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Highlights 

What are the main findings? 

 An initialization and migration approaches are employed to develop an enhanced Adaptive
Artificial Hummingbird Algorithm (AAHA).

 Convergence and accuracy are significantly improved using a diagonal uniform distribution
initialization and local search method for the migration stage in AHA.

What are the implications of the main findings? 

 The performance of the proposed AAHA is better for solving real-world optimization problems.
 The convergence and efficacy of the AHA are influenced by the initialization technique that is

used for initializing the population.

Abstract 

Due to their complexity and non-linearity, metaheuristic algorithms have become the standard in 
problem solving for those problems that cannot be solved by standard computational solutions. 
However, the global performance of these algorithms is strongly linked to the population structuring 
and the mechanism of replacing the worst solutions within the population. In this paper, an Adaptive 
Artificial Hummingbird Algorithm (AAHA), a new version of the basic AHA, is introduced and 
designed to enhance performance by studying the impacts of different population initialization 
methods within a broad and continual migration form. For the initialization phase, four methods: the 
Gaussian chaotic map, the Sinus chaotic map, the Opposite-based learning (OBL), and the Diagonal 
Uniform Distribution (DUD) are proposed as an alternative to the random population initialization 
method. A new strategy is proposed for replacing the worst solution in the migration phase. The new 
strategy uses the best solution as an alternative to the worst solution with simple and effective local 
search. The proposed strategy stimulates exploitation and exploration when using the best solution 
and local search, respectively. The proposed AAHA algorithm is tested through various benchmark 
functions with different characteristics under many statistical indices and tests. Additionally, the 
AAHA results are benchmarked against other optimization algorithms to assess their effectiveness. 
The proposed AAHA algorithm outperformed alternatives in both speed and reliability. DUD-based 
initialization enabled the fastest convergence and optimal solutions. These findings underscore the 
significance of initialization in metaheuristics and highlight the efficacy of the AAHA algorithm for 
complex continuous optimization problems. 

Keywords: artificial hummingbird algorithm; diagonal uniform distribution; opposition-based 
learning; metaheuristic algorithms; chaotic maps; population initialization 

1. Introduction
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In the last few years, metaheuristic optimization algorithms were preferred because they can 
solve challenging, nonlinear optimization problems that traditional approaches can’t solve. These 
algorithms are useful in many areas, such as industrial design, process optimization, and intelligent 
electronics, because they can deal with many non-convex search spaces efficiently [1,2]. By imitating 
natural processes, metaheuristics help to find a balance between exploration and exploitation during 
the search process. For instance, Kennedy and Eberhart proposed the particle swarm optimization 
(PSO) algorithm in 1995 [1], which has become the most widely used example of a metaheuristic for 
solving real-world optimization problems Meanwhile, Dorigo and Stuĵle [2] developed the ant 
colony optimization (ACO)algorithm, and Karaboga [3] came up with the artificial bee colony (ABC) 
algorithm. Storn and Price [4] also created the (DE) algorithm. Zhao et al. [5] have recently introduced 
the Artificial Hummingbird Algorithm (AHA), which is a novel optimization algorithm inspired by 
nature. . Although these algorithms are effective, metaheuristic algorithms continue to face numerous 
critical challenges, including premature or delayed convergence, the identification of local optima, 
excess of solutions, and the inability to achieve an optimal balance between exploration and 
exploitation. The quality of the initial population has a big effect on how well the algorithms work. 
This affects their ability to explore the search space and stay away from local optima [6,7]. Recent 
research advances this subject further. Li et al. [8] , for example, claim that starting with random 
values leads to a Gauss-like distribution of people, which means less diversity at first and worse 
performance. Advanced initialization strategies [7,8] such as Chaotic initialization, which relies on 
the specific behavior of chaotic coverage become effective alternative solutions . Opposition-Based 
Learning (OBL) increases the chances of finding solutions near optimal areas by creating the original 
and its counterpart and then evaluating the two sets of individuals simultaneously [6,9]. Moreover, 
other techniques were proposed such as Diagonal uniform distribution [7,10] to overcome the 
crowding and achieve uniform distribution in each dimension. Lastly, Dirichlet-based opposition, 
which avoids overcrowding and thus achieves successful OBL is another successful method in OBL 
[10]. Accordingly, new or nature-inspired algorithms with more intelligent and dynamic search 
mechanisms have been proposed to improve search efficiency [5,6]. 

The AHA algorithm effectively replicates the flight paĴerns and foraging behavior of 
hummingbirds, utilizing three primary feeding processes and three flight skills to maintain an active 
balance between exploration and exploitation. Despite that AHA effectively identify high-quality 
solutions, it is like most evolutionary algorithms, employs a fully random population initialization, 
which constrains individual variety in the early phases and impacts convergence speed. Moreover, 
the initial migration technique is constrained in its capacity to enhance search scalability in 
subsequent phases. 

This paper provides a new version of AHA that is called the adaptive Artificial Hummingbird 
Algorithm (AAHA) and it is done by improving the initialization and migration phases of the 
algorithm. Four initialization approaches are evaluated for initializing the population which are 
Chaotic–Gauss, Chaotic–Sinus, Opposition Based Learning (OBL), and Diagonal Uniform 
Distribution (DUD) to ensure the diversity of initial solutions in the initial population. In 
conventional AHA, is assumed to be the worst solutions of the population that are replaced with 
other solutions that are randomly initiated in the migration phase. In the proposed adaptive AHA 
(AAHA) algorithm, the worst solutions are replaced with the best solution in order to increase 
exploitation by applying a simple local search to increase the exploration property. To ensure a fair 
comparison, all other elements of the method, including the migration operator, were kept 
unchanged across all configurations. 

2. Related Work 

The initialization and updating steps of individuals are crucial variables influencing the 
effectiveness of metaheuristic algorithms in achieving high-quality solutions. Many studies show that 
improving the initial distribution of individuals or developing new ways for them to move can 
greatly improve performance compared to standard random initialization or standard procedures 
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[7,11]. This section analyses the primary research developments related to population initialization 
and migration methodologies. 

2.1. Population Initialization in Metaheuristics 

Recent research shows that the initialization phase is critical for any population-based algorithm, 
as the quality of individual distribution influences the initial diversity in the search space and the 
algorithm’s ability to avoid local optima [7,8,11]. Sarhani et al. [7] and Agushaka et al. [11] worked 
on different initialization methods by separating them into three groups namely chaotic-based, 
opposition-based, and uniform distribution-based. below is summary of the most important 
methods. 

2.1.1. Chaotic Initialization (Gauss Map, Sinus Map) 

Chaotic methods use nonlinear dynamic mathematical map functions that shuffle numbers to 
produce initial vectors with pseudo-random coverage characteristics. Unlike complete randomness, 
these methods retain more structure. The Gauss map and the Sinus map are two types of functions 
frequently used. They are effective in increasing variety within a population [8,12]. 

Kuang et al. [12] presented the Chaotic Artificial Bee Colony (CABC) algorithm, which combines 
chaotic maps—structured randomizing functions—with the artificial bee algorithm, thus improving 
the algorithm’s search efficiency for problems involving many peaks. Li et al. [8] claimed that using 
Gauss and Sinus maps (special types of these functions) for population initialization results in more 
stable outcomes in various population algorithms, especially when searching in spaces with many 
dimensions. 

This study employed an equivalent chaotic methodology, which is a technique utilizing 
structured randomizing functions during the initialization phase of the AHA algorithm, aimed at 
enhancing initial coverage and promoting spatial exploration. 

2.1.2. Opposition-Based Learning (OBL) 

OBL was presented as an approach to improve convergence by identifying the best candidate 
through evaluating the spatial relationships of points in the search space. Building on this, later 
studies combined OBL with chaotic initialization methods. For instance, Kuang et al. [12] used the 
tent map in addition to OBL to improve the effectiveness of the ABC algorithm. Sarhani et al. [7] 
demonstrated that OBL is adaptable to multiple evolutionary algorithm stages, including 
initialization and updating. The proposed technique employs OBL solely during the initialization 
phase, generating a corresponding point for each individual derived from chaotic maps and selecting 
the superior one from the pair, thereby improving the quality of the starting population without 
increasing computing complexity. 

