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Abstract: This research work presents the nonlinear control framework to estimate and reject the

mismatched lumped disturbances acting on the nonlinear uncertain system. It is an unfortunate

fact that the conventional Extended State Observer (ESO) is not capable to estimate the mismatched

lumped disturbance and its derivative simultaneously for the systems. Also, the basic ESO is only

suitable for systems with Integral Chain Form (ICF) structure. Similarly, the conventional Feedback

Linearizing Control (FLC) approach is not robust for stabilizing the systems in the presence of

disturbances and uncertainties. Hence, the nonlinear control framework is proposed to overcome

the above issues which are composed of, (a) Dual Extended State Observer (DESO), and (b) DESO

based FLC. The DESO provides information on the unmeasured state, mismatched disturbance, and

its derivative. While the DESO-FLC utilizes the information from DESO to counter the effect of

such disturbances and to stabilize the nonlinear systems around the reference point. The detailed

closed-loop analysis is presented for the proposed control framework in the presence of lumped

disturbances. The performance robustness of the presented design has been validated for the

third-order, nonlinear, unstable, and disturbed Magnetic Levitation System (MLS). The results of

the DESO-FLC approach are compared with the most popular Linear Quadratic Regulator (LQR)

and nonlinear FLC approaches based on the integral error criterion and the average electrical energy

consumption.

Keywords: extended state observer; feedback linearizing control; mismatched disturbance; nonlinear

system; stability analysis; lumped disturbances

1. Introduction

Modern control systems are most of the time affected by one or more irregularities like

parameter uncertainties, unmodeled dynamics, nonlinearities, and external disturbances. In

general, the combined effect of such irregularities is termed as Lumped Disturbance[1]. The

feed-forward compensation is one of the most common approaches to compensate the effect of

measurable/predictable disturbances. In day-to-day applications, it is very difficult to measure/predict

the individual effect of such disturbances which restricts the usage of the feed-forward compensation.

This unfortunate reality has increased the popularity of lumped disturbance estimation and rejection

methodologies. In the past two decades, various approaches have been reported to estimate such

disturbances. This includes, the new Extended State Observer (nESO)[2], the Hybrid Extended

State Observer (HESO)[3], the Disturbance Observer (DOB)[1], the Generalized DOB (GDOB)[4], the

Equivalent Input Disturbance (EID)[5], the Active Disturbance Rejection Control (ADRC)[6]. Among

these approaches, the Extended State Observer(ESO) is a widely used method due to the requirement

of minimal system information. The ESO is the backbone and fundamental component of the Active

Disturbance Rejection Control(ADRC) methodology[6]. These features have rapidly boost-up the

feasibility, and applicability of the ESO based Control (ESOBC) methodologies[7]. Majority of the
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control systems, based on the applied control input signal(i.e., u(t)), the lumped disturbance may be

classified as (a) matched disturbance, and (b) mismatched disturbance[8]. The matched disturbance

and control input signals enter the systems via the same channel. Therefore, the matched disturbance

is easy to estimate and reject compared to the mismatched disturbance[9]. In the beginning, the ESO

was developed for estimating the matched type of lumped disturbance. Further, this is applicable

for the systems with the Integral Chain Form (ICF) type of canonical structure [10]. It may not be

possible or feasible for each system to transform into such ICF structures[11]. These above discussed

limitations of ESO have encouraged the research community to upgrade the functionality of ESO.

Further, the ESO methodology has been re-designed to tackle the mismatched lumped disturbances

with or without ICF structure as, the Generalized Extended State Observer (GESO)[12], the Novel

Extended State Observer (NESO)[13], the Enhanced Extended State Observer (EESO)[14], Predictive

ESO(PESO) [15], ESO-SMC with backstepping [16], ESO based adaptive constraints control [17], and

many more. Once, the mismatched disturbance is estimated, the next crucial task is to design the

disturbance rejection control structures. Till date, a variety of control structures have been designed

and implemented using the information from the ESO. The most popular structures include Sliding

Mode Control(SMC)[18,19], Feedback Linearizing Control(FLC)[20,21], Active Disturbance Rejection

Control(ADRC)[22], Anti-Disturbance Control[23], etc.

Most of the above mentioned ESO based control schemes have been designed and implemented for

the lower order uncertain systems(i.e., order up to second order). However, in many recent articles[24,

25], the Disturbance Observer Based Control(DOBC) schemes have been designed for the higher-order

uncertain systems(i.e., order greater or equal to three). The majority of the above mentioned articles

have utilized the FLC schemes integrated with the ESO or the Disturbance Observer(DO) to estimate

and to suppress the mismatched disturbances. But, the structural limitations of the FLC like state

transformation[26] may restrict the usage of ESO based FLC schemes. Most of the Disturbance

Observer(DO) approaches including the ESO may be insufficient to provide the information of the first

derivative of the lumped disturbances [21,25]. Hence, the DO or ESO based FLC structure may only

apply for the limited no. of applications.

