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1. Introduction

Throughout this paper, let V and W be real vector spaces. The study of the stability of functional
equations began with Hyers’ study of the additive functional equation

flxg+x2) — f(x1) — f(x2) =0

for all x1,xp € V(see [6,15]). Subsequently, Rassias [14] and Géavruta [5] generalized Hyers’ result on
the stability of the additive functional equation, and many mathematicians have since applied the
methods of Rassias and Gédvruta to the study of the stability of various functional equations.

Some mathematicians have studied the stability of the additive-quadratic functional equation

flxr+x2+x3) — f(x1 +x2) — f(x1 +x3)
— f(x2+x3) + f(x1) + f(x2) + f(x3) =0

for all xq, xp, x3 € V(see [2,4,7,10,12,13,16]).
For a given mapping f : V. — W, we use the following abbreviation:

Ef(x1,x2,x3,%4) :=f(x1 +x2 +x3 +x4) — f(x1 +x2+x3) — f(x1 + %2+ x4)
— f(x1+x3+2x4) — f(x2+x3+2x4) + f(x1+x2) + f(x1 + x3)
+ f(xg +x4) + f(x2 +x3) + f(x2+ x4) + f(x3+ x4)
— f(x1) = f(x2) = f(x3) — f(x4)

for all x1, x2, x3, x4 € V. We consider the functional equation

Ef(x1,x2,x3,%4) =0 (1)
for all x1,x3,x3,x4 € V. The functional equation (1) is called an additive-quadratic-cubic functional
equation and its solution is called an additive-quadratic-cubic mapping. For example, the function f : R —

3
R given by f(x) = Y asx° is a particular solution of the functional equation (1), where a5 are real
=1

sS=
constants and R is the set of real numbers.
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In this paper, we will prove the stability theorem of the additive quadratic-cubic functional
equation (1) in the sense of Gavruta. Furthermore, as corollaries of this theorem, we will show stability
theorems of functional equation (1) in the sense of Hyers and Rassias.

2. Stability of a General Undecic Functional Equation

Throughout this section, we use the following definitions:
For a given mapping f : V — W, we use the following abbreviations:

AF()i=f (x +3) ~ ()
fi(x) =5 (F(4) — 12f(2%) +32f(x)),
falx) o= — & (F(4) ~ 10£(2x) +16f(x),

Fo(x) =g (F(42) — 6£(2%) + 8f(x),

If(x):=f(8x)—14f(4x) +56f(2x) — 64f(x)

—_

forallx,y € V.
Note that

4
Ef(x1,x2,x3,X4) := Z (—1)’”( Z flag, + x4+ -I—xim)),

m=1 1<) < <iy<4
Ef(x1,x2,%3,%4) :=AAAAf(0) — £(0)

X1X2X3X4

for all x1, x2, x3, x4 € V, where m, i1,1y, ..., 1y are positive integers..

The following theorem introduced by Albert and Baker [1] can be obtained by Corollary 1,
Theorem 3 and Corollary 3 in Djokovi¢’s paper [3].

Theorem 1. ([1, Theorem C]) For a given mapping f : V. — W, the followings are equivalent:
(i) Amapping f : V — W satisfies the functional equation AAAAf(x) = 0 for all x,x1,x2,x3,x4 € V;

X1X2X3X4

PO 3 .
(ii) There exist mappings f1, f2, f3 : V. — W that satisfy f(x) = ¥ fi(x) + £(0) and
k=1

k
) ( ) 15 fo(x + sy) — Kiful(y) = 0 @

forall x,y € Vand each k € {1,2,3}.

When k € {1,2,3}, if a mapping f : V — W satisfies the functional equation (2), then f is called
an additive mapping, a quadratic mapping, and a cubic mapping, respectively.

Theorem 2. For a given mapping f : V. — W, the followings are equivalent:

(i) Ef(x1,x2,x3,%4) = 0forall x1,x,x3,x4 € V.
(i) AAAAf(x) =0 forall x,xq,x2,x3,%x4 € V with f(0) = 0.