2.1.3. Diagonal Uniform Distribution (DUD) 

DUD, as a novel initialization strategy, has been proposed to achieve fair distribution of 
individuals on the optimal diagonals of the search domain. This prevents clustering in given regions 
and improves the spatial coverage [7,9,10]. On the other hand, Cuevas et al. in [10] examined how 
diagonal distribution (DD) performs in yielding more uniform initial solutions. Moreover, Agushaka 
et al. [11] Semi-regularized techniques such as DUD, Sobol sequence (Sobol), and Latin Hypercube 
Sampling (LHS) outperform completely randomized ones, especially in high dimensions [11]. 

2.2. Migration Strategy 

One of the most significant components of population algorithms is how they move individuals 
around. They help the algorithm escape local optima and facilitate connections among individuals or 
sub-groups at a location by allowing them to move or share information across different parts of the 
search space. Many algorithms have used the principles of physics or biology to develop efficient 
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migration approaches. The Electromagnetism-Like Mechanism (EM) algorithm is an influential 
model, proposed by Birbil & Fang [13] that employs as a core mechanism the aĴraction and repulsion 
between particles as if simulated forces pulling particles in the search space. Here, either aĴract or 
repel force, which is respectively the quality of the solutions, is magnitude higher with the fact that 
superior particles are located in good areas, whereas inferior solutions on bad areas. It has been 
shown to work well for boosting exploration and preventing local lock-in. The concept of migration, 
derived from the local search of the EM algorithm with modifications, draws upon the AHA 
algorithm. It develops an integrated program proposed to enhance the performance of the AHA 
algorithm. This factor is employed in the later phases of the search, following the completion of the 
initialization phase, and remains constant across all initialization tests to guarantee that performance 
variations are exclusively due to differing initialization techniques rather than alterations in the 
migration mechanism. 

3. Materials and Methods 

3.1. Artificial Hummingbird Algorithm (AHA) 

AHA is a swarm optimizer inspired by hummingbirds’ flight skills, memory, and foraging. In 
AHA, the food sources represent the solutions, the hummingbirds refer to the agents, and a visit table 
prioritizes long-unvisited sources according to the fitness function represented by the nectar. 

The core steps of each iteration are guided foraging, territorial foraging, and migration foraging 
[5]. In the guided foraging step, the hummingbirds move toward the target source chosen based on 
the highest visit level of the food source. The hummingbirds search locally around their current 
position in territorial foraging. The hummingbird moves to its neighboring region to explore new 
food sources that may be found as a candidate solution, which may be beĴer than the current one. In 
the last step of AHA, migrating foraging, the worst solutions are occasionally relocated randomly. In 
the following subsections, a brief presentation of the main steps of the AHA algorithm is presented, 
more details are presented in [5]. 

3.1.1. Guided Foraging 

Every hummingbird chooses a target during the guided foraging stage. The food supply is 
determined by the visit table, with the food source having the highest visit level. This objective 
determines the direction of travel, enabling the agent to take advantage of potential areas inside the 
search space. 

3.1.2. Territorial Foraging 

Each hummingbird explores the surrounding area of its present location during the territorial 
foraging phase. By making small positional adjustments to the best-found solutions, this behavior 
improves local exploitation. 

3.1.3. Migration Foraging 

The purpose of the migration foraging step is to prevent premature convergence and preserve 
population diversity. To replicate hummingbirds’ propensity to relocate to new areas when food 
supplies become limited, the worst-performing solutions are swapped out for freshly created ones at 
random in this step. 

3.2. Adaptive Artificial Hummingbird Algorithm (AAHA) 

AAHA is an enhanced version of AHA that specifically changes the initialization strategy and 
the procedure of the migration foraging step, while keeping the guided and territorial foraging steps. 
Three strategies were presented for initializing the population of the AHA to enhance its 
performance. The initialization strategies are chaotic initialization with two different mappings 
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(Gaussian map and Sinus map), diagonal uniform distribution, and opposition-based learning [6]. 
The population was seeded using the best-performing initialization scheme. The significant 
improvements over baseline AHA for migration using a simple local search. The local search is based 
on a random movement mechanism for the best solution within the population that is used for 
replacing the worst solution [5]. The enhancement in the migration foraging stage leads to enforcing 
the exploitation phase by replacing the worst solution with the best one, while the exploration phase 
is invoked by moving the best solution randomly in the proposed local search method. The general 
structure of AAHA is shown in Figure 1. A brief description of the initialization strategies used in the 
proposed AAHA algorithm shall be discussed in the following subsections. 

 

Figure 1. Flowchart of the Proposed AAHA. 

3.2.1. Chaotic Initialization 

Although the chaotic sequence’s nature is easy and fast generation, it is unpredictable and 
random. Gaussian chaotic sequence generators have been commonly used to enhance the uniform 
distribution and randomness of the initialized population. The chaotic sequence generator method is 
an iterative/recursive algorithm that generates a chaotic sequence with numbers in the [0, 1] range 
distributed uniformly. Many maps can be used in chaotic initialization, such as the Gaussian map, 
sinus map, logistic map, circle map, tent map, Chebyshev map, and iterative map, among others [7]. 
In this paper, the population is initialized using chaotic initialization with two different mapping 
methods, namely the Gaussian map and the sinusoidal map. 

A. Gaussian map 
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The Gaussian map is represented as one of the most common normal distributions that is used 
in various applications. The Gaussian map in Eq. (1) is used for generating chaotic sequences as 
individuals of the initial population. The algorithm starts with initializing a random variable𝒄𝒎𝒌) 
in (0,1) for each individual and dimension, then iteratively applies the Gaussian map to produce a 
chaotic value. After that, the generated chaotic value is used for linearly it to the corresponding 
decision variable bounds. Repeating this process yields the full initial population. Seeds and iteration 
counts are fixed and reported for reproducibility; this mechanism mitigates early clustering and 
supports space-filling diversity [12]. Algorithm 1 explains the pseudo code for initializing a 
population based on a chaotic strategy using the Gaussian map. 

𝒄𝒎𝒌ା𝟏 = ቊ
𝟎 𝒄𝒎𝒌 = 𝟎 
𝟏

 𝒄𝒎𝒌
 𝒄𝒎𝒌 ∈ (𝟎, 𝟏)

 (1) 

Algorithm 1: Chaotic Initialization using Gaussian map 
Input: population size (𝑁௉), problem dimension (𝐷௉), number of Gaussian map iterations (𝐾), 

lower/upper bounries (𝐿𝑜𝑤/𝑈𝑝) , where 𝑋௝௜  is the 𝑗௧௛  decision variable in the 𝑖௧௛  individual 
vector. 

Output: population with 𝑁௉  individual vectors (𝑃𝑂𝑃) 
1. for each individual 𝑖 =  1to𝑁௉  
2. for each dimension 𝑗 =  1 to 𝐷௉  
3. set 𝑐𝑚௞ ← random (0,1). 
4. for 𝑘 = 0 to 𝐾 − 1 
5. if 𝑐𝑚௝௞ = 0 then 
6. 𝑐𝑚௝,௞ାଵ = 0 
7. else 

8. 𝑐𝑚௝,௞ାଵ =
ଵ

௖௠ೕೖ
− ඌ

ଵ

௖௠ೕೖ
ඐ

∗

 

9. end if 
10. end for 
11.  𝑋௝௜ = 𝐿𝑜𝑤௝ + 𝑐𝑚௝௞൫𝑈𝑝௝ − 𝐿𝑜𝑤௝൯ 
10. 𝑃𝑂𝑃(𝑗, 𝑖) = 𝑋௝௜ 
11. end for 
12. end for 
* It is called a floor function, which returns the largest integer less than or equal to a given real 

number (
ଵ

௖௠ೕೖ
). 

