Pre prints.org

Article Not peer-reviewed version

A Few Explicit Properties Involving
Integral Transforms and Fractional
Calculus of Srivastava’s Triple
Hypergeometric Function HA, IC, Pa

Mohammad Kamarujjama, Ajija Yasmin i , Showkat Ahmad Dar
Posted Date: 12 May 2025
doi: 10.20944/preprints202505.0740v1

Keywords: Srivastava’s triple hypergeometric functions; Beta and Gamma functions; generalized Mittag-
Leffler function; integral transforms and Riemann-Liouville fractional integrals and derivatives

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 May 2025 d0i:10.20944/preprints202505.0740.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
A Few Explicit Properties Involving Integral
Transforms and Fractional Calculus of Srivastava’s

Triple Hypergeometric Function Hé, ;’“

M. Kamarujjama, Ajija Yasmin * and Showkat Ahmad Dar

Department of Applied Mathematics, Faculty of Engineering and Technology, Aligarh Muslim University, Aligarh 202002, India
*  Correspondence: ajijayasmin001@gmail.com

Abstract: In this paper, we obtain an extension of Srivastava’s triple hypergeometric function Hc(-) by
employing the extended Beta function B;,‘,’i(xl, x) introduced in Oraby et al. [12]. We give some of the
main properties of this extended function, which include several integral representations, derivative
formulas, and a few integral transforms, namely, Euler-Beta transform, Mellin transform, Laplace

transform, and Whittaker transform. Further, we establish some results based on the consequences of
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1. Introduction and Preliminaries
There is a long history of hypergeometric functions of a single variable in many areas of physics,

statistics, and mathematics. The Gauss hypergeometric function is defined as

ai, ap o (a1)i(a2); x! _
F x| =) ——= = ai,ay € C,by € C\Z7, x| < 1), 1.1
: l< by ) z;:) (b1)i ! (1,82 1€C\Zg ¥ <) 11

where (a71); denotes the Pochhammer symbol defined by

1 | =
F(u1 + l) ’ (Z O/ ai € C \ {0})r
(@)= —F "= (1.2)
F(al) . .

a1(ay+1)(ag +i—1), (ieN,a; €C)

Here, the classical Gamma function [13] is defined as
T(ay) = / et 11 gy, (R(a1) > 0). (1.3)

0

Extensions of the function (1.1) to include p numerator parameters 4; (1 < i < p) and g denominator
parameters b; (1 < i < g) also find wide application; see [17]. Triple hypergeometric functions have
been introduced and studied by Srivastava and Karlsson [23, Chapter 3], who provide a table of 205
distinct such functions. In [19,20], Srivastava introduced the triple hypergeometric functions Hy, Hg,
and H of the second order. It is known that Hc and Hp are generalizations of Appell’s hypergeometric
functions F; and F,, while H4 is the generalization of both F; and F,.
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The focus of this study will be on Srivastava’s triple hypergeometric function H¢, which is given

by [23, p. 43, 1.5(11) to 1.5(13)] (see also [19] and [22, p. 68])
(a1);+x (32) - (33) 1§ ) 5

Hc(ay,az,a3;b1;x1, %2, x3) := TN
i,j,kzzo (bl)i+j+k i! ]! k!
i (42)i+/(a3) 1k Blar+ i+, by+j—ay) xi xb xk (1.4)
(b1), B(ay, by +j—ay) i jl k! ’

=0
In [6, p.243], the convergence region for the hypergeometric series H¢ () is provided as |x1| < a,

[x2] < &g, |x3] < a3, where aq, ap, a3 satisfy the relation
(1.5)

w3 —2y/(1—a)(1 - a2)(1 - a3) <2

Now, we find it suitable to introduce a new parameter c into H¢ () as follows

Héc)(alfflz, as; by; x1, %0, %3) =
i (a2)i1j(a3) 1k B(a1+0+i+k,b1.—|—c—|—j—a1) x;lxlzxﬁ o
k=0 (b1); B(ay, by +j —a1) it k!

which reduces to (1.4) when ¢ = 0.
Here, B(x1, x2) is the classical Beta function defined as [11, (5.12.1)]

(R(x1) > 0,R(x2) > 0)

1
/ P71 — )2 g,
0
B(xll xZ) = ( ) ( ) (17)
r X1 r X2 _
I(x)+x2)” (1,72) € C\Zy ).
In 1997, Chaudhry et al. [2, Eq.(1.7)] introduced a p-extension of B(x1, x,) given by
1
— J[l—l _ XZ—l _p >
Byl = [ -0 e ldn (R 2 0) (19)
In 2018, a further extension of the Beta function was given, as shown by Shadab et al. [15]
(1.9)

B = [ -0 B (k) 20,

which reduces to (1.8) when A = 1 and E (x) denotes the Mittag-Leffler function defined by [10]

Ex(x) = ;F(Az—%—l (x e GA>0).