X1X2X3X4
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Proof. (i) = (ii) Assume that f : V — W satisfies Ef(x1, xp, x3,x4) = 0 for all x1, xp, x3, x4 € V. Since
%%%%f(O) =0, we get f(0) = —%%%%f(O) + f(0) = —Ef(0,0,0,0) = 0 and

AAAAS(0) = Ef(xq,x2,x3,%4) + f(0) =0 3)

X1X2X3X4

for all x1, xp, x3, x4 € V. If we put x4 = x, then it follows (3) that

AAAS(x) — AAAF(0) = AAAAF(0) =0 (4)

X1X2X3 X1X2X3 X X1X2X3

for all x, x1, xp, x3, x4 € V. From (3) and (4), we obtain the desired result

AAAAF(x) =AAAAS(x) — AAAAF(0)

X1X2X3Xy X1X2X3X4 X1X2X3X4
=A<AAAfw)—AAAfmﬂ
Xg4 \X1X2X3 X1X2X3
=A0=0

X4
for all x, x1, x2, x3, x4 € V with f(0) = 0.
(i) = @) If f : V — W satisfies AAAAS(x) = 0 for all x, x1, x2,x3,x4 € V with f(0) = 0, then

X1X2X3X4

Ef(x1,x2,x3,x1) = AAAAS(0) — f(0) =0 forall x1,xp,x3,x4 € V. [

X1X2X3X4

According to Theorem 1 and Theorem 2, we know that a mapping f : V — W satisfies the
functional equation E f(xq, x2, x3,x4) = 0 for all x1, x3, x3, x4 € V if and only if there exist an additive
mapping A, a quadratic mapping Q, and a cubic mapping C such that f(x) = A(x) + Q(x) + C(x) for
allx e V.

A very useful equality for proving the main theorem is given in the following lemma.
Lemma 1. For any mapping f : V. — W, the equality
I'f(x) = Ef(2x,2x,2x,2x) +4Ef(2x,2x,x,x) + 8Ef(2x,x,x,x) + 8Ef(x, x, x,x) o)
holds forall x € V.

Proof. We obtain the equality (5) from the equalities

Ef(2x,2x,2x,2x) =f(8x) — 4f(6x) + 6f(4x) — 4f(2x),
4Ef(2x,2x,x,x) =4f(6x) — 8f(5x) —4f(4x) +16f(3x) —4f(2x) — 8f(x)
8Ef(2x,x,x,x) =8f(5x) — 24f(4x) + 16f(3x) + 16f(2x) — 24f(x),
8Ef(x,x,x,x) =8f(4x) — 32f(3x) + 48f (2x) — 32f(x)

forallx e V. O

From the definitions of fi, f2, f3, and I'f, we obtain the following lemma.
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Lemma 2. For any mapping f : V — W, the equalities
file) - 129~ L), ©
fale) ~ 22— s, 7)
fole) - BB~ Lrp(a), ®)
filx) —2f (;) = 12Ff(; )
fl0) -4 (3 ) =57 (3). (10
f0-84(3) =57 (). an
3
fl) =) filx) (12)
k=1

hold for all x € V and each k € {1,2,3}.

Proof. The calculation process is omitted because the equalities (6)—(12) can be shown simply by
calculation. 0O

Lemma 3. If a mapping f : V. — W satisfies the functional equation Ef(xq,x2,x3,%x4) = 0 for all
X1,X2,X3,%4 € V, then the mappings f : V. — W satisfies

fe(2x) = 2 fie(x) (13)
forall x € V and each k € {1,2,3}.

Proof. If a mapping f : V — W satisfies the functional equation Ef(x1, xp, x3,x4) = 0 for all
X1,X2,x3,%4 € V, then f satisfies the functional equation I' f(x) = 0 by (5). Therefore, the equality (13)
follows from the equality (6)—(8). O

From now on, let X be a real normed space and Y be a real Banach space.
According to Corollary 6 in [9], we obtain following lemma.

