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Abstract: In this work we study an ODE system intended to model the interaction between nature
and society in the case of a society heavily dependent on non-renewable resources. In the model this
dependence translates into the fact that the rates of consumption of resources and wealth depend on
non-renewable resources. We first obtain that the relevant trajectories of the system are bounded, then
we compute all the equilibria of the system and study their stability.

Keywords: human and nature dynamics; ODE systems for society dynamics; ecological-economic
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1. Introduction

In this paper we pursue a line of research that we started in our two previous papers [1,2]. Our
aim is to elaborate some simple nonlinear ODE models to describe the interaction between human
society and nature, paying attention in particular to the use of renewable and non-renewable resources.
In [1] we started from the HANDY model, which has been introduced in [3] (see also [4]) and then
studied by several authors (see [5-10]). Our work was linked in particular with [10], who simplified
and clarified the original HANDY model, and [9], who introduced non-renewable resources. In the
paper [2] we introduced a different model, which can not anymore be considered a HANDY model.
Our present paper is linked to [2], so we will discuss analogies and differences between the present

paper and [2].
The model that we will study in the present paper is the following:
r_ pxw
X' = —cx+ diuﬂ R X,
V=1 —y) -z
022 )
7 =k — 677,
wz +1
w' = 01yz + 02% — ozw.

Here x is the variable for the population, y the variable for renewable resources, z the one for
non-renewable resources, w the one for wealth. ¢, d, u, 7, 61 , k, 6, o are positive parameters. The
equation for x” describes the fact that the population is decreasing when the value w/ jx, that is wealth
per capita via a parameter, is very small or very big. This seems to fit the reality of contemporary rich
societies better then the original HANDY model, in which a rich population grows with a positive
rate. In the other three equations we have depletion terms whose rate of depletion is lead by z, the
non-renewable resources, not by population x or wealth w. This is the main difference with respect
to previous models, like HANDY-type models or our previous one expounded in [2]. The dynamics
in this model are largely driven by non-renewable resources, and we think that this could be a good
way to capture some relevant features of contemporary industrialized societies, which indeed strongly
depend on non-renewable resources like oil.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let us now describe the equation for y, z, w. The equations for i’ is a standard logistic one, with
a depletion term 81yz. The equation for z’ has a depletion term with rate of depletion ¢z, giving rise
to the term 6z2. There is also a replenishment term, which is a novelty introduced in our papers, to
describe the fact that human ingenuity is able to find new sources of non-renewable resources, or
maybe new non-renewable resources (0il instead of coal, for example). The replenishment term has
the form f(zw)z, where the replenishment rate is driven by w and z, and the function f(t) = kt% isa
saturation function of standard use in population dynamics. This term modelize a moderate optimism
on non-renewable resources: there is a replenishment of this kind of resources, but its rate is bounded.
Finally, the equation for w’ states that wealth increases thanks to the use of resources (renewable and
non-renewable) and decreases because of consumption. In the present model, differently from our
previous papers, the rate of consumption depends on z, again to underline the strong dependence on
zZ.

After describing the model, we can now introduce the main results of the present paper. As first
thing, we remark that we are interested on the trajectories with positive or non negative component,
so we prove that relevant trajectories remain positive. Then we prove that all such trajectories are
bounded, which in particular implies that in our model there can’t be undefinite growth in wealth or
population. We also compute all the equilibrium points of our system, and we study their stability. As
this study can be very complex, in some cases we bound ourselves to obtain asymptotic results, i.e.,
we get stability or instability results when the depletion coefficients J and J; are small. In particular,
we study two different cases, one in which ¢ and #; both go to zero at the same rate, and the other in
which 6 is fixed (but small) and 6 — 0". Assuming this behaviour, it happens that some equilibrium
has negative components, and we are not interested in it. However we find, at least in some range of
the parameters, stable equilibria with positive values of all the variables, in particular population and
wealth.

The paper is organized as follows: after the introduction, in section 2 we prove that the relevant
trajectories are defined and non negative for all t > 0, and that they are bounded. In section 3 we
compute all the equilibria of system (1). In the following sections 4, 5, 6, 7 we analyze the stability
of the equilibria. In section 8 we show some numerical simulations and in section 9 we present a
summary of the main results obtained.

2. General Results

We work in the positive cone
C:{(x,y,z,w)6R4|x>0,y>0,z>0,w>0}

or in its closure

C:{(x,y,z,w)€R4|x20,y20,220,w20}
or in
Coz{(x,y,z,w) €R4|x>0,y>0,z>0,w20}.
Let us write X = (x,y,z,w) € R* and let F(X) be the vector field of the ODE system (1). Let us define
the open sets
A= {X eR*|x #0}, Ay ={XeR*|w#0},
Az ={X e R* | zw # —1}, A= (A1UAy) N Az,

We have F € C®(A, ]R4) and Cy C A. Hence, by standard ODE theory, we obtain a result of local
existence and uniqueness.
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Proposition 1. For any ty € R, Xo € Cy, the problem
X(t) = F(X) "
X'(to) = Xo

has a unique solution defined in a maximal interval | = (a, b).
We will study the solutions of (2) with ty = 0.

Proposition 2. Let tg = 0, Xo € Cy and X(t) be the solution of (2) defined in (a,b) with —c0 < a < 0 <
b < +oo. Then X(t) € C forall t € (0,b).

