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Abstract

Magnetoencephalography, the noninvasive measurement of magnetic fields produced by brain activity,
utilizes quantum sensors like superconducting quantum interference devices or atomic magnetome-
ters. Here we derive a fundamental, technology-independent bound on the information that such
measurements can convey. Using the energy resolution limit of magnetic sensing together with the
brain’s metabolic power, we obtain a universal expression for the maximum information rate, which
depends only on geometry, metabolism, and Planck’s constant, and the numerical value of which is 2.6
Mbit/s. At the high bandwidth limit we arrive at a bound scaling linearly with the area of the current
source boundary. We thus demonstrate a biophysical holographic bound for metabolically powered
information conveyed by the magnetic field. For the geometry and metabolic power of the human
brain the geometric bound is 6.6 Gbit/s.

Keywords: magnetoencephalography; quantum sensing; information; holography

As a noninvasive technique imaging brain activity, magnetoencephalography [1–16] has a history
as long as the superconducting quantum interference devices [17–22]. Until relatively recently, these
have been the only magnetic sensors sensitive enough to detect the feeble magnetic fields generated
by the brain’s electric activity. Optical magnetometers [23–25] have become a competitive alternative
in terms of magnetic sensitivity without requiring any cryogenics, offering a new perspective on the
possibilities of magnetoencephalography [26–46], and addressing some practical limitations of devices
based on superconducting sensors [47].

Both superconducting sensors and optical magnetometers can be operated as absolute field
sensors or gradiometers, in single or multiple-sensor whole-head arrangements. The measured signals
and the relevant noise sources depend on the particular measurement configuration and physical
principles governing each sensor type, respectively. To further develop the applications of quantum
sensors to neuroscience [48–54] and medical diagnosis [55–60], it is critical to understand how much
information is encoded in these measurements [61], in particular, the upper limit to information that
can in principle be retrieved, that is, the information capacity of magnetoencephalography (MEG).

We here obtain a quantum limit to the information capacity of MEG in a general way, irrespective
of the particular sensor technology or specific configuration used to acquire MEG signals. To do so, we
take advantage of recent developments [62,63] in understanding the fundamental quantum limits to
magnetic sensing in a technology-independent way. It was shown [62] and thereafter explained [63],
that the energy resolution of numerous sensors of different technologies, given in terms of the variance
of the magnetic field estimate, the sensor volume and the measurement time, is bounded below by h̄.

Using the energy resolution limit (ERL), and connecting the current dipole fluctuations in the
brain to the metabolic energy consumed to drive those current sources, we arrive at the quantum limit
to the information capacity of MEG expressed in terms of three factors: (i) a geometric (pertaining to the
lead-field geometry in the continuous space), (ii) a metabolic (energy consumption of transmembrane
ion pumps) and (iii) a quantum (h̄). In the limit of high bandwidth current sources, we obtain a
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holographic bound depending on the surface of the source’s boundary, not unlike simliar bounds in
black hole thermodynamics. The term “metabolic” goes well beyond semantics and lends itself to an
inspiring generalization: biochemical energy → physical observable affected by biochemical energy →
quantum sensing of physical observable. This conceptual chain, and the coupling between geometry,
metabolism and information could have wide consequences for synthesizing quantum with life.

The information conveyed by MEG measurements is so far quantified by considering a discrete
sensor array in specific configurations [61,64–66]. We treat the continuum case, where the whole
volume outside the head is probed. Consider a finite volume V wherein exist current dipoles described
by the density J(x), which generates a magnetic field in the space Ω extending beyond the volume V,
and being separated by a minimum distance d from the boundary of V. At position r within Ω the
magnetic field components are (with α, β = x, y, z)

Bα(r) =
∫

V
Lαβ(r, x) Jβ(x) dx, (1)

where

Lαβ(r, x) =
µ0

4π
εαβγ

(r − x)γ

|r − x|3 . (2)

The above, which holds for the case of homogeneous conductivity in the source region, with J
representing the primary currents [67–70], can be cast into operator form by introducing the lead-field
operator L and its adjoint L∗:

L[J]α(r) =
∫

V
Lαβ(r, x) Jβ(x) dx, (3)

