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Abstract

Ramsey approach to the vectors fields is introduced. Set of d;,i = (1,...,N) vectors defined on R3,
taken as the generators of the bi-colored complete graph, is introduced. Vectors are considered as the
vertices of the graph. Following coloring procedure, reflecting the relation between vectors, is
suggested: vertices numbered i and j are linked with the red edge if (d;-d;) = e;; = 0 takes place;
and they are linked with the green edge if (d;-d;) = e;; < 0 is true. This procedure gives rise to the
complete, bi-color graph. Graph generated by six vectors inevitably contains the monochromatic
triangle: the Ramsey number R(3,3) = 6. Ring-like and infinite/countable sets of generating vectors
are addressed. Applications of the graphs emerging from the vector fields are discussed. The logics
of relations between the vectors is changed for 1D systems of vectors.

Keywords: Ramsey theory; vector fields; complete graph; ring-like vector systems; infinite Ramsey
theorem

1. Introduction

In this paper we consider Ramsey graphs emerging from vector fields. In its general meaning
Ramsey theory refers to any mathematical problem which states that a structure of a given kind is
guaranteed to contain a well-defined substructure. The classical problem in Ramsey theory is the so-
called “party problem”, which asks the minimum number of guests denoted R(m,n) that must be
invited so that at least m will know each other, or at least n will not know each other (i.e., there exists
an independent set of order n [1-5]). When Ramsey theory is re-shaped in the notions of the graph
theory, it states that any structure will necessarily contain an interconnected substructure [4-7]. The
Ramsey theorem, in its graph-theoretic forms, states that one will find monochromatic cliques in any
edge color labelling of a sufficiently large complete graph [4-7]. In our paper we address the Ramsey
graphs emerging from vector fields, including graphs generated by the infinite/countable sets of
vectors.

2. Ramsey Graphs Generated by Vector Fields

Consider vector field defined on R3. Consider sets of six points (Xi;, Xy, Xomis kK, Llm=1,..,3;i =
1,...,6) and six vectors related to these points d;,i = (1 ...6) depicted in Figure 1. Uppercase letters
denote the coordinates of the points in R3. Origin of the vectors ;i = (1,...,6) is related to the
points (Xii, Xii, Xmis k, L, m = 1..3;i = 1, ...,6) (actually, the vectors are seen as sliding ones, and the
location of their origin is not important); d; = (xu-,xzi,xgi,i =1.. 6) ; lowercase letters denote the
coordinates of the vectors (again, seen as sliding vectors). We define the set d;,i = (1...6) as the set
of vectors generating the complete bi-colored graph. Vectors d;, i = (1..6) we denote as the
“generators” of the Ramsey graph. The graph is built according to the following procedure. Points
Koo X1 Xmis kI, m=1..3;i = 1...6) serve as the vertices of the graph.
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X1

Figure 1. Six vectors d;,i = (1...6) defined on R3.

Vertices numbered i and j are connected with the red link, when Equation 1 takes place:
(@; " a;) = x1;%15 + X2:X5; + X31X3; = €;; 2 0 (1)

And, correspondingly, the vertices numbered i and j are connected with the green link, when
Equation (2) occurs:

(d;-d;) =e; <0 (2)

It is easily seen, that the exact location of the vectors/generators is not important, when the
coloring procedure defined by Equations (1) and (2) is adopted. Vectors/generators d; =
(xli,xzi,x3i,i = 1,...,6) themselves may be considered as the vertices of the graph. Vectors are
“acquainted” each with another and they are connected with the red link, when Equation (1) takes
place, and vectors are “not acquainted” each with another, and they are connected with the green
link, when Equation (2) is true. The aforementioned procedure gives rise to the complete, bi-colored,
Ramsey graph. Consider that the scalar product of vectors is independent of the system of
coordinates; thus, the suggested coloring procedure defined by Equations (1) and (2) is invariant
relatively to rotation/translations of frames.

Let us illustrate the introduced procedure with Figure 2, demonstrating two vectors d; and d,,
belonging to the same plane. Sketch A depicts the situation, where points “1” and “2” are connected
with the red link, i.e., (d;-d;) = e; = 0 takes place; whereas, sketch B depicts the situation, where
points “1” and “2” are connected with the green link, i.e.,, (d; - d;) = e;; < 0 takes place

d, , faz a1 d,
1 2 1 o)
A B
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Figure 2. The coloring procedure is illustrated. Vectors d; and d,, belong to the same plane. A. (d; - d,) =
e, > 0 . Points “1” and “2” are connected with the red link. B. (d; - d,) = e;, < 0. Points “1” and “2” are

connected with the green link.

