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Abstract

In a recent study, Morales introduced matrices derived from Gaussian Lichtenberg and modified
Lichtenberg numbers. In the present work, through the identification of certain special matrices with
generalized Lichtenberg coefficients, we can identify other forms of demonstration of its properties
and also the description of commutative matrix properties for negative indices. A new generalization
of this sequence is used for our purpose.
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1. Introduction

The Lichtenberg numbers was studied by Hinz in his article that was published in 2017 [6].
Subsequently, Stockmeyer [8] presented several characterizations of this sequence and numerous
examples of its nature. Recently, Gaussian Lichtenberg and modified Lichtenberg numbers have
recently been studied by Morales [9]. Also Morales [10] introduced Lichtenberg hybrid numbers and
Lichtenberg hybrid quaternions and studies several of their properties.

Lichtenberg numbers are named after Georg Christoph Lichtenberg, who studied these numbers
in the 17th century. Lichtenberg numbers are denoted by ¢, defined mathematically by the recurrence
by + ¢, 1 =2" —1 and have the form

1

b= [(—1)”+1 Jon2 3]. )

The first few terms of the Lichtenberg sequence are:
0,1,2,5,10,21,42,85,170,341, 682, ...(A000975).
The Lichtenberg sequence {/,, }:°_, are defined by the following recurrence relation
luys =200+ lyy1 — 20y, )

with {y =0, ¢; = 1 and ¢, = 2 (see for example [6,8]). Also, the Binet formula for Lichtenberg numbers
is defined in two different ways, including well-known sequences of order 2,

B 1 2n+2 _ (_1)n+2 _ 1
by = 2{3 —1} = E[]n-&-Z_l]

and

—1\n _1\n
gn:1|:2n+1_1_(1)2+1:| :;[Mn+1_(1)H
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where [, is the n-th Jacobsthal number (see [7]) and M, is the n-th Mersenne number (see [1]). The
relation (1) can be rewritten as
1

te=3 (21— 2e(n +1) +e(n))], 3)

where ¢(n) is the sequence &(n) = 1_(2_1)n .

On the other hand, in Civciv’s Ph.D. thesis titled ‘Fibonacci and Lucas matrix sequences and
their properties” new Fibonacci matrix sequence have been introduced and studied. Also, many of the
properties of these sequences are proved (see [2,3]). Many other authors have used this technique to
study properties of integer sequences. For example, Coskun and Taskara [4], Gulec and Taskara [5],
Morales [11], Yilmaz [12] and several others.

In the next section, a generalization for the Lichtenberg sequence using a fixed integer parameter
k > 2 is defined. Using this definition, the k-Lichtenberg matrix sequences are introduced and several
of their properties are studied.

2. k-Lichtenberg Numbers and Their Matrix Sequences
Definition 1. Let k > 2 be a fixed integer, the k-Lichtenberg sequence (£ (k)), = is defined by

Uni3(k) = klyio(k) + lyia (k) — kb (),

where £y(k) = 0, £1(k) = 1and £5(k) = k. Also, the modified k-Lichtenberg sequence (£;,(k)), > is defined by
Coi3(k) =kt o (k) + €y (k) — k€ (k),

where 03 (k) = 3, % (k) = kand 05(k) = k> + 2.

Especially, when k = 2, then ¢,,(2) = ¢, (the n-th Lichtenberg number) and ¢} (2) = ¢;, (the n-th
modified Lichtenberg number). Next, let us look at two mathematical definitions that will be used in
this paper.

Definition 2. Let k > 2 be a fixed integer, the k-Lichtenberg matrix sequence (Mg, ), is defined by

My g3 = kM 10 + My 1 — kMg,

1 0 0 kK 1 —k
whereMyo= |10 1 0 [ Mgy =11 0 0 |and
0 0 1 01 0
K+1 0 —k?
My, = k1 —k
1 0 0

Definition 3. Let k > 2 be a fixed integer, the modified k-Lichtenberg matrix sequence (Ny ,,) is defined by

Nint3 = kN2 + Ni1 — kNg s

[k 2 —3k k3 2 -k -2k
Nyo= 1|3 -2k -1 S Nei=| K+2 =2k —k2 and
|} 2 —}-2% k 2 —3k
[ K2 2k —k*
Nyo = K3 2 -k -2k
| P4+2 2k K

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1485.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 August 2025 d0i:10.20944/preprints202508.1485.v1

30f10

In this way, we will state the following result.
Proposition 1. For any integer n > 1, we obtain
lyp1(k) Al_1(k)  —kby(k)
(Mi1)" = | lu(k)  Dlyo(k) —klya(k) |,
En—l (k) Aen—S (k) _ken—Z (k)
where Ay (k) = £yq(k) —kly(k), £_1(k) =0and £_5(k) = —%.

