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Abstract

In this paper, we introduce a new preorder derived from the w-core-EP inverse in a *-ring. We
characterize this generalized inverse by combining the w-core inverse with nilpotent elements. This
characterization allows us to define a new binary relation on w-core-EP invertible elements, based
on the w-core preorder. Using the Pierce matrix decomposition for two idempotents as a novel
tool, we establish equivalent conditions for the forward and reverse order laws governing w-core-EP
invertibility. Furthermore, we extend the *-DMP property to a broader class of elements within the
framework of the w-core-EP preorder.
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1. Introduction

A ring R is called a *-ring if there exists an involution * : x — x* satisfying (x +y)* = x* +
v, (xy)* = y*x*, (x*)* = x. An element 4 in a *-ring R has core inverse if and only if there exist x € R
such that
ax* = x, (ax)* = ax, xa® = a.
If such x exists, it is unique, and denote it by a® (see [34]). An element a € A has core-EP inverse (i.e.,
pseudo core inverse) if there exist x € 4 and k € N such that

ax? = x, (ax)* = ax, xa"*! = a*.
If such x exists, it is unique, and denote it by a® (see [10]). The core and core-EP inverses have been
extensively studied by many authors from various perspectives, including, for example, [1,6,22,24,27,
32].
Let a,w € R. Following Zhu et al., an element 4 € A has w-core inverse if there exist x € A such
that

awx? = x, (awx)* = awx, xawa = a.

Many properties of w-core inverse have been investigated in [36,39]. Recently, Mosi¢ extended the
w-core inverse to a new class of weighted generalized inverse. An element a € A has w-core-EP
inverse if there exist x € A such that

2

awx* = x, (awx)* = awx, x(aw)a

= (aw)*a.

Such x is unique if it exits, and we denote it by a3 (see [25]).
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In [28], Raki¢ and Djordjevi¢, introduced the core preorder on a ring with involution. That is, if
a € R®,b € R, then a is below b under core preorder (written as a <® b), if 2a® = ba® and a®a = a®b.
In [9], Dolinar et al. introduced and studied the core-EP preorder. Recently, the w-core preorder,
induced by the w-core inverse, has been defined and studied (see [40]). For more papers on various
binary relations induced by specific generalized inverses, we refer the reader to [8,9,12,17,19-21,23,37].

The motivation of this paper is to introduce and study a new preorder induced by the w-core-EP
inverse. Let a,b,w € R.

Definition 1.1. Let a € RY. We define a binary relation "<& " on R in the following way: a <g b if and only
if

o _ © 0, _ ;0
away = bwa?),a2a = alb.

In Section 2, we characterize the w-core-EP inverse by combining the w-core inverse with nilpotent
elements. This characterization establishes a foundation for examining a new binary relation among
w-core-EP invertible elements, utilizing the w-core preorder.

In Section 3, we investigate the preorder of w-core-EP inverses, which includes certain self-adjoint
elements, thereby extending many established results on Hilbert operators to a more comprehensive
class of ring elements.

In Section 4, we apply the method used for the Pierce matrix relative to two idempotents to
establish equivalent conditions for the forward and reverse order laws of w-core-EP invertibility in a
ring setting.

An element 4 is w-weighted *-DMP if and only if 2 € RY and waway = waFaw. Finally, in
Section 5, we consider w-weighted *-DMP elements, broadening the applicability of the w-core-EP
preorder framework. This extends related results on *-DMP elements to a wider class that includes
weighted considerations.

Throughout the paper, all *-rings are associative with an identity. RP*®, R§ and RY denote the
sets of all w-Drazin, w-core invertible and w-core-EP invertible elements in R, respectively.

2. Weighted Core-EP Decomposition

The objective of this section is to characterize the w-core-EP inverse by combing the w-core inverse
and nilpotent within the framework of a *-ring. We begin with

Theorem 2.1. Let a,w € R. Then the following are equivalent:

(1) aeRP.
(2) There exists x € R such that

x = awx?, (awx)* = awx, x(aw) 1 = (aw)*

for some k € N.
(3) a € R has the w-core-EP decomposition, i.e., there exist x,y € R such that

a:x—l—%x*y:ywxz(),x € R%’ye RZ}Z

In this case, a3 = x&2.
Proof. (1) = (2) By hypothesis, there exists x € R such that

awx* = x, x(aw)"*a = (aw)*a and (awx)* = awx.

Then
x(aw)¥? = [x(aw)*alw = [(aw)*a]w = (aw) 1,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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as required.
(2) = (3) By hypotheses, there exists x € R such that

2

x = awx?, (awx)* = awx, x(aw )1 = (

for some k € N. Then
xawx = [x(aw) ) = (aw) A = awx? = .

Set z = awxa and y = a — awxa. We check that

2

ywz = (a—awxa)wawxa = awawxa — awx(aw)=xa

= awawxa — aw(awx)a =0,
*

zy

(awxa)*y = a*(awx)y = a*(awx)(a — awxa)
a*aw(xa — xawxa) = 0.

We claim that z € R® and z& = «x.
Claim 1. x = zwx?. We verify that

zwx? = awx(awx?) = awx* = x.

Claim 2. (zwx)* = zwx. Clearly, we have zwx = aw(xawx) = awx, and then (zwx)* = (awx)* =
aWX = ZWX.
Claim 3. xzwz = z. One checks that

xzwz = (xawx)awawxa = x(aw)*xa = awxa = z.
Therefore z € RE. Moreover, we see that

(aw)" — awx(aw)" = (a— awxa)w(aw)""!

= yw(aw)" ! = ywaw(aw)" 2

= yw(z+y)w(aw)""? = (yw)*(aw)" 2
= )
Therefore
. n_
fim ) =0,
and then y € R
(3) = (1) By hypothesis, there exist z,y € R such that
a=z+yz'y =ywz =0,z R,y c RM
Set x = zZ. Then
awx = (z+y)wzd = zwzy,
(awx)* = awx,
awx? = (awx)x = zwzy(z +y) = zwzHz = x.
It is easy to verify that
xawx = z§(zwzd) =z§ = x,
x(aw)’x = (xaw)(awx) =z (z + y)wzwzy = zQzwzwzy
® ® _ o ®

Zgp ZWZWZy, = ZWZgy = AWX.

Moreover, we have
awxa = (awx)a = zwzP (z + y) = zwzPz = z,
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and so
a—awxa=a—z=ye RN

Write (yw)" = 0 for some n € N. Then we verify that

(aw)" — awx(aw)" = (a— awxa)w(aw)" !

= yw(aw)" ! = ywaw(aw)" 2

= oz + ywlaw)? = (yw) (aw)2
= o= (yw)" =0.