B. Sinus map 
The population is seeded using chaotic initialization based on the Sinus (sinusoidal) map as 

defined in Eq. (2) [7]. The Sinus map iteratively changes a seed in [0, 1] for K steps for each individual 
and dimension. The final value is then linearly scaled to the corresponding variable bounds to 
produce the initial coordinate. This process is repeated to create an initial population with less early 
clustering and beĴer space-filling diversity. The number of seeds and iterations is fixed and reported 
for reproducibility of 519. It is worth mentioning that the algorithm of chaotic initialization based on 
the sinus map is like that based on the Gaussian map; thus, it is not presented for brevity. It should 
be noted that the formula in step 8 in Algorithm 1 is replaced by Eq. (2) 

𝒄𝒎𝒌ା𝟏 =  𝟐. 𝟑 (𝒄𝒎𝒌)𝟐𝒔𝒊𝒏(𝝅𝒄𝒎𝒌)   (2) 

3.2.2 . Opposition-Based Learning Method (OBL) 

The OBL has been used in artificial neural networks to accelerate both backpropagation and 
reinforcement learning. OBL is represented as a simple and powerful method for improving 
population initialization and early exploration in population-based metaheuristic algorithms. In 
OBL, the opposite solution can be defined as: 
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𝑿𝒋𝒊
𝒐𝒑𝒑

= 𝑳𝒐𝒘𝒋 + 𝑼𝒑𝒋 − 𝑿𝒋𝒊   (3) where 𝑳𝒐𝒘𝒋 and 𝑼𝒑𝒋 are the lower and upper boundaries of 
𝒋 𝒕𝒉  decision variable (dimension) that belongs to 𝒊𝒕𝒉  individual vector. 𝑿𝒋𝒊  is the 𝒊𝒕𝒉  individual 
vector in 𝒋 𝒕𝒉 dimension. 

The initialization of a population based on the OBL is illustrated in Algorithm 2. At the 
beginning of the OBL algorithm, a population with an 𝑵𝒑 individual vector in Dp dimensions is 
initialized randomly. Then the opposite population is initiated by computing the opposite solution 
for each vector using Eq. (3). At this time, a population with 𝟐 × 𝑵𝒑 individuals is obtained that 
encompasses the opposite and random populations. After that, the population is truncated by 
choosing 𝑵𝒑 individuals who have beĴer fitness function values among the 𝟐 × 𝑵𝒑 solutions [8,14]. 

Algorithm 2: Opposition-Based Learning (OBL) Initialization 

Input: population size (𝑵𝑷 ), problem dimension (𝑫𝑷 ), lower/upper boundaries ( 𝑳𝒐𝒘/𝑼𝒑) , 
where 𝑿𝒋𝒊 is the 𝒋𝒕𝒉 decision variable in the 𝒊𝒕𝒉 individual vector. 

Output: population with 𝑵𝑷 individual vectors (𝑷𝑶𝑷) 
1. for each 𝒊 =  𝟏to 𝑵𝑷 
2. for each dimension 𝒋 =  𝟏 to 𝑫𝑷 
3. 𝑿𝒋𝒊 = 𝑳𝒐𝒘𝒋 + 𝐫𝐚𝐧𝐝(𝟎, 𝟏)൫𝑼𝒑𝒋 − 𝑳𝒐𝒘𝒋൯ 
4. 𝑷𝑶𝑷𝑹(𝒋, 𝒊) = 𝑿𝒋𝒊 
5. end for 
6. end for 
7. for each 𝒊 =  𝟏to 𝑵𝑷 
8. for each dimension 𝒋 =  𝟏 to 𝑫𝑷 
9. 𝑿𝒋𝒊

𝒐𝒑𝒑
= 𝑳𝒐𝒘𝒋 + 𝑼𝒑𝒋 − 𝑿𝒋𝒊 

10. 𝑷𝑶𝑷𝒐𝒑𝒑(𝒋, 𝒊) = 𝑿𝒋𝒊
𝒐𝒑𝒑 

11. end for 
12. end for 
13. select  𝑵𝑷  individuals have the beĴer fitness function from 𝑷𝑶𝑷𝑹 ∪ 𝑷𝑶𝑷𝒐𝒑𝒑  to initiate 

𝑷𝑶𝑷. 

3.2.3. Diagonal Uniform Distribution (DUD) 

Dividing the search space into subspaces and locating an initial point in each subspace leads for 
avoiding losing information in the initialization step. In DUD each dimension in the search space is 
divided evenly into 𝑵𝑷 parts. Consequently, search space becomes ( 𝑵𝑷)𝑫𝒑  subspaces. After that, 
generating the individuals of the population in the diagonal space form. Therefore, the population 
initialized based on the DUD encompasses much valuable and comprehensive information [9]. The 
effectiveness of the DUD initialization method is diminished when the dimensionality of 
optimization problem is increased [11]. The steps of the DUD initializing method are illustrated in 
Algorithm 3. 

Algorithm 3: Diagonal Uniform Distribution (DUD) Initialization 

Input: population size (𝑵𝑷 ), problem dimension (𝑫𝑷 ), lower/upper boundaries ( 𝑳𝒐𝒘/𝑼𝒑) , 
where 𝑿𝒋𝒊 is the 𝒋𝒕𝒉 decision variable in the 𝒊𝒕𝒉 individual vector. 

Output: population with 𝑵𝑷 individual vectors (𝑷𝑶𝑷) 
1. for each 𝒊 =  𝟏to 𝑵𝑷 
2. for each dimension 𝒋 =  𝟏 to 𝑫𝑷 
3. if 𝑵𝒑> 1 then 
4. δ = (𝑼𝒑𝒋 - 𝑳𝒐𝒘𝒋) / (𝑵𝒑- 1) 
5. if 𝒊 == 1 then 
6. 𝑿𝒋𝒊= 𝑳𝒐𝒘𝒋 
7. else if 𝒊 = 𝑵𝒑 then 
8. 𝑿𝒊𝒋= 𝑼𝒑𝒋 
9. else 
10. 𝑿𝒋𝒊 = 𝑳𝒐𝒘𝒋 + (𝒊 - 1) * δ 
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11. end if 
12. else 
13. 𝑿𝒊𝟏 = (𝑳𝒐𝒘𝒋 + 𝑼𝒑𝒋 ) / 2 
14. end if 
15 𝒑𝒐𝒑(𝒋,𝒊)= 𝑿𝒋𝒊 
16. end for 
17. end for 

3.2.4. Replacing Local Search (RLS) 

In this paper, another adaptive method is proposed for improving the performance of the AHA 
in terms of convergence and efficacy of algorithms. A simple local search algorithm was proposed in 
[5,11] with modifications is used instead of the migration stage to replace the worst solutions in the 
AHA algorithm. The proposed RLS, without depending on gradient information, is intended to 
improve alternative solutions by investigating their immediate neighborhood. Searching by 
neighborhood size within a bounded interval stimulates the exploration property in the proposed 
AAHA. In the meantime, replacing the worst solution by the best (alternative) solution within the 
current population stimulates the exploitation property in AAHA. Thus, the proposed local search 
creates a balance between exploration and exploitation. The search is carried out along individual 
coordinates for each Solution. To ensure feasibility within the search bounds, a random step of 
variable length and direction is used to perturb the current value at each coordinate, creating a trial 
point. The perturbation step size (Length) is computed as follows: 

𝑳𝒆𝒏𝒈𝒕𝒉 = 𝜹 × 𝒎𝒂𝒙
𝒋

൫𝑼𝒑𝒋 − 𝑳𝒐𝒘𝒋൯ (4) 

where, 𝜹 ∈  [𝟎, 𝟏]  is a predefined parameter,  𝑼𝒑𝒌 and 𝑳𝒐𝒘𝒌  Are the upper and lower bound 
arioso 𝒋𝒕𝒉 dimension.The trial point is approved as the new coordinate value if it produces a beĴer 
objective value; if not, more aĴempts are made up to a predetermined number of iterations (LSITER). 
The local search is presented in Algorithm 4: 