Proof. We will use mathematical induction on n. The result holds for n = 1:

k1 —k Gk Mk —key (k)
M)'=1{1 0 0 | =tk Ak —kiok)
01 0 G(k) A_o(k) —kb_ (k)

By mathematical induction, we assume that

Coa (k) Aly 1 (k) —kbn(k)
M) = | la(k)  Alya(k) —kly_1(k) |,
bya(k)  Aly_5(k) —kby_a(k)

with Al (k) = £,,41(k) — k¢, (k). Next, consider the following matrix power

r K 1 —k qn+1
M) =110 o0
(001 0
(k1 —k]"[k 1 —k
=110 O 1 0 O
01 0| |01 0
loga(k) Aly_q(k)  —klu(k) k1 —k
= gn(k) Aen—Z(k) _kgn—l(k) 10 0
| (k) Aly3(k)  —kly_(k) 01 0

[ kly1 (k) + ALy (k) byya (k) = kbu (k) =kl (k)
= kty (k) + Aly—p (k by (k) - kgn—l(k) —kty (k)
(

)
L kgn—l(k) + Al 3 k) En—l(k) - k€n72(k) _kgn—l(k)
[ luga(k)  Ala(k)  —kyiq (k)
= | Ly (k) Al_1(k)  —kty(k) |,
Ly (k) A67172 (k) _kgn—l (k)

where Al (k) = 0,41(k) — k€, (k), which proves what is requested. [

In addition, we will take the following matrix products indicated in the expression Ny o(My1)".
Then, we consider the following result.

Proposition 2. For any integer n > 1,we obtain
(k) A (k) —ke(k)
NioMi)" = | (k) AL (k) =kt (k) |,
Gia(k) AL _5(k) kb5 (k)

where AL (k) = € (k) — k€ (k), €2, (k) = Land £55(k) = & +2.
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Proof. Similar to the previous proposition, we have
[k 2 -3k k1 —k
NioMg1 = | 3 —2k -1 10 0
' 2 —f-2% |01 0
K+2 -2k —k? o5(k)  ALy(k)  —ker (k)
= k 2 =3k | = | (k) Alr (k) —kei(k)
| 3 -2k -1 (k) AL, (k) —ker (k)
and the result holds for n = 1. Now, by mathematical induction on #, it is enough to verify
Nio(Mgp)" ™ = Nk 0(Mi1)" Mg
G (k) AL (k) =k, (k) k1 —k
= | Oik) A_,(k) —ke;_ (k) 10 O
| Gia(k) AL 5(k) =k (k) 01 0
ké;‘H_l( )+ AL (k) (k) —key(k)  —key (k)
_ | KEm A m R ke k) k(K
| Kby (k) + AL _5(k) £ (k) — ke 5(k)  —ke;,_ (k)
Gia(k)  AG(R) - keG4 (k)
= | Gk AL (k) —kG(k) ],
GO AL LK) ke (k)
where Aly (k) = €5, (k) — kt;,(k), which proves what is requested. [
In addition, we can also verify the behavior of the following determinants indicated by
[ lua (k) Ala (k) =kl (k)
det[(Mg1)"] =det| £, (k) Aﬁn 2(k)  —kl,_1(k) |,
L Cn— (k) Al S(k) _kgn—Z(k) i
E:H(k) Al (k) =kt (k)
det[Nyo(My1)"] = det| G3(k) A, (K) —kEy (k) |,
| G (k) AG_5(k) —kE 5 (k) ]
where Al, (k) and AZ;; (k) as in Propositions (1) and (2).
Corollary 1. For any integer n > 1, we obtain
det[(Mk1)"] = (k)" 4)
det[Nio(Mg1)"] = —4(K = 1)*(—k)" . ®)
Proof. We note that det[Mj ;] = —k. By mathematical induction, let us write
det{(Mkll)"H] = det[(M My 1]
= det[ n] Mk 1]

= (=h)"- (—k) = (—k)"th
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Similarly, let us admit that det[Njy o(My1)"] = (k4 1)*(k* + k + 2)k" 1. Thus, we can see that

dEf[Nko(Mm )" 1} = det[Njo(Mg1)" - Mg 1]

[
[

= det[Ngo(My1)"] - det[My 1]
= —4(K2 —1)2(=k)" L. (—k)
= —4(k* — 1)*(—k)".

O

3. Other Demonstrations for the Commutative Properties

For any integer n > 1, for simplicity of notation let

]n(k) = (Mk,l)n
and
jn (k) = Nio(M )",

are two matrices of order 3, whose coefficients are real numbers.
In this section, we will discuss other simpler and more immediate ways to demonstrate the matrix
properties of the matrices previously defined.

