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Abstract 

Control charts are widely used in the industrial world to monitor the average and variability of 
production processes. Max-Half-Mchart is a multivariate control chart that is less effective in 
handling many outliers. This research aims to develop a control chart that is more resistant to outliers 
by using Minimum Regularized Covariance Determinant (MRCD). MRCD is a development of the 
MCD method which is better at dealing with ‘fat data’, namely situations where the number of 
variables is greater than the number of observations. The performance evaluation of the robust Max-
Half-Mchart control chart based on MRCD using Average Run Length (ARL) against shifts in process 
mean, process variance, and simultaneous shifts. In addition, a comparison is made of the outlier 
detection accuracy between the robust Max-Half-Mchart based on MRCD and the standard Max-
Half-Mchart. The research results show that the MRCD-based Robust Max-Half-Mchart provides 
better accuracy and Area Under Curve (AUC) in detecting outliers compared to the traditional Max-
Half-Mchart, especially at outlier levels of 10%, 20%, 30%, and 40%. Application of this method to 
cement quality data also shows superiority in detecting outliers. 

Keywords: robust multivariate; simultaneous control chart; Max-Half- M-chart; minimum 
regularized covariance determinant 
 

1. Introduction 

Product quality control is an action to ensure that products meet predetermined standards. 
Statistical Process Control (SPC) is a critical approach to quality management in the modern 
industrial world [1]. One of the essential tools in Statistical Process Control (SPC) used to graphically 
depict the quality characteristics of a product or process is the control chart [2]. The control chart was 
first conceived by Walter A. Shewhart in 1924, and it is also known as the Shewhart control chart [3]. 
These control charts are used to monitor process quality characteristics to identify specific causes of 
variability in univariate data [4]. The Shewhart control chart had shortcomings in dealing with small 
shifts, so control charts were developed Exponentially Weighted Moving Average (EWMA) [5] and 
Cumulative Sum (CUSUM) [6] which are good for detecting small shifts in process parameters. 

In various subsequent studies, control charts were developed into several types according to the 
type of data used. Multivariate control charts are a type of control chart that is capable of monitoring 
data with several characteristics [7]. The first research on multivariate control charts involved 𝑇ଶ 
Hotteling, a control chart used to detect the average vector of a process [3]. Control charts have also 
been developed to observe the covariance matrix of a process, such as generalized variance control 
charts [8] and successive diference charts [9]. 

Along with the development of industrial needs in maintaining product quality, control charts 
are needed that are able to handle multivariate data simultaneously for both subgroup and individual 
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observations [10]. There are three types of simultaneous control charts that have been successfully 
developed, namely Exponentially Weighted Moving Average (EWMA) type charts [11], Cumulative 
Sum (CUSUM) [12,13] and Shewhart [14,15]. The Maximum Multivariate Exponentially Weighted 
Moving Average (Max-MEWMA) chart is a robust simultaneous control chart for a multivariate 
normal distribution, but can only be used to monitor subgroup observations [16]. The use of Max-
MEWMA statistics on subgroups can be considered as a calculation that reflects the maximum value 
calculated from a combination of historical data and future observations [17]. The Maximum 
Multivariate Cumulative Sum (Max-MCUSUM) chart is a simultaneous control chart that can be used 
to monitor individual and subgroup observations, but the observation data must meet the 
assumption of a multivariate normal distribution and is a control chart that is sensitive to small 
process shifts [18]. Then, Khusna [19] developed Max-MCUSUM for data containing autocorrelation. 
The Maximum Multivariate Control Chart (Max-Mchart) chart is a Shewhart type multivariate 
control chart that combines 𝑇ଶ Hotelling statistics and generalized variance statistics to be able to 
simultaneously monitor process variability and averages for large shifts [20]. Sabahno [21] developed 
a novel scheme to simultaneously monitor the mean and variability of multivariate normal processes. 
However, the distribution used for process variability in cases with more than two dimensions 
follows a gamma distribution, which, when the number of dimensions exceeds two, is unknown but 
can be approximately modeled with specific parameters [22]. 

The development of the Max-Mchart chart uses a half-normal distribution approach known as 
the Maximum Half-Normal Multivariate Control Chart (Max-Half-Mchart) control chart [23]. This 
modification was made because, in certain cases, the probability value of the Chi-square distribution 
is close to 0 so that the quantile value of the standard normal distribution has a large negative absolute 
value and will be detected as an out of control signal on the Max-Mchart chart. A half-normal 
distribution approach that has original values from 0 to ∞ avoids negative values in calculating 
quantile values so that it is able to overcome this problem. The Successive Difference statistic was 
chosen to replace the Generalized Variance statistic so that the Max-Half-Mchart can be applied to 
individual data. Based on the simulation results, it was found that the Max-Half-Mchart control chart 
was able to detect small or large shifts in the average and covariance matrix. The Max-Half-Mchart 
statistic is also consistent with Tଶ Hotelling statistics and Successive Difference statistics [23]. 

In Max-Half-Mchart, a high percentage of outliers can reduce the effectiveness of the control 
chart in identifying and detecting data that is outside the control limits . This can be overcome by 
improving the estimation of the mean vector and covariance matrix so that the control chart can work 
well. Maleki [24] showed that control charts with robust mean vector estimators and covariance 
matrices have much better performance than classical estimators when there are outliers. Minimum 
Covariance Determinant (MCD) is a well-known robust estimator method [25]. MCD has better 
accuracy than other robust estimator methods [26], [27]. The way MCD works is by estimating the 
location and distribution matrix using a subset of a certain size (h) with the lowest sample covariance 
determinant. Although MCD was introduced in 1984, this method is still rarely used because there 
are several shortcomings in it, therefore several developments have been made to the MCD method 
which is able to overcome these problems. Reweighted Minimum Covariance Determinant (RMCD) 
is an extension of the Minimum Covariance Determinant (MCD) that incorporates generalizations by 
applying weights based on the ranking of Mahalanobis distances, allowing it to effectively handle 
intermediate outliers [18]. Fast Minimum Covarinace Determinant (Fast-MCD) [28] uses a new 
algorithm that is able to obtain robust estimators more quickly than the MCD method. Deterministic 
Minimum Covariance Determinant (Det-MCD) [29] uses the same iteration steps as Fast-MCD but 
does not draw random subsets and uses a deterministic algorithm to estimate the location and 
distribution matrix which is usually faster than Fast-MCD. 