Algorithm 4: Replacing Local Search (RLS) Method 
Input: population size (𝑵𝒑 ), problem dimension (𝑫𝒑 ), lower/upper boundaries (Low / Up), 

number of local search iterations (LSITER), generation counter (G), step scaling factor (δ), fitness array 
(F), best solution matrix (𝑿𝒃𝒆𝒔𝒕) 

Output: updated population matrix (X) and fitness values (F) 
1. if (G mod (2 * 𝑵𝒑) == 0) then 
2. [bestF, bestIdx] ← min(F) 
3. for 𝒊 = 1 to 𝑵𝒑 do 
4. for k = 1 to (𝑫𝒑 do 
5. counter ← 1 
6. while counter ≤ LSITER do 
7. Length ← δ * (𝑼𝒑𝒌− 𝑳𝒐𝒘𝒌) 

𝒉 ← 𝒓𝒂𝒏𝒅(𝟎, 𝟏) 
9. 𝒚𝟏← 𝑿𝒃𝒆𝒔𝒕

𝒊  
10.  𝒚𝟏𝒌 ← 𝑿𝒃𝒆𝒔𝒕

𝒌𝒊 − h * Length 
11. 𝒚𝟐 ← 𝑿𝒃𝒆𝒔𝒕

𝒊  
12.  𝒚𝟐𝒌 ← 𝑿𝒃𝒆𝒔𝒕

𝒌𝒊 + h * Length 
13.  𝒚𝟏𝒌 ← clip ( 𝒚𝟏𝒌, 𝑳𝒐𝒘𝒌, 𝑼𝒑𝒌) 
14.  𝒚𝟐𝒌 ← clip ( 𝒚𝟐𝒌, 𝑳𝒐𝒘𝒌, 𝑼𝒑𝒌) 
15. 𝒇𝟏 ← fitness_fun (𝒚𝟏) 
16. 𝒇𝟐 ← fitness_fun (𝒚𝟐) 
17. if 𝒇𝟏 < 𝒇𝟐 then 
18. 𝑨 ← 𝒚𝟏 
19. 𝑭𝑨 ← 𝒇𝟏 
20. else 
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21. 𝑨 ← 𝒚𝟐 
22. 𝑭𝑨 ← 𝒇𝟐 
23. end if 
24. if 𝑭𝑨 < fitness_fun𝑿𝒃𝒆𝒔𝒕

𝒌𝒊  then 
25. 𝑿𝒃𝒆𝒔𝒕

𝒊 ← 𝑨 
26. 𝑭𝒊← 𝑭𝑨 
27. 𝑿𝒃𝒆𝒔𝒕

𝒊 ← 𝑨 
28. counter ← LSITER − 1 
29. end if 
30. counter ← counter + 1 
31. end while 
32. end for 
33. end for 
34. end if 

4. Results and Discussion 

The outcomes of the comprehensive experimental evaluation comparing the AAHA algorithm 
with alternative optimizers are objectively presented in this section. The algorithm achieved superior 
performance on 24 numerical test benchmark functions with various aĴributes. Furthermore, several 
of nonparametric statistical tests were applied to evaluate its performance and compare its results 
with competitors. 

4.1. Test Benchmark Functions 

As it was stated earlier, a 24 distinct test functions, their details can be found in [5]. These 
functions have been meticulously designed to evaluate optimization algorithms across various 
complexities, including unimodal, multimodal, separable, and non-separable characteristics [6]. The 
benchmark functions and their characteristics are tabulated in Appendix A (Table A1). 

The same parameter seĴings were applied in the AHA algorithm, with the only exception of 
using DUD, Chaotic–Gauss, Chaotic–Sinus, and OBL initialization approaches for testing the 24 
benchmark test functions. The average (𝑴𝒆𝒂𝒏 ) and standard deviation (𝑺𝒕𝒅 ) of the best-so-far 
solutions, according to Equations (5) and (6), are used for the whole benchmark functions in order to 
explain the effect of the proposed initialization approaches on the performance of the AHA. 

𝑀𝑒𝑎𝑛 =  
ଵ

௥
 ∑ 𝐺௜

∗௥
௜ୀଵ  (5) 

𝑆𝑡𝑑 =  ට
ଵ

௥
(𝐺௜

∗ −  𝑀𝑒𝑎𝑛)ଶ (6) 

where 𝑮𝒊
∗represents the optimal solution achieved in the 𝒊𝒕𝒉 independent run, while 𝒓 denotes the 

total number of independent runs conducted (𝒓 = 𝟑𝟎 ). The 𝑴𝒆𝒂𝒏  and 𝑺𝒕𝒅  values for various 
initialization approaches under the AHA algorithm for different benchmark tested functions are 
tabulated in Table 1. The results showed that the DUD-based AHA algorithm offers beĴer results 
than other initializing approaches under the all test functions. Therefore, the DUD initialization 
approach is adopted in the final version of the algorithm (AAHA). 

Table 1. The 𝑀𝑒𝑎𝑛 and 𝑆𝑡𝑑 values for AHA under various initialization approaches for 2 test functions. 

Function 

Initialization approaches 

Gauss Sine DUD BUL 

𝑀𝑒𝑎𝑛 𝑆𝑡𝑑 𝑀𝑒𝑎𝑛 𝑆𝑡𝑑 𝑀𝑒𝑎𝑛 𝑆𝑡𝑑 𝑀𝑒𝑎𝑛 𝑆𝑡𝑑 

F1 -5 0 -5 0 -5 0 -5 0 

F2 0 0 0 0 0 0 0 0 

F6 0 0 0 0 0 0 0 0 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 November 2025 doi:10.20944/preprints202511.1910.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1910.v1
http://creativecommons.org/licenses/by/4.0/


 10 of 23 

 

F7 -1 0 -1 0 -1 0 -1 0 

F9 1.0366E-06 5.6601E-06 9.1862E-26 4.8953E-25 2.48E-27 1.3458E-26 2.2803E-21 1.2489E-20 

F10 -50 7.9255E-14 -50 5.0863E-14 -50 2.293E-14 -50 4.8047E-14 

F16 24.9025 0.1977 24.7425 0.39202 15.8206 0.18236 24.9495 12.0955 

F18 0.998003 0 0.998003 0 0.998003 0 0.998003 0 

F19 0.397887 0 0.397887 0 0.397887 0 0.397887 0 

F20 0 0 0 0 0 0 0 0 

F21 0 0 0 0 0 0 0 0 

F22 0 0 0 0 0 0 0 0 

F24 −1.801303 9.03E-16 −1.801303 9.03E-16 −1.801303 9.03E-16 −1.801303 9.03E-16 

F27 0 0 0 0 0 0 0 0 

F28 −1.031628 6.65E-16 −1.031628 6.65E-16 −1.031628 6.65E-16 −1.031628 6.65E-16 

F29 0 0 0 0 0 0 0 0 

F30 0 0 0 0 0 0 0 0 

F35 -10.40294 1.44E-15 -10.40294 3.2986E-16 -10.40294 0 -10.40294 2.322E-15 

F39 −3.862782 2.71E-15 −3.862782 2.71E-15 −3.862782 2.71E-15 −3.862782 2.71E-15 

F40 -3.3144 0.030244 -3.3184 0.021764 -3.3224 5.15E-16 -3.3144 0.030244 

F42 8.88E−16 0 8.88E−16 0 8.88E−16 0 8.88E−16 0 

F44 2.3076E-07 1.7294E-07 3.117E-07 8.6637E-07 7.5269E-08 7.5985E-08 2.0513E-07 1.1722E-07 

F47 -3.5982 0.31429 -3.5408 0.43675 -3.6556  1.7726E-06 -3.5982 0.3143 

F48 0 0 0 0 0 0 0 0 
The performance of the proposed AAHA was compared against twelve well-known swarm-