Theorem 1. For m, n > 1, the following results hold:

]m+n(k) = ]m(k) ']n(k) = ]n(k) ']m(k)’ (6)

Proof. For the first item (6), we see that the following commutative properties occur

Tinn (k) = (M) = (Mg1)™ - (Mg1)"
= (My1)" - (Mg1)"
= ]n+m (k>

For the equation (7) of this theorem, let us also see that

jr (k) -3, (k) = Ngo(Mi1)™ - Ny o (Mg 1)"
= Nio(Mg1)" - Nio(Mq)"

1
=j, (k) i, (k)

and we record the commutative property of Ny o - My 1 = My 1 - Ni . To conclude, let us easily see that

T (k) -j, (k) = (Mg1)™ - Nio(Myq)"
= Nio(Mg1)" - (M) =3, (k) - T (k),

as desired. O

The following result gives a relation between matrices J,, (k) and j,, (k).
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Theorem 2. Forn > 1, the following result holds
Jn (k) = 3Jn+1 (k) — 2kJ,, (k) = Jy—1 (k). )
Proof. For any integer n > 1and J,, (k) = (My1)", we get
B (k) = 260 (k) = T (k) = 3(Mja)" ™ = 2k(Mg1)" = (Mg)" ™
= (M1)" [3Mk,1 —2k-I3 — (Mk,1)_1] ,
where I3 is the third-order identity matrix. Also, we can determine that
M1 — 2k T — (Mga) ™!
k1 —k 1 00 0 1 0
=310 0 |—-2|01O0|—-| 0 01
1 1
01 0 00 1 111
k2 —3k
=3 -2k -1
1 1
T R ).
- Nk,O'
Finally, we determine equality
3Jn1(k) = 2KJ, (k) = TJu1(k) = (Mg1)" - Nio = Nio - (Mg1)" =j,, (k),
as desired. O
Other properties of the matrix j, (k) are proved in the following result.
Theorem 3. Forn > 1, the following results holds
. 2 .
(2 000)™ = G2 (K))* -T2 (K), (10)
Jang1 (k) = Jn (k) -3y g (K). (11)

Proof. (10) In this case, we can determine directly from the Definition 3 that

(jn+1 (k))2 = jn+l (k) 'jn+1 (k)
= Njo - (M) Nig - (Mq)"™!
= NioMy1 - (Mg1)" - NigoMg 1 - (Mg 1)"
=j1(k) - M) -3y (k) - (Mg 1)"
= (k)% (My1)™"
= (4 (k)% - Jau (k).

(11) Similarly, we see that

j2n+1(k) = Nk,O(I\/Ik,l)ZH1
= Nio(Mg1)" - (Mg1)""
= (Mg1)" - Nio(My1)"
=TJu(k) “jypa (k).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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O

Theorem 4. For any integers m,n > 1, we obtain
Jnan (6) =y (k) - T (k) = T (K) -y, (K).
Proof. Let us consider that
nn (K) = Ngo(Me1)™ ™ = Nio (M 1) - (Mia)™ =, (k)] (k).

In addition, we can write immediately that

jm+n (k) = jO(k)]m+n (k) = jo(k)]n (k> “Jm (k) =Jn (k) 'jo(k>]m(k) =Ju (k) 'jm<k)

since, we know the commutativity of the matrix product J; (k) - j,(k) = j,(k) - J1(k). The proof is
completed. O

4. Matrix Sequence Properties for Negative Indices

In this section, we will develop the study of certain properties determined by the following
inverse k-Lichtenberg matrix indicated by (M 1) . We can immediately determine some particular

cases
0O 1 0
M) =1 0 0 11,
-1 49 1
k k
and
0O 0 1
M) = | —f 1§
~_1 9 K41
k2 k2

We have observed that the elements of the type ¢_,(k), for a positive integer n > 0 can be
determined directly from the recurrence relation indicated by

Cn(k) = £ [0 oy ()4 KOy () — € (B)],

where /_q(k) =0and ¢_,(k) = —%.
From these preliminary examples, we will state the following theorem.

Theorem 5. For any integer n > 1, we obtain

|
Jalk) = | 0l AR Ky () |,
¢
(

(k) = (M) ™" = [Mi) '] = (M),
where ALy (k) = £_(,_1) (k) — kl_y (k).