Lemma 4. For a given mapping f : V. — Y, assume that there exist a mapping F : V — Y and a function
¢ : V — [0,00) that satisfy either

1)~ FEll < 1 59(2%) < o0 or )
21 > (1

F <Y —p(2x 2'p| = oo or 15

10~ Fll < 1 o(@) + 229 () <o 0 (15
=1 = (1

F < —p(2' 4ol = 00 16

10~ FEoll < - go(@) + -4 (v) <0 or 6

x) — <) 8¢ =x S 17

10 el < 89 %) < a7
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3
forall x € V. And also if there exist mappings F,Fy,F3 : V. — Y such that F(x) = Y Fe(x) and

Fe(2x) = 2KF(x) forall x € V and k € {1,2,3}, then the mapping F is uniquely determined.

As a corollary of Lemma 3 and Lemma 4, we obtain the following theorem.
Theorem 3. For a given mapping f : V — Y, if there exists an additive-quadratic-cubic-mapping F : V. — Y
and a function ¢ : V. — [0, 00) that satisfy either (14) or (15) or (16) or (17) for all x € V, then the mapping
F is uniquely determined.

The following inequalities and identities are needed to prove the main theorem.

Lemma 5. The following inequalities hold:

121- 2 8-141' * 241- g = 121. 2 (18)

78.14i+241.8i S8.41" (19)

ERE Rt )

EREEE @)
foralli € NU{0}. Moreover, the following identity holds:
ai g4l gi

R el 22)

when i € {0,1}.

Proof. The verification of the above identity and inequalities requires only tedious calculations, so the
proofs are omitted. [
Now, as the main theorem, we will show generalized stability of the additive-quadratic-cubic

functional equation in the sense of Gavruta.

Theorem 4. Assume that a function ¢ : V* — [0, c0) satisfies either

§¢(2ix1,2ix§;2ix3,2ix4) oo (23)
§<¢(2ix1,2ixi;2ix3,2ix4) +21¢<9;’;3§”;1>> < o0 or (24)
(tEndndndn g nn n) ”
Eve(335) < "

forall x1,x3,x3,x4 € V. Ifamapping f : V. — Y satisfies the inequality

|Ef (x1,%2, %3, X4)|| < @(x1, X2, X3, X4) (27)
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forall x1,x2,x3,x4 € V, then there exists a unique additive-quadratic-cubic mapping F : V. — Y such that

0 q)z(iif) (if @ satisfies (23)),

B i ZiCD(F) + % i ql(ilf) (if @ satisfies (24)),

If) ~Fl < o0 NS A 2
% l;) 4 (F) + i i;) q)8<l.2+1 ) (if @ satisfies (25)),
21—4 ;}8’@3 (%) (if @ satisfies (26))

forall x € V, where ® : V — [0,00) is the function defined by

D(x) :=¢(2x,2x,2x,2x) + 4¢(2x,2x,x, x) + 8¢ (2x, x,x,x) + 8¢(x, x, X, X).

Proof. From (5), (27), and the definition of ®, we obtain that

ITf(x)]

=||Ef(2x,2x,2x,2x) + 4Ef(2x,2x,x,x) 4+ 8Ef(2x,x,x,x) + 8Ef (x, x, x, x) ||
<®(x) (29)

forallx € V.
(1) If ¢ : V* — [0, 00) satisfies the inequality (23) and k € {1,2,3}, then
o0 ¢ o0

Z 2k(1+1 2 (30)

for all x € V. It follows from (6) and (29) that
ARy AR
2i 2i+1

' Tf(2x) ‘

2i+1

Hfl( fl(zm )

‘ i=0

for all x € V. In the same way, we get the inequalities

Hf f2::: x)