In 2020, Oraby et al. [12] gave a generalized Beta function in the form

BAl(xl,XZ / 1= 1

) >0, R(xp) >0, R(p) >0, R(]) >0),

—p2lE,, [tl(l_—pt)l} dt (1.10)

(R(x1

which reduces to (1.9) whena =1 =1
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Where E, ;(x) is the generalized Mittag-Leffler function introduced in 1905 by Wiman [24] defined

as ‘
1

ad X
E —_— ; R .
A ; Tita)’ (x,a € GGA>0,R(a) >0)

In 2021, Abubakar [1] introduced and studied a generalized Beta function as

X1, Xz]

T
—/ 11— 2! ‘I’,,2<tl(1_t)l)dt, (1.11)

(x1,x%2, 7,1, 0m, Cn € C fBm, ln €R, R(x1) > 0,R(x2) > O,R(t) > O,R(Il) > 0andm =1,..,141,n =
1,...,172)

‘YBZ X1, X :TBI (pmlpm) ,771
T( 1 2) T (é’n,én) ,;72

here ,, ¥}, is the Fox-Wright function ([7],[8]) defined as

(Om, Pm )1 1,1
¥
" [ (Gnr Sy

z] =¥y (o1, f1); - (p'h'e'h); z}

(glr él)/ e (gl’lzl @12)/‘

=

1

T(om + pmk)
z
!

(1.12)

-5

:]\“\ n:]

L
(gn‘i‘én )

n

where z, pi, {n € C, and the coefficients g, > 0, én >0(m=1,..,4y;n=1,.,4). If we put
2 1 oo 7 2 Ui 1
A=Y Ci=Y 0m 6=T10""T1G" wW=Y0—Y puts(m—m)
n=1 m=1 m=1 n=1 n=1 m=1

(1.12) converges for |z| < co when A > —1, for |z| < é when A = —1 and for |z| = ¢ if, in addition,
R(p*) > 3. / ,

For g1 = ... = ¢y, = {1 = ... = {y, = 1 eq. (1.12) reduces to the generalized hypergeometric
function , Fy, [26]

v, [ @D on 1)

g (§1,1),..., (Cﬂzrl);

Ui
H T(om)
‘| B l gl/-"lgﬂz;

P1rewr P z]. (1.13)

The plan of this paper is as follows. The extended function Hélp . (+) is defined in section 2 based
on the extended Beta function in (1.10), and some integral representations are presented involving the
generalized Mittag-Leffler function and the Gauss hypergeometric function , F;. Further, we discuss
some derivative formulas and integral trasforms, namely, the Euler-Beta transform, Laplace transform,
Mellin transform, and Whittaker transform. Moreover, some recursion formulas are established. Also,
our work on Srivastava triple hypergeometric function is motivated by the work given in ([3],[4]).
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2. The Extended Srivastava Triple Hypergeometric Function HC e L)

Srivastava introduced the triple hypergeometric function Hc(+), together with its integral rep-
resentations, in ([19], [22]). Here, we define the extended Srivastava triple Hélp m( ) by means of the
extended Beta function defined in (1.10)

Hélpa(alla2/a3; b1;x1, %2, x3)
i (12)i+/(a3); 1 Bya (a1 +i+k, by +j—an) o) x) ok 2.1)
i,jk=0 bl) B(ay, by +j—a1) it gtk :

where, a1,a5,a3 € Cand by € C\Z; and the region of convergence is |x1| < ay, |[x2| < a,
|x3] < a3, where aq, ap, a3 satisfy (1.5).

Now, using the extended beta function given in (1.10) in (2.1), we get HY
Mittag-Leffler function as follows:

Cr, a( ) in terms of extended

> (a2)ivj(a3)j k) o
HY! (a1,a2,83:b1;x1,%2,%3) = [ TR
C,M(al az,a3;by; x1, X2, x3) i,j,k2=0 (b1)iB(a1, by +j—ay) it jl k!
1
y pmtitk=11 _ pbhitj—m—-1p _p} dt. 2.2
J =9 A 2

We use of the above eq. (2.2) throughout the paper.

3. A Few Explicit Properties

In this section, we calculate two explicit properties, namely, integral representations and derivative
properties.

3.1. Integral Representations

Here, we get the following integral representations for HC D, . (+) function involving the product of
Mittag-Leffler function of two parameter and the Gauss hypergeometric function »F;.

Theorem 1. For R(p) > 0, R(ay,) > 0 (n = 1,2,3) and R(by — a1) > O, the integral representation of
Hélp o (+) s as follows :

T'(b Lo g
Hélpa(ﬁ],a2/ﬂ3}b1;x1,x2,X3):¢/0 i (S L IE)""‘(_tl(lpt)l>

[(a))T(by — a1)

ap,as . (1 — t)xz
bl - al' (1 - xlt)(l — x3t

X (1 — xlt)_“z (1 — X3f)_u3 K [ )] dt, (3.1)

where |x,| <1(n=1,2,3).