Hence, to broaden the applicability of the FLC in practical applications, we have introduced the

Dual Extended State Observer Based FLC(DESO-FLC) approach. The novel contribution of this paper

is summarized as follows:

1. The Dual ESO(DESO) with the nonlinear structure has been designed to estimate, (a) the

mismatched disturbance with sinusoidal, step-change, saw-tooth, square patterns, and (b) the

first-order derivative of the mismatched disturbance simultaneously which were the recent

limitations for [2,16,21]
2. The FLC structure has been integrated with the DESO of nonlinear type to provide more robust

performance against the mismatched time-varying lumped disturbances [3,17].
3. The designed control structure has been validated via simulation for the third-order uncertain

Magnetic Levitation System(MLS) to estimate and suppress the combined effect of, (a) the external

payload disturbance, (b) the parametric uncertainties.
4. The convergence analysis has been carried out for the DESO-FLC based uncertain systems.
5. Performance of the proposed design has been compared with the most popular LQR and FLC

approaches for diverse operating conditions using the integral error criterion (i.e., ITAE, ISE).

The structure of the paper is organized as follows. In Section 2, preliminaries of the conventional

ESO based feedback linearizing control is discussed. Section 3 presents the detailed problem

formulation. Section 4 represents the foundation and design of the proposed Dual Extended State

Observer Based Control (DESOBC) with the FLC approach. In Section 5, simulation results are

presented for the nonlinear, unstable, uncertain, and disturbed Magnetic Levitation System (MLS)

using the proposed technique. Finally, the concluding observations are summarized in Section 5.
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2. Preliminaries

In this section, the basic structure and algorithm for (a) Extended State Observer(ESO) and (b)

Feedback Linearizing Control(FLC) methods are discussed. Till date, these methods have been widely

used for a broad range of practical applications.

2.1. Extended State Observer (ESO)

The concept of ESO was first introduced by Han[27] to observe the disturbance as an extended

state. The conventional nth order Single Input Single Output(SISO) uncertain system with Integral

Chain Form (ICF) is presented as follows[12]:

ẋ1 = x2

ẋ2 = x3

...

ẋn = f (x1, x2, . . . , xn, d(t), t) + γu

y = x1 (1)

where x ∈ Rn is the state vector with x1,x2,. . . ,xn are states, u is a control input, y is a controlled

output, d(t) is an external disturbance, γ is a coefficient of the control input, and f (x(t), d(t), t) presents

the lumped disturbance. This disturbance is tackled by considering it as one of the extended states

(xn+1) of the system (1) as follows:

xn+1 = f (x1, x2, . . . , xn, d(t), t) (2)

Combining (1) and (2), the extended state based dynamic equation is written as

ẋ1 = x2

ẋ2 = x3

...

ẋn = xn+1 + γu

ẋn+1 = ḟ (x(t), d(t), t) (3)

The above-mentioned dynamics in (3) are transformed by vm = xn+1 to estimate f (x(t), d(t), t)

as well as any unmeasured states. The Nonlinear ESO(NESO) with the bounded conditions, i.e.

| f (x(t), d(t), t)| < Ω1 and | ḟ (x(t), d(t), t)| < Ω2 are described as follows[28,29]:

˙̂v1 = v̂2 − l1g1(ey, ρ1, δ1)

˙̂v2 = v̂3 − l2g2(ey, ρ2, δ2)

...

˙̂vm−1 = v̂m − lm−1gm−1(ey, ρm−1, δm−1) + γu

˙̂vm = −lmgm(ey, ρm, δm) (4)
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where ey = ŷ − y is the output estimation error, li and gi(e, ρi, δi), are the linear and nonlinear

gains of the NESO. The standard expression for gi(e, ρ, δ) with fine tuning of parameters (i.e. ρi and δi)

are expressed with i = 1, 2, ..., m as follows[27,30]:

gi(ey, ρi, δi) =

|ey|ρi sign(ey), |ey| > δi

ey

δ
1−ρi
i

, |ey|≤δi

(5)

It has been shown that the error dynamics of the NESO converge under the bounded conditions

and the proper selection of the gains (i.e. ρi and δi)[7]. Hence, the NESO based control law (u) can be

written by (6).

u =
Kxx + Krr − v̂m

γ
(6)