based optimization algorithms, which are: Artificial Bee Colony (ABC) [3], Cuckoo Search (CS) [15], 
Differential Evolution (DE) [4], Gravitational Search Algorithm (GSA) [16], Particle Swarm 
Optimization (PSO) [1], Teaching–Learning-Based Optimization (TLBO) [17], Covariance Matrix 
Adaptation Evolution Strategy (CMA-ES) [18], Salp Swarm Algorithm(SSA) [19], Whale 
Optimization Algorithm (WOA) [20], Success-History Based Adaptive Differential Evolution 
(SHADE) [21], and BuĴerfly Optimization Algorithm (BOA) [22]. All the optimizers had a population 
size of 50 and fixed FEs of 50,000. For all the benchmark functions, we repeated the experiment 
independently 30 times for all of them. All algorithms were compared based on 𝑀𝑒𝑎𝑛 and 𝑆𝑡𝑑 of 
the best-so-far solutions. For lower values of Mean and Std, it represents a more consistent and stable 
optimization process. Table 2 and Table 3 report the 𝑀𝑒𝑎𝑛 and 𝑆𝑡𝑑 of the 24 benchmark functions 
for AAHA and the comparison algorithms, respectively, where all numerical figures are rounded to 
three decimal places for beĴer observation. 

Table 2. Comparisons of various algorithms’ outcomes for various benchmark functions. 

Functio

n 

Inde

x 
AAHA AHA PSO TLBO DE CS GSA ABC 

CMA-

ES 
SHADE WOA SSA BOA 

F1 

 

𝑀𝑒𝑎𝑛

-5 

0 

-5 

0 

-1.66667 

0.660895 

-

4.966667 

0.182574 

-5 

0 

-5 

0 

-1.7 

0.46609

2 

-5 

0 

-

0.46667 

1.33218 

-4.23333 

2.9206 

-5 

0 

-

3.66667 

0.71111

6 

-2 

1.94759 𝑆𝑡𝑑 

F2 

 

Mea

n 

0 

0 

0 

0 

0.066667 

0.253721 

0 

0 

0.333333 

0.844183 
36.3 

0 

0 

4.966667 

1.449931 

0 

0 

0 

0 

0 

0 

5.13333 

2.93297 

0 

0 
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Std 
10.29948

1 

F6 

 

Mea

n 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1.36E-17 

3.92E-17 

4.94E-

28 

1.90E-

27 

1.85E-14 

4.09E-14 

0 

0 

1.13E-27 

4.30E-27 

7.11E-14 

4.21E-14 

4.00E-

16 

3.48E-

16 

1.47E-05 

1.43E-05 
Std 

F7 

 

Mea

n -1 

0 

-1 

0 

-1 

0 

-1 

0 

-1 

0 

-1 

1.75E-13 

-

0.96667 

0.18257

4 

-1 

6.31E-12 

-1 

0 

-0.20236 

0.40574 

-1 

1.02E-10 

-1 

2.30E-

13 

-0.99999 

4.69E-06 
Std 

F9 

 

Mea

n 

2.4789E

-27 

1.3458E

-26 

2.83E-24 

2.52E-24 

7.63E-03 

6.49E-03 

9.99E-08 

2.26E-05 

3.84E-06 

2.10E-05 

1.19E-02 

2.04E-02 

0.69787

2 

0.93350

9 

4.62E-02 

5.35E-02 

5.81E-

24 

3.18E-

24 

1.23E-06 

1.69E-06 

0.15092 

0.104465 

1.52E-

10 

2.06E-

10 

9.11E-02 

9.24E-02 
Std 

F10 

 

Mea

n 

-50 

2.293E-

14 

-50 

6.53E-14 

-50 

2.96E-14 

-50 

2.47E-14 

-50 

2.89E-14 

-50 

2.67E-10 

-50 

1.36E-

14 

-50 

1.73E-05 

-50 

3.95E-

14 

-50 

5.72E-14 

-50 

7.90E-08 

-50 

3.94E-

12 

-50 

4.60E-03 
Std 

F16 

 

Mea

n 15.8206 

0.18236 

25.06505

7 

0.278139 

49.16457

6 

30.08134

2 

23.37742

1 

0.703925 

23.88551 

23.61692

3 

784.6374

5 

271.3126 

26.0092

3 

0.20143

6 

8717.4121 

28778.643

6 

25.9514

2 

33.0821

9 

26.06047 

0.32561 

25.11959

5 

0.2677 

48.6419

1 

48.2741

4 

28.66878

1 

3.10E-02 Std 

F18 

 

Mea

n 0.998 

0 

0.998003 

0 

0.998003 

0 

0.998003 

0 

0.998004 

2.19E-15 

3.638354 

2.217956 

0.99813

8 

5.61E-

04 

3.00695 

2.4873 

0.99800

3 

0 

0.998003 

1.36E-13 

0.998003 

1.82E-16 

0.99800

3 

5.42E-

08 

0.998003 

0 
Std 

F19 

 

Mea

n 

0.39788

7 

0 

0.397887 

0 

0.397887 

0 

0.397887 

0 

0.397887 

0 

0.397887 

2.65E-14 

0.39788

7 

0 

0.397887 

7.36E-09 

0.40 

0 

0.44 

9.18E-02 

0.397887 

1.72E-09 

0.40 

2.88E-

15 

0.40 

2.63E-05 
Std 

F20 

 

Mea

n 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

5.10E-10 

5.13E-10 

0 

0 

61.90491 

102.6611

1 

0 

0 

3.52E-

12 

4.70E-

12 

0 

0 
Std 

F21 

Mea

n 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1.38E-23 

2.71E-23 

1.79E-

20 

2.19E-

20 

2.36E-10 

3.25E-10 

0 

0 

0 

0 

4.19E-07 

3.25E-07 

2.52E-

15 

3.27E-

15 

5.59E-06 

6.65E-06 
Std 

F22 

Mea

n 
0 

0 

0 

0 

30.84562

4 

7.634213

6 

 

12.67972

8 

5.585089

8 

 

153.2381 

32.14768

8 

 

109.4123 

13.43076 

 

14.6259 

3.26506

5 

 

188.6345 

12.28813 

 

165 

8.99333 

 

115 

9.03763 

 

0 

0 

33.7954

1 

14.3648

9 

 

5.79935 

31.76315 

 

Std 
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Table 3. comparisons of the optimization outcomes for other benchmark functions. 

Functio

n 
Index AAHA AHA PSO TLBO DE CS GSA ABC 

CMA-

ES 
SHADE WOA SSA BOA 

F24 

 

𝑀𝑒𝑎𝑛 
−1.8013

03 

9.03E-

16 

-

1.80130

3 

9.03E-

16 

-

1.80130

3 

9.03E-

16 

-

1.80130

3 

9.03E-

16 

-

1.80130

3 

9.03E-

16 

-

1.80130

3 

9.03E-

16 

-

1.80130

3 

9.53E-

16 

-

1.80130

3 

2.82E-

15 

-1.80127 

1.79E-04 

-1.801303 

9.03E-16 

-

1.80130

3 

1.57E-

10 

-

1.80130

3 

7.49E-

15 

-

1.80120

6 

1.48E-

04 

𝑆𝑡𝑑 

F27 

 

Mean 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

6.40E-

12 

2.56E-

11 

1.12E-

02 

1.24E-

02 

3.99E-

06 

5.31E-

06 

0 

0 

5.97E-03 

3.24E-02 

0 

0 

1.41E-

16 

2.57E-

16 

0 

0 

Std 

F28 

 

Mean 
−1.0316

28 

6.65E-

16 

-

1.03162

8 

6.65E-

16 

-

1.03162

8 

6.78E-

16 

-

1.03162

8 

6.78E-

16 

-

1.03162

8 

6.78E-

16 

-

1.03162

8 

5.13E-

16 

-

1.03162

8 

5.68E-

16 

-

1.03162

8 

7.78E-

11 

-1.03163 

6.78E-16 

-1.03163 

6.71E-16 

-1.03163

1.77E-

14 

-1.03163 

1.56E-

15 

-1.03163 

1.87E-

06 

Std 

F29 

 