Proof: By changing the order of integration and summation (with uniform convergence of the
integral) in (2.2) and using the relation (1.7), we obtain

Al - [(by) Lt br-ar—1 ‘
HCpoc(al’az’a3’ b1,X1,.X'2,X3) = —/0 £ (1 o t) o E)\"X _m

[(a))T(by —a1)

(42)i4(a3)j1k (x18)F (x2(1— 1)) (x3t)*
i,j,k:O (b] — ﬂl)]' 1! ]' k!

dt. (3.2)
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Applying the result (A);1; = (4);(A +j); in the treble sum in (3.2), yields

2, (a (01—t & L () & , t)k
5 e 2O e O e

j! = it = !
Now, emplyoing the binomial theorem

Lo

=(1-2)74, AeC |z <1)

in the sum to evaluate the sums over i and k, we get

)j x2(1—1t) jl
)i LA —x1t)(T—x3t) | j

— (1= xt) (1 — x3t) i bl)_(Zj

identify the sum over j as (1.1), we get the representaion (3.1).

Remark 1. Here, we discuss some special cases by making suitable transformations of the
integration variable. If we put

M = o M
14w dw (14w)?
i) ot = (62— 03)(w—061) dt _ (02—63)(61 —63)
(62— 01)(w—063)" dw (0 —61)(w—63)%
(iii) t = sin’w, ;—; = 2sinw cos w,

(I4+pw dt _ (1+p)
1+pw ' dw  (1+pw)?’

we get the integral representations as follows:

. I'(a;)I'(b; —a

(l> % H/(\:lpa(alra2/ as; bl;xll X2, x3)
_ /0 W1 (1 4 )N ATEATBE, (-%) 2F1< b‘zz’_”zl;@xz) dw, (3.3)
192
where
w 1 14w
0 = T+ a0 0y = T+ o 03 = Ay AM=1+1-x)w, Ay=1+(1-x3)w;
. I'(a)T(by —a1) oa e (6, —03)" (6, —b3)1
(”) T HC pa(alf asz,as; blrxlleI x?)) - (92 _ 61)h17a27a371

% (ZU — 91)ﬂ1—1(92 - w)bl_al_l —ay A —a3 p az,a
X /91 (w — 93)b17a2*a3 A1 Az EA,a (_55_55) 2P1 ( b - (533(?2) dw (3.4)

where, with 03 < 61 < 6,

(62— 03)(w—61) o (01—=03)(6a—w) o (01—05)(0—61)(8 — w)(w — )
(02— 01)(w—105)" 2 (6—01)(w—63)" A1y ’

A= (02— 01)(w—03) —x1(02 — 03)(w —01), Az = (62— 01)(w—03) —x3(62 —03)(w — 61);

o1 =
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I'(a)T'(by —a
(iii) % Hélp (a1,82,83;b1; %1, X2, x3)

/2
- 2/0 (sin2 w)“l—% (cos2 ZU)bl_al_% Al_“ZA;”3 Ej (—%) »F ( 2,83 ;(53x2) dw, (3.5)
192

by —m
where
. 2 5 cos? w .2 .2
0y =sin“w, 0y =cos“w, d3= A AN =1—xysin“w, A =1—x3sin“w;
14\2

and

. T a T b1

(iv) % Hélpa(allﬂzlﬂe,; by; x1,X2,x3)

wﬂl 1 1 blfﬂlfl _ _ an,a

— (1+p) ”1/ 1+pw)bl)u2 —AAL EA,“(—%>2F1< blz_ 21;§3x2>dw, (3.6)
192

where, with p > —1,

(1+p)w 1—w (1—w)(1+ pw)
51 = ’ 52 = ’ 53 = ’
1+ pw 1+ pw ANy

A =14pw—(1+p)x1w, Ay=14pw— (1+p)x3w.
3.2. Derivative Properties

In this part, we discuss some interesting derivative properties of Hélp L)

Theorem 2. The following derivative formula holds for Hé lp L)

A" a1
(@) [Pa 1HC’,pA,a (a1,a,a3;b1; x1, X2, X3):|
= p“ m— 1Hélp o— m(al’ an,as; bl,‘ X1, X2, x3), (3.7)

where a,a, € C,by € C\Zy; m € Nand R(a —m) > 0,R(«) > 0,A > 0,R(a,) > 0;n=1,2,3.
Proof: Using (2.2) and employing term-wise differentiation m times in L.H.S of (3.7), we obtain
d\"T1 4
<@) [pa 1Hé:lpA,a(“1102r az; by; x1, X2, x3)}

— (i)m prl i (@2)i1j(a3)j 1k x) ]leef
dp i,j,k=0 (bl)j (allbl +]—111) il ]' k!

Uitk 101 by+j—a—1p pt .
t" - — Hntj—m— _ ¢
_ i (a2)ij(a3)j4k  x] xp 2§ /1 k=11 _ b=l
o (01); Blay, by +j—ay) it jo k!

