(x, uk)> dx
u(x) (;g x, g ) — G(x,uk)> do
( ) [Pla +/ A(x)( lx, uk)ukF(x,uk)> dx
[ uw <;g(x g — G(x, uk)> do.
For j(x) > O a.e. x € 30, by (1) and (Gy), we obtain

1 1 - 1 1
S [ (e B(x)
14+ M+ |lug|| > <P+ 9) ||k || c <9 + ﬁ—) /Q |A(x) | ug [P dx. 9)

Moreover, by Proposition 1 and Lemma 1, we have

/—\

cb\»—\

/ A PDdx <20A] e gl i
Q LmE—B() (Q) LEBX ()
- +
= (A Y 10
LW(Q)( L) () ()(Q)) (10)
- +
<aldl aw (Il + el f),
LB (Q)
or B
[ G P < cslAl gy el ay
(@] L mx)—B(x) (Q)
Substituting 9 (respectively 10) into 11, we obtain
1 1 p lgf IB+
Ve Mot gl > (o= o ) el =oAL wer (el + g
p Lmx)-B() (Q)
1 1 B .
> (5= ) Il =20l il
p m® =P ()
or
1 1 o~ B
T+ M+ u]| > Pra " = ez[Al e [l

Lm@)-F() (Q)
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Since § > p* and p~ > B+ > B, this leads to a contradiction. Consequently, () is bounded in E. As
E is a reflexive Banach space, we infer that, up to a subsequence (), we have uy — uin E.
According to the fact that ®'(uy) — 0, it follows that

lim (@' (uy), ux — u) = 0.

k—o0

More specifically

lim / |V |PO) 2T 1y (Vg — V) dx + / Vi | 1) "2V 0 (Vi — Vu)dx
k—00
+/ | [P 2 (g — dU+/ |70 2y (g, — u)dor (12)
/Q A(x) f(x, ug) (g — u)dx — /ao w(x)g(x, ug)(up — u)do = 0.

By (F1), (G1) and the Holder type inequality (2), it may be concluded that

/ A(x) f (x, w) (e — u)dx| < 3c[A| iy ‘|uk‘ﬁ(x)71’ [ — e -
Q LmE-Bk) () L1 ()
and
| gt w) e —wdo| <3CIH1 o Jnd 7 g e =l oy
a0 LHE)—6(x) (302) o)1 (30)

On the other hand, since p(x), q(x) and t(x) (respectively m(x)) fulfills the condition (3) (respectively
(2)) of Proposition (3), it follows that u; — u in LP()(3Q)), L1™) (9Q2) and L) (9Q2) (respectively
Lm(x) (Q)). Therefore, taking into account the above considerations, relation (12) is reduced to

klim /Q |V |P) =2V (Vg — Vu)dx + / Vi 1) =2V e (Vg — V)dx = 0.
—00 Q
The fact that the two terms of the above limit have the same sign, implies that

lim / Vit |P) 2V (Vg — Vau)dx = 0.

k—o00 JO

We infer that the operator A, is of type (S.), see for example [6], hence uy — u in E, and the lemma
follows. O

A second auxiliary lemma is required to apply Theorem 2.

Lemma4. 1.  There exist A*, R, p > 0 such that for every |)\| e € (0,A*), we have ®(u) > p if

[ull = R
2. Thereexist e € E with ||e|| > R such that ®(e) < 0.

Proof. 1. we have

|Vu|P) \Vu|'1x lu[PC) 1)
/o< PIEIRTEY )d”/an<p<x> T )d"

/Q/\(x X, U dx—/aQy(x)G(x,u)dU.
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Using Propositions 1, 4 and Lemmas 1, 2, for ||u|| < 1, we obtain
A(x) 14
o (u v P dx —c/
() > +|| uf 0 B(x) y
- + - +
>l el o (Jul? +||u||ﬁ) Colul ey (Jlull” + ul™")
p LmE-F0) (Q) LI=0) (a02)
1 ; - P
Z—lull” —2c3[A] iy [ullP” —2Cs|ul [[ull®
p L7 (Q) LT-00T (a02)
or
LT B 5
Q(u) >—|lullP —colA| _ww [ullP = Colul i) [
p Lm-B0) () LIW=30 (900)
The above inequalities can be written as
1 p—pt pt 1 5 —pt pt
Q) 2 | 5pr — 26l ww U] [l + f—ZCslul |l [[ull”,
p LB () p* -0 (302)
(13)
or
1 p-p* pt 1 S—p* pt
Q)2 | 57—l ww ] [ull” +{ 57 = Colptl 1y lul] [l
p Lm0 -B0) (Q) pt LI0=30) (a02)
(14)

Since § > 6~ > p™, it follows that the functions k, k' : [0,1] — R defined respectively by

1 -
k(s) = = —2Gg|p| wx) $& P
2p™* LT (a)
and ,
K(s) = Colu| ey s°F,
2pt Lt(xb(x) (30)

are positive on the neighborhood of the origin. Therefore, there exist R € (0,1) such that
k(R), K'(R) > 0. For ||u|| = R, we can choose