Mean 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2.92E-

09 

3.50E-

09 

3.91E-02 

0.21426 

79.93775 

110.0769

1 

0 

0 

2.63E-

12 

2.95E-

12 

1.85E-

17 

2.66E-

17 

Std 

F30 

 

Mean 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

3.46E-

07 

3.63E-

07 

0 

0 

0 

0 

0 

0 

1.18E-

12 

1.38E-

12 

0 

0 

Std 

F35 

 

Mean 

−10.402

94 

0 

-

10.4029

4 

1.44E-

15 

-9.87415 

1.61348

2 

-

10.2234

4 

0.98319

2 

-

10.4029

4 

1.68E-

15 

-

10.4029

4 

1.39E-

06 

-

10.4029

4 

6.60E-

16 

-

10.4029

4 

1.27E-

13 

-7.41732 

1.92462 

-10.40294 

9.90E-16 

-

10.4029

4 

1.23E-

05 

-9.82871 

1.76503 

-

10.2909

9 

7.29E-

02 

Std 

F39 

 

Mean −3.8627

82 

2.71E-

15 

−3.8627

83 

2.71E-

15 

−3.8627

84 

2.71E-

15 

−3.8627

85 

2.71E-

15 

−3.8627

86 

2.71E-

15 

−3.8627

87 

2.71E-

15 

−3.8627

88 

2.71E-

15 

−3.8627

89 

2.71E-

15 

−3.86279

0 

2.71E-15 

−3.86279

1 

2.71E-15 

−3.8627

92 

2.71E-

15 

−3.8627

93 

2.71E-

15 

−3.8627

94 

2.71E-

15 

Std 

F40 

 

Mean 

-3.3224 

5.15E-

16 

-

3.31010

6 

3.63E-

02 

-

3.25462

2 

5.99E-

02 

-

3.31803

2 

2.17E-

02 

-

3.30218

1 

4.51E-

02 

-

3.32199

7 

4.69E-

07 

-3.322 

1.36E-

15 

-3.322 

4.80E-

15 

-3.30989 

3.69E-02 

-3.322 

1.36E-15 

-3.2542 

6.04E-

02 

-3.27337 

6.06E-

02 

-3.30731 

1.19E-

02 

Std 

F42 

 

Mean 8.88E−1

6 

0 

8.88E-

16 

0 

9.97E-

02 

6.57E-

15 

3.99E-

08 

9.18966

5 

3.38E-

09 

0.65514

5 

8.86E-06 

2.60E-06 

3.55E-04 

7.07E-05 

2.90E-

15 

1.2144 

0.97792 

3.63E-

07 
Std 
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0.38095

5 

1.77E-

15 

1.85E-

08 

1.81959

2 

4.02E-

10 

0.21611

3 

2.22E-

15 

7.41E-

08 

F44 

 

Mean 7.5269E

-08 

7.5985E

-08 

0.66959

6 

0.54784

3 

7.69E-

03 

1.45E-

02 

4.26E-

02 

4.90E-

02 

1.47E-

03 

3.80E-

03 

7.71434

2 

2.17747

5 

2.17E-

18 

5.70E-

19 

5657.87

5 

5582.68

3 

5.98E-10 

4.54E-10 

4.91E-07 
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03 
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03 
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03 
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03 
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01 
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01 
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F47 Mean 

-3.6556 

1.7726E

-06 

-

0.56813

5 

0.20333

2 

-

0.66226

3 

0.18155

2 

-

0.60559

7 

0.27013

0 

-

1.12860

4 

0.40509

8 

-0.75937

9.88E-

02 

-0.10345 

0.11192

3 

-1.09223 

0.23330

8 

-0.73411 

0.3812 

-1.16257 

0.28561 

-0.35923

0.15903 

-0.49452 

0.26391 

-0.19268 

9.87E-

02 

Std 

F48 Mea

n 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2.30

E-13 

4.49

E-13 

2.51

E-17 

2.15

E-17 

 

3.80

E-10 

7.57

E-10 

 

0.216

23 

0.690

08 

 

17.160

06 

25.837

99 

 

1.60

E-11 

5.57

E-11 

 

8.10

E-13 

8.72

E-13 

 

4.96

E-03 

5.06

E-03 

 

Std 

It is worth mentioning that the algorithm has lower values is correlated with more stable and 
reliable outcomes. The 𝑀𝑒𝑎𝑛  and 𝑆𝑡𝑑  of the 24 benchmark functions for the proposed AAHA 
algorithm and their competitor are presented in Tables 2 and 3. According to the aforementioned 
tables, the proposed AAHA offers beĴer performance than the competitors’ algorithm alongside 
most benchmark functions. 

The results shown in Tables 2 and 3 demonstrate that the proposed AAHA algorithm superiors 
most of the compared algorithms, achieving lower 𝑀𝑒𝑎𝑛  and 𝑆𝑡𝑑  values in most benchmark 
functions. This proves that it is more accurate and stable when optimized for different types of 
problems. 

The evolutions of the best-so-far curves for selected test functions are presented in Figure 2. to 
illustrate the convergence behavior and assess the dynamic performance of the AHA and AAHA 
algorithms. The analysis aimed to evaluate each algorithm’s capacity for rapid and stable 
convergence to the ideal value. To remain consistent with the minimization goal, the best-so-far was 
computed as a running minimum over generations. The figure shows that the enhanced AAHA 
algorithm reduces the chance of geĴing stuck in a local optimum. It also increases convergence speed 
by achieving values lower than or equal to those of AHA in most generations. The curves show 
different paĴerns. These reflect the nature of the research scenarios and how the algorithms respond 
to them. PaĴerns range from steady or gradual convergence in bumpy functions (like F6, F16, and 
F24) to fast exponential convergence in smooth functions (like F1 and F10). 
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Figure 2. Convergence performance comparison between AHA and AAHA algorithms for selected benchmark 
functions. 

4.2. Nonparametric Statistical Tests 

In general, many nonparametric statistical tests are commonly used to compare the performance 
of competition algorithms. These tests are useful when data distributions are unknown and rely on 
ranking results. These tests include pairwise comparisons of two algorithms and multiple 
comparisons, which compare one or more algorithms to benchmarks or to all pairs [23]. Table 4 lists 
the key statistical procedures covered in this work, with further explanations provided for each test 
as well as their subsections in this paper. The Friedman, Friedman Aligned Ranks, and Quade tests 
were selected because they are appropriate when the assumption of normalcy cannot be ensured and 
provide valid comparisons across algorithms in such cases. They are non-parametric substitutes for 
the parametric two-way analysis of variance (ANOVA) “a traditional parametric technique that 
compares the means of multiple groups under the presumption of a normal distribution.” by ranks. 

Table 4. Nonparametric statistical procedures used in this work. 

Type of comparison Procedures Subsection 

Pairwise comparisons Sign test 4.2.1 

Multiple comparisons (1 × 𝑁) 

Multiple sign test 

Friedman test 

Friedman Aligned ranks 

Quade test 

4.2.2 

4.2.3 

4.2.4 

4.2.5 

Multiple comparisons (𝑁 ×  𝑁) Friedman test 4.2.6 

4.2.1. The Sign Test 

The sign nonparametric test is used to compare the algorithms according to the number of wins 
and losses throughout the benchmark tasks. By counting the number of times one algorithm performs 
beĴer than another, this nonparametric test ignores the size of the differences and only considers the 
direction of the differences. A binomial distribution 𝑋∼Binomial (𝑛, 0.5) governs the number of wins 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 November 2025 doi:10.20944/preprints202511.1910.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1910.v1
http://creativecommons.org/licenses/by/4.0/


 15 of 23 

 

under the null hypothesis of no difference [23], where 𝑛 is the total number of benchmark functions 
(in this study, 𝑛=24) that were used to compare the algorithms. Table 5 illustrates the pairwise 
comparison between the proposed AAHA and other algorithms according to the sign test. The sign 
test shows how the proposed AAHA compares to the other algorithms in Table 5. All comparisons 
were assessed at a significant level of α = 0.05. 