L∗[f]β(x) =
∫

Ω
Lαβ(r, x) fα(r) dr. (4)

Then the field covariance operator is
KΩ = LL∗, (5)

and has kernel Kαβ(r, r′) =
∫

V Lαγ(r, x)Lβγ(r′, x) dx. All spatial correlations of the magnetic field are
contained in KΩ. Because L2

αβ ∼|r − x|−4 and Ω is separated from V by a finite distance d, the integral∫
Ω

∫
V L2

αβ dx dr converges. Hence KΩ is a compact, positive trace-class operator with eigenvalues

κℓ > 0 (having units T2m4/A2), and ∑ℓ κℓ < ∞.
We now consider random current dipoles with delta-correlated current densities:

E[Jα(x)Jβ(y)] = V[J] δαβ δ(x − y), (6)

where V[J] is the variance of the current-dipole density (having units A2/m), and is the same for
all three Cartesian components. Importantly, we consider the magnetic field measured with sensors
continuously covering the whole region Ω. Even though the underlying current sources are random,
the magnetic field exhibits spatial correlations due to the structure of the lead fields (see End Matter).
Additionally, there is additive sensor noise contributing to the measured signal B̃(r) = B(r) + b(r).
The noise field has covariance

E[bα(r) bβ(r′)] = V[b]δαβ δ(r − r′), (7)

where V[b] reflects the magnetic field estimate variance, taken equal for all three Cartesian components
(V[b] has units T2m3). Thus, B̃α(r) =

∫
V Lαβ(r, x) Jβ(x) dx + bα(r) describes a linear map from random

currents to random fields. Assuming J and b are Gaussian, B̃ is also Gaussian.
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We now evaluate the information conveyed by the measured signal B̃(r). The source and noise
covariance operators are

E[J ⊗ J] = V[J]IV , (8)

E[b ⊗ b] = V[b]IΩ, (9)

where IV and IΩ is the identity operator in the Hilbert space of square-integrable vector fields defined
in V and Ω, respectively (see End Matter for detailed derivation). Hence the covariance of B̃ is

B̃ ≡ E[B̃ ⊗ B̃] = V[J]KΩ +V[b]IΩ. (10)

Let {uℓ} be an orthonormal eigenbasis of KΩ, KΩ[uℓ](x) = κℓuℓ(x), ⟨uµ, uℓ⟩ = δµℓ, where the
inner product is ⟨f, g⟩ =

∫
Ω f(r)·g(r) dr. The projection of the measured field onto the eigenvectors is

β̃ℓ = ⟨B̃, uℓ⟩ = ⟨L[J], uℓ⟩+ ⟨b, uℓ⟩, (11)

Interpreting the two terms in (11) as “signal” and “noise”, and using independence and zero mean,
we have E[β̃ℓ] = 0 and E[β̃2

ℓ] = E
[
⟨L[J], uℓ⟩2]+E

[
⟨b, uℓ⟩2]. Using (5) and (8) we get E

[
⟨L[J], uℓ⟩2] =

V[J] ⟨uℓ,LL∗uℓ⟩ = V[J] κℓ, and from (9), E
[
⟨b, uℓ⟩2] = V[b]⟨uℓ, uℓ⟩ = V[b]. Therefore,

E[β̃2
ℓ] = V[J] κℓ +V[b]. (12)

The eigenfunctions uℓ(r) describe spatial magnetic-field patterns that fluctuate independently. Thus,
by Shannon’s formula, the total information obtained from a spatially continuous measurement over
Ω is

I =
1
2 ∑

ℓ

log2

(
1 +

V[J]
V[b] κℓ

)
(13)

The eigenvalues κℓ quantify how efficiently random currents in V excite independent magnetic-field
modes in Ω. The total information I is finite because ∑ℓ κℓ < ∞, a consequence of the compactness
of KΩ ensured by the finite distance d separating the source volume V from the observation region
Ω. The continuous operator KΩ = LL∗ thus provides a compact, sensor-independent description of
magnetic-field correlations in Ω, determined solely by the lead field and the geometry of the source
and measurement domains. Its spectrum {κℓ, uℓ} defines the fundamental modes through which
information about the currents in V is conveyed to Ω, setting an upper bound on the information
accessible to any finite array and avoiding convergence issues in discrete limits related to sensor
modeling, noise normalization, or weighting.