Here, Kx > 0 and Kr > 0 are the state-feedback gain vector and reference gain respectively with

the reference value (r). For brevity, in this manuscript, variables are presented only by the symbol

without the function of time (i.e. x(t) is presented by x). It has been reported that the disturbance

considered for the ESO (i.e. f (x(t), d(t), t)) is a class of "Matching Lumped disturbance". To get the

idea of such a class of disturbance, the uncertain SISO system in (1) is presented in a more generalized

form in (7) as shown below[10]:

ẋ = Axx + Buu + B f f (x(t), d(t), t)

y = Cxx (7)

xx[Lumped disturbance[12]] A class of generalized disturbance which is the combination of

external disturbances, unmodeled dynamics, parameter variations, and complex nonlinear dynamics

is so-called the Lumped disturbance.

yy[Matching Lumped disturbance[12]] A class of Lumped disturbance with Bu = δB f , δ ∈ R is

so-called the Matching Lumped disturbance.

2.2. Feedback Linearizing Control (FLC)

In general, the affine dynamics for the nth order nonlinear SISO system is described by the

following equations[31].

ẋ = fx(x) + gu(x)u

y = h(x) (8)

where x ∈ Rn is the state vector with x1,x2,. . . ,xn are states, u is a control input, y is a

controlled output, fx(x),gu(x) and h(x) are the smooth vectors presenting the states, input, and

output respectively. As described in [32], it is always possible to transform (i.e. z = T(y) ∈ Rnr × 1)

the nonlinear dynamics of (8) in the canonical form if the relative degree (nr) equals the order (n) of

the system using the Lie algebra as shown below[33]:
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z =




h(x)

L1
f h(x)

L2
f h(x)

...

Ln−1
f h(x)




(9)

New transformed dynamics of (8) are described using (9) as follows:

ż =




z2

z3
...

γ1(x)



+




0

0
...

γ2(x)




u

y = z1 (10)

Hence, following nonlinear control law integrated with the state-feedback control

(uc = Kzz + Krr) presented in (11) or (12) would suppress the effect of nonlinearities (i.e., ∀x, γ1(x) 6= 0,

γ2(x) 6= 0) and stabilize the system around the reference value (r).

u = −γ−1
2 (x) [γ1(x)− uc] (11)

OR

u = −γ−1
2 (x) [γ1(x)− Kzz − Krr] (12)

Here, Kz > 0 and Kr > 0 are the state-feedback gain vector and reference gain respectively as

discussed in the earlier section.

3. Problem Statements

The brief about the conventional FLC approach has been discussed in the previous section for

the nonlinear SISO systems. It has been shown that the FLC is capable of suppressing the effect of

nonlinearities from the output of the systems[31]. It is also possible to stabilize and track the considered

nonlinear system using the FLC. The application of ESO in estimating the lumped disturbances as well

as unknown states is also briefly explained in the previous section. Based on the structure of the FLC

and the ESO, the following problem statements have been formulated.

1. The FLC approach may not provide robust performance in the presence of lumped disturbances.

The addition of integral action (i.e., FLC+I) can be seen as one of the solutions to suppress the

constant or the slow-varying disturbances [4]. However, the nominal performance of the uncertain

system may be degraded using such integral action when there is no disturbance[29].
2. To handle such lumped disturbances for the second order nonlinear systems, the FLC integrated

with the Disturbance Observer (i.e, FLC+DO) has been proposed in [21]. Such a method may

not suitable for the following type of higher-order nonlinear systems in (13). For brevity, the

higher-order system is presented by (14) with n = 3 in this research.
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ẋ1 = x2

ẋ2 = αa(x) + f (x, d(t), t)

ẋ3 = αb(x)

...

ẋn = β(x) + γ(x)u

y = x1 (13)

OR

ẋ1 = x2

ẋ2 = α(x) + f (x, d(t), t)

ẋ3 = β(x) + γ(x)u

y = x1 (14)

3. The group of uncertain systems presented by (14) has been affected by the multiple nonlinearities

(i.e, α(x), β(x), γ(x)) and the mismatched lumped disturbance (i.e, f (x, d(t), t)).

(a) Nonlinear terms can be compensated from the output using the FLC methods. Now, the

conventional ESO method can be utilized to tackle the matched lumped disturbances for

the systems with ICF structure [12]. However, the considered system is affected by the

mismatched lumped disturbance and does not follow the ICF structure. Hence, neither

the conventional ESO method [27] nor the FLC+DO method [21] may provide robust

performance.
(b) The considered third-order system in (14) can be expressed in the input-output form using

the derivatives of output as follows:

ẏ = x2

ÿ = α(x) + f (x, d(t), t)
...
y = α̇(x) + ḟ (x, d(t), t) (15)

Hence, based on (15), to compensate for the unwanted effect of the nonlinearities and

the disturbances together using the conventional FLC approach, it is recommended to

estimate the unknown states, the mismatched lumped disturbance ( f (x, d(t), t)) and it’s

first derivative ( ḟ (x, d(t), t)). For the higher-order systems (i.e, n > 3), estimation of the

second and higher order derivatives is required.