Proof. It is obvious that x(t) > 0, y(t) > 0, z(t) > O for all t € (a,b) because xog > 0,19 > 0,29 > 0
and the constant zero function (¢(#) = 0 for all ¢) is a solution for the equations relating to x, y, and z,
hence it can’t be crossed. As for w, we notice that there exists € (0,b) such that w(t) > 0in (0, B).
Indeed, this is obvious if wy > 0 while, if wy = 0, we just have to remark that w’(0) = §1y0zo + 52% > 0.
We then define

19 =sup{t > 0| w(s) >0, Vs e (0,7)}.

If 7p = b then w(s) > 0in (0,b) and the claim is proved. If 1y < b then it is easy to see that w(s) > 0 for
all's € (0,7) and w(79) = 0, hence w' (1) < 0. But from (1) we get w' (1) = 81y(10)z(70) + 622%(10) >
0, that is, a contradiction. Hence 1y = b and the proposition is proved. U

We now prove that X(t) is bounded in [0, b). The proof is divided in four steps, one for each variable.
Proposition 3. y(t) is bounded in [0, b).
Proof. The proof is the same as in our previous work [1], so we skip it. [

Proposition 4. z(t) is bounded in [0, b).

z’:zz<k v —5) §zz<k—5>.
wz+1 z

If z(t) > %k forallt € [0,b) then z’ < 0, so z is decreasing, hence 0 < z(t) < zp forall t € [0,b) and z

is bounded. Now we assume that z(1) < % for some 19 € [0,b). If z(t) < %k forallt € (79,b), then

Proof. We have

2k
obviously z is bounded in [0, b). Hence assume exists 71 > 19 such that z(7y) > 5 Define

T = sup{r € (t,m) | z(s) < %k, Vs € (TO,T)}.

2k
By continuity of z, it is easy to deduce that 1, € (10, 7], z(s) < 5 foralls € 19, 1), z(1) = —
hence z/(1) > 0. On the other hand

tos (1) (2) (44) 42 <o

that is a contradiction. So, this last case is ruled out, and we are left with the previous ones, which
imply that z is bounded in [0, ).
O

Proposition 5. w(t) is bounded in [0, b).
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Proof. From Propositions 3 and 4, we see that there exists M > 0 such that é1y(t) + dz(t) < Mo for all
t € [0,b). Hence
w'(t) = z(d1y + 6z — ow) < 0z(M — w)

forallt € [0,b). If w(t) > M forall t € [0,b), then w is decreasing hence is bounded. So we assume
that exists 19 € [0,b) such that w(ty) < M. If w(t) < M for all t > 79, then w(t) is bounded in [0, b).
So let us assume 311 > T such that w(t) > M. Define

T =sup{T € (10,m) | w(s) <M, Vs € (19, T) }
By continuity we have 1, € (19, 1], w(s) < M foralls € (1, 12), w(12) = M, hence w'(1;) > 0. But
W' (1) = z(01y(1) + 0z(1) — cw(w)) = z(61y(w2) + 6z(1) — M) <0
and the contradiction rules out this case, so we are left with the previous ones, which imply that w is
bounded in [0, b).
O

Proposition 6. x(t) is bounded in [0, b).

Proof. We have

w
B UXW B ux
xl— <_C+du)2_|_‘uzx2)x— _C+dw27 X.
ekl
Consider the function )
h —ch+dh—c
h—>—c+dh2+1f 21 = g(h).
A2 A2
It is obvious that g(h) = 0if and only if h = hyp = w and g(h) > 0if and only if
2 _ 4.2 A2 a2
0<h1=%<h<h2:d+;#.

Hence x’ < 0 when I% < hy, that is when x > % We know that w is bounded, so let us write
w < My. We have that x > 247(1) = M; implies x’ < 0, and setting M, = 2M;, we have that x > M,
implies x’ < 0.

Now, if x(t) > M, for all t € [0,) then x/(t) < 0in [0,D) so x(t) is decreasing and obviously it is
bounded. So, let us assume x(19) < M for some 19 € [0,D). If x(t) < M forall t € [19,b) then x(t) is
obviously bounded. So we assume x(1;) > M, for some 7 € (79, b). Define

T =sup{t € (10,11) | x(s) < My, Vs € (19, 7T) }

By continuity we have 1, € (19, 71], x(72) = M, x(s) < M; for all s € (19, 12), hence x'(1,) > 0. But
x(1y) = M, implies X' (13) < 0. We have got a contradiction, so this last case cannot hold, and we are
left with the previous two ones which imply that x is bounded in [0, b).

O

An easy consequence of the previous propositions is the following
Corollary 7. b = +oc0.

Proof. We have proved that X(t) isbounded in [0, b). The result derives from standard ODE theory. [
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3. Equilibrium Points
Equilibrium points are the solutions of the system
L

x| —c+d—E— | =0 (3a)

e
y(yA =y —61z) =0 (3b)

2 [
z <sz 1 5) 0 (30)
z(by+doz—ow) =0 (3d)

We notice that the first equation (3a) is independent from the other three, so it can be solved indepen-

dt
dently and it gives either x = 0 or x = yﬂt' i = 1,2, where t, t, are the solutions of —c + 71 0,
i
and satisfy
—VdZ =42 d+Vd? —4c?
e Lk P o L et d>2=t>1,t € (01 4)

2c N 2c
Let us now study the system given by the last three equations. We distinguish several cases.

1) y =z = 0. In this case, the equation (3¢) is satisfied for all w, and we have the three families of

equilibria:
{(0,0,0,W) | W > 0} (5a)
{(W,O,O,W> | WZO} (5b)
ph
{(W,O,O,W> | WzD} (5¢)
pta

with W > 0. Notice that W = 0 gives the origin, where F is not defined, so this point is not,
properly speaking, an equilibrium. In any case, we will see what happens to the trajectories
starting nearby the origin.