<X ronra (i i) () e

n

— pac—m—l - (a2)i+j(a3)j+k x_llx_]Zx_lé /l tlll—l—i—‘rk—l
ij k=0 (b1)] B(ﬂ],bl +j - al) il j! k!
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)\ n 1
x (1 —t)rti—m-1 2( a t)) dt

I'(An+a —m)
_ pa—m—l - (a2)i+j(a3>f+k x_llx_]2x_§ /1 p+itk—1
i, k=0 (bl)] B(El],b] +] — [11) i! ]' k' Jo

by +j 1 pt
X(l — t) 1]~ E/\,tx—m (-m) dt

1M -
=P HE (82,8351, X2, 03).

Theorem 3. We have the following differentiation formula as follows:

Al 1.
HC oy tx(a]./ as,as; bll X1,X2, x3)
Al b d o
= DCHC,p,gH-l (all az,as, bl, X1, X2, x3) + Ap dp HC ,pa+1 (ﬂl, az,as, bl/ X1, X2, x3)/ (38)

wherea € C, by € C\Z;,and A > 0, R(a) > 0.

Proof: Using (2.2) in the R.H.S of (3.8), yields

Al d b
aHe, 11 (1,82, 83,015 31, %2, %3) + Ap— i HE o (01,82, 03,0151, X2, X3)
HM b )+ i (22)i+(a3) 15 x x]ﬁ xs /1 g1 +i+k—1
= ol ai,as,as;01; X1, X2, X3 - TR
Cpa+1 4 ! i, k=0 (bl)] B(ﬂl, bl —|—] — ﬂ]) 1! ]' k!

bl a1 — 1 " /\npn
x (1= Z( 1—t)> Tntatn ™ (39)

Now employing the relation I'(a + 1) = aI'(«) in (3.9), we get

. . i ok
_ v (22)i+j(a3) 1k x_llx_]zﬁ /1 k=T (1 gyt ar =1
i,j,k=0 (bl)j B(allbl +7 _‘11) it jb okt Jo

Xé( I —t) )nl"()\nl—l-tx) at

Al 1.
HC P “(ﬂl, az,as; bl/ X1,%X2, X3).

4. Integral Transform of HC D, L)

Here, we explore some integral transforms, namely, the Euler-Beta transform, Laplace transform,

Mellin transform, and Whittaker transform of Hé lp L)

4.1. Euler-Beta Transform

The Euler-Beta transform of the function f(p) is defined as [18]

1
BU(p)iab} = [ 7= p)" " (p) dp. @1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 4. The Euler-Beta transform of Hé’,lp, o (+) s as follows:
°° (2)i+(a3)j+k
i,j,k=0 (b1)]'B(111, by +j- al)

B{Hé',’p,“ (a1,a2,a3;b1;x1, %2, %3); 4, b} =T'(b)
(4.2)

(a1 +i+k),(by+j—ar)|,

X, [ (1,1), (a,1)
ST 1

2%3 ¥pl
itk (,A), (a+b,1)
where, a,a,b,1, (a1 +i+k),(by +j—a1) € GGA>0,R(a) >0,R(a) >0,R(b) >0,R(ay +i+k)>

O,R(bl +j- ﬂ1) > 0.
Proof: Using (4.1) in (2.2), we obtain

Al b, .
B{HC,p,:x(al’ ap,as; bl/ X1,%X2, x3)/ a, b}

1
= /0 P -p) ! Hé’,lp,“(ﬂllﬂzr%; b1;x1,x2,x3) dp

_ i (a2)i+j(a3)jk  xjxh X}
i,j,k=0 (bl)jB(all by +j— ul) it jt k!

1 . . 1
> (/ ta1+l+k—l(1 _ t)h—i—]—m—l{A pa—l (1 _ P)b_lEA,a (_tl(l—p_t)l> dp}) dr . (43)

By evaluating the integral as

1
a=1 (] _ ,\b-1E (_ P >
/OP (1=p)" "Era A1) dp

y 1 ’ 1 ! at+n— —
- Z<_tl(1_t)l> I"(An—i—a)/o P+ 1(1—P)b ldp
T(a+n)T(n+1)

00 1 n
=Ib ) (_t’(l - t)’) T(An+a)l(a+b+n)nt’

n=0

employing the Fox-Wright function (1.12) in the above sum and using in (4.3), we get,

o (a2)i4j(a3)jk  x xp 2§

i =0 (bl)jB(al,b1 —|—j—a1) it jl k!

< (f o] SO ) #

Al h . . _
B{HC,p,oc<a1/ az,as, bl/ X1,%X2, x3)/ a, b} -

Upon evaluating the integral using the generalized Beta function defined in (1.11), we get the

required result (4.2).