Table 5. Results of pairwise comparisons using the sign test. 

The sign test results in Table 5 demonstrate that the proposed AAHA algorithm achieved a 
greater number of wins and a reduced number of losses compared to all other algorithms tested, 
thereby validating its superior and statistically significant performance at the 0.05 significance level. 

4.2.2. Multiple Sign Test 

The multiple sign test was used to statistically compare the proposed algorithm with other 
competitors. This test, an extension of the classic sign test, is used when making multiple pairwise 
comparisons against a single control algorithm simultaneously. The relevant p-values were derived 
using the binomial distribution X∼Binomial (𝑛 , 0.5). Here, n is the number of valid cases after 
removing ties. Wins and losses for each comparison were calculated over all benchmark functions. 
Holm’s step-down approach was used to control the family-wise error rate. It also adjusted the p-
values to account for repeated testing [24]. 

Table 6 explains the number of wins, losses, and ties, along with the adjusted significance levels 
(α). These significance levels indicate whether statistically significant differences were found in favor 
of the suggested approach. This test is valued for its ability to compare several algorithms against 
control in a distribution-free and straightforward manner, making it a common choice for evaluating 
overall algorithmic excellence in computational intelligence and machine learning research. All 
benchmark functions’ wins, losses, and ties are listed in the table along with the p-values derived 
from the binomial distribution (X ∼ Binomial (𝑛, 0.5)). In the final column, significant differences are 
highlighted at α = 0.05. 

Table 6. Multiple sign test results contrast the AAHA with the other algorithms. 

Algorithm Wins (+) Losses (−) Ties 𝒏 𝒑-values 
Detected 

differences 

AHA 7 0 17 7 0.015625 α = 0.05 

PSO 12 0 12 12 0.000488 α = 0.05 

TLBO 11 0 13 11 0.000977 α = 0.05 

DE 10 0 14 10 0.001953 α = 0.05 

CS 14 0 10 14 0.000122 α = 0.05 

GSA 14 1 9 15 0.000977 α = 0.05 

ABC 17 0 7 17 0.000015 α = 0.05 

CMA-ES 13 2 9 15 0.007385 α = 0.05 

SHADE 17 1 6 18 0.000145 α = 0.05 

WOA 11 1 12 12 0.006348 α = 0.05 

SSA 19 1 4 20 0.000040 α = 0.05 
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Loses (−) 0 0 0 0 0 1 0 2 1 1 1 1 
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BOA 19 1 4 20 0.000040 α = 0.05 

AHA 7 0 17 7 0.015625 α = 0.05 

PSO 12 0 12 12 0.000488 α = 0.05 

TLBO 11 0 13 11 0.000977 α = 0.05 

DE 10 0 14 10 0.001953 α = 0.05 

CS 14 0 10 14 0.000122 α = 0.05 

GSA 14 1 9 15 0.000977 α = 0.05 

ABC 17 0 7 17 0.000015 α = 0.05 

CMA-ES 13 2 9 15 0.007385 α = 0.05 

SHADE 17 1 6 18 0.000145 α = 0.05 

WOA 11 1 12 12 0.006348 α = 0.05 

SSA 19 1 4 20 0.000040 α = 0.05 

BOA 19 1 4 20 0.000040 α = 0.05 
The results of the multiple sign test in Table 6 show that the proposed AAHA algorithm 

frequently won more matches and had statistically significant p-values (≤ 0.05) against all other 
algorithms. This shows that it works beĴer and more accurately than the other algorithms. 

4.2.3. The Friedman Tests 

The performance of all algorithms was statistically compared across the benchmark functions 
using the Friedman test. The last assigns a rank of 1 to the best-performing algorithm and a rank of k 
to the least-performing algorithm, based on each algorithm’s performance on each task [24]. The 
calculation of the Friedman statistics is as follows: 

𝐹௙ =  
ଵଶ௡

௞(௞ାଵ)
 ቂ∑ 𝑅௝

ଶ −  
௞(௞ାଵ)మ

ସ௝ ቃ (7) 

In this case, 𝑛 is the number of benchmark functions, 𝑘 is the total number of algorithms being 
compared, and 𝑅𝑗 is the sum of the ranks that the 𝑗𝑡ℎ algorithm gets across all benchmark functions. 

After identifying significant differences, the Holm post-hoc correction was used to pinpoint the 
precise algorithm pairs exhibiting these differences and to control the family-wise error rate [24]. The 
total rating, mean rankings, and sum of ranks for each algorithm are shown in Table 7. The Friedman 
test in Table 7 demonstrates that the proposed AAHA algorithm achieved the best (lowest) mean 
rank, which means it was the best of all the algorithms that were compared. This result confirms that 
it is beĴer overall and has statistical significance in performance across the benchmark functions. 

Table 7. Friedman tests for every algorithm under comparison. 
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Figure 3. Mean ranks of the comparison algorithms. 

4.2.4. Friedman Aligned Ranks Test 

The Friedman Aligned Ranks test is a statistical test used for comparing multiple algorithms 
across different problems. It builds on the standard Friedman test and is designed to increase the 
sensitivity of detecting differences in algorithm performance. The aligned version eliminates 
problem-dependent effects by first adjusting all data by aligning them to a common reference, 
whereas the standard Friedman test ranks methods inside each problem independently [25] . 

In particular, the average performance of all methods is calculated as a location metric for each 
𝑖௧௛ problem. Then, the aligned value is calculated as the deviation from this mean for 𝑗௧௛ algorithm 
𝐴௜௝ = 𝑥௜௝ − 𝑥௜

ି, where 𝑥௜௝  is the algorithm with 𝑗௧௛ performance on 𝑖௧௛ issue and ௜
ି is the average 

performance of all algorithms on that problem. After that, all the aligned values 𝐴௜௝  are ranked 
together from 1 to 𝑘 ×  𝑛, creating a single global ranking as opposed to rankings for each problem 
[24]. The Friedman aligned ranks (𝐹஺ோ) test described as follows: 

𝐹஺ோ =  
(௞ିଵ)ቂ∑ ோ෠ೕ

మି(௞௡మ

ସൗೖ
೔సభ ) (௞௡ାଵ)మቃ

൜
[௞௡(௞௡ାଵ)(ଶ௞௡ାଵ)]

଺ൗ ൠ ି൫ଵ
௞ൗ ൯ ∑ ோ෠ೕ

మೖ
೔సభ

 (8) 

where 𝑅௝ is the sum of the algorithmic ranks of 𝑗௧௛ algorithm. The chi-squared distribution of the 
statistical value has a degree of freedom of 𝑘 − 1. Another method is Friedman’s testing post hoc 
techniques, such as the Holm adjustment, when significant differences are discovered, particularly 
for algorithms with substantial discrepancies. To compare algorithms more fairly, this test is 
recommended when results show notable differences in performance metrics. Mean aligned ranks 
for each benchmark function, as determined by the Friedman Aligned Ranks process, are shown in 
Table 8. BeĴer overall performance is indicated by lower values. The Friedman aligned ranks test’s 
degrees of freedom, p-value, test statistic (chi-squared), and significance determination are shown in 
Table 8. 

Table 8. Friedman Aligned Ranks of the algorithms. 

Algorithm Mean aligned rank Rank 

AAHA 122.958333 1 

AHA 133.020833 2 

TLBO 133.791667 3 

DE 143.312500 4 

WOA 144.250000 5 

PSO 155.187500 6 
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BOA 160.208333 7 

GSA 161.770833 8 

CMA-ES 171.145833 9 

SSA 171.645833 10 

ABC 176.812500 11 

CS 176.895833 12 

SHADE 183.500000 13 
The results of the Friedman aligned rank in Table 8 demonstrate that the proposed AAHA 

algorithm had the lowest mean aligned rank, ranking it first among all algorithms. This supports the 
idea that it consistently outperformed the other algorithms across the benchmark functions. Table 9 
shows that the Friedman Aligned Ranks test provided a p-value of 0.0281 (< 0.05), which means that 
there was a statistically significant difference between the algorithms that were compared. It indicates 
that the differences in performance are actual and not just random chance. 