Accordingly,
(aw)" = awx(aw)".

As z € R®, there exist s € R such that

zws® = s5,5zwz = z and (zws)* = zws.

Then
(zw)s? = s,5(zw)? = zw and (zws)* = zws.

Hence, zw € R®. Therefore zw € RP. Since ywz = 0, it follows by [26, Theorem 3.2] that aw =
zw +yw € AP.
According, we have

awx* = x, (awx)* = awx, (aw)" = awx(aw)" = (aw)"x" (aw)".

Let t = (aw)(aw)Px. We claim that a3 = t. One directly verifies that

awx —awt = [1— (aw)(aw)P](aw)x = [1 — (aw)(aw)P]" (aw)"x"
1

[(aw)" — (aw)"*(aw)P]x" =0,
Then awt = awx, and so (awt)* = (awx)* = awx = awt.

t—awt? = (1—awt)t = (1—awx)(aw)(aw)?x
(1 — awx) (aw)"[(aw)P]"x
[(aw)" — (aw)"x" (aw)"][(aw)P]"x = 0.

Hence, t = awt?.
Furthermore, we see that

[(ﬂw)” ( w)" ! (aw)P] + [(aw)" ! (aw)P — (aw) (aw)Px(aw)"+1]
= [(aw)"*(aw)P — (aw)(aw)P x(aw)" 1]
= (aw)"* ! (aw)P — (aw)P[(aw)x(aw)"] (aw)

(aw)" ™ (aw)P — (aw)P (aw)" (aw) = 0.

Then (aw)" = t(aw)"*!, thus yielding the result. [
Corollary 2.2. Leta,b € R. If a*b = 0 and awb = bwa = 0, then a + b € RY. In this case,

(@+b)2 = a2 + b2,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.0740.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 August 2025 d0i:10.20944/preprints202508.0740.v1

5o0f 25

Proof. Case 1. a,b € RY. Set x = af;, + bg. Then we verify that

(a+bw(x+y) = awx-+bwy,
(a+bw(x+y)" = (a+bw(x+y),
(a+b)w(x+y)? = (awx+bwy)(x+y)
= awx’>+bwy’ =x+y,
(x+y)(a+bw(a+b) = xawa-+ybwb=x+y.

Hencea+b € RY) and (a + b)§ = al + bg.
Case 2. Since a,b € RD, by virtue of Theorem 2.1, there exist x,s € R$ and y, ¢ € R such that

a = x+y,X*]/=0/]/wx:0/xER%IVER%H;
b = s+t,s*t:0,tws:0,sGR%,tGR’JJl-

As in the proof of Theorem 2.1, x = awaQa,y = a — awaZa and s = bwbZb,t = b — bwbPb. Then
a= (x+s)+ (y+1t). Clearly, (y + t)w = [(a — awaQa) + (b — bwbZb)]w € R"™!. This implies that
y+b € R We directly check that

(x+s)"(y+t) = x'y+st=0,
(y+tw(x+s) = ywx+tws=0.

By using Theorem 2.1, 2 + b € RZ. In this case,
(a+b)p = x3 +yg = ag +by.
a
Lemma 2.3. Let a,w € R. Then the following are equivalent:

(1) aeRZ.
(2) aw € R°.
(3) a € RP™ and there exists x € R such that

x = awx?, (awx)* = awx, (aw)" = awx(aw)".

In this case, aj = x = (aw)®.

Proof. (1) < (2) This is proved in [25, Theorem 2.14].
(2) = (3) In view of [25, Theorem 2.4], a € RP% and there exists x € R such that

x = awx?, (awx)* = awx, (aw)" = awx(aw)".

D

Moreover, we have (aw)(aw)Px = af. Since x = awx?, by induction, we have x = (aw)"x"*! for any

n € N. Then
dy = x— (aw)(aw)x
[1— (aw)(aw)P](aw)"x"+1

= (aw)" — (aw)P (aw)"x.

x — (aw)(aw)

As (aw)" = (aw)P (aw)"*1, we see that

D

x = (aw)(aw)~x =0,

D

and therefore x = (aw) (aw)"x = ag), as required.
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(3) = (2) Since a € RP™, we have aw € RP. Let m be the Drazin index of aw. Set k = m + n.
Then (aw)kx¥ = awx and (aw)* = (aw)*x* (aw)*. Hence, (aw)* € R(13), Therefore aw € R® by [10,
Theorem 2.3]. O

If 2 and x satisfy the equations a = axa and (ax)* = ax, then x is called (1, 3)-inverse of 2 and is
denoted by a(13). We use R(13) to stand for sets of all (1,3)-invertible elements in R. We now derive

Theorem 2.4. Let a,w € R. Then the following are equivalent:

(1) aeRZ.
(2) a € RP®andaP® c RE.
(3) a e RP®and aPv e R(A),

In this case, a2 = [(aw)P)2[aP¥]D = aPwwaP (aPw)(13),
Proof. (1) = (2) Inview of Lemma 2.3, aw € R® and x = (aw)®. By virtue of [10, Theorem 2.3], aw €

RP. Evidently, [(aw)P]® = (aw)?(aw)®. Let x = ((aw)P)®. Since (aw)P = [(aw)P]?aw = aP*w, we
have aP®w € R®. We direly check that

aD,w 2 _

wxt = x,
(aPwx)* = aPouwx,
xaPPwaPvy = Py,
Hence,
xaPvyaPw = anfww[anwwawan“’]
= [xaPPwaPPw)awaP® = aPPwawaP® = aPv.
Therefore a?® € RY and (aP®)? = x.
Additionally, we have
ag = (aw)®
= [(aw)PP*[(aw)P]®

= [(aw)"P[aP]3.

(2) = (3) Since aP¥ € RZ, by virtue of [39, Theorem 2.6], aP¥ € R(13), as required.
(3) = (1) Let x = aPwal®(aPw)(13). Then x = [(aw)PPa(((aw)P)2a) "), Let k = i(aw).
Then (aw)P (aw)k+! = (aw)k.

Claim 1. awx(aw)*a = (aw)*a.
We verify that
awx(aw)ka = aw[(aw)D]3a(((aw)D)2a)(1’3)(uw)ku
= [(@w)Pa((aw)")2) | (aw) P afuo(aw) +1a]
= [(aw)PPafw(aw)*+'a]
[(aw)P)?(aw)?(aw)*a] = (aw)¥a.
Step 2. (aw)*aR = xR.
Clearly, xR C (aw)PR C (aw)¥aR. Also we see that

(awfa = (aw)P(aw)*+a = [((aw)P)a][w(aw)*+2d]
[(aw)PPa(((aw)P)2a) ) (a10)P)?a] [o(arw)*+2a]
((a0)P)2a] [w(aw)*+2a];

=

hence, (aw)*a C xR. Therefore (aw)*aR = xR.
Step 3. Rx = R((aw)*a)".