4. Finally, to get rid of the above-stated problems, it is necessary to investigate and expand the

individual functionalities of the FLC and the ESO for the higher-order (n = 3 for this research)

uncertain systems. In such situations, the usage of ESO methods is more favorable in estimating

the unknown states, disturbances, and their higher-order derivatives simultaneously[12,19,21,25,

34].

4. Dual Nonlinear Extended State Observer Based FLC (DESO-FLC)

This section is designed to address the problems associated with the conventional ESO (nonlinear

type) and FLC in handling the mismatched lumped disturbance for the uncertain systems in (14).
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The proposed research in this section is presented in two subsections: (a) Dual ESO (DESO), and (b)

DESO based FLC (DESO-FLC) respectively. The design of such modified structures is valid under the

following assumptions.

zAssumption [12] For most of the real-time physical uncertain systems, f (x, d(t), t) and its

higher-order derivatives can be assumed as the bounded signals. i.e., | f (x, d, t)| < Ω1, | ḟ (x, d, t)| < Ω2,

| f̈ (x, d, t)| < Ω3.

yzAssumption [26] The known smooth function (α(x)) in (14) is continuously differentiable and

can be further expressed using the partial derivatives as follows:

α̇(x) = α1(x)ẋ1 + α2(x)ẋ2 + α3(x)ẋ3

αj(x) =
∂α(x)

∂xj
, j = 1, 2, 3 (16)

4.1. Dual Extended State Observer (DESO)

In this section, the unknown state (x2), mismatched lumped disturbance (f(x,d(t),t)) and its first

derivative ( ḟ (x, d(t), t)) are estimated simultaneously using the conventional nonlinear ESO. The

reduced-order dynamics in (14) can be presented as follows:

ẋ1 = x2

ẋ2 = α(x) + f (x, d(t), t)

y = x1 (17)

It is possible to present the lumped disturbance using a neutralized dynamic model with w1 =

f (x, d(t), t) and w2 = ḟ (x, d(t), t) as follows [35]:

ẇ = Aww + Bw f̈ (x(t), d(t), t) (18)

where

w =

[
w1

w2

]
, Aw =

[
0 1

0 0

]
, Bw =

[
0

1

]
(19)

Now, cascading the reduced-order dynamics in (17) and the disturbance model dynamics in (19),

the new state vector (xc) for the DESO can be written as follows:

xc =




x1

x2

w1

w2


 , fc = f̈ (x(t), d(t), t) (20)

Hence, the dynamics of the Dual ESO with known information vector (Φk(x)) can be described as

follows:

ẋc = Acxc + Bc fc + φk (x)

yc = Ccxc (21)
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where

Ac =




0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 , Bc =




0

0

0

1


 , Cc =




1

0

0

0




T

, φk (x) =




0

α(x)

0

0




(22)

yyAssumption The Dual ESO presented by (21) has the observable pair (Ac , Cc).

Under the Assumption-4 and Assumption-4.1, the unknown states of (21) can be estimated using

the Nonlinear ESO (NESO) described earlier in (4) as follows:

˙̂xc = Ac x̂c + φk (x)− ljgj(ey, ρj, δj), j = 1, 2, 3, 4 (23)

ŷc = Cc x̂c (24)

Theorem 1. (Convergence of DESO) Suppose that Assumptions-1, 2, 3 are satisfied. Then the DESO

dynamics presented by (23) converge.

Proof. It has been proved in [7,36] that the ESO algorithm with nonlinear dynamics for the uncertain

systems under a proper selection of the gain parameters (i.e., lj, ρj, δj) converges. Hence, the unknown

states of (23) approaches to the estimated states asymptotically at t −→ ∞ with: x̂1 ≈ x1; x̂2 ≈ x2; ŵ1 ≈

f (x, d, t); ŵ2 ≈ ḟ (x, d, t).

4.2. DESO Based Feedback Linearizing Control (DESO-FLC)

Theorem 1. Suppose that Assumptions-1, 2, and 3 are satisfied and the considered system is feedback

linearizable. Then the output (y) in (14) can be stabilized around the reference value (r) using the following

DESO-FLC law with γ(x) 6= 0 and α3(x) 6= 0.

u = −γ−1(x)α−1
3 (x)[ ˙̂f (x, d, t) + α3(x)β(x) + α2(x)ÿ + α1(x)ẏ +

K3ÿ + K2ẏ + K1y − Krr] (25)

Proof. It is assumed that the considered third order system is feedback linearizable [25]. Hence, it is

possible to perform the state transformation described in (9) using y = x1 and n = 3 as follows:

z =




y

ẏ

ÿ


 (26)

Combining (26) and (14), following equality can be written.