H folx _f ;:X)

for all x € V from (7) and (8). Together with the equality

fe@mx)  fe@mx) O f(20)  fi2x)
- ( )

km ok(m+1) ki k(i +1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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forall x € Vand all k € {1,2,3}, we obtain the inequalities
1 X 1 x S ix
om 2m+l - 1 m+1—1 (21 31
o T omil | ST & orT v (31)
1=m
2 X 2 x S x
om 2m+l - 1 m+I—1 d(2! )
gm0 gmHl =8 . 4i+1 7 (32)
1=m
3 X 3 X < ix
om 2m+l - 1 m+1—1 d(2!
gn  gm+l =04 gi+1 (33)
1=m

forall x € V and m,l € NU {0}. It follows from (30), (31), (32), and (33) that the sequence {%}

is a Cauchy sequence for all x € V when k € {1,2,3}. Since Y is complete, the sequence {%}
converges for all x € V when k € {1,2,3}. Hence we can define a mapping Fy : V — Y by

forall x € V whenk € {1,2,3}. Since

| EFy (x1,%2, X3, x4) |
Ef1 (Zixl, 2ix2, ZiX3, ZiX4)
21‘
1 Ef(22+ix1’22+ix2’ 22+ix3’ 22+ix4)
2i
12Ef (21 ixy, 21 xy, 21 F x5, 21H xy ) 32Ef(21xq,21xp, 2113, 21 x4
B 2i + 2i
1 q)(22+ix1,22+ix2, 22+iX3, 22+ix4)
21’
N 12¢(21 i xy, 21 xy, 21 Hixg, 21 Fi 5y ) N 32¢(2ix1, 2ix0, 2013, 21x4)
2i 2i

= lim

=0

for all x1, xp, x3, x4 € V, we obtain the equation EF;(x1, X2, x3,x4) = 0 for all x1,x, x3,x4 € V. In the
same way, we can obtain the equation EFy(x1, X2, X3, x4) = 0 for all x1, xp,x3,x4 € V when k € {2,3}.

3
If we put F(x) := Y. Fi(x) forall x € V, then F(x) satisfies
k=1

3
EF(x1,x2,%3,%4) = Y EF(x1,x2,%3,%4) =0
k=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for all x1, xp, x3, x4 € V, i.e, F is an additive-quadratic-cubic mapping. From (6), (7), (8), (12), (18), and

(29), we get
1£(x) = ; (fk(x)—Fk(x))
:i (12 12z+1 8.iz‘+1 + 24.18i+1)rf (2'x)
<Ll 5]
< o

for all x € V. According to Theorem 3, F is a unique additive-quadratic-cubic mapping satisfying the
inequality (28) forall x € V.

(2) If ¢ : V* — [0, 00) satisfies the inequality (24) for all x € V and k € {2,3}, then

> d(2ix)

> [/ P(2ix)
EO oK) = g ( g 2 ‘D(21>> <o (34)

for all x € V. By using the inequality (34), we can obtain the inequalities (32) and (33) for all x € V and
m,l € NU {0}. Hence we can define a mapping F, : V — Y by

Fe(x) := lim fi(27)

iseo 2K

forall x € V when k € {2,3}. Also we can obtain equation
EFZ(xll X2, X3, x4) = EP3(X1, X2, X3, x4) =0

for all xq, xp,x3,x4 € V.
On the other hand, if ¢ : V* — [0, ) satisfies the inequality (24) for all x € V and k = 1, then

ngcp(%) < f (q)(j;x) +2i<1>(%)) < oo (35)

i=0

for all x € V. It follows from (13) and (29) that
I -2 (55) | <35 & [0 (5%
< £ 20(5%)

for all x € V. Together with the equality

m+I—1

2 (5) -2 () = L (2A(5) -2l

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for all x € V, we obtain the inequality