Proof. The result holds for n = 1:

0 1 0 Gk D_o(k) kb5 (k)
Jak)y=| 0 0 1 | =] £a(k) M3k —kl (k)
-+ 1 Coo(k) Al_y(k) —kl_3(k)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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By mathematical induction on n, we assume that

C oy (k) AL (yqy (k) —kl_n(k)
Jon(k) = | lon(k) D yy(k) =kl iqy(k) |,
C_ gy (k) DL_(yzy (k) —kl_ (40 (k)

with Al_y (k) = £_(,_1)(k) — kl—n(k). Furthermore, consider the following matrix power

r 0 10 n+1
J o) =1 0 0 1
-1 411
L Tk k
0o 1 0o ]"[o0o 10
= 0 0 1 0 0 1
R R
Then, we obtain
[ ey (k) Dy (k) —kl_p(k) 0 10
]—(n+1)(k): —n(k) —(n+2) (k) —ke_ (n+1)(k) 0 01
_(ns1) (k) Afm%<m —kl ) || —F 1 ¢
0_ (k) D) =kbo(K) DOy (K) = £ (K)
= | Ly (k) 5 (k) ke_ (n+1 (k) AL 2y (k) = £ (1) (K)
5—(n+2)(k) - (n+1) (k) — —(n+2) k) AZ—(n+3)(k)_£—(n+2)<k)
) Aawmw>—u NG
= | Loy (k) ALz (k) —kl_(2)(K) |,
| g2y (k) AL (qay(K) —kf +3)(k)

and using the following relation

0K = [0y () + K2y (K) = £y ()],
k

note that Al (k) = £_(,,_q)(k) — kf—y (k). In this way, we will write

n

0 n
Jouk)=1 0 = [(Mk,l)_l} :

1
0
1

= = O

=

O

In the following theorem, we will reduce the Binet formula corresponding to the terms of negative
indices for k-Lichtenberg numbers.

Lemma 1. For any integer n > 1, we obtain

0y (k) = ﬁ{k(%)n —ke(n+1) —s(n)], (12)
where e(n) =n —2[%].

Proof. The Binet formula for k-Lichtenberg numbers is given by

1

ba(k) = 57—

[k”“ — (ke(n+1) + e(n))} ,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where e(n) = ﬁ Using the relation ¢(—n) = ¢(n) and ¢(n + 2) = €(n) for any integer n > 1, we
will make the following substitutions

(k) = ﬁ k1 (ke(—n 1) + ()]
— |~ k(== 1)) ()

_ ﬁ kﬁ — (ke(n—1) +s(n))}

_ ﬁ k(%y — (ke(n+1) +e(n))}

as desired. [

Let us consider the following equation j, (k) = 3,11 (k) — 2kJ,, (k) —J,,—1 (k) from Theorem 2. We
will reduce the corresponding identity to the terms of negative indices.

Theorem 6. For any integer n > 1, we obtain that
0 (k) = 30 (1) (k) = 2kl (k) — £_ (1) (K),
where £}, (k) is the n-th modified Lichtenberg number.

Proof. From Lemma 1, we can observe that
(K —1)- [3@_(,1_1)@) — 2Kkl (K) = € (i) (k)}

_ 3k(%>n1 _ Bke(n) —3e(n —1)

n

—2Kk? <%) +2K?e(n + 1) + 2ke(n)

1 n+1
—k(%> +ke(n+2)+e(n+1)

n
:(kz—l)G) +2(k2—1>e(n+1)
n
—(2-1) [(%) +2e(n +1)]
Further, we can directly verify thate(n 4+ 1) = ﬁ Finally, we deduce 2¢(n +1) =1+ (—1)"

and (,%)n + (=1)"+1=¢*,(k). The result is completed. [

Now, we see the following theorem that allows determining the generating matrices for the family
of matrices {j_, (k) },>0, which we have preliminarily defined by

o) A6 ke, (k)
].7,1 (k) = e, (k) Agi(«,ﬂ_z) (k) —kfi(n_H) (k) ’
E 8 B ) K (6

where Al* (k) = ¢* (k) — k=, (k).

—(n=1)

Theorem 7. For any integer n > 1, we obtain that

j (k) = Ja(R) ™" o (k) =jo (k) - (k) ™", (13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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G ()™ = (Go(R) i, (k) - (glk)) . (14)

Proof. (13): We know that]_, (k) = (My1) ". In this way, we will make the corresponding substitu-
tions to determine that

The proof is completed. [

5. Conclusion

In this work, we defined the k-Lichtenberg and modified k-Lichtenberg matrix sequences using
the definition of a new sequence that generalizes the well-known Lichtenberg sequence. Moreover,
we also presented the relation between this matrices and the k-Lichtenberg sequences. This matrix
representation allows us to visualize new identities for this new sequence. In the future, we could
investigate Lichtenberg numbers with arbitrary initial values, and even their applications to coding
theory and cryptography.
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