ż =




ẏ

ÿ

α̇(x) + ḟ (x, d(t), t)


 (27)

As we know, under Assumption-2, the partial derivatives of α(x) can be expressed by (16). Hence,

using the partial derivatives and (14), the modified transformed vector can be expressed as follows:

ż =




ẏ

ÿ

α1(x)ẏ + α2(x)ÿ + α3(x)[β(x) + γ(x)u] + ḟ (x, d(t), t)


 (28)
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Now, implementing the proposed control law (u) into the above dynamics, the following result is

obtained.

ż =




ẏ

ÿ

−α2(x)e f − ė f − K3ÿ − K2ẏ − K1y + Krr


 (29)

Here, e f = f̂ (x, d(t), t) − f (x, d(t), t) and ė f = ˙̂f (x, d(t), t) − ḟ (x, d(t), t) are the disturbance

estimation error and it’s derivative due to DESO. However, according to Theorem 1, e f gets an

asymptotic convergence such that at t −→ ∞, e f (∞) ≈ 0 and ė f (∞) ≈ 0. Using these results, the

following expression is written.

ż =




ẏ

ÿ

−K3ÿ − K2ẏ − K1y + Krr


 (30)

Converting the transformed dynamics back as a function of the output of the original system

dynamics, the following differential equation is obtained.

...
y + K3ÿ + K2ẏ + K1y = Krr (31)

The state feedback gains (i.e., K1, K2, K3) and the reference gain (Kr) can be designed using any

appropriate feedback control method such that at t −→ ∞,

...
y (∞) = 0, ÿ(∞) = 0, ẏ(∞) = 0, y(∞) = r (32)

Hence, it is proved that output (y) of the considered third order nonlinear system is stabilized

around r using the DESO-FLC even under the presence of the mismatched lumped disturbances and

nonlinearities.

5. Practical Application and Results

The Magnetic Levitation System (MLS) is one of the best practical applications to validate the

effectiveness of control algorithms. MLS is a class of nonlinear, unstable, and electromagnetically

coupled systems with a broad range of practical applications [37,38]. The schematic of

voltage-controlled MLS is presented in Figure 1 [37].

Figure 1. Schematic of voltage-controlled MLS.
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Here, the prime objective is to maintain the airgap (x) between the steel ball and electromagnet by

manipulating the coil voltage (VC). The mismatched lumped disturbance for this experiment is the

total effect due to the payload disturbance and the uncertain electromechanical parameters (i.e., ∆Km,

∆Mb). The voltage-controlled dynamics of MLS with mismatched lumped disturbance ( f (x, d, t)) is

expressed by the following third-order nonlinear model [39]:

ẋ1 = x2

ẋ2 = g −
Km

2Mb

(
x3

x1

)2

+
f (x, d, t)

Mb

ẋ3 = −

(
RS + RC

LC

)
x3 +

u

LC

y = x1 (33)

In above nonlinear disturbed state-model, x1, x2, x3 are three states of the MLS as ball position (x),

ball velocity (dx/dt) and coil current (i) respectively. While, the coil controlled voltage (VC) and the

ball position (x1) are the input (u) and output (y) of the MLS. The parameters used for the simulation

are mentioned in Table 1[40,41].

Table 1. Simulation parameters of MLS.

Parameter Description Value

g gravitational constant 9.81 m/s2

Km electromagnetic constant 6.5308×10−5 KgNm2/A2

Mb mass of steel ball 0.068Kg
RS current sensor resistance 1 Ω

RC coil resistance 10 Ω

LC coil inductance 0.4125 H

Here, the ball position (x1) and the coil current (x3) are measurable information using the position

detector and the current sensor respectively. Hence, the nonlinear dynamics of MLS in (33) can be

written in the form of DESO with smooth function, α(x) = g − Km
2Mb

(
x3
x1

)2
. Assumption 3 is true

for the MLS such that it is possible to establish the DESO as described in (21). Using the guidelines

in [7,42] for the convergence, the parameters are chosen as wo = 100, ρ = [0.25 0.125 0.075]T

and δ = [0.05 0.5 1]T . Using the DESO module, the ball velocity (x2), the mismatched lumped

disturbance, and its first-order derivative can be obtained as x̂2 ≈ x2; f̂ (x, d, t) ≈ f (x, d, t); and
˙̂f (x, d, t) ≈ ḟ (x, d, t) respectively. After getting the estimation of the unknown states and lumped

disturbances, the DESO-FLC law is required to obtain as described in (25). In the case of the MLS,

the continuous smooth function α(x) and its partial derivatives are presented under Assumption 2 as

follows :