2) y =0,z # 0. In this case, from (3c) and (3d), we obtain the system

kw s
wz+1

0z
ow=0z=> W= —
1o

so that
— k2 = V2 —
Zl:w, Zz:k—i_k—m/ k22\/0‘5.
26 26

In this case, the equilibrium points are

Pi = (0,0,21', (SO_ZZ), 1= 1,2 (6a)

52]' 52]‘ L.
Qi,j = <]/l(7'tz"0’zjl 0_)/ 1,]= 1/2 (6b)

3) Assuming y # 0 and z = 0, we obtain y = A. There is no condition on w, so we have three
families of points, similar to case 1). Specifically, we have:
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{(0,A,0,W) | W >0}, (7a)

{(g,/\,o,w> |wzo}, i=1,2 (7b)
1

with W > 0. As above, when W = 0 we obtain a point where F is not defined, so it is not, properly
speaking, an equilibrium. However we will study the behavior of the trajectories starting nearby
this point.

4) y#0,z#0.Theny=A— %lz. From (3c) and (3d) we obtain

0
k=962

2
w_1<5_‘51>z+‘“
o 0% o

and from these, we obtain the following equation for z

w

5 (57 - 5§)z2 + (51&7 +ko? — k75> z 4096 — ko Ay =0 )

For suitable values of the parameters this equation has two real solution z1, zo, which yield six
equilibrium points:

01 1) .
P = (0,)\ — ;zl,zl, k—(SZi)' i=1,2 (9a)
1) o1 1 ..
- B L =1,2
Qij (yti(k — 521‘)')L v R (5zj>’ b= (%b)

In the next sections we will study stability and instability of these equilibria. In many cases we will be
able to obtain asymptotic results as § — 07. As to J1, we will consider two cases: i) 6; small but fixed;
ii) 81 ~ 6, which means that both 61,5 — 0" and 6;/6 — 1.

4. Stability and Instability: Case 1

We begin by studying case 1. Let P be any of the points we have found. Fix € € (O, 2((;_'}_\(5))
1
and let B¢ (P) be the ball with center P and radius €. Let us pick any Q € B¢(P) NCp and u(t) = u(t, Q)

be the traiectory starting at Q for t = 0. Assume u(t) € B¢(P) for all t € [0, +00). We then have |y| < €,
|z| <€, forall t > 0, hence
A A

Yy + 01z < ye+die = (y+d1)e < (7+51)m =5

As a consequence we have

'y)t—'yy—512>'y)t—%:’y2—)\.

Hence N
Y =y(yA —yy —d1z) > y%, V>0

which implies y(t) > yo exp (72“) forall t > 0. Then y(t) — +o0 as t — +o0, a contradiction with

the hypothesis u(t) € Bc(P). The contradiction proves that for any Q € B¢(P) N Cy, the trajectory
u(t, Q) leaves the ball B¢ (P). This clearly implies the instability of the equilibria we are studying. This
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holds for any choice of the parameters, in particular for any J,6; > 0. Notice that the argument works
also in the case of the origin, which is not properly speaking an equilibrium. We have then proved the
following proposition.

Proposition 8. The points of case 1 are all unstable equilibria, for any value of the parameters.

5. Stability and Instability: Case 3

We now treat case 3, which is similar to case 1. Let P be any of the equilibria of case 3. As above,
letus fixe > 0and Q € B¢(P) N Cy. Define u(t) = u(t, Q) the trajectory starting at Q for t = 0. Assume
that u(t) € Be(P) for all t > 0. We study the stability of P distinguishing several cases.

i) We first assume 611 > oW and take 0 < e < 94—,
51+17+§

which implies
Si(A—€)—c(W+e) > g
Hence the trajectory u(t, Q) = (x(t),y(t),z(t), w(t)) satisfies

w'(t) = z(t) (S1y(t) + 0z(t) — ow(t)) > z(t) (61 (A —€) — (W +€)) > z(t)

N @

On the other hand, we have z/(t) > —3z2(t). By a simple integration, this implies z(t) > ﬁ where
z1 = 1/zpand Q = (xo, Yo, 20, wo) with zy > 0. Hence we get w'(t) > ﬁ% which implies, by another
simple integration,

w(t) > wy + 2% log(z1 + 0t),

for all t > 0, hence lim;_, ;0 w(t) = +00, a contradiction with u(t,Q) € B¢(P) for all t > 0. The
contradiction proves that, for any point Q € B¢(P) N Cy, the trajectory u(t, Q) must exit B¢(P), and
this proves the instability of P. Notice that this includes the case W = 0.

ii) We now assume 614 < cW. Let us take € < oW —51A

—=—12 which impli
S +o+o+37 ¢ phes

h(A+e)+de—c(W—e) < —%.

Hence we get

W' (£) < z(£)(61(A + €) + de — r(W —€)) < —z(t)g.

1 €

As above, we have z(t) > ﬁ , which implies w'(t) < e

hence, by integration,

w(t) < wy— < log(z1 + dt).
20
This holds for all + > 0, hence lim; ;o w(t) = —oo, a contradiction. As above, this proves the
instability of P.

We conclude that, if 54A — oW # 0, these equilibria are unstable.

iif) Let us now assume kW > ¢. By continuity, we can take € > 0 such that

k(W —¢€)

Ve s
cWre+1 7€

Consider as above the ball B¢(P), a point Q € B¢(P) N Cp and the trajectory u(t, Q). If u(t,Q) € Be(P)
for any t > 0, then

kw(t) k(W —e€)
z(Hw(t)+1 "~ e(W+e)+1

>d+¢€,
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so that

Z'(t) > ez’

A simple integrazion then gives that z(#) blows in finite time, a contradiction. Hence the trajectory
u(t, Q) must leave the ball B¢(P) and this holds for any Q € B¢(P) N Cp, proving the instability of P.