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We easily verify that
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and then, Rx C R((aw)*a) *. Moreover, we have

(aw)ka = (aw)P(aw)'a = [(aw)P)2aw(aw) +1a

= ([(aw)PPa([(aw)P2a) ) [(aw)Pa) w(aw)**a,

and then

((aw)ka)” = ([(aw)PPaw(aw) 1a)" [(aw)P]?a([(aw)"]?a) )
([(aw)PPaw(aw)*1a)" (aw)|(aw)PPa([(aw)P]?a) 1)
([(aw)P?aw(aw)*+1a) " (aw)x.
Hence R((aw)*a)* C Rx. Therefore Rx = R((aw)ka)*.
Accordingly, a € RY by [25, Theorem 2.4]. O

Corollary 2.5. Let a,w € R. Then the following are equivalent:

(1) aeR3.

(2) a € RP® and awaP®w e R(A).

(3) a € RP¥ and there exists a projection g € R such that aP»“R = gR.
In this case, a2 = aPVwaPl® (aP)(18) = gDwyg,

Proof. (1) = (3) By virtue of Theorem 2.4, aP® ¢ R(13) and then

aD,w _ aD,uJ(aD,W)(l,E‘))aD,w and [HD,W(QD,w)(lﬁ)]* _ aD,uJ(aD,zU)(l,E‘))_

Let g = aP®(aP®)(13) Then aP¥R = gR, q? = q = ¢*, as required.
(3) = (2) Let x = aP“wq. Then awx = awaP*wq = aw[(aw)P|?awq = aw(aw)Pq = g, and so
(awx)* = q* = q = awx. Moreover, we have

awx* = (awx)x = gaPPwq = aP“wq = x.

D,w

Let 1 be the Drazin index of aw. Then (aw)" = (aw)P (aw)"*1. Obviously, a®“w(aw) = (aw)aP“w,
and so
(aw)" x( )n—i—l
= (aw)" — aPPwq(aw) 1
= (aw)" — (aw)Pq(aw)"™*! = (aw)" — (aw)Pq(aw)® (aw)"+?
(aw)" — (aw)P (aw)P (aw)"*? = (aw)" — (aw)P (aw)"*! = 0.
Hence (aw)" = x(aw)"*!. Thus x = a2. In th1s case, 12 = x = aPPwq = aPwaPw (aPw)(13),

(2) = (1) Let x = aP%w(awaP®w)(3). Then we verify that

awx = awaPPw(awaP?w)13) = aw(aw)P (aw(aw)P)(13),
(awx)* = awx,
awx? = aw(aw)P (aw(aw)P) 1) aP 0w (awaPlvw)(13)
= aw(aw)P (aw(aw)P) 13 aw[(aw) D12(gwaP o) (13)
(aw)D(awaD W )(1 3) —

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let n be the Drazin index of aw. Then

awx(aw)" = aw(aw)D(aw(aw)D) 3( )
) 1,3)

I
X
g

0

g

aw(aw)P (aw)" = (aw)”

Hence, (aw)" = awx(aw)". Therefore a € RQ by Lemma 2.3. In this case, a2 = aP*w(awa®%w)13), O

Corollary 2.6. Let a € R. Then the following are equivalent:

(1) a€R°.

(2) a € RPandaP € R®.

(3) aeRPandaP e R1A),

(4) a € RPandadP € RO,

(5) a € RP and there exists a projection g € R such that a®R = gR.

In this case, a® = (aP)2(aP® = (aP)2(aP)(13) = 4Py,
Proof. This is obvious by choosing w = 1 in Theorem 2.4 and Corollary 2.5. O

3. Weighted Core-EP Orders

Leta € R$,b € R. Recall that a <§ b if awal) = bway and afa = alb (see [40]). By employing
the w-core-decomposition as a tool, we now characterize the weighted core-EP inverse through the
weight core order.

Theorem 3.1. Let a,b € R3. If a = a1 + ap,b = by + by are w-core-EP decompositions of a and b. Then the
following are equivalent:

1 a<®b.
2) a1 <G b
@) (aw)"*! = bw(aw)" and a* (aw)" = b* (aw)" for some n € N.

Proof. (1) = (2) Since a <3 b, we have awaf = bway and aga = agb. For any m € N, we derive

mw(a)y = (a1 +a)w(a)y = away = bwag
= bwaw(al)? = bwlawal]al = bw[bwa2]al
= (bw)*(ag)* = = (bw)"(ag)",
biw(a))P = bwb2bwal = bwb2bwaw(aQ)? = bwby (bw)?(aZ)?
- = bwby (bw)™ (ag)™.

Thus, we have
ayw(ay)s — biw(ay)m
(bw)" (ag)™ — bwbgy (bw)™ (ag)™
[(beo)™ — bwb® (b)) (aD)™.
In view of Lemma 2.3,
(bw)™ = bwbQ (bw)™.

Hence,
mw(ar)g = biw(ar)g.

Since by = bwb{ b, we verify that

away = mw(a1)® = byw(ay)$ = bwbQ bway = bwbQawal.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Thus,
[awal]* = [bwbQawal]",

and so
awa® = awalbwb?.

Then we see that

(a)pm = ag(awaga) = ag (awag )a
= ag (awaw)

ag (away bwby )b

(alaway )bwby )b

agp (bwbyb) = (a1)p b1

Therefore a; <& b;.
(2) = (1) Obviously, we have

away = (a1 + ax)way = ayway = bywa = bwbZbwa.

Then
a2 = aw(a2)? = bwb2bw(a2)?.

Since (bw)" = bwbZ (bw)" for some n € N, we derive that
bwbl bwal = bwa?.

Then
awal) = bwal.

Clearly, agay = (a1)paz = (a1)gaw(ar)war = (a1)p (mw(ar)w) az = (a1)i [w(ar)i]" (a1)"az =

0.
Moreover, we have
awal = bwbQbwal = (bwbQ)(awal).
Then
awal = (awag)*
= (awaQ)*(bwb3)*
= awaQbwby.

Hence, a2 = afawa?y = afawalbwby = agbwby. Accordingly, alb = afbwb3b = (a1)3b1 =
(a1)%a1 = a (a1 + ap) = aPa, as required.

(1) = (3) Since awal = bwa®Q and (aw)*! = (aw), we see that (aw)**! = (aw)(aw)k =
(bw) (aw)*. Also we have a2a = a2b. Then a*(a2)* = b* (a2)*; hence,

a*(a2)* (aw)* (aw)* = b (a)* (aw)* (aw)".