4.2. Laplace Transform

The Laplace transform of a function f(p) is defined as [18]

LU} = [ e i (p)dp

(4.4)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 5. The Laplace transform of Hélp o (+) is as follows:
ﬂz z+](a3)]+k

al/bl +] _a1>

[e)
a=1,-sp g 1
/O p pHCp“([ll,ﬂz,a3,b],x1,x2,x3 dp _KZ Z

i
ey [ @U@y .
X il ]| k! B(E) l (lx,/\) (ﬂl+l+k), (bl +] al) ’ (45)
where, A, a,a, (aq +i+k),(by +j—a1) € C; R(A) > 0,R(a) > 0,R(a) > 0,R(s) > 0,R(ay +i—+

k) >0,R(by +j—a1) >Oﬁlnd‘—m| <L

Proof: Using (2.2) in the integral on the left-hand side of (4.5), we get

a=1,-s Al b
/O P pHCp,x(alla2/a3/bl/x1/x2/x3)dp

_ > (ﬂz)i+j(a3)j+k x_llx_]zx_lgc
i,j k=0 (bl)] B(al,bl +] — 611) i! ]' k!
L)) dp}> dt.  (4.6)

1 . . o
% tu1+z+k71 1—¢ bi+j—a;—1 / e 5P aflE _
</0 ( ) 0 p A tl(l Y

By evaluating the integral as

* —sp a1 _ 14 d
/O e p E)\,«( tl(l—t)l> p
) 1 n 1 o B
= _ p ,a+n 1d
E( tl(l—t)l> F(An-l—a)/o ©F P
li (a+n)T(n+1) ([ 1 "
@ = T(An+a)n! sti(1—1)) 7

employing the Fox-Wright function (1.12) in the above sum and using in (4.6), we get
- (a2)i+(a3)j+k ] xk

/oo a—1,—sp HAI ( b ) d Z xi xz X3
e ! a /u2/a3; ;x /x21x3 = . BTN
p Cpa\hl 1 X1 P ifo (b1); Blay, by +j—ar) it jl k!

LY givk—t bytj—ag—1 (1,1),(a1) 1
- | )at
(/ot (1=t 21l N U Tsra S

X —
Sﬂ
Upon evaluating the integral using the generalized beta function defined in (1.11), we reach the result

(4.5).

4.3. Mellin Transform

The Mellin transform of the function f(p) is defined as [18]
6 =M{f(pst = [P () dp, RG>0, @7)

and the inverse Mellin transform is given by

) =M P} =g [ P s, ceR

(4.8)
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Theorem 6. The Mellin transform of Hé’,lp, o (+) is as follows
M{HM (a1,a,a3;b1;x1, %2, x STYHM (a1,a0,a3;b1; %1, %2, x3) d
Cpu 1,42,43;91; X1, X2, 3 P Cpu 1,42,03;Y1,X1,X2,X3) ap

I'(s)I'(1—s 1
- E“()a(_/\s))Hc(:s)(alraz,asf‘b12x11x2/x3)r (49)
where a,s € C; R(s) > a >0, R(a) >0,A > 0,b; € C\Z; and H(Cls (+) is defined in (1.6)
Proof: Using (2.2) in the integral on the left-hand side of (4.9), we get
> (@2)ij(aa)jex  xf )b
M{HY (1,42, a3;b1;x1, %0, %3);5 } = Al 1223
{ Cpuc(al az,a3; by; x1, X2, x3) 5} l_’].%() (b1)j B(ay, by +j—ay) it j! k!
1 . . )
% ‘/0 ta1+l+k—l(1 o t)b1+]—d1—1{/() ps_lE/\,lx <_tl(1—p_t)l>dp}dt (410)
Now, if we puty = g = 1and & = —p/t!(1 — t) in the following result ( [16], Th. 4.1)
1 T(s)T(y—qs) -
g _ s
EXe@)de =5y / Tla—As) (9 s
where L is the contour of integration that begins at ¢ — ico and ends at ¢ +ico, c € R
we get,
bua(- ) = [T (Y,
MATHA=0!) " 2mi )L T(a—As) \H(1—t)
—L/f*(s) “Sds
-2 Ji P ’
where T )F(l )
* S s
Using (4.7), (4.8), and (4.11), which leads to
s—1 o r _TEIA=8) 104 a0)°
/ p Em( T )dp— Ta = 75) [t (1 t)] 4.12)
Finally, put (4.12) in (4.10), yields
o (a2)i+j(a3) 4k
M{HM ai,a»,0a3;b1;x1,x0,x3);8 ¢ = / I
{ Cp,x( 1,42,03,91, X1, X2 3) } i,j%O (bl)]-B(al,bl—l—]—al)
X x x3 I(s)I(1—5s) /1 aytitk+ls—1 1 _ \bi+j+ls—a;—1
X AR Ta—1s) o t (1-1) dt.
Evaluate the integral using the classical Beta function, yields
M{Hélpa(alrQZrHB;bl;xlrx21x3);5}
[(s)T(1—s) i (a2) 1+] (a3)j+k B(ay +1Is+i+k by -|-ls-|-]—a1)ﬁx_]2x_’§
(b); B(ay, by +j—m) itk

(zx — As) gyt
(al, ap,az; by; x1, X2, x3) defined in (1.6), we get the result (4.9).