The cases not covered by the previous results are those when 614 = cW and kW < §, which implies
k% < 6. Hence we can state the following proposition:

Proposition 9. If one of the following conditions is satisfied, the equilibrium points P of case 3 are unstable:
i) SAF#oW.

ii) kW >é.

i) k%A > 6.

As a consequence of iii), we get the following corollary

Corollary 10.
i) If&1 > Ois fixed, then all the equilibria of case 3 are unstable for 6 < ké}TA.

ii) IfkA > o and 6 ~ 61, then there exists 6* > 0 such that for all § € (0,6*) it holds ’% > %, hence all the
equilibria of case 3 are unstable.

6. Stability and Instability: Case 2

To analyze the other cases, we introduce the Jacobian matrix of F at X:

et 2d xw3 0 0 dux?(p?x* — w?)
M + 2x2)2 (W2 + 112x2)2
0 YA =29y — 61z -0y 0
JE(X) =

2

0 0 kwz(wz +2) 25 kz
(wz +1)2 (wz+1)2

0 61z 61y + 20z —ow —0z

(10)
We will denote by Jj; the entry of this matrix located in position j,k = 1,--- ,4. Let us see how to

simplify these entries. Recall that for the equilibria of case 2 it holds § = Z_T_ 1 and z = %, hence
kwz o Kw* o 5
(wz+1)2 k6 (wz+1)2 k'
so that ( ) ) )
kwz(wz +2 o [0z 0c 5 200
L e L (0 + ) EERE A
Also, we have
kz? o? kw? o?

St = o 1 T R w1 T
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3

doi:10.20944/,

xXw dux?(u?x? — w?)
—c+ 22— 0 0
¢+ 2dp (W2 + 12x2)2 (W2 + 12222
0 YA — b1z 0 0
J(X) =
6%z% 204 o?
0 01z oz —0z
In this case we have to deal with the values
—VKZ = Vi2 —
21:k k 4(7(5, Zz:k—l— k 4(7(5, k> 203,
26 26
Recalling that
I S / —40¢ 200 20
the asymptotic developments of z and w as § — 07 are given by
o 6 >
21= ¢ 0(9) w1:E+(9(5)
k o k0 2

Note that YA — 4,z is always an eigenvalue. We have for z = z;

d1z1 = %51 +0(6) =0, & fixed, 6 =0
121 = 0(8), & ~6—07,
while, for z = z, we obtain
k
120 = % - ‘7751 +O®5), 6 fixed, 60

012y = k+0((5), 61~ — 0.

=1,2

6.0.1. Equilibria P; = <0, 0,z;, 5:),

dz:
Now let us study the equilibria P; = <0, 0,z;, 51) , 1=1,2. We get

—c 0 0 0
0 YA -1z 0 0
J(P;) =
52 200 o>
0 0 —26z; + ?z? +— 7
0 5121' 521'

reprints202501.0888.v1

9of21

(11)
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Case ffi ~ ffi;. We first assume that 6 ~ J1, and we start studying P; . From (11) we derive the
following statement for the Jacobian calculated at P;

—-c 0 0 0
0 A 0 O
lim J(P) =

51,5_>0+]( 1) 0 o o o
k

2

o

0 0 O e

o2
This is an upper triangular matrix, and its eigenvalues are p1 = —c, p2 = YA, 03 =0, ps = % As

YA > 0, by continuity of the eigenvalues of a matrix with respect to the entries, we get that there
exists 6* > 0 such that, for all §,6; € (0,%), J(P) has a positive eigenvalue, so that P, is instable for
5,01 € (0,6"). Let us now look for P,, again in the case §; ~ 4. In this case we have an eigenvalue
given by

p2 = YA — (kgl - %51 + (’)((51(5)> = (YA —k) +o(1). (12)

If YA —k > 0 then pp > 0 when 6 — 0" and P, is unstable. If YA — k < 0, then we obtain that for
5 — 07 the first two eigenvalues p1, 0, are negative, while the last two p3, p4 are obtained as the
eigenvalues of the following 2 x 2 matrix J;

33 J3a
Ji=

Jag  Jaa

Using the formulas for z; we obtain the following asymptotic developments:

o? ok
sz =—k+00), Jsa= 1, Jag=k+0(), Joa=——5+0()
Hence we have Trace(J;) = —% + O(1) < 0asd — 0%, and Det(J;) = ‘TTkZ +O(1) >0asé — 07,0
it is easy to conclude that J; has two real strictly negative eigenvalues, as § — 0.

Let’s summarize the results now obtained in the following proposition:

Proposition 11. In the case where §; ~ § and § — 07, the equilibrium Py in case 2 is unstable, while the
equilibrium Py is unstable if YA — k > 0 and is asymptotically stable if YA —k < 0.

