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Abstract

An automated learning process is a powerful tool that extracts useful data structures by measuring
information, expressing conditions, and regulating invariant tolerance. Surveillance video systems
and intelligent video analysis have become increasingly valuable, as it is often challenging to discern
and represent the primary motion patterns necessary for automatic analysis. Combining automated
learning with video analysis enables the development of intelligent analytic systems that can operate
effectively in uncertain scenarios, automatically identifying dominant motion dynamics. The ability to
recognize these motion dynamics relies on the theoretical framework used to represent them and the
learning process employed to identify patterns. In the literature, a state-system-based approach offers
a way to describe temporal and spatial interrelationships, which is essential for understanding motion
dynamics. A key aspect of this approach is determining when the number of positive learned states
from a given information source becomes sufficient to detect dominant motion in a surveillance video
system. This determination is crucial as it impacts the variability of movements that the monitored
subjects can exhibit while adhering to the camera’s view projection and the resources required for
implementation. While previous research has produced practical approaches, most have been limited
to specific scenarios, underscoring the need for further investigation. In this study, we outline several
advantages of establishing a formal criterion to determine when a symbolic system in a surveillance
scenario has developed a robust and practical model to explain the observed motion dynamics. Our
proposal is sustained by the hypothesis that a correct model can reliably account for most motion
dynamics over time in an automatic learning process. The validation is performed with different real
scenarios, where the central dynamic becomes learned, labeling those dynamics that the learned model
cannot explain. In a real application, the approach was used to model traffic vehicles on the avenues of
Queretaro City.

Keywords: smart surveillance; automatic learning; motion dynamic patterns; modelling

1. Introduction
In rapidly growing cities, it is common to implement and integrate low-cost video surveillance

systems that can operate effectively in various environmental conditions, both indoors and outdoors.
This generates a massive volume of information, which is impossible to analyze comprehensively.
From this perspective, it is necessary to integrate intelligent systems that assist in processing this
information, with an emphasis on detecting and analyzing events of interest [1,2]. The detection of
these events is particularly relevant in applications aimed at crime prevention, tracking persons of
interest [3], detecting atypical behavior [4,5], optimizing resources [6], and crowd dynamics analysis
[7].
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The literature review identifies the main variables that affect the effectiveness of existing tech-
niques, classifying them as follows: i) the quality of the data collected, since its accuracy and com-
pleteness directly impact the effectiveness of the process [8–10]; ii) the frequency of sampling data,
referring to the periodicity with which the data is renewed, which significantly influences the ability to
detect activities of interest [11]; iii) coverage or scope, which determines the susceptibility of events to
be detected as a result of the perspective of the cameras and possible occlusions present in the scene
associated with the semantic of the dynamic observed [12–14]; and finally, iv) the sensitivity of the
system, referring to the detection threshold that allows us to distinguish between an event of interest
and a possible false positive [15–17].

In this context, intelligent surveillance systems employ adaptive machine learning techniques
that enable the identification and extraction of movement patterns, thereby representing the dynamics
of the scene. For this purpose, the algorithms prioritize two aspects: the way in which movement is
defined in the scene and the way in which the structures of that movement are modeled.

In the first step, the criteria for encoding information are analyzed so that, once the data of interest
has been expressed, it can be processed in a compact manner consistent with the semantics of the
objects’ dynamics present in the scene. Under this criterion, some studies use segmentation masks that
delimit the regions occupied by the object in the scene [18]. Other approaches consider the region of
interest through silhouettes as binary masks or heat maps, where the objects of interest correspond
to the pixels with the highest value. In contrast, irrelevant information approaches values close to
zero[19–21]. In addition, there are innovative approaches based on deep neural networks that extract
relevant attributes such as the position, aspect ratio, and height of objects [22,23]. The second criterion
analyzes the structures that allow movement structures to be grouped and modeled, which in turn
can be: (i) by perimeter delimitation of the geometry of the shape, which considers information about
the texture or color of objects to identify them and enclose them in a space that can be rectangular,
square, or elliptical [24], some based on object contours [25,26], these works implement length and
area restrictions on the region to be segmented by means of cost functions, in particular [27] applies
methods based on convolutional neural networks (CNN); (ii) using hierarchical structures based on
enumeration, some representative works are [28,29], where they use multiscale inference approaches
under the approach of combining multiscale predictions.