The utility of the ERL will now become apparent. For a single magnetometer probing one field
component over volume v, the energy resolution per unit bandwidth is ϵ = (δB)2v/2µ0, and the ERL
states that ϵ ≳ h̄. In the continuum limit v → 0, the product (δB)2v remains finite [62], and we identify
it with V[b]. Thus V[b] ≳ 2µ0h̄W, where W is the measurement’s bandwidth, and hence the sought
after MEG capacity (information in bits/s) reads

IW ≤ W
2 ∑

ℓ

log2

(
1 +

V[J]
2µ0h̄W

κℓ

)
(14)

For the last step of our derivation, we will connect the variance of the current dipole density,
V[J], with the metabolic power, Pmb, driving the current dipole sources. We follow the standard ap-
proach [71] of considering only intra-dendrite axial currents during excitatory postsynaptic potentials
(EPSP) as the dominant contribution to MEG signals. Such currents consist of sodium and calcium ions
flowing inward and potassium ions flowing outward, resulting in a net transmembrane current I0. We
approximate the affected dendritic segment with a semi-infinite cylindrical cable of cross section Ad and
intracellular resistivity ρ [72]. For a localized injection of I0 at x = 0, the solution of the cable equation
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is an axial current I(x) = I0e−x/λ, where λ is the electrotonic length. This axial current translates into
a local current density J(x) = I(x)/Ad. Because this current decays exponentially, points separated
by more than λ are effectively uncorrelated. The correlation volume Vc =

∫
e−2x/λ Addx = Adλ/2

characterizes the region within which current fluctuations remain correlated.
Now, the ohmic dissipation in the volume V is

∫
ρJ2(r)dr. By identifying this with Pmb, we get

for the spatial average of J2, ⟨J2⟩V = (1/V)
∫

J2dr = Pmb/ρV. To connect this coarse-grained quantity
to the delta-normalized correlation used in Eq. (6) we multiply by the correlation volume Vc, obtaining
V[J] = Pmb Adλ/2ρV. In physical terms, Pmb/(ρV) gives the mean squared current density, i.e. the
height of its spatial correlation function at zero separation, while Vc represents the width of that
correlation. Replacing the finite-range correlation by a delta function should preserve its total integral
(height×width), which leads to the expression above. Substituting into (14) yields

IW ≤ W
2 ∑

ℓ

log2

(
1 +

Pmb Adλ

2ρV
κℓ

2µ0h̄W

)
(15)

This expression is the main result of this work. As stated in the introduction, it is casted in three
factors: a geometric factor, κℓ, reflecting the geometric coupling of current dipoles into magnetic fields,
a metabolic factor, Pmb, reflecting the energy driving the current dipoles, and h̄. The information
IW grows with W. If the current dipole source is band-limited to BJ, increasing the sampling rate W
beyond 2BJ does not increase I. Therefore, the MEG information capacity is given by (14) for W = 2BJ .

For an analytically tractable example from which we can readily obtain a numerical estimate,
we consider a spherical geometry, i.e. a source region of radius a and observation region consisting
of points r such that |r| ≥ a + d. We use a head radius a = 8 cm and d = 1.3 cm. The eigenvalues
of KΩ, derived in the End Matter, are κℓ = µ2

0a2 2(ℓ+1)
(2ℓ+1)2(2ℓ+3) (

a
a+d )

2ℓ+1, with ℓ = 1, ..., and they are
(2ℓ+ 1)-degenerate.