α̇(x) = α1(x)ẋ1 + α3(x)ẋ3

α̇(x) = α1(x)x2 + α3(x)(−C2x3 + C3u) (34)

where

α1(x) =
2C1x2

3

x3
1

, α3(x) = −2C1x3

x2
1

, C1 = Km
2Mb

, C2 = RS+RC
LC

, C3 = 1
LC

(35)

For the third-order nonlinear disturbed MLS (33), the known smooth functions α(x), β(x) and

γ(x) can be written as follows:
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α(x) = g − C1

(
x3

x1

)2

β(x) = C2x3

γ(x) = C3 (36)

Finally, implementing the DESO-FLC law with x1 6= 0, x3 6= 0 based on Theorem 2 using the

information in (34)-(36) will result into the following transformed dynamic of MLS.

ż =




ẏ

ÿ

−ė f − K3ÿ − K2ẏ − K1y + Krr


 (37)

As per the earlier discussion, the estimation of the mismatched lumped disturbance and its

derivative converge to the actual information using the DESO such that ė f ≈ 0. Finally, based on

the state feedback controller design, the controller gains as K1 = 7.75 × 105, K2 = 0.38 × 105, K3 =

0.0034 × 105 and Kr = 7.75 × 105 satisfies (32) at t −→ ∞. The proposed generalized control algorithm

is validated under the following cases of the bounded mismatched lumped disturbances as per

Assumption 1 for the MLS. The performance effectiveness of the DESO-FLC approach is compared

with the most popular Feedback Linearizing Controller (FLC) and the LQR controller. The LQR

controller is designed around the operating position (x0) of 0.009 m with the following parameters.

Qlqr =




1000 0 0

0 0.025 0

0 0 2.5


 , Rlqr = 0.00005 (38)

5.1. Case 1: Payload Disturbance (d(t))

This is one of the most common lumped disturbances for the MLS. The amount of payload ranges

from 0 − 40 % of its nominal weight [43]. Hence, in Case 1, the only payload is considered as a

mismatched lumped disturbance as d(t) = d0+d1sin(wt), d0 = 15%, d1 = 15%, w = 6.28 rad/sec.

Such a critical external disturbance and its derivative are estimated using the DESO as shown

in Figure 2. It is clearly observed that the proposed algorithm is capable to estimate the payload

disturbance in less than 0.1 seconds with negligible transient peak. Also, the rate of change of payload

is precisely estimated without any spike or overshoot compared to the filtered derivative of the actual

one. Performance of the DESO is also validated in the presence of square and saw-tooth kind of

payload disturbances as presented in supporting information in Figure S1 and Figure S2 respectively.

For the MLS, ± 0.001m is the maximum allowable deviation of the ball position from the reference

position (r). Therefore, one of the prime duties of the control system is to keep the ball position very

near to r = 0.009 m from the initial ball position of x(0) = 0.014 m.
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Figure 2. DESO based estimation of sinusoidal payload disturbance (d(t)) and it’s first-order derivative

(ḋ(t)).

Now, the information on the lumped disturbance and its derivative are available. Hence, the

DESO-FLC law is utilized to govern the MLS in the presence of payload disturbance (d(t)). The

responses of the ball position, ball velocity, coil current, and coil voltage using different control

approaches (i.e., FLC, LQR, and DESO-FLC) are presented in the following Figures 3–6 It is clearly

observed that the conventional FLC is not capable to stabilize the MLS in presence of d(t). The LQR

is showing a bounded oscillatory response which is somewhat better than the FLC. However, such

continuous up-down movement of the steel ball may cause instability as it is very near to the upper

maximum allowable limit. The DESO-FLC is showing a tight, oscillation free, and stable response even

in the presence of extreme payload disturbance. It is seen from Figure 5 and Figure 6 that the proposed

control approach is optimal in utilizing average coil current (Iavg = 1.34 A ) and coil voltage (Vavg = 14

V) to stabilize the system. In the case of the LQR, these values are 1.41 A and 16.2 V respectively. To

evaluate the performance effectiveness, error criteria like Integral Square Error (ISE) and Integral Time

Absolute Error (ITAE) have been computed using all three control approaches as shown in Table 2 In

these findings, the DESO-FLS have shown the least amount of both integral errors compared to the

rest.