1m+ll

szl(zim)_zme (2m+l>H - 12 iz ' (21+1> (36)

forallx € Vand m,I € NU {0}. From (35) and (36), we can define a mapping F; : V — Y by

rio= I 25(5)

for all x € V. We observe that

| EFy (x1, x2, x3, x4) |
= lim ||2'Ef; (xl 2 x3 x4 H
i—00
dx; 4x, 4x; 4 2x1 2xp 2x3 2
— L tim [oiEf xl,i?, Y3 T 100 xl,i?, i
imsoo T 217 21 ol
va2ef(3 2,50
1 .. i 4X1 4XZ 4X3 4X4 23(1 ZXZ ZX?, ZX4
<— lim (2 ,2 2 12.20 s i
—121-52,( q’(zz 2 o 21)7L 9”(21 2 o 21)
i X1 xz X3 X4
+32-2l<p(2, T 21))
=0

by (24), i.e, EFj(x1,x2,x3,%x4) = 0 for all xq,x2,x3,x4 € V. If we put F(x) :=

ITMUJ

F(x) forallx € V,
1
then F is an additive-quadratic-cubic mapping.

From (7), (8), (13), (12), (19), and (29), we get

[ (2) 2 (5)

+f2(2i x) (27 y) f3(21 x)  f3(2x)
4i 4z+1 8i gi+1

S%f & <25L) %

for all x € V. According to Theorem 3, F is a unique additive-quadratic-cubic mapping satisfying the
inequality (28) forall x € V.

(3) If ¢ : V* — [0, ) satisfies the inequality (25) for all x € V and k = 3, then

81+1 S Z(

1£(x) =

1 .
( 8. 4z+1 24 . 8i+1 > rf(le)

nMgl

Mg

4@(21)> < oo (37)

for all x € V. By using the inequality (37), we can obtain the inequality (33) for all x € V and
m,l € NU{0}. Hence we can define a mapping F3 : V — Y by

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for all x € V. Also we can obtain the equation
EF3(x1/ X2,X3, x4) =0

for all xq, xp,x3,x4 € V.
On the other hand, if ¢ : V4 — [0, o) satisfies the inequality (25) for all x € V and k € {1,2}, then

& i (X > D(2ix)
;)Zld:'(E) < Z()(T +4’<I>(21) < (38)
i= i=
for all x € V. By using the inequality (13), (10), and (38), we can obtain the inequalities (36) and
1 m+1—1 . x
+1
42 (5) =4 'f2 () H <5 L ¥o(5) (39)
1=m

forall x € Vand m,l € NU{0}.
From (36), (38), and (39), we can define a mapping F; : V — Y by

— Tim okig (X
Fi(x) := lim 2 fk(zi)
forall x € V when k € {1,2}. We observe that
| EF>(x1, x2,x3, x4) |

4’Ef2(

= lim
i—00

X1 Xz x3 x4 H

=— hm
i—00

4iE f 4x1 4x2 4x3 4x4
i 7 2i 7 i i

2X1 2x2 ZX3 ZX4 X1 xz X3 X4
_ i ol i
10- 4Ef< T 21)4—16 4Ef( o Zl)H

. o (4xq 4xy 4xs 4xy i 2x1 2o 2x3 2X4
111’1'1 (4Z(P< 21 ,?,7,7 +104lq) — Y T, T,

i (X1 X2 X3 X4
+16 44)(21 S5 21))

by (24), i.e, EF(x1, x2, x3,x4) = 0 for all x1, x2, x3, x4 € V. In the same way, we can obtain the equation
3
EFy(x1,x2,x3,%4) = 0 for all x1,x2,x3,x4 € V. If we put F(x) := Y. F¢(x) forall x € V, then F is an
k=1

additive-quadratic-cubic mapping.
From (8), (13), (10), (12), (21), and (29), we get

2h(5) 20 () + 40 (5) 4 ()

A2 AR
+ 381' - 38i+1 ‘

1f(x) = F(x)| <Z

© /2 4 x @l 1 ;
=) (E_§>rf(zzT)H+lzo 25 g /(2
1 x 1 & @(2x)
<g LA®(5m1) + 3 L

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for all x € V. According to Theorem 3, F is a unique additive-quadratic-cubic mapping satisfying the
inequality (28) forall x € V.
(@) If ¢ : V* — [0, 00) satisfies the inequality (26) for all x € V and k € {1,2,3}, then

zzkzq»( ) < 28’ (5) <o (40)

i=0

for all x € V. By using the inequality (13), (10), (11), and (40), we can obtain the inequalities (36), (39),

and
‘ 8"fs(5m%) — 8" (577 H < 214’"12’1”18@( = (41)

forallx € Vand m,l € NU{0}.
From (36), (39), (40), and (41), we can define a mapping F; : V — Y by