To estimate Pmb from the metabolic energy budget [73–83], we first evaluate the total transmem-
brane current I0. With ENa ≈ +60 mV being the sodium equilibrium potential, and a sodium driving
force of about 120 mV, the membrane potential is V ≈ −60 mV (since ENa − V ≈ 120 mV). For
potassium it is EK ≈ −90 mV, so its driving force is about |V − EK| ≈ 30 mV. Assuming equal
conductances for Na+ and K+, the currents scale with their driving forces and have opposite di-
rections, giving INa ≈ −4IK. Using INMDA

Na ≈ 0.64 pA (inward, with 10% carried by Ca2+) and
IAMPA
Na ≈ 32 pA (inward) [73] yields INa ≈ 32.6 pA inward and IK ≈ −8.2 pA outward, so the net

current is I0 = INMDA
Na + IAMPA

Na + IK ≈ 24.5 pA inward. The intra-dendritic resistance for a semi-
infinite dendritic cable is Rin = ρλ/Ad. With Ad = π(0.5 µm)2, λ = 0.3 mm, and ρ = 1 Ωm, this gives
Rin ≈ 380 MΩ. The ohmic power dissipated during an EPSP is then Pepsp = 1

2 Rin I2
0 ≈ 115 fW. The

corresponding energy, Eepsp ≈ 0.115 fJ, dissipated over the 1 ms duration of the EPSP [73], is a small
fraction of the free energy resulting from the hydrolysis of ∼ 1.4 × 105 ATP molecules [79]. Summed
over ∼ 1.1 × 1010 excitatory cortical neurons, each with ∼ 104 successful synaptic events per sec-
ond [82]„ the sought-after power is Pmb = 12 mW. Overall, for W = 1000 s−1, we find IW ≲ 2.6 Mbit/s.
This numerical estimate does not claim to be any more precise than the numerical values used to
derive it. It does show, however, that there is quite some room for acquiring more information with
MEG, since state-of-the-art systems report capacities at the level of 400 bits per sample [64], which
for the same sampling rate translate to 0.4 Mbit/s. These results are visualized in Figure 1, where we
plot the eigenvalues κℓ (Figure 1a), and the behavior of IW (Figure 1b) as a function of the number of
eigenvalues included in the sum in the RHS of (15). For the latter plot we use an ERL which ranges
from h̄ (fundamental limit) to 104h̄, so that we cover a broad sensitivity range.
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Figure 1. (a) The first 30 eigenvalues of KΩ normalized by µ2
0, for a = 8 cm and d = 1.3 cm. (b) Partial information

obtained from (15) by letting the sum over ℓ extend from 1 to m = 1, 2, ..., 30, and generalizing the ERL to be in the
range from h̄ (the fundamental limit) up to 104h̄. It is seen that the more sensitive the sensor, the more spatial
modes of KΩ are required to saturate IW .

The above can be probed experimentally, since the metabolic power Pmb can be influenced
e.g. by sleep-wake transitions, or task engagement. Writing the argument of the logarithm in (15)
as 1 + Pmbλℓ, we define the sensitivity of information to metabolic drive as I′W = dIW/dPmb =

(1/ ln 2)∑ℓ λℓ/(1 + λℓPmb). In the biological regime under consideration, it is λℓPmb ≫ 1, thus
I′W = (Pmb/ ln 2)∑ℓ, where ∑ℓ is the total number of modes participating. Thus a scaling of I′W
with Pmb can in principle reveal both the metabolic law (15) and the number of modes contributing,
although within the demanding constraint that the metabolic power can practically vary in the range
of only 5% [75,83].

The information bound intertwining geometric, metabolic, and quantum components can be
generalized towards several directions. First, one may derive testable scaling laws linking network
geometry to achievable information throughput under fixed energetic cost. Second, the metabolic
term invites thermodynamic formulations that connect entropy production and energy dissipation
to information, along the lines of the Landauer limit [85], this time introducing a quantum sensing
aspect. Perhaps more speculatively stated, by coupling these elements, this bound offers a conceptual
framework for understanding quantum human-machine interfaces [86]. Alternatively, deviations from
this bound may enable discrimination of biological from artificial systems, i.e. a Turing test based on
MEG information.

Regarding the latter point, we will here demonstrate a universal bound on information encoded
in a magnetic field produced by a metabolically limited “brain”. This bound is holographic, because it
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depends on the surface of the boundary of the source volume, instead of the volume itself. This is the
biophysical analogue of the holographic area law familiar from black-hole thermodynamics [87].