Figure 3. Response of steel ball position (x1) in presence of payload disturbance (d(t)).
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Figure 4. Response of steel ball velocity (x2) in presence of payload disturbance (d(t)).

Figure 5. Response of coil current (x3) in presence of payload disturbance (d(t)).

Figure 6. Response of controlled voltage (VC) in presence of payload disturbance (d(t)).
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Table 2. Comparison of ISE and ITAE using various control approaches for case 1.

Control approach ISE ITAE

FLC 3.608 ×10−4 0.8538
LQR 4.902 ×10−5 0.07994

DESO-FLC 1.991 ×10−5 0.006622

5.2. Case 2: Parametric Uncertainty (∆Km, ∆Mb)

The second kind of common mismatched disturbance belongs to case 2. Here, the parameters of

the systems are uncertain in nature. In the case of the MLS, the parameters associated with the weight

and the dimension of the levitation objects are the prime sources of uncertainties [44]. Out of many

parameters, the combined effect of uncertain weight (∆Mb) and uncertain electromagnetic constant

(∆Km) are considered in this paper. During the simulation, this lumped uncertainty is applied with the

magnitude of 5% and 15% at t = 5 and t = 7.5 seconds respectively. The DESO algorithm is utilized to

estimate the total effect of f (x, t) and ḟ (x, t) due to parametric uncertainty as shown in Figure 7 .

Figure 7. DESO based estimation of disturbance due to parametric uncertainties and its first-order

derivative.

Similar to case 1, the DESO is smoothly tracking the lumped uncertainty without any unwanted

spikes, offset, and distortion. Due to the sudden change in the parameter, there is a negligible

overshoot during the transient for 0.1 second. Again, the rate of change of lumped uncertainty is

correctly estimated without any spike or deviation compared to the filtered derivative of the actual

one. Now, the information on the lumped disturbance is available via the proposed estimator. Hence,

the DESO-FLC law can be well implemented to settle the steel ball near the reference value (r) even

in the presence of such mismatched parametric uncertainty. The responses of the state variables (i.e.,

x1, x2, x3) and input (u) using various control approaches (i.e., FLC, LQR, and DESO-FLC) are shown

in following Figures 8–11 .
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Figure 8. Response of steel ball position (x1) in presence of parametric uncertainties.

Figure 9. Response of steel ball velocity (x2) in presence of parametric uncertainties.

Figure 10. Response of coil current (x3) in presence of parametric uncertainties.
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Figure 11. Response of controlled voltage (VC) in presence of parametric uncertainties.

Till t = 5 second, the FLC approach tightly holds the ball position around the reference value.

But, when f (x, t) enters into the MLS, the control of FLC is totally disturbed by the lumped parametric

uncertainty. Steel ball falls down to the initial position of x(0) = 0.014 m with very high steady-state

ball velocity of x2 = 0.14 m/s. The LQR has shown quite a good response with a small offset compared

to FLC under 5% change in f (x, t) till t = 7.5 second. However, when the amount of f (x, t) has

increased from 5% to 15% from t = 7.5 second, the effectiveness of the LQR has drastically reduced.

This results in the large permanent offset (very near to unsafe zone) between the actual ball position

(x1) and reference value (r). In the case of the DESO-FLC, the performance effectiveness is maintained

throughout the response even in the presence of 5% to 15% parametric changes. At t = 7.5 second,

the small overshoot followed by negligible undershoot has been observed. But, this is very well

accepted for a huge amount of lumped uncertainty. It is observed from Figure 10 and Figure 11 that

the FLC has utilized the maximum amount (up to saturation) of electrical quantities to handle the

disturbances. The LQR has consumed average coil current (Iavg = 1.51 A ) and coil voltage (Vavg = 17

V) to govern the MLS. However, in the case of the DESO-FLC, these electrical quantities are 1.38A and

15.2V respectively. The Integral Square Error (ISE) and Integral Time Absolute Error (ITAE) have been

computed using all three control approaches as shown in Table 3 . In these findings, the DESO-FLC has

again shown the least amount of both integral errors compared to the rest.

Table 3. Comparison of ISE and ITAE using various control approaches for case 2.

Control approach ISE ITAE

FLC 3.733 ×10−4 0.9386
LQR 9.345 ×10−5 0.1516

DESO-FLC 1.814 ×10−5 0.005375

5.3. Case 3: Payload disturbance with Parametric Uncertainty (d(t), ∆Km, ∆Mb)

This is one of the extreme cases of mismatched lumped disturbances for the MLS. Here, the

payload disturbance of case-1 and the parametric uncertainties of case-2 act simultaneously. This kind

of extreme internal and external disturbance and its derivative are estimated using the DESO as shown

in Figure 12.
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Figure 12. DESO based estimation of mismatched lumped disturbance and its first-order derivative.