Fe(x) == hmzk’fk( )

1—00
forall x € V whenk € {1,2,3}. We observe that
|EF3(x1, x2,x3, X4) |

= lim
i—00

81Ef (xl xz xs X4 H

4x1 4x2 4x3 4xy
lim ||§EfF( L, 222 243 24
2433”8 f( TR

6. SzEf<2M mmm) +8.8EF(0, 20 M)H

fooi i i 17 i
1 .. o (4x1 4xy 4x3 4dxy
<71 ! 7‘,7‘,74,7‘
=24 5 <8(P( 20" 2i " 2i )i
i 2x1 ZXZ ZX3 ZX4 i X1 XZ X3 X4
1 1
+6'8(P< P 21>+8'8(”<21 20" 2’ zz))
=0

for all x1,x2,x3,x4 € V, i.e, EF3(x1,x2,x3,x4) = 0 for all x1,xp,x3,x4 € V. In the same way, we
can obtain the equation EFy(x1,x2,x3,x4) = 0 for all x1,xp,x3,x4 € V when k € {1,2}. If we put

F(x) := Z Fi(x) for all x € V, then F is an additive-quadratic-cubic mapping.
From (8), (13), (10), (12), (20), (22), and (29), we get

25(3) 25 () +45(3) -5 ()
A(Z) 5|
(B EE 5 sl
<3 E80(5)

for all x € V. According to Theorem 3, F is a unique additive-quadratic-cubic mapping satisfying the
inequality (28) forallx ¢ V. [

1F(x) - F0)| gi)
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From Theorem 4, we obtain the generalized stability of the functional equation AAAAf(x) =0

X1X2X3X4
for all x, x1, xp, x3, x4 € V in the sense of Gavruta.
Corollary 1. Assume that a function ¢ : V° — [0, 00) satisfies either
2 p(0,2x1,2'xp,2'x3, 2
Zq)( el Vit T x4) < 00 or (42)
i=0 2
> $(0,20x1,2/xp,21x3,21x4) ;. Y X Xy X
L . +2¢(0.55 5 5 5 ) <o or (43)
> $(0,2/x1,2/xp,21x3,2/x4) ﬂ ﬂ X3 X4
l;) . +49(0.55, 5 55 5 ) < o0 or (44)
> x2 x3 X4
forall x1,x2,x3,x4 € V. Ifa mapping f : V — Y satisfies the inequality
AAAAf(x)H < @(x,x1, %2, X3, X4) (46)
X1X2X3X4

forall x,x1,x2,x3,x4 €V, then there exists a unique additive-quadratic-cubic mapping F : V — Y such that

1 v @ 2i . . .
12~ 2(i+f) (if  satisfies (42)),
l2e(5h) s L5 (e saises (43),
IF@-F@ll=q 1”7y | o(2'x) . . 47)
8 = 4P (21“> T2 g T (if ¢ satisfies (44)),
212 L8 (;L) (if ¢ satisfies (45))
i=0

for all x € V, where f(x) is the mapping given by f(x) = f(x) — f(0) forallx € Vand ® : V — [0, 0) is
the function defined by

P(x) := ¢(0,2x,2x,2x,2x) +4p(0,2x,2x,x,x) + 8¢(0,2x, x, x, x) + 8¢p(0, x, x, x, x).