Indeed, let the current source bandwidth, BJ , and accordingly W increase so that in (15) we can
make the approximation log2(1 + x) ≈ x/ ln 2. Then, setting ∑ℓ κℓ = Tr{KΩ} we get IW ≤ I⋆, where

I⋆ =
1

8 ln 2
Pmb Adλ

ρV
1

µ0h̄
Tr{KΩ} (16)

The independence of I⋆ from the sensor bandwidth W reflects a fundamental balance between fre-
quency coverage and quantum noise imposed by the ERL. Shortening the sensor’s measurement time
in order to accommodate a fast-changing source leads to increased noise, but at the same time allows
faster sampling. In the end the information rate is independent on the sampling rate. Now, for a

spherical source it is Tr{KΩ} = µ2
0a2

[
(a+d)2+a2

4a2 ln 2a+d
d − a+d

2a − 2a
3(a+d)

]
, derived in the End Matter. For

the same parameter values used for the numerical estimate of IW , we find the numerical value of the
holographic bound, I⋆ ≈ 6.6 Gbit/s.

Interestingly, we notice that for d ≪ a it is Tr{KΩ}) ∝ a2. The maximum rate at which magnetic
information can be exported from a metabolically active system scales linearly with the energy
dissipation rate per system’s volume, and with its geometric boundary. In particular, I⋆ ∝ a2/(h̄/µ0),
reminiscent of the Bekenstein - Hawking entropy that scales as a2/h̄G. For human brains the effective
operating point is many orders of magnitude below the holographic limit, reflecting the narrow
bandwidth of neuronal processes. Artificial systems with broader bandwidths could in principle
approach the holographic bound, realizing the full geometric information capacity of the magnetic field
produced by localized sources. Brains aside, the current result could also be relevant to astrophysical
settings [88].

Concluding, using the technology-independent energy resolution limit to magnetic sensing, a
spatially continuous measurement, and the brain’s metabolic power sustaining MEG-active current
sources, we have formally derived an upper bound to the information capacity of magnetoencephalog-
raphy. We have also derived a holographic area law applicable to the high bandwidth limit that can in
principle be realized with artificial brains. The concepts elaborated herein can promote connections
between neuroscience and quantum technology.

Appendix A. Covariance Operators
In the main text we wrote for the expectation of the random current field outer product,

E[J ⊗ J] = V[J]IV , (A1)

where IV is the identity operator in the space L2(V;R3) of square-integrable vector fields in the volume
V. Here we dwell into this formalism. For any two vector fields u(x) and v(x) defined in V, their outer
product is an operator acting on the vector field f(x)

(u⊗v)f = u ⟨v, f⟩V ,

where ⟨v, f⟩V =
∫

V v(x)·f(x) dx is the inner product in L2(V;R3). For a random current density J(x),
the ensemble average of this rank-one operator, E[J ⊗ J], is the covariance operator of the random field
J, having kernel the two-point correlator E[J ⊗ J]αβ(x, y) = E[Jα(x)Jβ(y)]. This generalizes the concept
of a covariance matrix to the continuous case: instead of discrete indices, the kernel depends on two
spatial positions x and y. For delta-correlated current sources it is E[Jα(x)Jβ(y)] = V[J]δαβδ(x − y),
thus [

(E[J⊗J]) f
]

α
(x) =

∫
V
E[Jα(x) Jβ(y)] fβ(y) dy

= V[J] fα(x) (A2)
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Hence indeed it holds E[J ⊗ J] = V[J]IV . Now, because the magnetic field is a linear functional of the
current distribution, B = LJ, where L is the lead-field operator defined in Eq. (3), the outer product
of the field can be written directly in terms of that of the current: B⊗B = (LJ)⊗ (LJ) = L(J ⊗ J)L∗.
Then, the expectation value reads E[B ⊗ B] = LE[J ⊗ J]L∗. Using (A1), we find E[B ⊗ B] = V[J]KΩ,
where KΩ = LL∗ is the magnetic field covariance operator introduced in the main text. In other words,
the transformation E[J⊗J] → E[B⊗B] induced by the lead field operator L describes the geometric
aspect of how uncorrelated current dipoles inside the head lead to spatially correlated magnetic fields
outside. The operator KΩ, or equivalently its kernel Kαβ(r, r′), contains this geometric information.
Its eigenfunctions represent statistically independent field modes and its eigenvalues determine the
variance, and hence the conveyed information, of each mode.