To get a good estimator accuracy value using the MCD method, it is recommended to use the 
number of observations (𝑛 ) 5 times greater than the number of variables (𝑝 ) [29]. This creates 
limitations on existing estimators in dealing with “fat data”, namely data with a small number of 
observations (𝑛 ) compared to the number of variables (𝑝 ). Minimum Regularized Covariance 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 February 2026 doi:10.20944/preprints202602.1122.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202602.1122.v1
http://creativecommons.org/licenses/by/4.0/


 3 of 18 

 

Determinant (MRCD) is the result of the development of the MCD method which is able to overcome 
this problem [30]. MRCD replaces subset-based covariance with estimates of covariance on 
regularized data [31]. The MRCD estimator is able to provide good results even when the numbers 𝑝 > 𝑛 [32]. 

Based on several ideas explained previously, this research aims to develop a Max-Half-Mchart 
control chart based on a robust Minimum Regularized Covariance Determinant (MRCD) estimator. 
This is expected to increase the robustness of the control chart in dealing with outliers in the data and 
be able to handle cases with a small number of observations compared to a large number of 
observations. The performance of the proposed MRCD-based Max-Half-Mchart robust control chart 
is compared with the performance of the Max-Half-Mchart control chart in the application of 
simulation data and cement quality characteristics data at PT Semen Tonasa. 

2. Material and Methods 

2.1. Maximum Half-Normal Multivariate Control Chart (Max-Half-Mchart) 

The Max-Half-Mchart is developed by combining the statistics of the Hotelling’s 𝑇ଶ  control 
chart and Generalized Variance with the half-normal distribution approach. The Chi-square 
distribution is only relevant for positive values. When the probability is very low, the quantiles 
generated from the standard normal distribution tend to become large negative numbers [23]. The 
approach using the half-normal distribution is employed to shift the domain to positive values, thus 
addressing this issue. The control chart developed from Max-Mchart using the half-normal 
distribution is called the Maximum Half-Normal Multivariate Control Chart (Max Half-Mchart). The 
statistics for process mean and variability for individual observations as follows: 𝑍௜ூு = Qିଵൣ𝐻௣ሼሺ𝐱௜ − 𝛍଴ሻ′𝐒଴ି ଵሺ𝒙௜ − 𝛍଴ሻሽ൧ (1)

and 𝑉௜ூு = Qିଵ ൤𝐻௣ ൜12 ሺ𝐱௜ − 𝐱௜ିଵሻ′𝐒଴ି ଵሺ𝐱௜ − 𝐱௜ିଵሻൠ൨ (2)

where 𝑄ሺ⋅ሻ is the cumulative distribution function of the standard half-normal random variable. H(⋅) is the cumulative distribution function of the chi-square random variable with 𝑝 degrees of 
freedom. 

Thus, the statistics for the Max-Half-Mchart for individual observations are obtained, which is 
the maximum value of the mean and variability statistics as follows: 𝑀௜ூு = 𝑚𝑎𝑥ሼ𝑍௜ூு ,𝑉௜ூுሽ, 𝑖 = 2,3 … ,𝑛. (3)

2.2. Minimum Regularized Covariance Determinant (MRCD) 

Minimum Regularized Covariance Determinant (MRCD) is a robust estimator method resulting 
from the development of the MCD method introduced by Boudt [32]. The MRCD estimator was 
created to overcome the problem of the inability of the MCD estimator to deal with “fat data”. The 
way MRCD works is by replacing the subset-based covariance of MCD with a subset-based 
regularized covariance estimator ℎ which makes all determinants smallest. 

The first stage in obtaining an MRCD estimator is to standardize the observation data 𝑋 
becomes 𝑈, which is a collection of 𝑢௜  as in the following equation: 𝑄𝑛 = 𝜎൛ห𝑥௜ − 𝑥௬ห; 𝑖 < 𝑦ൟ௞ (4)

where 𝜎 a constant factor and 𝑘 = ቀℎ2ቁ ≈ ቀ௡ଶቁସ , where ℎ = ቂ௡ଶቃ + 1 which is close to the value of half 

the number of observations, that is, the 𝑘-th value is taken from the ordered statistics of ቀ𝑛2ቁ distance 
between points with 𝜎 = 2.2219. When the standardized data 𝑈 has been obtained, it is continued 
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by searching for a subset of observations ℎ. The next step is to define the covariance matrix 𝑲(𝐻) 
with size ℎ × 𝑝 subsample 𝐻 from data 𝑈 as in the following equation: 

𝐾(𝐻) = 𝜑𝑇+ (1 − 𝜑)𝑐ట 𝑆௨(𝐻)෍𝑋௜ଶ௡
௜ୀଵ . (5)

𝐻ெோ஼஽ is obtained by finding the smallest determinant of the covariance matrix 𝐾(𝐻) in each 𝐻 ∈ 𝐻௛ 
in the following equation 𝐻ெோ஼஽ = argminு∈ு೓ ൬det ቀ𝜑 𝐼+ (1 − 𝜑)𝐶ట𝑆ௐ(𝐻)ቁଵ/௣൰. (6)

In this way, the average vector and covariance matrix of the MRCD estimator for the observation 
data 𝑿 are obtained as follows: 𝝁ெோ஼஽ = 𝑉௫ + 𝐷௑𝜇௨(𝐻ெோ஼஽)  (7)𝐒ெோ஼஽ = 𝐷௫𝑄𝛬ଵ/ଶൣ𝜑 𝐼+ (1 − 𝜑)𝐶ట𝑆ௐ(𝐻ெோ஼஽)൧𝛬ଵ/ଶ𝑄ᇱ𝐷௑ . (8)

2.3. Average Run Length (ARL) 

The performance of a control graph can be measured by how quickly the control graph can 
detect signals that indicate a process shift that is out of control [33]. The ability to detect shifts quickly 
indicates the level of sensitivity of the control chart to changes in the process. To measure this 
performance, a method called Average Run Length (ARL) [4]. 