Table 9. Friedman Aligned Ranks test summary. 

Statistic df p-value Decision (α = 0.05) 

χ2_FA 12 0.0281 Significant 

4.2.5. Quade Test 

Like the Friedman test, the Quade test is a non-parametric multiple comparison test that assigns 
weights to each benchmark function based on its variability or complexity. Stated differently, issues 
with more significant algorithmic differences are prioritized. It is especially helpful when: Algorithm 
performance varies greatly depending on the problem [24,25]. Consider the relative importance of 
each benchmark function. The quartile means ranks of the algorithms compared for every benchmark 
challenge. BeĴer overall performance is indicated by lower values, as shown in Table 10. 

Table 10. Quade’s mean ranks of the compared algorithms. 

Algorithm Quade’s mean rank Rank 

AAHA 3.7708 1 

AHA 5.1667 2 

TLBO 5.7708 3 

DE 6.0000 4 

WOA 6.6875 5 

PSO 7.1250 6 

CMA-ES 7.2500 7 

SHADE 7.3333 8 

GSA 7.4167 9 

CS 7.7292 10 

SSA 8.6875 11 

ABC 9.0208 12 

BOA 9.0417 13 
The Quade tests shown in Table 10 indicate that the proposed AAHA algorithm had the lowest 

mean rank. This means that it worked more effectively and consistently than the other algorithms 
across the benchmark functions. 
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4.2.6. Friedman Test for (𝑵 × 𝑵) Comparisons 

Following the rejection of the null hypothesis using the Friedman test, pairwise 𝑵 × 𝑵 
comparisons were carried out using the Holm post-hoc procedure, as suggested by García et al. [24]. 
Through this process, the family-wise error rate (FWER) can be controlled while evaluating every 
conceivable pair of algorithms. The adjusted p-values produced indicate which algorithm pairs differ 
statistically significantly [24]. The Holm-adjusted p-values for pairwise comparisons between the 
proposed AAHA algorithm and the remaining algorithms are presented, with statistically significant 
differences (p-Holm < 0.05) highlighted in bold. The p-Holm values and significance for various 
optimization algorithms are shown in Table 11. 

Table 11. Friedman 𝑵 × 𝑵 post-hoc comparison results (Holm correction, α = 0.05). 

Algorithm p-Holm Significance 

AHA 1.0000 No 

PSO 0.0542 No 

TLBO 1.0000 No 

DE 1.0000 No 

CS 0.0020 Yes 

GSA 0.0061 Yes 

ABC 0.0000 Yes 

CMA-ES 0.0261 Yes 

SHADE 0.0121 Yes 

WOA 0.2500 No 

SSA 0.0000 Yes 

BOA 0.0000 Yes 
The suggested algorithm AAHA performs significantly beĴer than CS, GSA, ABC, CMA-ES, 

SHADE, SSA, and BOA, while the differences with AHA, PSO, TLBO, DE, and WOA are not 
statistically significant, according to the Friedman 𝑵 × 𝑵 post-hoc test with Holm correction (α = 
0.05). 

5. Conclusions 

The present study provided an adaptation of the AHA to examine the effects of greater flexibility 
in the AHA as described in population initialization influence optimization results. The mechanism 
used for migration is derived from the EM-like mechanism and four initialization methods: Chaotic, 
Gauss. Three types of OBL, Chaotic–Sinus, Opposition-Based Learning (OBL), and Diagonal Uniform 
Distribution (DUD) were constructed and individually assessed. Experimental results showed that 
the proposed DUD initialization method achieves the best on almost all the benchmark functions, 
this approach achieved faster convergence and more accurate solutions as comparison to the other 
evaluated initialization methods. The proposed migration mechanism maintains the balance between 
exploitation and exploration. These results show that the optimal initial condition AHA will ensure 
that changes will have an important impact on overall performance without affecting the mechanism 
of updating. For future studies, the enhanced AHA may be applied to limited or multi-objective 
optimization problems, and adaptive migration control might be investigated to further improve its 
search balance and scalability. 
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Appendix A 

This section contains all the test benchmark functions used for this paper, including the search 
domain, category, and the global optimal solution of each function. 

Table A1. Optimization test benchmark functions. 
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of 

Functio

n                       

Test Function Description 
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𝑓7(𝑥) =
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Easom 
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[-100, 

100] 
0 

F28 
𝑓28(𝑥) = 4𝑥1

2 − 2.1𝑥1
4 +

1
3

𝑥1
6 + 𝑥1𝑥2 − 4𝑥2

2 + 4𝑥2
4  

Six-Hump 

Camel Back 

Function 

2 [-5, 5] -1.0316 

F29 
𝑓29(𝑥) =  𝑥1

2 + 2𝑥2
2 −

0.3 cos(3𝜋𝑥1 + 4𝜋𝑥3) + 0.3  

Bohachevsky

2 

Function 

2 
[-100, 

100] 
0 

F30 
𝑓30(𝑥) =  𝑥1

2 + 2𝑥2
2 −

0.3 cos(3𝜋𝑥1 + 4𝜋𝑥3) + 0.3  

Bohachevsky

3 

Function 

2 
[-100, 

100] 
0 

F35 
𝑓35(𝑥) =  − ∑ |(𝑥௜ −7

௜ୀ1

𝑎௜)(𝑥௜ − 𝑎௜)் + 𝑐௜|ି1  

Shekel7 

Function 
4 [0, 10] 

-

10.402

9 

F39 

𝑓39(𝑥) =

 − ∑ 𝑒𝑥𝑝 ቂ− ∑ 𝑎௜௝
3
௝ୀ1 ൫𝑥௝ −4

௜ୀ1

𝑝௜௝൯
2
ቃ  

Hartman3 

Function 
3 [0, 1] -3.8628 

F40 

𝑓40(𝑥) =

 − ∑ 𝑒𝑥𝑝 ቂ− ∑ 𝑎௜௝
6
௝ୀ1 ൫𝑥௝ −4

௜ୀ1

𝑝௜௝൯
2
ቃ  

Hartman6 

Function 
6 [0, 1] -3.3224 

F42 

𝑓42(𝑥)

=  −20 exp (−0.2ඨ
1
𝑛

෍ 𝑥௜
2

௡

௜ୀ1

Ackley 

Function 
30 [-32, 32] 0 

F44 

𝑓44(𝑥) = 0.1൛sin2(3𝜋𝑥1) +

∑ (𝑥௜ − 1)2𝑝ൣ1 +29
௜ୀ1

sin2(3𝜋𝑥௜ା1)൧ + (𝑥௡ −

1)2ൣ1 + sin2(2𝜋𝑥30)൧ൟ +

∑ 𝑢(𝑥௜ , 5,100,4)30
௜ୀ1   

Penalized2 

Function 
30 [-50, 50] 0 

F47 

𝑓47(𝑥) =

 −𝑐௜(exp(−
1
గ

∑ ൫𝑥௝ −௡
௝ୀ1

𝑎௜௝൯
2
)  × cos(𝜋 ∑ (𝑥௝ −௡

௝ୀ1

𝑎௜௝)2))  

Langerman10 

Function 
10 [0, 10] -1.4 
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F48 

𝑓48(𝑥) =  ∑ (𝐴௜ − 𝐵௜)2  ௡
௜ୀ1   

𝐴௜ = ∑ (𝑎௜௝ sin 𝛼௝ +௡
௝ୀ1

𝑏௜௝ cos 𝛼௝)  
𝐵௜ = ∑ (𝑎௜௝ sin 𝑥௝ +௡

௝ୀ1

𝑏௜௝ cos 𝑥௝)  

FletcherPowe

ll2 Function 
2 

[-100, 

100] 
0 
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