RPT-B" RrT-B
* : -
A" = min {1' Scgpt " dcopt
Thus for all [A| . < A*, there exist p = + _ such that ®P(u) > p >0foreveryu € E
Lm(x)=B) (O
with ||u]| = R

2. From assumption (G ), we can deduce that

G(x,s) > C10|s|9 —C11, Vs€R, aexecoQ,
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where Cyg, C11 > 0. Let ¢ € C3°(Q)) and 1 > 1. Using (F;) and (G;), we obtain

Kp(x) h x) hp(x) . Ka(x) .
D(hp) = /Q<p()| o+ oIVl )d”/aa <M|¢|P<>+q(x)|qow< >>da
— /Q)L(x)F(x,h(p)dx—/aQy(x)G(x,hq))dU

'
< —_pp<¢>+*pq )+ [ A@IFChg)ldx— [ n(x)Gx hg)do

p
< )+ )+ S [ AP~ ol [ ol + Cor [ (e
- p- q- B~ Q 20 20
Since u(x)|¢|? is positive, 8 > p™ > g* and p* > B* it follows that hlim ®(hg) = —oo.
—r4-00
Therefore for ¢ # 0 and large enough /1, we may choose e = h¢ such that ®(e) < 0 and |le|| > R.

O

In this moment, proving the existence result is more of a formality. It is obvious that ®(0) = 0 < p.
Using Lemmas 3-4 and Theorem 2, We deduce that ® has a critical point u; satisfies ®(u1) := c19 > 0.
Thus, the problem (1) admits a nontrivial weak solution.

The task now is to show the existence of a second weak solution. We start with the lemma below.

Lemma 5. There exists ¢ € E\{0}, ¢ > 0 such that for all h > 0 small enough, we have ®(h¢) < 0

Proof. Let ¢ € C°(Q)), ¢ >0, ¢ #0.Forh € (0,1), using (F,), we have

Kp() . pp(x Ka(x) ;
(hp) = /()<p(x)| olr™) + ()IWI" )d + [ ( o)+ TS o >)da

_ /O/\(X)F(x,hqo)dx—/aQy(x)G(x,hq))dg

< Bpo) + Eopyle) 1 [ AwklglPdx — [ n(Gr g
< W (p;;ﬂ( ?) qu( )> —hﬁo/ﬂ)x(x)ko(x)|go|ﬂ0dx<0.

Since ¢ # 0, it follows that p,(¢), p5(@) > 0. Let T be a real number such that

B
0<T<min< 1, fn *)ko(x)|g|dx .
Pn(fﬂ) _I_Pq( ?)

1
It is easily seen that ®(h¢) < 0 For all 1 < T7 ~Po, and this is precisely the assertion of the lemma. [

Now, assume that [A| < A*and set BR(0) = {¢ € E; ||¢|| < R}. Using Lemma 4, we
LB ()
conclude that

inf ®(u) >p>0.
ok P 2 e
Moreover, Lemma 5 provide the existence of ¢ € E satisfies ®(h¢) < 0 with i > 0 small enough.
By (13) and (14)), it is obvious that ® is bounded from below in B (0). Therefore

—00 < ¢1g := inf (D(u) <0,
Br(0)
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foru € BR(0). Take 0 < € < ain(f : ®(u) — inf ®(u) and Apply the Ekeland’s variational principle [9]
Br(0 Br(0)

to the functional ® : Bg(0) — R, we deduce that there exists ue € Bg(0) such that

P(ue) < inf d+e
Br(0)

< O(u)+e|lu—uell, u#ue.

®(u) < inf d+e< inf D+e< inf P
Bz (0) Br(0) 9Br(0)

Thus u. € Br(0). Obviously, uc is a minimum of the functional I defined on Bg(0) by I(u) =
P (u) +€||lu — uel|. Hence

I(ue —i—hq;) — I(ue) >0
for h > 0 small and ¢ € Bg(0). We deduce that

7

D (ue +hep) — D(ue)
h

+ellol =0,

Letting ' — 0, the inequality above becomes (®'(u¢), ¢) + €||¢|| > 0, we infer that ||’ (ue)||x- < €.
Therefore, there exists (¢,) C Br(0) such that

®(¢,) — c1p and D' (@,) — 0. (15)

Obviously, (¢,) is a bounded sequence in E. As E is a reflexive space, there exist a subsequence, still
denoted (¢, ) such that ¢,, — uy in E. Using Proposition 1 and Lemma 2, we obtain ¢, — uj in E.
Consequently, by relation (15)

@(uz) = C10 and <I>’(u2) =0.

Thus u5 is a nontrivial solution problem (1).
What is left is to show that 1y # uq. Since

<I>(u1) =c7>0>cpp= <I>(u2),
it follows that uy # u1, which completes the proof.
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