As (awaQ)* = awa,, and awa® (aw )1 = (aw)*+2, we deduce that a* (aw)*! = b* (aw)**1. Choose
n =k + 1. Then (aw)"*! = bw(aw)" and a* (aw)" = b* (aw)", as required.

(3) = (1) By hypothesis, (aw)"*! = bw(aw)" and a*(aw)" = b*(aw)" for some n € N. Since
(aw)™! = bw(aw)", we have (aw)(aw)™(af)" ! = (bw)(aw)" (al)" 1. As aw(al)? = al, we have
(aw)aP = (bw)a.

Since a*(aw)" = b*(aw)", we have ((aw)")*a = ((aw)")*b. Hence,

[(az)"]" ((aw)")*a = [(ag)"]" ((aw)")"b

This implies that
awaQa = awaPb.
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Therefore
o

aBa = aga = af[awaya)
= aQ[awaZb] = [aw)PawaF]b = aZb,

as required. O
Corollary 3.2. The relation <g, for w-core-EP invertible elements is a preorder on R.

Proof. Step 1. a <§ a. Let a = ay + a; be the w-core-EP decomposition. In view of [40, Theorem 2.3],
ay <§ a1. By using Theorem 3.1, a4 <@ a.

Step 2. Assume thata < band b < c¢. We claim thata <3 c. Leta = a1 +4a3,b = by + b
and ¢ = c1 + ¢ be the w-core-EP decompositions of 4, b and c, respectively. By virtue of Theorem 3.1,
ay < by and by <§ ¢1. According to [40, Theorem 2.3], we have a; <% c¢;. By using Theorem 3.1
again, a <3 c.

Therefore the relation <{ for w-core-EP invertible elements is a preorder. [

Lemma 3.3. Leta,b € RY and a <3 b. Then the following hold:

(1)  awa = (away ) (bwby) = (bwby)(away)).

() ap = ag (bwby) = (bwby )ag .

3) bwaP = awalawb3.

@ bPag = (a)*

Proof. In view of Lemma 2.3, aw, bw € R?, (aw)® = ay and (bw)® = by. Since a <7 b, we have
awal = bwal,ala = alb.

Hence, af aw = agbw. This implies that aw <® bw. In view of [7, Lemma 6.2.6], we derive

(aw)(aw)® = [(aw)(aw)®][(bw) (bw)®] = [(bw) (bw)®][(aw) (aw)®].

Therefore
awa®? = (awal) (bwb?) = (bwb®)(awa?).

We directly check that
g = aglawag] = [agawag)] (bwby)
= g (bwbg) = [awag]ag
= (bw)(bw)®aw[(aw)®]? = (bwb2)a2.
Analogously, (3) and (4) are proved by using [7, Theorem 6.2.7]. [

Theorem 3.4. Let a,b € RY. Then the following are equivalent:

1 a<®b
@ al2b=bQawala,al = aQbwal, bwal = awalawby.

Proof. (1) = (2) We claim that

agb = [af (bwbQ)|b = aZ [bwbPb]
= (a)wb = (m)im = (h1)im
= bQawaZa.

By virtue of Lemma 3.3, al = aQbwal, bwad = awadawby.
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(2) = (1) Step 1. By hypothesis, we have
(aw)® = (aw)® (bw)(aw)®, (bw)(aw)® = (aw)(aw)® (aw) (bw0®.

Since alb = bPawaa, we get (aw)®(bw) = (bw)® (aw)(aw)® (aw). According to [7, Proposition
6.2.8], aw <® bw. Thus, (aw)(aw)® = (bw)(aw)®; hence, away = bway.
Step 2. We verify that

[0 (bwag)]a = [z b][waga]
(bR awaZ a)[waFa] = b aw[afaway |a
bQawala = alb.

ala

This completes the proof. [

Employing the technique of Hilbert operator decomposition, many properties of the core-EP
preorder between two Hilbert space operators, grounded in their corresponding self-adjoint operators,
were explored in [25]. Through an elementary-wise analysis, we will characterize the preorder of
weighted core-EP inverses, which includes certain self-adjoint elements, thereby extending many
established results to a more comprehensive class of ring elements.

Theorem 3.5. Let a,b € RY. Then the following are equivalent:

1) a<b.

(2) bwa is self-adjoint and afa = aPb.

(3) bwag is self-adjoint and awa%a = awa2b.

(4)  bwa is self-adjoint and a*af = b*ay.

(5) bway is self-adjoint and a* (aw)" = b*(aw)" for some n € N.
(6) bway is self-adjoint and a*aP¥ = p*aP.

Proof. (1) Since a <3 b, we have away = bwa3b and aja = aJb. Since (away )* = away, we see that
(bwag)* = bway. That is, bwag is self-adjoint, as required.

(2) = (3) This is obvious.

(3) = (1) By hypothesis, (bwaQ)* = bwag. In view of |
cite[Theorem 2.4]MZ, ay) = afaway and (away )* = away. Then

bway = [bw(afawad)]*

(awag)* (bwag)*
(away) (bwag )
[awa2b
[

awa
= aw[aQaway)

Jwal

awagy alway

awa?,

as desired.

(1) = (4) Obviously, bwad is self-adjoint and afa = alb. Hence, awafa = awalb. This
implies that (awa3 )*a = (awaf )*b. Hence, a* (awaf ) = b* (away ). Therefore a*af = [a*awa3]ay =
[b*awad|ay = b*ay, as required.

(4) = (5) Since aZa"*! = a" for some n € N, we have

a*(aw)" = [a*a2]a" T [b*a2]a" ! = b* (aw)",

as desired.
(5) = (6) Asa*(aw)" = b*(aw)", we have a* (aw)P = a* (aw)"[(aw)P]"*1 = b* (aw)"[(aw)P]" 1 =
b*(aw)P. Therefore a*aP¥ = [a* (aw)P][(aw)Pa] = [b* (aw)P][(aw)Pa] = b*aPv.
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(6) = (3) Since aw(aw)P = aP®waw, we have a*aw(aw)P = b*aw(aw)P. In view of [10,

Theorem 2.3], (aw)® € (aw)PR, and then a*aw(aw)® = b*aw(aw)®. Hence a*away = b*away. As
(awaQ)* = away, we deduce that awaPa = awalb. Therefore

aQa = al[awaQa) = af [awaQb] = ala,
as asserted. [
Theorem 3.6. Let a,b € RY. Then the following are equivalent:

1) a<yb.

(2) (awaZa)*b is self-adjoint and away = bway.

(3) (awaPa)*b is self-adjoint and awaPa = bwafa.

(4) (awaPa)*bis self-adjoint and af (aw)* = af (bw)*.