Similar to case-1,2, the proposed algorithm is capable to estimate the considered mismatched

disturbance very smoothly. There is minor tracking error when f (d, x, t) > 2 m/s2. Hence, ± 2 m/s2 is

the maximum allowable mismatched disturbance which can be estimated using the DESO based on

Assumption 4. Also, the rate of change of the disturbance is precisely estimated with negligible spike

or overshoot compared to the derivative of the actual one.

Figure 13. Response of steel ball position (x1) in presence of payload disturbance and parametric

uncertainties.
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Figure 14. Response of steel ball velocity (x2) in presence of payload disturbance and parametric

uncertainties.

Now, the information on lumped disturbance is available via the proposed estimator. Hence, the

DESO-FLC law can be well implemented to settle the steel ball near the reference value (r) even in the

presence of such extreme mismatched disturbance. The FLC approach has failed to hold the steel ball

within safe limits in case 1 and case 2. Hence, the responses of the state variables (i.e., x1, x2, x3) and

input (u) using LQR and DESO-FLC are shown in the following Figure 8-Figure 11.

Till t = 7.5 second, both the controllers maintain the ball position within 0.009±0.001 m which is

a safe zone. However, for the LQR approach, after t = 7.5, the ball quickly crosses the safe zone and

oscillates continuously outside the allowable position which shows the BIBO instability. In practical

applications, beyond the safe zone, the electromagnet may not capable to hold the levitating object.

This may cause the falling of the object and cause damage. However, the DESO-FLC maintains the ball

position and BIBO stability around the reference value (r). It is observed from Figure 15 and Figure

16 that the LQR has consumed a very huge amount of coil current (around Iavg = 1.6 A ) and coil

voltage (around Vavg = 18.5 V) to govern the MLS. However, in the proposed design, these electrical

quantities are minimal around 1.4A and 16.1V respectively. Also, the Integral Square Error (ISE) and

Integral Time Absolute Error (ITAE) have again shown the least amount for the DESO-FLC approach

as shown in Table 4 ..

Figure 15. Response of coil current (x3) in presence of payload disturbance and parametric

uncertainties.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 February 2023                   doi:10.20944/preprints202302.0336.v1

https://doi.org/10.20944/preprints202302.0336.v1


19 of 22

Figure 16. Response of controlled voltage (VC) in presence of payload disturbance and parametric

uncertainties.

Table 4. Comparison of ISE and ITAE using various control approaches for case 3.

Title 1 Title 2 Title 3

FLC 4.178 ×10−4 0.9725
LQR 2.887 ×10−5 0.2527

DESO-FLC 1.773 ×10−5 0.005928

Hence, it can be stated that the DESO-FLC tackles the mismatched lumped disturbances and

stabilizes the steel ball with the least amount of energy consumption.

6. Conclusions

The limitations of the conventional Extended State Observer (e.g. integral chain structure,

matching disturbance, etc.) have been compensated by introducing the Dual ESO (DESO). The DESO

is capable of estimating the mismatched lumped disturbance (external, internal, or combined) and

its derivative simultaneously. We have assumed that the disturbance and its derivative are bounded

which is quite obvious. Further, the disturbance rejection capabilities and the performance robustness

of the traditional Feedback Linearizing Control approach have been strengthened by proposing the

DESO Based FLC (DESO-FLC) approach. The efficacy of the proposed research has been verified via

simulation for the Magnetic Levitation System which is a third-order nonlinear, unstable, and disturbed

system. We have considered the external payload disturbance with various slow-varying signals (i.e.

sinusoidal, saw-tooth, square) and the uncertain parameters (∆Km, ∆Mb) as the mismatched lumped

disturbance for the MLS. It has been observed from the theory and the simulation that the proposed

DESO-FLC approach is more robust than the LQR and conventional FLC approaches in rejecting the

disturbances. Also, the proposed approach has consumed lesser electrical energy and shown the least

integral errors (i.e., ISE, ITAE) compared to the rest.
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The following abbreviations are used in this manuscript:

ADRC Active Disturbance Rejection Control

DOB Disturbance Observer

DOBC Disturbance Observer Based Control

DESO Dual Extended State Observer

DESOBC Dual Extended State Observer Based Control

DESO-FLC Dual Extended State Observer Based Feedback Linearizing Control

ESO Extended State Observer

FLC Feedback Linearzing Control

ICF Integral Chain Form

ISE Integral Square Error

ISTE Integral Square Time Error

LQR Linear Quadratic Regulator

MLS Magnetic Levitation System

NESO Nonlinear Extended State Observer
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