Identifying the above sum as H
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Corollary 1: The inverse Mellin formula for HZ  (+) is as follows:

=MH{f*(s);p}

Al
He gy ((a1,82,a3;b; %1, X2, x3)

1o T T =5) os)
- —H 12 7 /b ; 7 7 d 12 413
5 /H,DO P T ) e (a1,a2,a3;b1;x1, X, X3)ds (4.13)
where c >«
4.4. Whittaker Transform
Theorem 7. The Whittaker transform Hé’lp o (+) is as follows:
© a1 -1
/ P 1, szw,w(bp) Hé’llpﬂ(al,uz,ag,;bl;xl,xz,xg)dp
l i 112 z+](a3)]+k x_llx_]zx_lé
b, = jBlay, by +j—ay) it jl k!
(4.14)

(1,1),(3 £p+a,1) (ay+i+k), (b +]—a)

‘I’Bl
(@A), (1=n+a1)

(#)
where, a,a, (a1 +i+k), (b1 +j—a;) € GCA>0,R(a) >0,R(a) >0,R(ay+i+k) >0,R(by+j—ay) >

0.
Proof: Using (4.14) in (2.2), we get

© a1 -1
/ ple szw,”,(bp) Hé',lpla(al,az,aybl;xl,xz,xg,)dp

¢ (a2)ivj(a3)jx  xj xhxf
j k=0 (bl)jB(all bl +j - 111) il ]' k!

1 S . [ _ 1
(et it f [t et o) Eva(~ gty ) v} )
(4.15)

Now consider the right-most integral of (4.15) as I and put bp = v, yields

1 1
—dv

a1 ,-1b p

A p(l e 2 r W?],}l(bp) E/\,Dc <—m) dp

© oy a—1 00 n
\

/0 ( ) e Wyu(o ZO< bt 1—t)) T(An+a)b

b
(4.16)

= Ly 1 ! 1 * n+a—1 ,—9
_WZ<_bt’(1—t)l> F(/\n+a)/ v e 2 Wy u(v) do.

Now employing the result

© I(3+pu+a)l(3—p+a) —1
a—1 _-\2 2 _-

/0 " e 2 W, (v)do = Ti—7+a) , (R(yiu)> 2),

where W, ,,(v) is the Whittaker function [25], in (4.16), we get
Tl+pu+a+m) TG —p+a+n)T(n+1)

1 & 1
I:b_ﬂng)(_btl(l—t)l> T(An+a)T(1—n+a+n)n!
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Using (1.12), we get
1 (1/1)/(l+ﬂ+ﬂ,1),(l—],[+u,1) 1
=gt ( ’ =T |- 417
b 2[ (,A),(1—=1n+a,1) bt (1—t)! ( )
Applying (4.17) in (4.15), we get
- (@2)i4j(a3)jek i xb o

© a1, lbp Al L B
e 2TW ’ (b H (all az,as; bl/ X1, X2, x3)d - T T T
/0 P n(bP)HE P i,j,;io (b1);B(ay, by +j—ay) il jl k!

L ik | (1,1), A £u+a,1) 1
R R AT Ry ) [ Ea— 3
X/O (-1 32 (W A),(1—n+a1) bHE@I—t)
Upon evaluating the integral in terms of the generalized Beta function defined in (1.11), we obtain the
desired result (4.14).
. Al
5. Fractional Calculus of HY L)
Here, we investigate some results associated with the right-sided Riemann-Liouville fractional
integral operator I g . and the derivative operator Dg -, which are defined respectively as follows [9,14]:
¢ _ 1 / *fp)
I z) = dp, (R >0,¢e€Q), 5.1
( u+f)( ) I—-(C) p (z—p)l—c p ( (g) (: ) ( )
and
: (AN e _ .
(Darf)(z) = { 57 | e "f)(z), (m=[RE]+L R(E) >0,a€C), (52)

where [t] is the greatest integer.

Hilfer [5] defined a generalized Riemann-Liouville fractional derivative operator Dgﬂ of order
0 < ¢ < 1and type 0 < v < 1 with respect to z as follows:

NG = (L) (9@, = RO LRO>0E€0. 6

Theorem 8. Leta € Ry; o, € CG;A > 0,R(a) > 0,R(¢) > 0,and by € C\Z, then for z > a the following

relations hold for Hélp L)

(i) (15 [ (p - O THY 0 (a1,02,05 0530, 2, %)) (@)

=(z— a)”g_lHé’,l(zfa)A’Hg(al,ﬂ2,ﬂ3; b1y x1, %2, X3) (54)

(i6) (D | (p - ) THY (01,620,050 30, 2, %)) ()

= (Z - u)aiéilHéil(z_u)A,a_g(ull ap,as, bl/ X1,X2, X3) (55)

and
(iif) (Dgg [(p —a)THY o (a1,00,05 b0, 20, xs)} ) (2)

=(z— “)aiéilHé’,l(z_a)A,a_g(alfHzfﬂs; by; x1, X2, X3). (5.6)
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Proof. Use (2.2) in (5.1), and with the help of the relation [14]

(5 -0 ]) ) = i G =,

for z > ayields,

(IE+ {(P )" 1HM(p a)r (al’az’a?’;bl"xl’xz’xg’)})(Z)

v (a2)i+j(a3) 1k xi xl xk
= <I§+ [(p—a)“ ! 2 (b ),B(; ]b +]._ )—}—'Zk—?
i,j,k=0 1)j 1,00 +]—ay) 1t ji K

X/ol ta1+i+k—l(1_t)b1+f—“1_1E)\,a{ ff()l_—_i;}dtb()

_ i (a2)ivj(a3) 1k x] ]296]3(
i o (01)

B(ay, by +j—ay) it j! k!