Proof. (1) = (2) By hypothesis, we have
awal = bwal,ala = alb.

Hence,
(awaQa)*b = a*(awaQ)*b = a*aw[aQb] = a*aw[ala] = a* [awal]a.

This implies that (awaga)*b is self-adjoint.
(2) = (3) This is obvious.
(3) = (1) Since awafa = bwaya, we see that

away = awlafawad]
= |awaQalwal
= [bwaQalwal

_ o
= bwagy.

Since (awaga)*b is self-adjoint, we verify that

agb = af(away)*awafb
= af(waQ)*a*(awa)*b
= af(wal)*(awaga)*b
= aQ(wal)* ((awaZa)*b)"
= a2 (awa2)* (wal)* ((awaQa)*b)"
* *

|
)
g

a

)

)*D)
(waw) ((awaQa *bl
ag)* (waga)* ((awa@ )*D)

(awaw *[bwaZa])”

(

“(

* ((awaw [awaZa))”
(
a

|
)
g

|
S
g

a
*

Il
S
g

a awag a)* [awag a)

)
)
az )
w)
w)
)"

I
S
g

a *(awaQ ) * [awaf a

Il
S

away )* (awa3 )* [awaZ a]
away ) (away ) (awad )a

I |
_ x_
S0 20 S0 S0 S0 S0 S0 S0 20 20 20 20 T0 =6

QD —~ —~ —~ o~~~ o~~~ o~ o~ —~ —~

|
S

Therefore a <2 b.

(1) = (4) Obviously, (awaZa)*b is self-adjoint. Clearly, awa$ (aw)?ay = bway (aw)?ay. Since
a2 (aw)?a? = (aw)al, we deduce that aw(awal) = bw(awal). As (awa2)* = awal, we have
(awad) (aw)* = (away ) (bw)*. Since ay (away) = af, we get af (aw)* = af (bw)*, as required.
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(4) = (2) Since af (aw)* = af (bw)*, we have [awaZ](aw)* = [awad](bw)*. As [awaJ]* =
awa?, we deduce that awlawal] = bwlawal]; and then awal = awlaw(aQ)?] = [(aw)?a3]al =

[bwawa2]al = bwlaw(aP)?] = bway, as desired. [

Theorem 3.7. Let a,b € RY. Then the following are equivalent:

1) a<b.

2 awaZ2a = bwal2b and awa? = bwal.

(3) awad(a —bwaPb) = 0and away = bwa3.
4) aQ(a—bwaRb) = 0and away = bway.

Proof. (1) = (2) Since a < b, we have aja = aQb and awal = bway. Then awaga = bwaZa =
bwadb, as required.

(2) = (3) We directly check that

awa® (a — bwalb) = awal (a — awaQa) = awala — aw[aQawal]a = 0,

as desired.

(3) = (4) Since ay = aZaway, we conclude that af) (a — bwaPb) = af [away (a — bwaZb)] = 0.

(4) = (1) By hypothesis, we have

a2a = al (bwal)b = a2 (awaQ)b = [a2awal]b = alb.

This completes the proof. [

We are ready to prove:

Theorem 3.8. Let a,b € RY. Then the following are equivalent:

1 a<®b.

2 (1—awal)bwal =0and aZa = aZb.

B) (1 —awa®)bwaga = 0and awaPa = awab.

4) (1 —awaQ)bwa? = 0and a*(aw)" = b*(aw)" for some n € N.

(5) (1 —away)bway =0,a3a = albwaFa and aPa(l — waway) = aFb(1 — waway).

6) (1—awal)bwafa =0,ay = agbway and awaPa(l — waway) = awaFb(1 — waway).

Proof. (1) = (2) By hypothesis, we have awaf = bway and aa = afb. Then (1 — awa )bwaZa =
(1 — away )awaFa = 0, as required.

(2) = (3) This is trivial.

(3) = (1) By hypothesis, we have bwala = awafbwafa and awala = awaZb. Then
bwala = [awaPblwaQa = [awaPalwaPa = aw[afaway|a = awaya. Hence, bway = [bwaPalway =
[awa alway = awaf. Since awafa = awalb, we deduce that ala = af [awaJa] = aP [awaJb] = aZb,
as desired.

(1) = (4) By the argument above, we have (1 — awa3 )bwa3 = 0. In view of Theorem 3.1,
a*(aw)" = b*(aw)" for some n € N.
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(4) = (1) By hypothesis, we verify that

(bwa%)* = (awa%bwa%)*
= (wagy)*b* (away)*
(waQ)*b*away
(wag)*b* (aw)" (a
= (wagy)*a*(aw)"(a
(awaQ)*awal

aw|ag awaf]

awa?.

)72
)71

O
w
©
w

Therefore bway = (away)* = awaf. Obviously, we can find some n € N such that a*(aw)" =
b*(aw)" and af (aw)" ! = (aw)"; hence, bwal (aw)" ™! = (awal)* = awaP (aw)" 1. This implies that
bw(aw)" = awag (aw)". Accordingly, a <& b by Theorem 3.1.

(1) = (5) Since away = bway and aZa = agyb. We verify that

aQa = [aQawalla = aQbwala,

as required.

(5) = (6) Obviously, al = [aZalway = [aQbwaZalwal = agbw(aawa?] = afbwagy, as
desired.

(6) = (3) By hypothesis, we have

awaQbwaway = awaQbwlay (aw)?]ay

aw([aQbwa3)(aw)?a

= awa® (aw)?al.
Therefore awaQa = awaQb, as asserted. [

4. Weighted Core-EP Inverse of Product and Difference
Let p,q € Abeidempotents. Then forany x € A, wehavex = pxg+px(1—p)+(1—p)xq+ (1 —
pxp px(1—p) ‘
A=plxp Q=—px1-q) J

With respect to the orthogonal sum of a Hilbert space, Stanimirovi¢ and Mosi¢ provided conditions for

p)x(1 — g). Thus x can be represented in the matrix form x =

the equivalence between the forward order law and the reverse order law for the core-EP inverse of
Hilbert space operators. We will utilize the preceding matrix, in relation to idempotents, to extend the
main results in [25] to a broader class of ring elements. The following theorem is crucial.