Appendix B. Trace and Eigenvalues of KΩ

The mapping from current sources in V to the magnetic field in Ω is described by the linear
operator L, with

L[J](r) =
∫

V
K(r, r′) J(r′) dr′, (A3)

where K(r, r′) is the 3 × 3 matrix kernel of L, representing the Biot-Savart law

K(r, r′) J =
µ0

4π
J × r − r′

|r − r′|3 .

We assume V = { |r′| = ρ′ ≤ a } and Ω = { |r| = ρ ≥ R }, with a < R, so that the two regions are
disjoint and the subsequent integrals converge.

The composition KΩ = LL∗ is a positive, self-adjoint, compact operator on L2(Ω)3. Its trace is
given by the Hilbert–Schmidt norm

∥L∥2
HS =

∫
Ω

∫
V
∥K(r, r′)∥2

F dr dr′, (A4)

where ∥K∥F denotes the Frobenius norm ∥K∥2
F = ∑3

i,j=1 |Kij|2.
Because K acts as the cross product with u(r, r′) = (µ0/4π) (r − r′)/|r − r′|3, it can be written

as the skew-symmetric matrix [u]×. Since [u]× has singular values (|u|, |u|, 0), its Frobenius norm
satisfies ∥K∥2

F = 2 |u|2. Thus

Tr{KΩ} =
( µ0

4π

)2
2
∫

Ω

∫
V

dr dr′

|r − r′|4 . (A5)

To evaluate this double integral, let |r| = ρ ≥ R and |r′| = ρ′ ≤ a. By rotational symmetry,

∫∫ dΩ dΩ′

|r − r′|4 = 8π2
∫ 1

−1

dµ

(ρ2 + ρ′2 − 2ρρ′µ)2

=
16π2

(ρ2 − ρ′2)2
,

and therefore ∫
Ω

∫
V

dr dr′

|r − r′|4 = 16π2
∫ a

0
ρ′

2dρ′
∫ ∞

R

ρ2 dρ

(ρ2 − ρ′2)2
.

Since ∫ ∞

R

ρ2 dρ

(ρ2 − ρ′2)2
=

R
2(R2 − ρ′2)

− 1
4ρ′

ln
R − ρ′

R + ρ′
, (A6)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 November 2025 doi:10.20944/preprints202511.0718.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.0718.v1
http://creativecommons.org/licenses/by/4.0/


8 of 13

we obtain

∫ a

0
ρ′

2
[

R
2(R2 − ρ′2)

− 1
4ρ′

ln
R − ρ′

R + ρ′

]
dρ′

=
R2 + a2

8
ln

R + a
R − a

− aR
4

. (A7)

Putting everything together gives

Tr{KΩ} = µ2
0

[
R2 + a2

4
ln

R + a
R − a

− aR
2

]
. (A8)

This quantity has dimensions µ2
0 × (length)2, consistent with the Biot–Savart scaling.

Now, KΩ is rotationally symmetric in the sense that the Biot–Savart kernel K transforms covariantly
under rotations. By covariance we mean that for any rotation R ∈ SO(3),

K(Rr,Rr′) = RK(r, r′)RT . (A9)

Define the natural unitary representations of SO(3) on vector fields in Ω and in V by

(UΩ(R)B)(r) = RB(R−1r), (A10)

(UV(R)J)(r′) = R J(R−1r′). (A11)

Both UΩ(R) and UV(R) are unitary on L2(Ω)3 and L2(V)3, since rotations preserve the Euclidean
norm and the integration measure. The covariance property (A9) implies

UΩ(R)L = LUV(R), (A12)

L∗UΩ(R) = UV(R)L∗. (A13)

Hence UΩ(R)KΩ = UΩ(R)LL∗ = LUV(R)L∗ = LL∗UΩ(R) = KΩUΩ(R), so that [KΩ, UΩ(R)] = 0
for all rotations. Thus KΩ decomposes into irreducible subspaces Xℓ with angular momentum ℓ. By
Schur’s lemma, KΩ acts as a scalar multiple of the identity on each block, KΩ|Xℓ