/1 tu1+i+k—l (1 o t)b1+j—u1—l

Z‘ ( I(1—¢) ) r(;\n1+ ) (If+ [(P - a)“”“} dt) (z)

i =0 (b])] B(ﬂl,bl +j— al) il jl k!

Lo ; (z—a)*
% ta1+z+k71 1—¢ h1+]7a171E {——}dt
/0 ( ) Ao+ tl(l — t)l

= (z—a)"e" 1H“(Z oz (01,82, 015 X1, %0, X3).

Next, employing (2.2) in (5.2), we get
(D§+ [(P a)*” 1HM(p P (a1/a2/a3;bl}x11x21x3)])(Z)

AN/ e N
(%) (-0t Y, Gt v )] ) 2

d i
= (E) |:<Z - a)a+m ¢ 1Hé,/l(z_ﬂ)/\la+m_§(a1/a2/ as; bl/ X1,%X2, x3):| .

Using (3.7), we get the desired result (5.5).

Finally, with the help of egs. (2.2) and (5.3), we obtain

(Dgﬁ [(P )t~ IHM 2, (@1,82,a3;b1; %1, %2, x3)])(z)

C(p—a)*a
- (o2

[0}

(p—a)' ) (22)i1j(@s)jx 1 %33
i,j, k=0 (b1)j B(a1, by +j—ay) it j! k!

. /01 g1 (1 t)b1+j—u1—1EA,a{_t(lr()1_—_aZ)Al}dt] ) )

_ i (@2)ivj(a3)jk X} sz x5
j

o (b1); B(ay, by +j—ay) it jl k!

/1 ta1+i+k—1 (1 _ t)b1+j—a1—1

i,jk=

2 < I(1— 1) )nr()ml+ ) (D57 [(p — ay et at ) (2). .7)
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Applying the relation of Srivastava and Tomovski ([21], p.203, eq.(2.18))
&, \B-1 __I(p) Bl
(D[ r -0 ]) @) = rpE gz - )

(z>3,0<<1L,0<y<T1;R(B) >0),

in (5.7), we get the relation (5.6).
6. Recursion Formulas for Hé’l ()
/prlx
In this section, we investigate two recursion formulas for Hélp «(*). The first formula gives
recursions with respect to the numerator parameters a, and a3, and the second a recursion with respect

to the denominator parameter b;.

Theorem 9. We have the following recursions for HY. (-) with respect to the numerator parameters a, and
8 Cpu P p

as as follows:
Al . _ M B
HC,p,tx (all d2+1, as; bl/ X1,%X2, X3) - HC,p,ﬂc (alr ap,as; blr X1,%X2, x3)

x14 Xoa
B (a1, a0+, a5, by + 1wy, X, x3) + QH/(\;’I (a1,a0+1,a34+1;b1+1;x1, x2,x3).  (6.1)
b, = Cpa b, o Cpa
and
Hé’,lp,,x(ﬂl,ﬂz,ﬂ3+1; by;x1,%2,X3) = Hé,,lp,“(alla2/ as; by; x1, %2, X3)
Xoa X34
+£Hé'l “(al,a2+1,a3+l; by 4+ 1; x1, xp, X3) + LHé’l “(a1+1,a2,a3+1; b1+1; xl,XZ,JC3). (6.2)
by Cop b, G

Proof. From (2.1) and using the identity (a3 + 1)k = (a3);4x(1 +j/as + k/a3), we obtain

HcA:',lp,a(“lf az,a3 +1;by; xq, X2, x3)
s (a2)i+j(a3 + 1)jx Byalay +i 4k by +j — @) xf ) of
i k=0 (b1); B(ay, by +j—ay) il K
= Hé’,lp,a(ﬂlfﬂz, az; by; x1, X2, x3)
X2 i i i (a2)i+j(a3)jk Bya(an +i+k by +j—a) x xh ' ok
3 i=0j=1k=0 (bl)j B(ay, by +j—611) i! (j—l)! k!
0 0 L . Al . . P 1
—l—i Z Z Z (2)i+(a3)j1k Bpa(ar +i+k, l‘71 +j—m) XiQL X3 ' 63)
a3 (20 =0 k=1 (b1); B(ay, by +j—a1) it jt(k—=1)!