Case 01 fixed. Here we study the stability of equilibria P; keeping J; fixed (but small) and letting

5 — 0T. We get
—c 0 0 0
0 fyA—‘TT‘Sl 0 0
lim J(P)) =
Jim J(Pr) -
0 0 0 -
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Ak

In this case, for 6; < =, we have the eigenvalue p, = YA —
equilibrium P; is unstable as § — 0". As for P, we get

o

= > 0, which implies that the

—c 0 0 0
0 —k% +o1) 0 0
J(Py) = 2
0 0 —k+O(5) ‘%
ké k
0 =11o(1)  k+0() —‘%+0(1)
In this case, the eigenvalue pp = YA — d12z0 = —% + O(1) is negative as § — 0. The behavior of the

point P, thus depends on the remaining two eigenvalues, which do not depend on J; and are the same
of the matrix J; that we have seen above, so in this case they are both strictly negative as § — 0. We
can therefore summarize our results in the following proposition:

Proposition 12. For any é; € (0, %Ak) there is 6* > 0 such that for all 5 € (0,6*) the equilibrium Py is

unstable. For any 61 > 0 there is 6** > 0 such that for all § € (0,6**) the equilibrium P, is asymptotically
stable.

6.0.2. Equilibria Q; ;

0z; 0z;
Let us now treat the equilibria Qij = (WT;,O, zj, (7])' i,j = 1,2. The Jacobian matrix | (Qij) is
1
given by
Aux (1252 — w?
C2<tzz_1) 0 0 yxZ(,u x2 2Dg)
1+t (w? + u?x?)
0 ’)//\ - (512]‘ 0 0
J(Qij) =
82 , 206 o?
0 0 *252]‘ + ?Z] + T ?
0 01z 20zj —ow —0z;

We have that J; is an eigenvalue of the matrix, and by simplifying its expression, we obtain

3 2 2
Jiu = —c+2dy(wzi7a;2xz)2 = _C+2dw2TZ)2x2 wzfyzxZ =c —14—2%}1%2
— (13)
S PP S I )
1+ 1+

Hence that p; = J;; > 0if (## —1) > 0, ie, if t; > 1. From the definition of t; in (4), we have that
t; € (0,1) while t > 1. Therefore, the Jacobian matrices J(Qy ;), corresponding to the case ¢ = 5, have
a positive eigenvalue, so we can conclude that the points Q; ; are unstable equilibria, for any 6, ;. We
only need to analyze the points Q1j, j = 1,2 related to the case t = t;. We study first the case 6; ~ 4.

Case J; ~ J We notice that an eigenvalue is given by py = J»;. With the same argument as above,
we have that p; is positive, as § — 07 and §; ~ 6, in the case where z = z; and in the case where
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z = zp with yA — k > 0. Therefore we can state that, in the hypotheses § — 0" and é; ~ 6, Q11 is an
unstable equilibrium while Q1 , is unstable for YA — k > 0. We are left with the analysis of Q; > when
YA —k < 0. Taking in account that in the present case we have cw = ¢z, we can easily obtain that the
two remaining eigenvalues of the matrix J(Qj ) have the same sign as those of the matrix J; above,
hence they are both negative, as § — 0. We summarize the results obtained in the following two
propositions:

Proposition 13. The equilibria Q, 1, Q22 are unstable for any 61, 6.

Proposition 14. As § — 0" and §; ~ &, the equilibrium Q1,1 is unstable, while the equilibrium Q15 is
unstable if yA — k > 0 and asymptotically stable if YA —k < 0.

We now study the stability of equilibria Q1 ; in the case in which ¢, is fixed (but small) and § — 0r.

Case of fixed J;. As we said above, we only need to analyze the points Qy;, j = 1,2. If z = z

)
we have, as in the case of equilibrium Pj, an eigenvalue p; = YA — 7 O(1), which is positive

k
A’T)‘k and § — 0%, so we can conclude that Qq; is an unstable equilibrium. If z = z;, the

second eigenvalue is given by pp = — ko1 + O(1), and this is negative as § — 0. The remaining two

for 1 <

eigenvalues have the same sign as those seen for the point P, and are therefore negative. Thus, the
point Qy; is an asymptotically stable equilibrium for § — 0. We summarize our results as follows:

Proposition 15. When 61 < 'VTM( and § — 07, the equilibrium Qqy is unstable. For any &, > 0 the equilibrium
Q1o is asymptotically stable as 6 — 0.

7. Stability and Instability: Case 4

We recall that the equilibria in this case are given by

01 1)
P, — B 7 P, 14
/ <O,A % k_52j> (14)

(j=1,2)and

é 1 é
= —, A= —=zj,z;, —— 15
Ql’] <‘uti(k—(5Zj) 0% U k—(52j> (15)

(i,j =1,2).
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We refer to (10) and, recalling that 6 = kw and w = 0 _1 6 — ﬁ z+ 61A |, we have
’ & wz+1 k—6z o v 1
01
Joo = YA =29y — 61z = YA — 2% A—;z —01z=—YA+41z
kwz(wz + 2) KPw?  Z? KPw? 2z 22, 2z,
=T\ L2 957 = i — —20z2=—06"+—6"—20
I = Ty T T i k T ke Tk T e z
——— —_———
52 52
2 2 2 2
_zt o 22k—0z 5, _Z XY _ T
—k(5+k 5 6 2(5z—k5 + 226 Zk(S 20z = k(5
2 2 2 212 2 2 2 (1 _ 52 2
o wk_z w0 (k=] p T v
(wz+1)2w?k  w?k (wz+1)2 kw2 k 6 k
———
02
5 1 52 S1A
= 2 - = /\— — 2 — — —_ — | = .
Jas = 01y +20z — ow 51< 'yz)—i— 0z U[0<5 Y z+ - 0z
w
Thus, the Jacobian matrix (10) in case 4 becomes
xw? dux?(u?x? — w?
—CH2dp 5 0 0 Hz(ﬂ 222)
(w? + p*x?) (w? + p>x?)
i
0 —YA 40z —HA+ —z; 0
J(X) = T . (e
2 2
_E g2 2k — 52)2
0 0 . ) r (k —6z)
0 01z oz —0z

To study stability we first note that, for all the equilibria we are now dealing with, we have the
eigenvalue p; = J1;. This eigenvalue is always negative for the points P;, P, whereas in the case of the
points Qy, k,i = 1,2, the sign of this eigenvalue is the same as obtained in (13). So we have a positive
eigenvalue in the case t = t; and a negative eigenvalue in the case t = t;. We can therefore already
state that

Proposition 16. The points Q5 ;, j = 1,2 are unstable equilibria for any 6,6, > 0.