= κℓ I.
For any nonzero field B ∈ Xℓ, KΩB = κℓB, and taking the inner product gives ⟨B,KΩB⟩Ω =

κℓ⟨B, B⟩Ω. Since KΩ = LL∗, it follows that ⟨B,LL∗B⟩Ω = ⟨L∗B,L∗B⟩V , and therefore κℓ =

∥L∗B∥2
V/∥B∥2

Ω.
Now, we consider the exterior harmonic field Blm = −∇Φlm, with potential Φlm = ρ−l−1Ylm(r̂) in

Ω = {ρ ≥ R}. Its magnitude scales as |Blm| ∼ ρ−(l+2), therefore ∥B∥Ω ∼
∫ ∞

R ρ2ρ−2(ℓ+2)dr ∼ R−(2ℓ+1).
As for the numerator, we start with:

L∗[B](r′) =
µ0

4π

∫
Ω

B(r)× (r − r′)
|r − r′|3 dr

= − µ0

4π

∫
Ω
∇r ×

B(r)
|r − r′| dr

= − µ0

4π

∮
∂Ω

(−r̂)× B(r)
|r − r′| dS

=
µ0

4π

∮
∂Ω

r̂ × B(r)
1

|r − r′| dS. (A14)

Using the multipole expansion on the boundary ∂Ω,

1
|r − r′| =

∞

∑
ℓ′=0

ℓ′

∑
m′=−ℓ′

4π

2ℓ′ + 1
ρ′ℓ

′

Rℓ′+1 Y∗
ℓ′m′(r̂′)Yℓ′m′(r̂) (A15)
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and

r̂ × B
∣∣
∂Ω = −r̂ × ∇ωYℓm

Rℓ+2 , (A16)

we find

L∗[B] = −µ0 ∑
ℓ′ ,m′

R2Y∗
ℓ′m′(r̂′)

Rℓ+ℓ′+3
ρ′ℓ

′

2ℓ′ + 1

×
∮

∂Ω
r̂ ×∇ωYℓm(r̂)Yℓ′m′(r̂) dω. (A17)

The surface integral is nonzero only for ℓ = ℓ′, so L∗[B] ∼ ρ′ℓ/R2ℓ+1. Finally, the norm of the vector
field results in

∥L∗[B]∥2 ∼
∫ a

0

( ρ′ℓ

R2ℓ+1

)2
ρ′2 dr′ ∼ a2ℓ+3

R4ℓ+2 .

Dividing by the field norm in Ω gives

κℓ ∝
a2ℓ+3R−(4ℓ+2)

R−(2ℓ+1)
= a2

( a
R

)2ℓ+1
.

Hence the eigenvalues of KΩ scale as κℓ ∝ (a/R)2ℓ+1, with the exact proportionality determined
by the trace normalization below. Rotational symmetry then implies (2ℓ+ 1)-fold degeneracy, and
consequently Tr{KΩ} = ∑ℓ(2ℓ+ 1)κℓ. Setting x = a/(a + d) = a/R < 1, and using the identity

∞

∑
ℓ=0

2(ℓ+ 1)
(2ℓ+ 1)(2ℓ+ 3)

x2ℓ+1 =
1 + x2

4x2 ln
1 + x
1 − x

− 1
2x

,

we find that

κℓ = µ2
0a2 2(ℓ+ 1)

(2ℓ+ 3)(2ℓ+ 1)2

( a
a + d

)2ℓ+1
. (A18)

However, the ℓ = 0 exterior harmonic corresponds to a monopole-like field in Ω. While such a
field cannot be produced by real divergence-free currents, the operator KΩ = LL∗ acts nontrivially
on this mathematical subspace. Thus, to restrict to the physical range of L (mapping actual currents to
magnetic fields), the spectral sum is taken from ℓ = 1 upward. Subtracting the monopole contribution
gives Tr{KΩ}

∣∣
ℓ≥1 = Tr{KΩ} − µ2

0a2 2
3

a
R , so that the final expression is

Tr{KΩ}
∣∣
ℓ≥1 = µ2

0a2
[ (a + d)2 + a2

4a2 ln
2a + d

d

− a + d
2a

− 2a
3(a + d)

]
. (A19)
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