Run length, in this context, is a random variable that refers to the number of sample data points 
that need to be plotted on a control chart before the first signal indicating an out-of-control condition 
is detected. ARL is the average value of this run length. In situations where the process is in control, 
we want a high ARL value, which indicates that the control graph produces few false alarms. 
However, when the process is considered to be out of control, and changes in average characteristics 
or variability occur that do not match targets, relatively low ARL values are desired. ARL itself can 
be divided into two types, ARL0 (ARL when the process is in control) and ARL1 (ARL when the 
process is out of control). ARL0 is an in-control ARL obtained by a simulation process from 1000 
normally distributed data samples 𝑁1000(𝜇0 = 0,𝜎0 = 1)[23]. 𝐴𝑅𝐿଴ = ଵఏ.  (9)

The previous equation refers to type I error, which is the probability of detecting an out-of-
control signal on the control graph but the process is still in control. The 𝜃 value is very important 
in quality control because it measures the level of risk of receiving a false alarm that can cause 
unnecessary action on a process that is actually still running well. In many applications, a commonly 
used value of 𝜃 when three-sigma (3𝜎) control limits are used is 𝜃 = 0,0027. Meanwhile, ARL1 is 
obtained by adding a shift of 𝑎  to the mean ൫𝜇௦௛௜௙௧ = 𝜇଴ + 𝑎൯  and 𝑏  to the variance ൫𝜎௦௛௜௙௧ = 𝜎଴ + 𝑏൯ . ARL1 measures how many observations are expected before a signal out of 
control limits is received. Good performance in quality control will result in lower ARL1 values, 
indicating faster detection of changes in the production process that could threaten product quality. 

2.4. Outlier Detection 

One important component of a control chart is the provision of control limits, which determine 
the limits for acceptable variation in a process. When outliers are correctly identified in a control 
chart, it indicates that the monitoring system is functioning properly and can provide relevant 
information [34]. The level of accuracy or error level is used to measure the accuracy of a classification 
method. Precision can be divided into two types: First, True Positives (TP), when the control chart 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 February 2026 doi:10.20944/preprints202602.1122.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202602.1122.v1
http://creativecommons.org/licenses/by/4.0/


 5 of 18 

 

detects an outlier and it is true that there is an outlier. Second, True Negatives (TN), a condition when 
the control chart detects no outliers and it is true that there are no outliers [35]. 

The errors that may occur can be divided into two types: Firstly, False Positives (FP), errors in 
conditions where the control chart detects an outlier that actually does not exist. Second, False 
Negatives (FN), errors in conditions where the control chart fails to detect outliers that actually exist. 

The levels of precision used are accuracy, FP rate, FN rate, and AUC, so you can see how good 
the classification results are. Firstly, accuracy is the most known calculation in classification 
modeling. Accuracy is the percentage of numbers predicted correctly over all data. The mathematical 
equation can be written in the equation (10) [5]. 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 = ்௉ା்ே்௉ା்ேାி௉ାிே  (10)

Both FP Rate and FN Rate, there are two types of errors, namely FP rate and FN rate. FP rate can 
be calculated with the following equation. 𝐹𝑃௥௔௧௘ = ி௉்ேାி௉  (11)

Meanwhile, the FN rate can be calculated using the following equation. 𝐹𝑁௥௔௧௘ = ிே்௉ାிே   (12)

Third, Area Under Curve (AUC), AUC is a method for calculating the value of the area under 
the Receiver Operating Characteristic (ROC) curve. A higher AUC value indicates that the 
classification method is better. The AUC equation can be written as follows. 𝐴𝑈𝐶 = 12 ൬ 𝑇𝑃𝑇𝑃 + 𝐹𝑁 + 𝑇𝑁𝑇𝑁 + 𝐹𝑃൰ (13)

2.5. MRCD-Based Max-Half-Mchart 

This study modifies the classic estimators of mean vectors 𝒙ഥ  and covariance matrix 𝐒  from 
equation (1) and (2) by replacing them with estimated values derived from robust estimators of the 
mean vector and covariance matrix. The statistics for process mean and variability based on MRCD 
for individual observations are defined as follows: 𝑍ெோ஼஽೔ூு = Qିଵൣ𝐻௣ሼ(𝐱௜ − 𝛍ெோ஼஽)′𝐒ெோ஼஽ିଵ (𝒙௜ − 𝛍ெோ஼஽)ሽ൧ (14)

and 𝑉ெோ஼஽೔ூு = Qିଵ ൤𝐻௣ ൜12 (𝐱௜ − 𝐱௜ିଵ)′𝐒ெோ஼஽ିଵ (𝐱௜ − 𝐱௜ିଵ)ൠ൨. (15)

Thus, the statistics for the Max-Half-Mchart based on MRCD for individual observations are 
obtained as follows: 𝑀ெோ஼஽೔ூு = 𝑚𝑎𝑥൛𝑍ெோ஼஽೔ூு ,𝑉ெோ஼஽೔ூு ൟ, 𝑖 = 2,3 … ,𝑛. (16)

Since 𝑀௜ > 0, the Max-Mchart only has an Upper Control Limit (UCL). The UCL for the Max-
Half-Mchart is determined using a bootstrap approach. The steps to obtain the statistics and control 
limits for the robust Max-Half-Mchart are calculated using Algorithm 1. 