The aforementioned mathematical procedure gives rise to the bi-colored, complete, Ramsey
graph, such as that depicted in Figure 3, supplied as an example.

5 4
Figure 3. Bi-colored, complete graph generated by the vectors d;,i = (1, ...,6), and colored according to the Egs.
1-2 is depicted. Vectors d;,i = (1, ...,6) are the vertices of the graph. The coloring of the edges is carried out as
follows: esq, €16, €12,€23, €26, €13, €36, €25, €26,€13,€14,€15 = 0 is true (see Equation 1). ezy, e35,e45 <0 is

true (see Equation (2)).

According to the Ramsey theorem, this graph should necessarily contain at least one
monochromatic (mono-colored triangle); due to the: R(3,3) = 6. Indeed, we recognize in Figure 3 the
green subgraph, labeled “345”; whereas, the triangles “123”, “124”,7125”, “126”, “136”, “146” ,”156”,
“236”, 246" and “256” are monochromatic red ones.

It should be emphasized that the introduced procedures of coloring, defined by Equations (1)
and (2) are not transitive. In other words, if: (d;*d;) =20 and (d;-d,) = 0 is assumed, it is not
necessarily that: (d; - d;) = 0. Let us illustrate this. Consider the planar system of vectors d,, d,, ds,
depicted in Figure 4. Angles ay,, a3 and a;3 are shown in Figure 4. We adopt a;, < g,au < g ,
however a;; + a3 = a3 > g Thus, (d,-d;) >0 and (d,-ds) >0 takes place. However, (d,-
d3) < 0 is true (see Figure 4). Thus, the introduced procedure of coloring of the graph edges is not
transitive. The green-colored relation between the vectors/generators is also non-transitive; namely,
if: (d;-d;)<0 and (d;-dy) <0 is assumed, it is not necessarily that: (d;-dy) <0. This is
important, due to the fact that the transitive Ramsey numbers are different from the non-transitive
ones [8,9]. The situation is changed for 1D systems of vectors and discussed below in Section 6.
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Figure 4. Triad of planar vectors d;,d,, d; is depicted. It is adopted: a;, < %,am < g, however ay, + a3 =
a3 > g Thus, (d,-dy) >0 and (d,-ds) > 0 takes place. However, (d;-dz) <0 is true. The procedure of

coloring of links defined by Equation 1 is non-transitive.

It is also should be stressed, that only directions of the generating vectors are important; the
generating vectors may be considered as the unit ones. We finally come to following theorem.

Theorem: Consider set of the six vectors d; = (x;;, X2;X3;, i = 1, ...,6) defined on R®. Vectors are
taken as the vertices of the graph. Vertices are connected with the red link, if: (@; - d;) = xq;%;; +
XpiX2j + X3;%3; = 0 takes place, and they are connected with the green link if: (d; - d;) < 0. The graph
contains at least one monochromatic triangle.

Assume, that actually we revealed the red triangle, built of the vertices numbered i, k and I. Thus,
according to Equation (1) we have: (d;-dy) =0; (d;-d;) =0 and also (d;-d;) = 0. Hence, we
derive for the “red” triangles: (d; +d;) - d; =0 and also (d; + d;) - d; = 0. The extension of this
result for the “green” triangles is trivial.

3. Ramsey Graph Generated by the Ring-Like Systems of Generating Vectors

It will be instructive to demonstrate the introduced procedure of formation of bi-colored graphs
with the ring-like system of generating vectors depicted in Figure 5A. Five generating vectors d;,i =
1,..,5 form 2D pentagon (in principle the ring-like systems of vectors may be 3D ones) . In this
specific case, Equation 5 is true:

15:1 di =0 (5

The bi-colored graph generated by the vectors d;,i = 1...5 according to Equations (1) and (2) is
shown in Figure 5B. The coloring of the graph follows Equations (1) and (2). Five generating vectors
d;,i=1,..,5 serve as the vertices of the Ramsey graph.

Complete bi-colored graph shown in Figure 5B does not contain any mono-colored triangle.
Indeed, the Ramsey number R(3,3) = 6.

4 4
- 53
a
3 5 d, 3 5
2 s
dy 1 2 1
A B

Figure 5. Ramsey complete bi-colored graph emerging from the system of five generating vectors forming
pentagon. A. d; ...ds generating vectors are depicted. B. Complete bi-colored graph emerging from the system
of generating vectors d; ...ds. Egs. 1-2 establish the green-red coloring of the graph. No monochromatic triangle

is recognized.

Now, consider the complete bi-colored graph generated by the ring-like system of six vectors
d;,i=1..6 forming hexagon, shown in Figure 6A. The bi-colored, complete Ramsey graph
generated by the vectors d;,i = 1...6 according to Eqs. 1-2, is shown in Figure 6B. Again, }¢_; d; = 0
is true.