Consider the first sum in (6.3), which we denote by S;. Put j — j+ 1 and apply the identity
(a)j41 = a(a+1);, we find

-2y (@2)i1j+1(83)jk11 Bpalay+i+k bi+j+1—ap) ﬁéi’gﬁ

Y (1)1 B(ay,by +j+1—a;) ! j k!

_ 5 (a2 +1)isj(a5 + 1) 5k Byk(ar+itk,bi+1+j—ay) xl ) o
by ! ul (b1+1)] B(dl,b1+j+1—ﬂ1) il ! k'

Xoa
= ﬁHé'l (a1,a2+1,a3 4+ 1;b1 + 1;x1, X2, x3). (6.4)
b] P
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Similarly, take the second sum in (6.3) as S, with k — k + 1, we obtain
©  (a2)i4j(a3+1)jik Bya(ar+1+itkbi+j—ay) xi sz x’é
52 = X3 Z T
i jF=0 (bl)] (ﬂl,bl +] - Ell) it j! k!
Now, applying the result
B(p+14q)= %B(m),
yields .
5, = %1 ®  (a2)iyj(a3 + 1)jsk Bpanlar+1+itkbi+j—ar) xl xh 2§
bl i,j k=0 (bl —‘rl)] B(al +1,b1 +j—{11) il ]' k!
X34
_ Z 1Hélp“(g1+1,a2,03+1;b1-|-1;x1,x2,x3). (6.5)

Combining (6.4) and (6.5) with (6.3), we get the required result (6.2). Similarly, we can establish the
proof of the result (6.1).

Corollary 2: From (6.1) and (6.2), the following recursions for Hélp ‘x() hold:

Al Al
HC P, a(”]/az + M/ as; bl/ X1, X2, x3> = HC P, [X(all an,as, bl/ X1,%X2, X3)
xia1 & Xod3 Al
o ) He, (a1 + 1,02+ k,a3; by + 1520, 22, x3) + o Z He, ,(a1,02 + ka3 + 1501 + 131, X2, x3) (6.6)
1 k=1 1 k=1

and
HY (a +M;b ) =HM ( by )
Copu 1,42,03 1, X1, X2, X3 Crpu ay,az,as; v1; X1, X2, X3
x a a
27 Z HCM ay,a; +1,a3 4+ k by + 1,31, x2,x3) + L E HCW a1+ 1,ap,a3 + k; by + 1;x1, %2, x3), (6.7)
1
for positive integer M.
Theorem 10. The function HC ", o (+) satisfies the following recursion formulas:
HM 1. a2 b — gM b
Cpalar,a2—=1,a3;b1;x1, %2, x3) = He ) (a1, a2, 83, b1; %1, %2, X3)

x4 Xpas3

b H’élpa(al-l-l, ap,a3;b1 + 1;x1, %, x3) — b Hélp L(a1,a2,a3+1;b141;x1, x2, X3). (6.8)
and
Hclpa(allﬂz, az—1;b1;x1,x2,X3) = Hc’pa(ﬂlfﬂz, az; by; xq, %2, X3)
_ Yol Hél (a1,a2+1,a3;b1 + 1; x1, %2, x3) — i Hél L(a1+1,az,a3;b1+1;x1, X2, X3). (6.9)
by Pa by P

Proof. Replace a; and a3 with a, —1 and a3 — 1 in (6.1) and (6.2), we get the results (6.8) and (6.9)
respectively.

Corollary 3: From (6.1) and (6.2), the following recursions for Hélp .(+) hold:
HY (1,80 — M, az;bi; x1, %0, x3) = HY. (aq, a0, a3;b1; %1, X2, X3)
Cpu 1,42 s U3, 01, X1, X2, A3) = C,pu 1,42,63,Y1, X1, 122,13
xlﬂl . . xpa3 M Al . . 6.10
Z HCM (a1 41,80 —k,a3;b1 + 1;x1, %2, X3) — B kz Hcpa(ﬂbﬂz—k,ﬂ3+1,b1+1,X1,x2rx3) (6.10)
=0
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and
HY (a1,a0, 835 — M;by;x1, %0, x3) = HY. (aq, a0, a3;b1; %1, X2, X3)
Cpu 1,042,443 r U1, A1, A2, A3 Cpu 1,642,43,U1,A1,A2, 13
xll a
2 2 ZHCPLX ay,ap+1,a3 — kb +1; xl,xz,x3 —L ZHCPDC ﬂ1+1,ﬂ2,ﬂ3—k,'b1+1;X1,XQ,X3), (611)

for posmve integer M.

7. Conclusion

In this paper, we have introduced the extended Srivastava’s triple hypergeometric function defined

Al
by HCpa

generalized Mittag-Leffler function and Gauss hypergeometric function. We have also explored some

() in (2.1). We have given some integral representations of this function that involve the

derivative properties and integral transforms of the function HC D, (), namely the Euler-Beta transform,
Laplace Transform, Mellin transform, and Whittaker transform and some recursion relations.
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