Algorithm 1 Bootstrap Control Limit 
Step 1. Calculating the estimator value of the mean vector 𝛍ெோ஼஽  and the covariance matrix 𝐒ெோ஼஽ using equations (7) and (8). 
Step 2.  Calculate the 𝑍ெோ஼஽೔ூு  and 𝑉ெோ஼஽೔ூு  values using equations (14) and (15). 
Step 3.  Find the statistical value 𝑀ெோ஼஽೔ூு of equation (16) using 𝑍ெோ஼஽೔ூு  and 𝑉ெோ஼஽೔ூு  which were 

obtained in step 2. 
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Step 4.  Carry out sampling by returning l bootstrap samples from the 𝑀ெோ஼஽;௜ூு  statistic on n 
observations, l=1,2,…,1000. 

Step 5.  Calculates the percentile 100(1-𝛼) for each statistic 𝑀ெோ஼஽೔ூு . 
Step 6.  Calculating bootstrap-based UCL using equation 𝑈𝐶𝐿 = 1

1000
∑ 𝑀ெோ஼஽൫100(1షα)൯,೔ூு1000௜ୀ1  which 

produces 𝐴𝑅𝐿0 ≅ 370. 

The evaluation of the Robust MRCD-Based Max-Half-Mchart againts process shift is conducted 
using the Average Run Length (ARL) criterion. The steps are divided into two main categories as 
follows. 

Algorithm 2 Performance Evaluation 𝐴𝑅𝐿 
Step 1. Generate data 𝑋௖௟௘௔௡~𝑁(𝜇0,Σ௢௨௧) and labeled 0, with 𝜇0 = (0 ⋯ 0)′ which is a vector 

of size p × 1 where p = 5 ; 10, and ∑ =0 ൦1 𝜌 ⋯ 𝜌𝜌 1 ⋯ 𝜌⋮ ⋮ ⋱ ⋮𝜌 𝜌 ⋯ 1

൪ where 𝜌 = 0.3; 0.5; 0.7. 

Step 2.  Calculate 𝝁ெோ஼஽ and 𝐒ெோ஼஽ in the MRCD estimator using equations (3) and (4). 
Step 3.  Calculate the values of 𝑍ெோ஼஽೔ூு  and 𝑀ெோ஼஽೔ூு  values using equations (14) and (15). 
Step 4.  Find the statistical value 𝑀ெோ஼஽೔ூு  of equation (16) using 𝑍ெோ஼஽೔ூு  and 𝑀ெோ஼஽೔ூு  that have 

been obtained previously. 
Step 5.  Set the UCL as calculated by Algorithm 1. 
Step 6.  Record the run length, which is the number of observations until the first out-of-control 

signal occurs, using the UCL value from step 5. 
Step 7.  Repeat steps 1-6 1000 times. 
Step 10.  Calculate 𝐴𝑅𝐿 = 1

1000
∑ 𝑅𝐿௜1000௜ୀ1  

The steps for evaluating the performance of MRCD-based Max-Half-Mchart robust control 
charts against outliers are calculated using Algorithm 3. 

Algorithm 3 Performance Evaluation against Outliers 
Generate data 𝑋௖௟௘௔௡~𝑁(𝜇0,Σ௢௨௧) and labeled 0, with 𝜇0 = (0 ⋯ 0)′ which is a vector of size p 

× 1 where p = 5 ; 10, and ∑ =0 ൦1 𝜌 ⋯ 𝜌𝜌 1 ⋯ 𝜌⋮ ⋮ ⋱ ⋮𝜌 𝜌 ⋯ 1

൪ where 𝜌 = 0.3; 0.5; 0.7. 

Step 2.  Generate data 𝑋௢௨௧௟௜௘௥~𝑁(𝜇௢௨௧,Σ௢௨௧)  with 𝑝  = 5;10 and set according to the desired 
scenario. 𝑋௢௨௧௟௜௘௥ are 5%, 10%, 20%, and 40% of the total data. 

Step 3.  From 𝑋0 = [𝑋஼௟௘௔௡,𝑋ை௨௧௟௜௘௥]′, 𝑋0 is the combination of 𝑋஼௟௘௔௡and 𝑋ை௨௧௟௜௘௥. 
Step 4.  Forming 𝑋ை௨௧௟௜௘௥  is data 𝑋0 data that has been randomized. 
Step 5.  Performs step 1-6 on Algorithm 2. 
Step 9.  Label 1 as outlier for stochastic 𝑀௜ூுெோ஼஽ > 𝑈𝐶𝐿 and label 0 for non-outliers. 
Step 10.  Comparing the category results based on robust Max-Half-Mchart with the initial 

category, then forming a confusion matrix and calculating accuracy, FP rate, FN rate, and 
AUC. 

Step 11.  Perform the loop 1000 times. 

3. Results 

3.1. Performance of Robust MRCD-Based Max-Half-Mchart in Process Shift 

The performance of the proposed MRCD-Based Max-Half-Mchart robust control chart is 
evaluated using the Average Run Length (ARL) criterion. A smaller ARL value indicates that the 
control chart is responsive and can signal as quickly as possible after a deviation occurs. In this study, 
the ARL calculation involves three types of shifts: shifts in the process mean, process variance, and 
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shifts in both. The ARL calculation for the robust Max-Half-Mchart control chart is performed 
following the steps outlined in Algorithm 2. Tables 1-3 show the evaluation results of the proposed 
control chart’s ARL with variations in the number of variables (𝑝 = 5 & 10) and correlation levels 
between variables (𝜌 = 0.3, 0.5, 0.7). 