Proof. Let ¢ : V4 — (0,0) be the function given by ¢(x1,x2,x3,%4) = ¢(0,x1,x2,x3,x4) for all
x1,X2,%3,%4 € V and let f(x) be the mapping given by f(x) = f(x) —yo for all x € V, where
yo = f(0) € Y. Since

AAAAF(x) = AAAAF(X) — AAAAY) = AAAAS(x)

X1X2X3X4 X1X2X3%X4 X1X2X3X4 X1X2X3X4

for all x, x1, x2, x3,x4 € V with f(O) = 0, we know that

Ef(x1,%2,x3,%4) = AAAAF(0) + f(0) = AAAAF(0)
X1X2X3X4 X1X2X3Xy
for all x1, x2, x3, x4 € V. From inequalities (42), (43), (44), (45), and (46), f and ¢ satisfy inequalities
(23), (24), (25), (26), and (27) in Theorem 4, so there exists a unique additive-quadratic-cubic mapping
F : V — Y that satisfies the inequality (47). O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1644.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 December 2025

doi:10.20944/preprints202512.1644.v1

13 of 15

From Theorem 4, we obtain the Hyers-Ulam-Rassias stability of the additive-quadratic-cubic
functional equation (1) in the sense of Rassias.

Theorem 5. Let 6 and p be positive real constants such that p #1,2,3. If f : X — Y satisfies the inequality
||Ef (21, x2, 33, x4) | < O([l2al|P + [|22]1P + [|x3 1P + [|x4][F)

forall x1,x2,x3,x4 € X, then there exists a unique additive-quadratic-cubic mapping F such that

1

m(zo-zr’ + 64)0]|x||? (if p<1),
12(2;_2) + 8(4i2p) (20-27 +64)0||x[|P (if 1<p<2),
1f(x) = F(x)|| < ] ; p o
82 —4) T 21827 (2027 +-64)8]|x||P (if 2<p <3),
3o —g) 20 ool (if 3<p)

forallx € X.

Proof. If we substitute 6(||x1[|P + |[x2]|” + ||x3]|" + ||x4]|P) for ¢(x1, x2, x3, x4) in Theorem 4, then we

get @(x) = (20-2F 4 64)0||x||”. From this, we can easily obtain this theorem as a corollary of Theorem
4. O

From Theorem 4, we obtain the stability of the additive-quadratic-cubic functional equation (1) in
the sense of Hyers.

Theorem 6. Let 6 be a positive real constant. If f : V. — Y satisfies the inequality
|Ef (x1,x2,%3,x4)|| <0

forall x1,x7,x3,x4 € V, then there exists a unique additive-quadratic-cubic mapping F such that

1f(x) = F(x)]| < 26

=1\

forallx € X.

Proof. If we substitute  for ¢(x1, x2, x3, X4) in Theorem 4, then we get ®(x) = 21J. Applying the case
in Theorem 4 where p satisfies (23), we obtain this theorem. O

From Corollary 1, we obtain the Hyers-Ulam-Rassias stability of the functional equation
AAAAf(x) = 0in the sense of Rassias.

X1X2X3X4

Corollary 2. Let 6 and p be positive real numbers such that p # 1,2,3. If f : X — Y satisfies the inequality

AAMAF)| < O + x4 xall” + s + 1 ]17)

X1X2X3X4
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forall x,x1,x2,x3,x4 € X, then there exists a unique additive-quadratic-cubic mapping F such that

1

1202 —ary (202 + 6400 x|I” (if p<1),
1 1 '
) - Pl < | V222 8E=7) (2027 +64)6]xIl” (i 1 <p <2),
s —4) Taag o) )20 P HONI" (F2<p<3),
3o —g) 202 ool (if 3<p)

forallx € X.

From Corollary 1, we obtain the stability of the functional equation AAAAf(x) = 0 in the sense

X1X2X3X4

of Hyers.

Corollary 3. Let 6 be a positive real constant. If a mapping f : V — Y satisfies the inequality

AAAAfww‘gé

X1X2X3X4

forall x,x1,x2,x3,x4 €V, then there exists a unique additive-quadratic-cubic mapping F such that

I17) - F)l < 26
forallx € X.
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