According to the Ramsey Theorem R(3,3) = 6; this guarantees presence of at least one mono-
colored triangle in the graph, presented in Figure 6B. Indeed, triangles “135” and “246” appearing in
Figure 6B are green ones.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The suggested procedure is easily generalized for an arbitrary number of generating vectors.
However, calculation of the large Ramsey numbers remains an unsolved problem.

4 5

B

Figure 6. Ramsey complete bi-colored graph emerging from the system of six generating vectors forming
hexagon. A. d, ...ds generating vectors, forming a ring are depicted. B. Complete bi-colored graph emerging
from the system of generating vectors d; ...ds. Egs. 1-2 establish the green-red coloring of the graph. Triangles

“135” and “246” are monochromatic.

4. Extension for the Infinite Sets of Vectors

Consider infinite, however countable set of vectors {d,,d,, ..., dy ... }. This set generates infinite
bi-colored graph, if vectors {d,,d,, ..., dy ...} serve as vertices and coloring of the links is defined by
Equation (1) and Equation (2). According to the infinite Ramsey theorem there must be necessarily
present an infinite monochromatic clique in the aforementioned graph (a clique of the undirected
graph is a subset of vertices of the graph every two distinct vertices in the clique are adjacent) [10].

5. Discussion and Applications

The procedure enabling converting of the system of vectors into the bi-colored, complete graph
is suggested. The vectors serve as the vertices of the graph. The dual relations between vectors are
prescribed by the sign of their scalar product. The suggested coloring procedure defined by Eqgs. 1-2
is invariant relatively to rotation/translation of frames. The suggested procedure is applicable for a
broad diversity of vector fields. The vectors may represent, for example, velocities or accelerations of
the moving particles. Thus, the Ramsey theory imposes non-obvious restrictions on the orientation
of these vectors, demanding appearance of mono-colored structures within the graphs generated by
the vectors.

6. The Particular Case of 1D Vector Systems

Now consider the particular, however important, case of the 1D vector systems in which vectors
are parallel or anti-parallel each to other. In this situation (d; - d@;) > 0 when the vectors are parallel
(this corresponds to the red link), and (d;-d;) <0 when the vectors are anti-parallel (this
corresponds to the green link). One more essential change should be emphasized: if (d; -d,) >0
and (d, - d3) > 0 takes place, necessarily (d, - d3) > 0 is true, thus the “red” relation is transitive
(see the triad of vectors dy, d,, d; in Figure 7). Contrastingly: if (d,-ds) <0 and (ds-de) <0 takes
place, necessarily (d, - dg) > 0 is true (see the triad of vectors d,, ds, dg in Figure 7). Thus, the “red”
relation between the vectors is transitive; whereas the “green” relation is intransitive. Let us
demonstrate this property with the following logical example, involving three groups of experts,
labeled “A”, “B” and “C” correspondingly. Consider the situation when group of experts “A”
recognizes group “B”, and group “B” recognizes group “C”, but group “A” does not recognize group
“C”. In this case, the recognition relation among the expert groups is defined as “intransitive”. This
is exactly the situation inherent for the triad of vectors d,, ds, ds depicted in Figure 7

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 7. 1D system of vectors is depicted. (d; - d,) > 0 and (d, - d3) > 0 takes place, implying (d; * d3) > 0;
(dg-ds) <0 and (ds-dg) < 0 takes place, implying (d, - dg) >0 .

We came to a very important conclusion: the change in the dimensionality of the system may
change in the logical interrelations between the objects. The regular Ramsey numbers become
irrelevant for the 1D situation illustrated with Figure 7. Now we are working for the extension of
suggested Ramsey approach to matrices.

7. Conclusions

We suggested the Ramsey approach to the vectors fields. Set of d;,i = (1, ..., N) vectors defined
on R? are considered as the vertices of the bi-colored complete graph. Following coloring procedure
of the graph is suggested: vertices numbered i and j are linked with the red edge if (d;-d;) =e; 20
takes place; and they are linked, in turn, with the green edge if (d;-d;) = e;; <0 is true. This
procedure gives rise to the complete, bi-color graph. Graph generated by six vectors inevitably
contains the monochromatic triangle: the Ramsey number R(3,3) = 6. The coloring procedure is
insensitive to the rotations/translations of the axes. Ring-like and infinite/countable sets of generating
vectors are addressed. Applications of the graphs emerging from the vector fields are discussed.
Switching to 1D sets of parallel vectors changes the logic of the relations between the vectors. The
relations became transitive/intransitive in the 1D systems of vectors.
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