Tables 1-3 present the ARL values for 12 shifts occurring in the process mean, variance, and both 
(mean and variance). The smallest ARL value is found in Table 3, which involves simultaneous shifts 
in both the mean and variance of the process. The ARL value for the variance shift in Table 2 is higher 
compared to the ARL value in Table 3 (mean and variance shifts), although the difference is not 
significant. The MRCD-based Max-Half-Mchart robust control chart shows high sensitivity to shifts 
in both variance and the combined mean and variance, as evidenced by the large differences in Tables 
2 and 3 for shifts 0 and 1. Table 1, which highlights shifts in the process mean, shows the highest ARL 
value among the three tables. Therefore, the MRCD-based Max-Half-Mchart robust control chart has 
the highest sensitivity when shifts occur simultaneously in both the variance and the mean of the 
process. The sensitivity to shifts in variance is almost the same as that for simultaneous shifts in both 
variance and mean. The chart proposed in this study is more sensitive to changes occurring in the 
process variance compared to the process mean. 

The quality characteristics also affect the performance of the chart. In this study, two variations 
of 𝑝 = 5 and 𝑝 = 10 were used, with correlation levels between variables adjusted to 𝜌 = 0.3, 𝜌 = 0.5, and 𝜌 = 0.7. Based on Table 1, the ARL values indicate that the proposed robust Max-
Half-Mchart control chart with 𝑝 = 5 consistently detects process mean shifts faster than with 𝑝 =10. The difference in ARL between 𝑝 = 5 and 𝑝 = 10 is not significant when the shifts reach 𝐚 =[2.25, … ,2.25]்   to 𝐚 = [3.00, … ,3.00]் . Subsequently, Table 2 shows the comparison of ARL 
between 𝑝 = 5 and 𝑝 = 10 when a shift occurs in the process variance. The proposed control chart 
with 𝑝 = 10  detects the shifts faster compared to 𝑝 = 5 . However, the ARL results show 
similarities when 𝑏 = 1.75 to 𝑏 = 4. Based on these results, it can be concluded that the number 
of characteristic variables used in the Robust Max-Half-Mchart has an impact on the speed of 
detecting process shifts. 

Moreover, Tables 1-3 show that the correlation level affects the ARL values of process shifts for 𝑝 = 5 and 𝑝 = 10. The ARL evaluation results consistently indicate that 𝜌 = 0.3 always yields 
the lowest value, while 𝜌 = 0.7  always gives the highest value among the three. These results 
suggest that the correlation level between variables influences the sensitivity of the robust Max-Half-
Mchart in detecting shifts in the process mean. The lower the 𝜌 value, the faster the detection of 
process mean shifts. In contrast, for process variance shifts, when 𝑏 = 1.25, the ARL value for 𝜌 =
0.7 is the lowest, while 𝜌 = 0.3 yields the highest ARL. However, once the process variance shift 
reaches 𝑏 = 1.75, the ARL values obtained for each 𝜌 tend to converge. Therefore, the higher the 𝜌 value, the faster the detection of process variance shifts. 

Table 1. ARL for Process Mean Shift of MRCD-Based Max-Half-Mchart. 

Shift 𝑎 
𝑝 = 5 𝑝 = 10 𝜌=0.3 𝜌=0.5 𝜌=0.7 𝜌=0.3 𝜌=0.5 𝜌=0.7 

0 0.00 372.107 371.220 373.210 370.850 371.490 369.100 
1 0.25 337.586 336.078 352.175 334.159 342.853 358.868 
2 0.50 248.847 278.168 295.012 268.410 289.185 313.113 
3 0.75 149.062 193.544 220.350 178.344 223.345 263.629 
4 1.00 82.654 118.276 137.210 98.850 146.140 192.350 
5 1.25 40.460 63.696 88.277 51.567 97.586 128.581 
6 1.50 21.527 37.896 54.381 25.417 53.878 84.594 
7 1.75 11.649 20.497 32.568 13.621 29.954 52.609 
8 2.00 6.314 12.305 18.489 7.537 17.960 31.852 
9 2.25 3.903 7.484 12.243 4.601 10.681 19.191 

10 2.50 2.621 4.858 7.777 2.996 6.755 12.792 
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11 2.75 2.021 3.511 5.061 2.078 4.540 8.285 
12 0.00 372.107 371.220 373.210 370.850 371.490 369.100 

Table 2. ARL for Process Variability Shift of MRCD-Based Max-Half-Mchart. 

Shift 𝑏 
𝑝 = 5 𝑝 = 10 𝜌=0.3 𝜌=0.5 𝜌=0.7 𝜌=0.3 𝜌=0.5 𝜌=0.7 

0 1.00 372.107 371.220 373.210 370.850 371.490 369.100 
1 1.25 65.700 42.169 20.767 40.054 22.754 8.826 
2 1.50 23.840 13.090 5.440 11.398 6.013 2.507 
3 1.75 11.970 6.674 3.108 5.310 3.041 1.586 
4 2.00 7.189 4.275 2.191 3.218 2.020 1.224 
5 2.25 4.819 3.025 1.749 2.294 1.558 1.116 
6 2.50 3.571 2.508 1.532 1.813 1.330 1.071 
7 2.75 2.998 2.084 1.406 1.532 1.212 1.027 
8 3.00 2.551 1.815 1.295 1.363 1.131 1.015 
9 3.25 2.165 1.617 1.206 1.247 1.077 1.012 

10 3.50 1.943 1.469 1.154 1.179 1.469 1.004 
11 3.75 1.788 1.399 1.124 1.127 1.399 1.006 
12 4.00 1.599 1.321 1.097 1.091 1.027 1.003 

Table 3. ARL for Process Mean and Variability Shift of MRCD-Based Max-Half-Mchart. 