We have now the study the stability of the equilibria P;, Qy,j = 1,2. For this we will study the
eigenvalues of the 3 x 3 submatrix given by

52
YA+ 6z —HA+ ;12 0
J3(X) = 2 z 2 (17)
01z 0z —0z

Its characteristic polynomial will be denoted by p3(p) = p° + a10% + azp + as.
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Analyzing further, we also note that J3(P;) = J3(Q1,),j = 1,2: indeed, the equilibria P; differ from the
Q1,j ones only for the x-component, which does not appear in the matrix J3. As a consequence, the
stability behavior of P; will be the same as that of Qy j, j = 1,2.

We first study the case in which é; ~ § — 0. Given the greater complexity of case 4, in this scenario,
we restrict our study to the particular case é; = J. We will then keep J; fixed at a small value and
study the behavior as 6 — 0.

Equilibria P;, Q; ;, case 6; = 0
We need to get the asymptotic development of the values z; (i = 1,2 ), that are solutions of equation
(8). We set 61 = ¢ and the equation (8), dividing by J, becomes

8(y =022+ [~ky + (Ay +k)d]z + y(0 —kA) = 0. (18)

We now give some asymptotic developments for the roots of this equation. As first thing, the discrimi-
nant is given by
V2K 4+ (29%kA — 4920 — 29k%)6 4+ O(6%)

and that of the reciprocal of the first coefficient multiplied by two, given by

1 11
=+

376—08 298 Tag2 T OO

We then obtain )
2 = [k7 — Ay +k)6+ <k7 + W{S + (9(52)”

1 1 .

We then obtain the following developments for the z- coordinates of the equilibria.

kA —o

z1 = z(P1) = z(Q11) = — T O(9)
zp = z(P2) = 2(Q12) = g - % +O(9).

Let us start to study P, Qq1. If kA > o thenz; < 0as d — 07, hence the equilibria are not in C. So
we assume kA < o, and the previous formula for z;, toghether with (14) and (15), proves that all the
coordinates of Pj, Qy 1 are non negative, as 6 — 0. Analyzing J3(P;) = J3(Q1,1), the Jacobian (17)
evaluated at these points becomes:

—YA+ O(6) —Ad + O(82) 0
0 O(62) M +0O(5) (19)
29 o) D5y oy TEZD o)

If we call J3 this matrix, it is easy to obtain

y(kA — )37

= 5+ 0(8%).

det(J3) = —
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But the characteristic polynomial p3(p) of this matrix is given by det(pI — J3), hence

_ (kA —0)’A

2 5+ 0(8).

p3(0) = det(—]?,) = —det(]3)
As we are assuming kA < o, we get p3(0) < 0as § — 07, hence the equation p3(p) = 0 has at least a
real positive solution and the equilibria P; and Q11 are unstable.

Let us now study the equilibria P, Q; . Recall that we are still in the hypothesis § = 4;. Combining
the formula above for z, with (14) and (15), we get that the y-coordinate of these equilibria satisfies

y(P2) =y(Qi2) = A — ,’; +0(5).

If Ay —k < 0 we have y(P,) = y(Q12) < 0as § — 07, and the equilibria are not in C. Hence we
assume Ay — k > 0, and it is easy to verify that all the coordinates of the equilibria are non negative, as
5 — 0. The Jacobian matrix evaluated at these equilibria becomes

—YA+k+O(5) 0(d) 0
2
J5(P2) = J5(Qua) = 0 —k+00)  T+00) (20)
k+0O(5) k+O(5) —%k+%2+0(5)

and the coefficients of the characteristic polynomial are the following:

a = I%T +0(1)

ap = %ﬂk +0(1)

a3 = 7"2(“5_ DT L oq)

a1ap; —az = kz(;# + 0(5*1).

According to the Routh-Hurwitz criterion, therefore, the equilibrium P,, Q1 » are asymtpotically stable
if YA —k > 0. Let’s summarize the results now obtained in the following proposition:

Proposition 17. In the case where 6, = § — 0%, the point Py, Q1 are in the positive cone for kA — o < 0
and are unstable equilibrium points , while the points P, and Q1 » are in the positive cone for yA —k > 0, and
are asymptotically stable equilibrium points.

Now we study the case with J; fixed and arbitrarily small.

Equilibria P;, Q1 ;, case §; fixed
We rewrite (8) as

(=026 +70%)22 + (k63 4 ¥ (014 — k)d)z — kdyAy + 096 = 0, (1)

and we look for asymptotic expansions of the roots z1, zp.
This is a quadratic equation in z whose asymptotic expansion of the discriminant is given by:

K201 — 203 9k(51A + k)3 + (039%A% 4 20197 kA + 483 y0 + 42k*) 0% + O(8%),


https://doi.org/10.20944/preprints202501.0888.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 January 2025 d0i:10.20944/preprints202501.0888.v1

16 of 21
and the reciprocal of the first coefficient multiplied by two is given by
! S —l—iHO((sz)
2(—=030+0%) 2825 26 280 ‘
From here we obtain
2
a—{—m%+ﬂk—@Awi{M%—ﬂ&A+kw+r%2+ow%]}
1 NG > ,
———— =g — =0+ 0(6) ¢, =12
{ 2% 20 2080 7O Z
so that
k oy 2
z1 =z(P) =2(Q1a) = 5T kT;zfs +0(5%)
A (1 kA —é10) (22)
2 =2(Py) = 2(Qup) = 5L + LAY 76+ O(62).
o ko3

From this expansions, toghether with (14) and (15), it is easy to obtain the corresponding expansions
fory; (i = 1,2).