Theorem 4.1. Let a € AQ. Then the following are equivalent:

1) a<gb.
(2) a,wand b are represented as

a a w w a a
4= 1 12 Jw = 1 12 ,b _ 1 12 ,
0 a 0 wy 0 bz
pxq qxp pxq

p = away,q = wafa,
mwy € (pAp) !, wia € (9Ag)7Y,
aywy € ((1—p)A(1 - p))™,
wyay € ((1-¢)A(1—q))™,
w1a12 + w12d2 = w1byp + winby.

where
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Proof. (1) = (2) Let p = awaQ), g = waa. Then we verify that

(1—plag = [1—awaP]awaFa
= awaQa — awlaFawad)a
= 0
1-—qwp = [1—wafalwaway
= wawa? — wal (aw)?a2
= 0.
Moreover, we verify that
mw; = aw[aQawa](aw)?al
= awa (aw)?al
= (aw)*ay
€ (pAp)Y
wia; = wawala
€ (qA97Y
smwy; = [1—awaP]a[l —waFalw[l — away)
= gw — awa2aw
€ [1-pAQ-—p]™
woay = [1—waRalw[l —awaZ]a[l — wafa]

wa — wawasa

€ [(1-q)AQ— g

Write b = b b . Clearly, we have
by by
pxq
ag(l—p) = af(l—away) =0,
(1-p)ag = (1—awaQ)af =0.
Then

a2 0
a%z( 6" 0) )
pxp

Since a <& b, we have

ar ap Wy Wi ag 0
0 an 0 wy 0 0
qxp pxq

_ ( by by ) ( wy Wi ) < ag 0 )
N byy b 0 0 0
( 272 g 02/ gxp pxp
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Then aywiay = bywial, byywial = 0. Hence, aw; = bywy, and then a; = (aywq)(awq)al =
(biwy)(a1wy)ay = by. Also we have byywy = 0, and so by; = (by;wy)a;wiay = 0. Moreover, we have

0 0
_ (a%% 0 (wl w12> (671 ﬂu)
0 0 0 w 0 a
pxq 2/ gxp 2/ pxq
( wy Wi ) ( ap b )
0 0 b
pxq 2/ xp 2 Jpxq

O O O
_ ( Apwiay  Apwibiy + agwinby )
pxq

( agwiay  agwiaip + agwinas )
pxq

0 0

Thus, we have
agwia +afwipay = agwibiy 4+ agwipby.

Thus w1a12 + wipay = wib1p + wiabo.
Further, we see that

( aga ﬂwﬂlz )
pxq
0
Xp 2 pxq
z% —uw
0 b
xp 2 pxq

( aga; ag blz

0 0
pxq

Hence aZ a1y = afby. Therefore a1y = by, as required.
(2) = (1) By hypothesis, we have

Moreover, we derive

qw — ( amwi  41w1 + apwr bw — mwy  ajwip + brpwy
0 [75X0%) ’ 0 szUz '
pxp pxp

Then
o)
ajuw1a 0
awa®" = < 1% ) = bway.
pxp

Moreover, we have
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Therefore a <2 b, as asserted. [
Corollary 4.2. Leta,b € A®. Then the following are equivalent:

1) a<b.
(2) aand b are represented as

a:<bg a12> ,b:<681 212) )

2 pxp 2 pxp
Wher?lp = aa®,ay € (pAp)~1, b1 € (pAp)™,ay € (1—p)A(1—p)) tand by € ((1-p)A(1 -
p))ame.

Proof. This is evident by setting w = 1in Theorem 4.1. O

We now derive the equivalent conditions for the forward order law of the weighted core-EP
inverse.

Theorem 4.3. Let a,b,awb € RY and a <3 b. Then the following are equivalent:

(1) (awh)? = a2b2.
(2) (awb)@ (1 —away) = aZby (1 — away) = 0.
3) (awb)P(1 —awal) = awaZ by (1 — awagy ) = 0.
4)  (awb)y = bFaf and awaPHb (1 — away) = 0.
(5)  (awb)y = bFaP and af b (1 — awal) = 0.

Proof. In view of Theorem 4.1, a,w and b are represented as

ay a wp w a; a
a:<01 12) ,w:< 01 12) ,b:<01 b12> )
az w2 2
pxq qxp pxq

p = away,q = waga,

mwy € (pAp)~!,wia € (9Aq)7Y,
aywy € ((1—p)A(1 - p))™,
wyay € ((1-¢)A(1—q))™,
w1a12 + wi2d2 = wibyp + winby.

where

Then

wwb — [ @ (aw)ar + (a1wiz + a1pw2)by
0 {Zszbz '
pxq

0 (1-pby(1-p)

(a2)*  —(aR)?[(arw1)ar2 + (ayw1z + aaw2)by] (awb) P (1 — p)
0 (1—p)(awb)g (1 - p)

o ( a2 0 Lo — ( ay  —agapby (1—p) )
ay = 0 0w = p
pxp (p.p)

(pop)
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(1) = (2) Since (awb)f = aZ b3, we see that al by (1 — away) = 0. Moreover, we have

plawb)yp = (1= p)(awb)z (1 - p),
and then (awb)3 (1 — away) = 0.

(2) = (3) This is trivial.
(3) = (1) Since awaZ by (1 — away) = 0, we see that

o ag 0
’ 0 (A=pbal=p) /),

aQbQ = < (ag)? 0 >
wrw 0 0 '
(p.p)

Therefore ag by = (awb)3, as required.
(3) & (4) © (5) By the preceding argument, we have

a° — ( ag 0 ) bo ( ay  —afapbP (1 —p) )
w 0 0 pxp’ w 0 (1 _ p)b%(l o p) (p,p),
(awb)y = ( (a2)?  —(aR)?[(a1w1)arz + (a1wi1z + a1owz )by (awb) @ (1 — p)
0 (1—p)(awb)3(1 - p)

Hence,

Then
bz?“%:(aé% —aa%aubg(l—p)) (a% o) :<<a33>2 o) ‘
A=pba@=p) J, )\ 0 0/, 0 0 /0
Then (awb)y = bgay if and only if (awb) (1 — away)) = 0, as required. [

As an immediate consequence of Theorem 4.3, we extend [29, Theorem 3.2] from the core-EP
preorder for Hilbert space operators to that for elements of a ring with involution.

Corollary 4.4. Leta,b,ab € R® and a <® b. Then the following are equivalent:

(1) (ab)® = a®bO®.

(2 (ab)®(1 —aa®) =4a®b®(1 —aa®) = 0.
3) (ab)®(1 —aa®) = aa®b®(1 —aa®) = 0.
(4) (ab)® =b®a® and 2a®b®(1 — aa®) = 0.
(5) (ab)® = b®a® and a®b® (1 —aa®) = 0.

Lemma 4.5. Let a,b € RY and a <3 b. Then the following are equivalent:

1) ap <®by.
) awby = byagy.
(3) agby = (a)>.