Shift 𝑎 𝑏 
𝑝 = 5 𝑝 = 10 𝜌=0.3 𝜌=0.5 𝜌=0.7 𝜌=0.3 𝜌=0.5 𝜌=0.7 

0 0 0.00 1.00 372.107 371.221 373.210 370.850 371.490 
1 1 0.25 1.25 63.588 40.214 19.563 38.454 21.625 
2 2 0.50 1.50 20.121 12.153 5.570 10.325 5.685 
3 3 0.75 1.75 8.453 6.052 2.833 4.493 2.775 
4 4 1.00 2.00 5.045 3.654 2.058 2.599 1.857 
5 5 1.25 2.25 3.277 2.424 1.710 1.822 1.412 
6 6 1.50 2.50 2.230 2.020 1.379 1.443 1.218 
7 7 1.75 2.75 1.886 1.693 1.253 1.255 1.119 
8 8 2.00 3.00 1.549 1.408 1.168 1.143 1.073 
9 9 2.25 3.25 1.343 1.262 1.108 1.076 1.038 

10 10 2.50 3.50 1.183 1.173 1.067 1.035 1.023 
11 11 2.75 3.75 1.140 1.127 1.055 1.013 1.011 
12 12 3.00 4.00 1.099 1.066 1.038 1.011 1.008 

3.1. Performance of Robust MRCD-Based Max-Half-Mchart Againts Outlier 

The robust Max-Half-Mchart chart of individual observations in this study is a development of 
the Max-Half-Mchart chart with modifications to the mean and covariance estimators used. The 
modification using the MRCD estimator is able to increase the robustness of the control chart to the 
presence of outliers with a large percentage. 

Outliers are identified when the observation values exceed the specified control limits. A 
significant number of outliers can be an indicator of a serious problem in the production process. In 
this study, a comparison of the performance of outlier detection tests on the MRCD-based robust 
Max-Half-Mchart chart with Max-Half-Mchart chart was conducted. Observations were made by 
giving several variations, namely the number of characteristic variables (𝑝 ) and the level of 
correlation between variables (𝜌). 

The detail results of the comparison of outlier detection on both charts are shown in the 
following table. 
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Table 4 shows the results of outlier detection using the MRCD-based Robust Max-Half-Mchart 
Outlier method with data dimension 𝑝 = 5. The effect of varying the proportion of outliers (%out) 
and the value of correlation parameter 𝜌 = 0.3, 0.5  and 0.7  on five evaluation metrics, namely 
accuracy, false positive rate (FP Rate), false negative rate (FN Rate), and area under curve (AUC). In 
general, the higher the percentage of outliers, the accuracy and AUC tend to decrease, while the FN 
Rate increases, indicating a decrease in detection performance. Higher values of 𝜌 also appear to 
affect model performance, especially in extreme outlier conditions (e.g %out ≥ 3). 

Table 4. MRCD-based Robust Max-Half-Mchart Outlier Detection Result with 𝑝 = 5. 𝝆 %out Accuracy FP Rate FN Rate AUC 

0.3 

5 0.968 0.021 0.238 0.870 
10 0.940 0.038 0.256 0.853 
20 0.890 0.061 0.304 0.817 
30 0.841 0.070 0.367 0.782 
40 0.774 0.059 0.476 0.733 

0.5 

5 0.967 0.017 0.338 0.823 
10 0.938 0.029 0.366 0.803 
20 0.881 0.045 0.414 0.771 
30 0.819 0.048 0.492 0.730 
40 0.737 0.038 0.600 0.681 

0.7 

5 0.966 0.014 0.418 0.784 
10 0.936 0.023 0.438 0.770 
20 0.873 0.035 0.494 0.736 
30 0.804 0.037 0.566 0.698 
40 0.716 0.028 0.668 0.652 

Table 5 shows the results of outlier detection with the MRCD-based Robust Max-Half-Mchart 
Outlier method for 𝑝 = 10  dimensionals data. The evaluation was conducted at three levels of 
correlation between variables (𝜌 = 0.3, 0.50, and 0.70) and five levels of outlier proportion levels 
ranging from 5% to 40%. The metrics used include accuracy, false positive rate (FP Rate), false 
negative rate (FN Rate), and area under curve (AUC). In general, an increase in the proportion of 
outliers leads to a decrease in accuracy and AUC, and an increase in FN Rate. Meanwhile, at higher 𝜌, the performance of the method also tends to decrease, indicating that the correlation between 
variables and the level of data contamination have a significant effect on the effectiveness of outlier 
detection. The highest AUC value was found in the condition of 𝜌 = 0.3 and low %out, indicating 
the best performance of the model in the condition of less contaminated data and moderate 
correlation. 

Table 5. MRCD-based Robust Max-Half-Mchart Outlier Detection Result with 𝑝 = 10. 𝝆 %out Accuracy FP Rate FN Rate AUC 

0.3 

5 0.968 0.027 0.126 0.923 
10 0.943 0.048 0.135 0.908 
20 0.902 0.083 0.160 0.879 
30 0.869 0.103 0.197 0.850 
40 0.834 0.102 0.262 0.818 

0.5 

5 0.970 0.020 0.214 0.883 
10 0.944 0.036 0.227 0.868 
20 0.899 0.059 0.264 0.838 
30 0.856 0.071 0.312 0.808 
40 0.804 0.065 0.392 0.771 

0.7 5 0.970 0.017 0.277 0.853 
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10 0.943 0.030 0.298 0.836 
20 0.894 0.048 0.335 0.808 
30 0.845 0.055 0.385 0.780 
40 0.781 0.049 0.472 0.739 

3.1.1. Comparison of Outlier Detection Performance Accuracy Levels 

The accuracy level of the control chart indicates its ability to detect changes or deviations in the 
process. The higher accuracy rate means the better performance of the control chart in detecting 
outliers. In this section, a comparison of the outlier detection accuracy of MRCD-based Max-Half-
Mchart robust charts with Max-Half-Mchart is carried out. Visualization is done based on the 
correlation level (𝜌) used, which is 0.3, 0.5, and 0.7. The results of the outlier detection performance 
comparison based on the accuracy level are shown in Figure 1. 