=K 0 T o)
’)/(5 51k (23)
A — 6
yy = =254 0(6)
52k

If 4; is fixed and 6 — 0, we have y; < 0, hence the points P;, Q; 1 are not in C and we can avoid to
study them. In a similar way, we are interested in fixed but small J;’s, hence we can assume ¢, < WT/U{,
so that y, < 0 for 6 —+ 0 and also P, and Q; » do not belong to C.

Let us summarize these results in the following proposition:

Proposition 18. The equilibrium points Py, Qq 1 are not in C as § — 0. Assuming §; < WTM‘ the equilibria
Py, QqparenotinCasé — 0.

8. Simulations

We now present the results obtained from simulations using Matlab’s ode45 solver, which employs
an explicit adaptive Runge-Kutta method. In these simulations, we aimed to validate our theoretical
analyses. We show our results both in the form of Cartesian graphs, particularly in cases of instability
where the figure appeared more significant, and in the form of phase graphs in cases of stability.
Additionally, we simply reported the data obtained in other cases to have the broadest possible range
of cases.

In the displayed cartesian graphs, the evolution of variables is obtained by uniformly perturbing
the initial value around the equilibrium point and is shown in different colors: population in magenta,
renewable resources in green, non-renewable resources in black, and accumulated wealth in blue.
Dashed lines represent the coordinates of the equilibrium point being considered, with matching colors
for the corresponding components (e.g., magenta for population). On the x-axis, we use a generic time
unit that does not correspond to specific periods such as days, months, or years. It is a generic unit
that does not necessarily cover long intervals. We suspend our simulation when the behavior becomes
apparent.

The phase graphs illustrate the evolution of population and wealth near steady points discussed
in our study. These graphs focus on two key variables, population and wealth, plotting three different
trajectories (described with dark green, purple, and red colors) obtained with three different pertur-
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bations on the critical point, in a two-dimensional space. The graphs depict stable points, where the
dynamics gradually guide the system towards equilibrium. The starting points are marked by small
circles, while the steady states are indicated by a small star.

The simulations were performed by varying the parameters § and ;. In these experiments, we
kept some parameter values constant based on what is generally found in the literature, see [2,9,10].
Specifically, we set the regeneration factor of nature y = 0.01, the factor regulating the potential increase
of non-renewable resources k = 1, and the factors governing the population dynamicsc =1,d = 3,
u = 2. For stability tests, ensuring the solutions remain within the cone, or graphical requirements,
we considered different values for the nature’s carrying capacity A and the wealth consumption o,
indicating their values in each specific case.

8.1. Case 1

In Figure 1 we visualize the behavior of the trajectories obtained by perturbing a point belonging to the
family (5c), which we now denote as point Q. We have chosen the parameters o = 1, A = 100, W = 10,
and depicted the data related to Q = (1.9098,0,0,10.0000) with the eigenvalues of the Jacobian at the
point being p1 = 0.7454, p; = 1.0000, p3 = p4 = 0 in the case with §; = 1 fixed while § = 0.1.

In this scenario, the behavior of the trajectories seems to stabilize outside the critical point. We
have verified that the trajectories converge to the point Q1 = (1.1615,0, 8.8730,0.8873) of case 2, with

eigenvalues
(—0.7454, —8.9813, —0.6790, —7.8730). We recall that the points Q1 of case 2 are stable for fixed J; and
5— 0",

population - resources - wealth

2 4 6 8 10 12 14 16 18 20
time

Figure 1. Case 1: Unstable critical point Q = (1.9098,0,0,10.0000), 6 = 0.1, 6; = 1 fixed.

wealth
[

w=

1.1 12 1.3 1.4 1.5 16 1.7 1.8
Xx=population

Figure 2. Case 2: Phase plot for Q1, = (1.1615,0,8.8730, 0.8873) with d; fixed.
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8.2. Case 2

Regarding case 2, we first analyze the point Q1. This point is a stable equilibrium with a positive
population when 47 is fixed and § — 07, regardless of the choice of other parameters, or when
YA —k < 0inthecase § = §; — 0.

The graph in Figure 2 illustrate the evolution of population and wealth near the point Q1p =
(1.1615,0, 8.8730,0.8873), obtained by setting A = 150, 0 =1,s0 YA —k =0.5 > 0,and § = §; = 0.1.
These values give instability, and we verify this fact for three different perturbation. We recall that the
starting points are marked by small circles, while the steady state is indicated by a small star. Notice
that if we set § = 0.1 and ; = 1 we obtain stability, with eigenvalues p; = —0.7454, p = —8.9813,p3 =
—0.6790, ps = —7.3730, which differ from the eigenvalues obtained for the case in Figure 2 only in the
value of py = 0.6127.

We also report the data concerning the unstable equilibrium

Qun = (0.1475,0,1.1270,0.1127). This point is unstable both when § = §; — 0" and when
07 is fixed with §; < 77M The eigenvalues obtained for the case 6 = J; = 0.1 are p; = —0.7454,
p2 = —1.2203, p3 = 0.0806, and p; = 0.8873. In contrast, when J = 0.1 and J; = 1, the last eigenvalue
changes to p4 = —0.1270. In these computations, we used the parameters o = 1 and A = 100.