Proof. By virtue of Theorem 4.1, a4, w and b are represented as

a a w w a a
a4 = 1 12 W = 1 12 ,b _ 1 12 ,
0 a 0 wy 0 bz
pxq qxp pxq

where p = awa3, q = waga.
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As in the proof of Theorem 4.3, we have

o ( a2 0 ) o ( ay  —agaby (1-p) )
w = e 1—p)bR(1— '
0 0 pxp O ( P) w( p) (p’p)

10p0 < a2 0 > ( ap  —agapbP(1—rp) >
wre 1—p)b2(1 —

)mwu—m> ,
pxp

Then

(7 e
P (ﬁ —aa12b3 (1 m) (ﬁ0>
wre 1-pbQ(1 0 0
( 0 (1=p) (p.p) pxp

o)

010 o _ [ (aw)?al 0
[%]—ww%—< ) 0).
pxp

(1) < (2) Obviously,

Then af <® by if and only if the following hold:

2
algle = (0~
0 0 !
pxp
awa? 0
[a5]®agy =< Owo) ,
pxp
B (awa% —paubé%(l—p))
0 0 pxp
= [u%}@b%.

ie., papb3 (1 —p) =0.
On the other hand, a2 by = b af if and only if —aPa1ob7 (1 — p) = 0. Clearly, a3 = af p. Then
pa1pbP (1 — p) = 0if and only if —afa,bF (1 — p) = 0, as required.
)2
(1) & (3) Since (a2)? = ( (ag) 8 ) , we see that apbQ = (aQ)? if and only if
pxp

—(a®)?ab3 (1 - p) = 0.
Since p = aw(a3)? and (a3)? = alp, we have —(al)?a1ob3 (1 — p) = 0if and only if pajpb (1 —
p) = 0. By the argument above, we complete the proof. [

Theorem 4.6. Let a,b,awb € RY and a < b. Then (awb)y = a3 by if and only if

1) ap <®by;
2)  (awb)P (1 —awad) = 0.

Proof. = Since a <{ b, by using Theorem 4.3 and Lemma 4.5, aj <® by. According to Theorem
4.3, (awb)P (1 — awagy) = 0, as required.

<= By virtue of Lemma 4.5, a3 by = bgag. This completes the proof by Theorem 4.3. [
Corollary 4.7. Let a,b,ab € R® and a <® b. Then (ab)® = a®b® if and only if

(1) a® <° po;
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(2) (ab)®(1—4aa®)=0.
Proof. This is obvious by choosing w = 1 in Theorem 4.6. [

Dually, we derive the equivalent conditions for the reverse order law of the weighted core-EP
inverse.

Theorem 4.8. Let a,b, bwa € RS and a <8 b. Then the following are equivalent:

(1) (bwa)? = b2a2.
2) (bwa)P(1—awa?) = awaPbP (1 — away) = 0.
3)  (bwa)P(1 —awa) = aPbZ (1 — away) = 0.
4)  (bwa)y = aPb and awaPbyF (1 — away) = 0.
(5)  (bwa)y = afby and albP (1 — awal) = 0.

Proof. By virtue of Theorem 4.1, a4, w and b are represented as

a a w w a a
a:<01 12) /w:< 01 12) /b:<01 b12> ,
a w:
2 pxq 2 qxp 2 pxq

where p = awa3,q = waZa. Then af and by can be written in the matrix forms as in the proof of
Theorem 4.3. Moreover, we check that

b@a@ = < (ﬂ%)2 O >
w *w O 0 .
(p.p)

(1) = (2) Since (bwa)F = bPay, we have (bwa)P (1 — awaZ) = bFaZ (1 — away) = 0. Moreover,
we have

plawb)yp = (1 - p)(awb)z (1 - p),

and then (awb)3 (1 — awaQ) = 0.
(2) = (3) This is trivial.
(3) = (1) Since awaZ bP (1 — away) = 0, we see that

(% oosicn)
w T _ ) o .
0 (1 p)bw (1 p) (p’p)

apby = < (ag)* 0 ) .
0 0
(p.p)

by = (awb)3, as required.

Hence,

Therefore a2

(3) & (4) < (5) By the preceding argument, we have

a-(0) - (% phmEeon)
pxp ( P)W( p) (PIP)

(awb)
_ (a2)*  —(aR)?[(a1w1)ar2 + (a1w12 + a12w2)by) (awb) (1 — p)
0 (1 _P)(”ww%(l_m (PP).

Then

©

pogo _ [ T —aBapby (1 —p) a2 0 _( @2)? o
o 0 (A=phs1=p) (p.p) 00 pxp 00 PXP.
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Then (awb)y = bgaf if and only if (awb) (1 — awa) = 0, as required. [

We now explore the equivalent conditions for (b — a)g = b3 — a3.

Theorem 4.9. Let a,b,b —a € RY and a <3 b. Then the following are equivalent:

1) (b—a)y =by —ag.

2 (b—a)F =bg(1—awa?).

@) (b—-a)f = (1—awaQ)by and aZbQ = (a)?.

@) (b—a)g = (1—awaQ)by and aZ b3 (1 — away) = 0.

Proof. By virtue of Theorem 4.1, we have

a a w w a a
ll=<01 12> ’w:< 01 12> ,b=<01 b12> ,
a w
2 pxq 2 qxp 2 pxq

where p = awa3, q = wada.. Moreover, we compute that

o ( af o) po _ [ a8 —aBmabf(1-p)
v 0 TV 0 1-pbe(1- ’
0 PXP ( P) w( p) (PIP)
0 0

0 A-p)b-az1-p) /

(1) & (2) Obviously, —afab3 (1 — p) = pbGH (1 — p). Then (b —a)f = by — af if and only if
(1=p)b—a)g(1—p) = A—=p)bg (1 —p),pbg(1—p) =0,ie, (b—a)g = (1-p)(b—a)zg(l—p) =
by (1 — awad).

(2) = (3) By the argument above, we have

w s Y T 1 _ b@ 1 _ .
0 O pxp 0 ( P) w( p) (P/P)

(a2)? 0
0 0
by — awaP by = (1 — awad )by
(3) = (4) This is obvious as aZ b3 (1 — away) = (a3)?(1 — away) = 0.
(4) = (1) Since a <3 b, we have bJa = afa. By hypothesis, ap by = al b3 away, and then

Then a2b3y = ( ) = (a2)?. Accordingly, (b —a)3 = b3 —al = b3 — aw(al)? =
(p.p)

(b—a)y = by —aw(agby)
by — aw(af by awad)
= bQ —awad (b a)way
by — awad (aPa)wal
b3 — [aw(ag)?|awad
= b2 —alawa®

by —aw,

as asserted. [

5. Weighted *-DMP Elements

The aim of this section is to characterize the weighted *-DMP element using a specific weighted
core-EP decomposition. Subsequently, we will investigate the weighted core-EP order involving
the weighted *-DMP element in a ring. An element a is w-weighted EP if and only if 4 € Ry and
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wawag, = wayaw. We now express the weighted core-EP element by combining the weighted EP
element with a nilpotent element in a ring.