(a) (b) 

 
(c) 

Figure 1. Accuracy Level of Outlier Detection (a) 𝜌 = 0.3, (b) 𝜌 =  0.5, and (c) 𝜌 =  0.7. 

When the percentage of outliers is between 5% and 10%, the accuracy of the three charts shows 
similar results. However, when the percentage of outliers is above 10%, the MRCD-based Max-Half-
Mchart robust chart consistently shows a higher accuracy rate than the Max-Half-Mchart chart for 
each number of characteristic variables (𝑝). This shows that MRCD-based Max-Half-Mchart robust 
charts have better accuracy than Max-Half-Mchart charts when the percentage of outliers is large. 
The accuracy results of Max-Half-Mchart robust charts (𝑝 = 5 and 10) at 5-10% outlier percentage 
are not much different. The difference in accuracy starts to become apparent when the percentage of 
outliers is 20%-40%, where 𝑝 = 10  consistently shows higher accuracy than 𝑝 = 5 . These results 
show that MRCD-based Max-Half-Mchart robust charts have better accuracy with a large number of 
characteristic variables. 
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The variation of correlation level (𝜌) does not seem to affect the accuracy of the Max-Half-Mchart 
chart. The difference in accuracy results at each correlation level is shown by the MRCD-based Max-
Half-Mchart robust chart at a large percentage of outliers. The MRCD robust chart of 𝜌 = 0.7 shows 
the lowest accuracy, while 𝜌 = 0.3 shows the highest accuracy. 

3.1.2. Comparison of Outlier Detection Performance Based on False Positive Rate 

False positive rate (FP rate) on a control chart indicates the error rate in providing warning 
signals or corrective actions when there is no actual change or deviation in the process. In other 
words, the system does not give false alarms or unnecessary actions. By having a low false positive 
value, the control chart becomes more reliable and efficient as it only provides signals when needed. 
In this subsection, a visualization of the false positive rate (FP rate) comparison of outlier detection 
between MRCD-based Max-Half-Mchart robust charts and Max-Half- Mchart is conducted. 
Visualization is done based on the correlation level (𝜌) used, which is 0.3, 0.5, and 0.7. The results of 
the outlier detection FP rate comparison on both charts are shown in Figure 2. 

  
(a) (b) 

 
(c) 

Figure 2. False Positive Rate of Outlier Detection on (a) 𝜌 = 0.3, (b) 𝜌 = 0.5, and (c) 𝜌 = 0.7. 

At outlier percentages of 5%–10%, the three charts exhibit comparable FP rates. When the 
percentage of outliers exceeds 10%, the MRCD-based Max-Half-Mchart robust chart produces higher 
FP rates than the Max-Half-Mchart for both values of the characteristic variables (𝑝). This indicates 
that the MRCD-based Max-Half-Mchart robust chart is more more sensitive to the presence of 
outliers, while the Max-Half-Mchart remains relatively stable. For the MRCD-based Max-Half-
Mchart robust chart, the FP rates for 𝑝 = 5 and 𝑝 = 10 are similar at low outlier levels (5%-10%). 
The difference in FP rate starts to become apparent when the percentage of outliers is 20%–40%, 
where 𝑝 = 10 consistently results in a higher FP rate. This suggests that increasing the number of 
characteristic variables leads to a higher FP rate in the MRCD-based Max-Half-Mchart robust chart. 

The variation of the correlation level (𝜌) does not seem to affect the FP rate of the Max-Half-
Mchart chart. However, for the MRCD-based robust chart, differences across correlation levels 
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become evident at higher outlier percentages, with 𝜌 = 0.7 yielding the lowest FP rate and 𝜌 = 0.3 
the highest. 

3.1.3. Comparison of Outlier Detection Performance Based on False Negative Rate 

False negative rate (FN rate) on a control chart occurs when there is a change or deviation in the 
process, but the control system does not provide a warning signal. A high FN rate indicates that the 
system is increasingly unresponsive to actual changes in the process. A good control chart has a low 
FN rate. In this section, a visualization of the comparison of the FN rate of outlier detection between 
MRCD-based Max-Half-Mchart and Max-Half-Mchart robust charts is conducted. Visualization is 
done based on the correlation level (𝜌) used, which is 0.3, 0.5, and 0.7. The results of outlier detection 
performance comparison based on FN rate are shown in Figure 3. 

  
(a) (b) 

 
(c) 

Figure 3. False Negative Rate of Outlier Detection (a) 𝜌 =  0.3, (b) 𝜌 =  0.5, and (c) 𝜌 =  0.7. 

Figure 3 shows that the FN rate of the MRCD-based robust Max-Half-Mchart chart is always 
smaller than the FN rate of the Max-Half-Mchart chart for the same number of characteristic variables 
(𝑝). The FN rate on the chart shows a high increase in value as the percentage of outliers increases. 
While the robust MRCD chart shows a difference that is not too far at each increase in the percentage 
of outliers given. In the three visualizations above, it is found that 𝑝 = 10 consistently gives a lower 
FN rate than 𝑝 = 5 in both types of charts. MRCD-based Max-Half-Mchart robust charts show 
differences in FN rate at each correlation level. The results of the variation in the level of correlation 
between the characteristic variables above show that the more 𝜌 increases, the higher the FN rate. 

3.1.4. Comparison of Outlier Detection Performance Based on Area Under Curve Value 

Area under curve (AUC) is used to measure the extent to which the system can distinguish 
between normal and abnormal situations in a process. The greater the AUC value, the better the 
system performance in distinguishing between normal and abnormal conditions. In this section, we 
visualize the comparison of the AUC value of outlier’s detection of MRCD-based Max-Half-Mchart 
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and Max-Half-Mchart robust charts. Visualization is done based on the level of correlation (𝜌) used, 
namely 0.3, 0.5, and 0.7. The results of the outlier detection performance comparison based on the 
AUC value are shown in Figure 4. 