8.3. Case 3

In these simulations, we considered the following parameter values: ¢ = 5, A = 10. In Figures 3
and 4, we present the data related to the unstable critical point P of the family (7b), referred to t1. In
particular we obtain the point P = (13.0902, 10, 0, 10) with the eigenvalues of the Jacobian matrix at
the point given by p; = —0.7454, p = —0.1000, p3 = p4 = 0. In Figure 3, we report the trajectories
obtained with fixed J; and small §, namely § = 0.1,6; = 1. In Figure 4, we report the trajectories
for large values of J, specifically § = d; = 2. We aimed to simulate these scenarios over large time
intervals. In the situation of Figure 3, we verified that the trajectories do not stabilize and sometimes
exhibit gradually damped oscillations. Meanwhile, in the situation of Figure 4, the curves appear to
stabilize at a point with a positive population. We exclude the possibility that this point could be the
point Qq from case 2 because, with the chosen parameters, this point does not belong to the positive
cone. Therefore, we suppose it might be the point Qi from case 4, for which we have theoretical
results only for very small values of 4.

10

population - resources - wealth

0 2 4 6 8 10 12 14 16 18 20
time

Figure 3. Case 3: 6 = 0.1,4; = 1.
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population - resources - wealth

0 2 4 6 8 10 12 14 16 18 20
time

Figure 4. Case 3: § = 1 = 2.

8.4. Case 4

Regarding case 4, we analyze the scenarios given by Q1,. This point take positive values in its
components, meaning it is within the cone, and the established asymptotic behavior is obtained only
for small values of 4, i.e., § < 1073, Therefore, as can be seen from the developments, the variable z
takes very large values and equilibrium is reached immediately.

In Figures 5 and 6, we show the analysis of the point Q1,. The coordinates of Qj, are (0.2741,
50.4775, 995.2250, 0.2094), and it is obtained using the parameters ¢ =5, A = 150, and § = 6; = 10-3.
Under these conditions, we have yA —k = 0.5 > 0. The eigenvalues of the Jacobian calculated at
this point are p; = —0.7454, pp = —4976.1295,p3 = —0.5052,p4 = —0.9855, giving a stable critical
equilibrium with positive population. The graph in Figure 5 illustrates the evolution of population
and wealth near Q1,. The three different starting points are marked by small circles, while the steady
state is indicated by a small star. The graph in Figure 6 shows the trajectory of the curves obtained
with a non-uniform perturbation of the components of Q1. Specifically, for the variable z, a negative
perturbation of -500 was chosen to visualize the initial point without further increasing the already
large difference between the component values.

For completeness, we also provide additional data, particularly for the point P; = (0, 9.9950,
5.0057, 1.0000 -10~°), along with the eigenvalues of the Jacobian matrix calculated at this point,
which are p; = —75.0863, pp = 1.6684 - 107>, p3 = —9.9950 - 1072, p, = —1.0000. To ensure the
point lies within the cone, we set o = 15 and A = 10. An analogous case is obtained for the point
Q11 = (1.3090 - 10~°,9.9950, 5.0057, 1.0000 - 10’5), where the eigenvalues of the Jacobian matrix are the
same except for py = —0.7454.

We also report the simulation data for the instable point Qp; = (0.0002,9.4425,5.5750,0.0010)
where we set ¢ = 15,4 = 10 to obtain kA — o = —5 < 0; the eigenvalues are p; = 0.7454,p, =
—83.6270, p3 = —0.0942, p4 = 0.0018. In this last case, we had to further reduce the value of 6 = 1 =
0.001 so that the point remains in the cone.

w=wealth

Xx=population

Figure 5. Case 4: point Qqy, phase plot
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1000

population - resources - wealth
o
g
)

time

Figure 6. Case 4: trajectories near Qqy.

9. Conclusions

Let us summarize the main results of this paper. First, we have obtained that all the relevant
trajectories (that is, the trajectories starting in Cp) are bounded. So, in our model, an indefinite growth
of the variables is ruled out, and in particular this is true for population and wealth. Secondly, we
have obtained that most of the equilibria of the system are unstable (or are outside @), but there are, at
least for some range of the parameters, stable equilibria with positive values for all the variables (see
Proposition 17 and Figures 5 and 6). Hence, a general indication that can be drawn from our study is
the following: on one hand, it seems pointless, or even dangerous, to pursue the idea of an indefinite
growth in wealth and/or population, even assuming, as we do here, a moderate optimism on the
replenishment of non-renewable resources; on the other hand, it is possible to drive the society towards
a safe stationary state. Our results also show that this safe state is attainable when §; = 6 — 01, thatis
for small rates of exploitation of resources.

We notice that the numerical simulations related to Figures 3 and 4 also seem interesting: indeed,
they suggest that, for a trajectory starting near an equilibrium with zero non-renewable resources, the
values of population and wealth collapse and remains very small (at least, along all our simulations).
This fits very well with the idea that our model describes a society strongly dependent on non-
renewable resources: indeed, it means that in such a society a crisis in non-renewable resources leads
to a general collapse. We remark that we have obtained similar results in our previous papers [1,2].
These three papers work with different hypotheses, as we have explained in the introduction, and the
fact that similar results are nevetherless obtained seems to us relevant, because it proves that these
results are robust, do not depend on some particular characteristic of a model. We will try to pursue
this kind of results in a forthcoming paper, where a new variation of the model will be introduced.
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