Theorem 5.1. Let a € R. Then the following are equivalent:

(1) ais w-weighted *-DMP.
(2) There exist x,y € R such that

a=x+y,x*y = ywx = 0,x € R is w-weighted EP,y € R,

Proof. (1) = (2) Since a is a w-weighted *-DMP element, a € RY. By virtue of Theorem 2.1, There
exist x,y € R such that
a=x+y,xy=ywx=0,xcRE,yc R

Evidently, a3 = x{. Since waway = wadaw, we check that

WXFXW = WXGXW + wxg [wxy|*(x*y)w

wx@xw + wx@ [xwxTyw = wx@xw + w[xL xwx2|yw
w w w w

wx@xw + wx@yw = wx® (x + v)w = walaw
w w w

awagy = w(x + y)wxy = wxwxg.

Therefore x is a w-EP element, as required.
(2) = (1) By virtue of Theorem 2.1, 2 € RY. Since x is a w-EP element, we see that wx{ xw =
wxwx®. Hence, we have

wagaw = wxgHxw + wxgyw

= wxgrw + w[xF xwxy|yw
wxy xw + wlxg (wx ) ] (x*y)w
wxyxw = w(x + y)wx§ = wawag,.

Therefore a is w-weighted *-DMP, as asserted. [
Corollary 5.2. Let a € R. Then the following are equivalent:

(1) ais*DMP.
(2) There exist x,y € R such that

a=x+y,xy=ywx=0,x € RisEP,y € R
Proof. This is obtained by choosing w = 1 in Theorem 5.1. O
Theorem 5.3. Let a € R.Then the following are equivalent:

(1) a € Ris w-weighted *-DMP.
) (aw)P € R® and (aw)P[(aw)P]®a is w-weighted EP.

Proof. (1) = (2) Obviously, a € RY; and so aw € R®. In light of [4, Theorem 4.1], (aw)” € R®. By
virtue of Theorem 5.1, there exist x, y € R such that

a=x+y,x*y = ywx = 0,x € R is w-weighted EP,y € R,

Evidently, x = awafa. By using Theorem 2.4, we have x = awala = aw[(aw)P]?[(aw)P]®a =

aw)P[(aw)P]®a. This implies that (aw)P[(aw)P]®a is w-weighted EP.
p g
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(2) = (1) Let x = (aw)P[(aw)P]®a and y = a — (aw)P[(aw)P]®a. Then a = x + y. Let n be the
Deazin index of aw. Then (aw)P (aw)"*! = (aw)". Obviously, we have

aw — [(aw)P]"[(aw)P]® (aw)"
= aw — [(aw)P]"[(aw)P]® (aw)P (aw)"*!
= aw — [(aw)")"~" ((aw)P[(aw)P]® (aw)P) (aw)"
= aw — [(aw)P]" Yaw)P (aw)"*1
= aw — [(aw)P]" Y aw)" = aw — (aw)P (aw)?.

Hence, aw — [(aw)P]"[(aw)P]® (aw)(aw)"~! is nilpotent. Since yw = aw — (aw)P[(aw)P]®aw =

w — (aw)" [ (aw)P]"[(aw)P]®aw, we show that yw € R is nilpotent. One easily checks that

*y = ((aw aw)D ®a)*u Dl(aw)P]®a]
= a ((ﬂw) [(aw)P1®) 1 - ﬂw)D[(ﬂw)D]®]ﬂ
= ﬂ*(ﬂw)D[(ﬂw) J2[1 = (aw)P[(aw)P]®)a = 0,
ywx = [a— (aw)P[(aw)P]®a)w(aw)P[(aw)P]®a
= [1 - (aw)P[(aw)P])®]aw(aw)P[(aw)P]®a
= [1 (aw)P[(aw)P]®][(aw)P]®a

Therefore a € R is w-weighted *-DMP by Theorem 2.1. O

As an immediate consequence of Theorem 5.3, we derive
Corollary 5.4. Let a € R. Then the following are equivalent:

(1) a € Ris*DMP.
2) aP € R® and aP(aP)®ais EP.

Lemma 5.5. Let a € R be w-weighted *-DMP. If a <3 b, then (away )bw = bw(away ) and aZby = bFay

Proof. Since a is w-weighted *-DMP, we have w(away) = w(afaw). Assume that a <@ b. Then
awal = bwaP and aZa = a2 b. We check that

(awaR)bw = aw(agb)w = aw(aga)w
= (awaQ)aw = (bwaQ)aw
bw(agaw) = bw(away)).

Since (awa3)* = (away), we deduce that (awaQ)(bw)* = (bw)*(away). In view of [3, Theorem
15.2.12], (away)) (bw)® = (bw)® (away ). Thus we have

(awag )by = by (awayg) = by (bwagy)
= by (bw)(away )ag = bé%(lﬂv)z(ﬂ%??)2
= bR (bw) (@) = (bw)(aB) ! = B,
Therefore
agby = [agawag by = ag[(away )by ]

= (a3)? = [bQ (awa)]af = bR [aw(aP)?] = bRag,
as desired. [

We are ready to prove:

Theorem 5.6. Let a € R be w-weighted *-DMP. If a <@ b, then bw(1 — away) € R®.
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Proof. Since a <& b, we have
o _ © 0, _ 0
away = bway),ala = alb.

Since a is w-weighted *-DMP, by virtue of Lemma 5.5, we have
(awa2)bw = bw(away).

We claim that [bw(1 — awa)|® = by — af. Since b is w-weighted *-DMP, we have wbwby =
wbP bw. In light of Lemma 4.5 and Lemma 5.5, we have a3bQ = (a3)?. Then

[bw(1 — awaQ)]|[bF — aF]
= [b(w— waway )by — [b(w — waway))|aP
= bwb® — bwaw[a2b2] — bwal + bw[aw(a2)?]
bwb? — bwlaw(aZ)?] — bwal + bw[aw(aZ)?]
bwb?2 — awal;

Since (bwb®)* = bwb® and (awal)* = away, we have ([bw(1 — awa2)][bQ — a])" = [bw(1l —

awa® )] [b3 — aZ]. Moreover, we check that

b (1 — awa)][53 — a3

[bwby — awaZ][bY — aZ]

bw(bQ)? — bwbZa — awaQbQ + aw(a3)?

by — [bwaB by = bY — [awaZ by

b9 — aw(aB)? = b — a8;

b3 — 2] bro(1 — awa?)]F

b8 — 2] (b0} (1 — awal) = b3 (o)1 (1 - awal)
(bw)*(1 — awa®) = [bw(1 — awa? )]k

This completes the proof. O
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