  
(a) (b) 

(c) 

Figure 4. AUC Levels of Outlier Detection at (a) 𝜌 =  0.3, (b) 𝜌 =  0.5, and (c) 𝜌 =  0.7. 

Figure 4 indicates that the AUC level of the MRCD-based robust Max-Half-Mchart chart is 
consistently higher than that of the Max-Half-Mchart chart for the same number of characteristic 
variables (𝑝) . The AUC level in the chart shows a clear increase as the percentage of outliers 
increases. Meanwhile, the MRCD-based robust chart shows relatively stable differences at each 
increase in the percentage of outliers. 

From the three visualizations, it is observed that 𝑝 = 10 consistently results in a higher AUC 
level than 𝑝 = 5 in both the MRCD-based robust Max-Half-Mchart chart and the Max-Half-Mchart 
chart. The MRCD-based robust Max-Half-Mchart charts also exhibit differences in AUC level at each 
correlation level. The variation in the correlation level between the characteristic variables shows that 
as 𝜌 increases, the AUC level also increases. 

3.3. Application of Max-Half-Mchart Robust Control Charts Based on MRCD for Cement Quality 
Characteristics Data 

The application of control charts was carried out using multivariate data in a cement 
manufacturing company. The data measurements made include 47 observations (𝑛 =47) with 10 
quality characteristics (𝑝=10). The quality characteristics monitored in this study are presented in 
Table 6. 

Table 6. Quality Characteristics in Cement Data. 

Variable Description 
x1 LOI (%) 
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x2 SO3 (%) 
x3 BTL (%) 
x4 Free Lime (%) 
x5 Residual 0.045 mm 
x6 Blaine (cm2) 
x7 Start (minute) 
x8 Finish (minute) 
x9 Third Day Compressive Strength 
x10 Seventh Day Compressive Strength 

Before plotting the control charts, it is important to ensure that the variables used in the 
multivariate analysis are not significantly interdependent. A dependency test is performed to identify 
the relationship or dependency between the variables. The results of the dependency test are shown 
in Table 7. 

Table 7. Dependence Test. 

Chi-square df P-value 
183.937 45 1.031735×10-18 

The chi-square value with α=5% and 45 free degrees is 64.279. When compared to X2 count as in 
Table 5 of 183.937, it can be decided that reject 𝐻0 because the X2count > X2table value is 183.937 > 
64.279. So, it is concluded that there is a relationship between quality characteristics. 

The data plot using MRCD-based robust Max-Half-Mchart is compared with the plot using Max-
Half-Mchart shown in Figure 5. 

  
(a) (b) 

Figure 5. Application of (a) MRCD-based and (b) MRCD-free Max-Half-Mchart Robust charts to Cement 
Quality Characteristics Data. 

Figure 5 shows the robust Max-Half-Mchart chart detecting 14 out-of-control signals. Eight of 
these out-of-control signals were identified as B++ because a shift in process mean was detected. Three 
out-of-control signals were identified as V++ because a shift in process variability was detected, while 
the other three signals were identified as M++ because a shift in process mean and process variability 
occurred simultaneously. Meanwhile, the Max- Half-Mchart charts did not detect any out-of-control 
signals as shown in Figure 5. The results of the output comparison of the two control charts are 
presented in Table 8. 
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Table 8. Comparison of Out-of-control on Both charts. 

Control chart UCL Total Out-Of-
Control 

Mean Shift Variability 
Shift 

The Shift of Both 

MRCD-Based Robust 
Max Half Mchart 

3.438 14 3 3 8 

Max-Half-Mchart 3.18 0 - - - 

Based on Table 8, it can be seen that the MRCD-based Robust Max-Half-Mchart control chart 
has a better ability to detect out-of-control points compared to the standard Max-Half-Mchart. The 
MRCD method detects 14 out-of-control points, whereas the Max-Half-Mchart method detects none. 
Three points are caused by mean shifts, three by variability shifts, and eight by a combination of both. 
In addition, the upper control limit (UCL) value of the MRCD method is higher (3.438) than that of 
the standard method (3.18), which indicates that the MRCD method is more robust to outliers and is 
able to detect changes in the process more sensitively, whether in terms of average, variability, or a 
combination of both. 

4. Conclusions 

The comparative evaluation of outlier detection performance of MRCD-based Max-Half-Mchart 
robust charts with Max-Half-Mchart is as follows. First, higher accuracy is obtained by MRCD-based 
Max-Half-Mchart robust charts, especially when the percentage of outliers is large. The larger the 
number of characteristic variables (𝑝), the better the accuracy. Second, the lower FP rate is obtained 
by the Max-Half-Mchart chart. However, the MRCD-based Max-Half-Mchart robust chart still 
maintains a relatively low FP rate at a large percentage of outliers. The larger the number of 
characteristic variables (𝑝 ), the higher the FP rate. The third, smaller FN rate is obtained by the 
MRCD-based Max-Half-Mchart robust chart. The greater the number of characteristic variables (𝑝), 
the lower the FN obtained, and the better AUC obtained by the MRCD-based Max-Half-Mchart 
robust chart. The greater the number of characteristic variables (𝑝), the better the AUC obtained. In 
the application to cement quality data, the MRCD-based Max- Half-Mchart robust chart is more 
sensitive by detecting 14 outlier data while Max-Half-Mchart is unable to detect outliers at all. 
Therefore, PT Semen Tonasa is advised to adopt robust methods such as MRCD in the quality 
monitoring system, to support a more effective quality control process and be responsive to potential 
production problems. 

For future research, it is recommended to make more diverse variations to the number of 
characteristic variables, vary the level of correlation between variables in phase two, compare the 
performance of MRCD-based Max-Half-Mchart robust control charts with other robust 
methods[36,37] , modify the approach to handle subgroup observation data, and apply this method 
to other data cases to test its consistency and reliability in various contexts. different contexts. Also, 
combination with machine learning can be applied to the proposed chart [38–40] 
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