For cases where it is necessary to model the dynamics of the scene, allowing the detection of the
dominant dynamics for the description of activities over time, this is of interest in automatic monitoring
activities, where the objective is usually to recognize and differentiate the observed activities [30–32].
To this end, different techniques have been developed that consider information about movement in
the scene as evidence to infer models capable of describing the observed activities.

The efficiency of these models depends entirely on the learning processes implemented, as the
proper definition of movement rules in a scenario directly impacts the efficiency of monitoring and
security systems [2]. For this reason, the ability to identify relevant movement patterns in a scenario is
a fundamental task for detecting or omitting events that may be considered of interest in monitoring
applications.

Currently, there are tasks for which no general solution exists [33,34]. Efforts are focused on
solving challenges such as missing information resulting from random or deterministic factors, which
motivates strategies based on techniques like k-nearest neighbors (KNN) and missForest [35], among
others. Another challenge arises when algorithms and criteria require a minimum amount of infor-
mation for learning, as well as full knowledge of the number of rules needed to represent the data.
Along the same lines, Callaghan et al. [36] highlight the importance of establishing reliable criteria for
evaluating the sufficiency of the information learned and used in different algorithms, identifying this
need as a current research gap.

These approaches fall into four main categories: (i) sampling-based criteria, where the expert
estimates the amount of relevant information through random sampling at the beginning of the process,
stopping the process when the target set by the expert system is reached; (ii) heuristic-based techniques,
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where detection occurs when a certain amount of information irrelevant to the process is detected; (iii)
pragmatic criteria, which set a predefined learning time for the system, adjusted to the application
case, achieving low efficiency; and (iv) new automatic detection criteria, which implement novel and
complex approaches to automatically decide when to stop the learning process, based on specific
metrics.

This work introduces a sufficiency criterion for determining the optimal number of rules learned
by a system based on motion states, to model the overall dynamics of the system.

This criterion is based on the concept of maximum entropy applied to new rules generated over
time, which is particularly useful in systems with locally stationary dynamics. The system segments the
camera’s field of view into areas with a high-state probability of movement, then classifies these states
into disjoint and connected sets, each of which is assigned a symbolic label. Over time, the system
generates sequences of motion symbols, which are ultimately organized into a grammatical structure
that models the succession of states using an automated criterion [37,38]. The grammatical structure
becomes inferred by taking the emitted words as positive samples of the common dynamics sampled.
Then, the system represents the dynamics of movement in video scenarios, using grammatical inference
to identify recurring patterns and a formal criterion of sufficiency that determines when the system
has achieved learning stability.

Referring to the above paragraphs, the most relevant contributions of this research are:

• The definition of a formal criterion of information sufficiency that determines when the system
has reached grammatical stability.

• The criteria exploit the properties of periodic systems, based on information criteria to learn the
most significant grammar rules.

• A discrete model criteria based on right grammars to symbolically represent movement trajectories
in video sequences.

• A criterion to encode a state-based system, the different trajectories through the SEQUITUR
approach for inferencing the grammar structure in the most compact representation of movement
patterns.

2. Proposed Model
This proposal describes a state-based model, where each state represents a spatial area of the

camera’s field of view projection. A set of adjacent and connected pixels defines each state. The states
do not overlap, so that the activation of a state (indication of movement) is considered a probability
function of the variability of the intensity of the pixels that compose it. States with a high probability of
variability are considered active and are subject to change over time. Thus, the dynamics of an object
moving through the scene are expressed as a sequence of state activations over time.

The structures of observable dynamics are characterized by a stack automaton, which enables
the modeling of object movements hierarchically in the form of a proper grammar. The grammar
representing the movement is constructed using the Sequitur algorithm, which infers a hierarchical
structure from a sequence of discrete symbols [37]. This approach enables the modeling of dynamics
using hierarchical structures, and the process of verifying whether the dynamics are associated with
the model involves determining, through the grammar, whether the previously defined structures can
explain the sequence of activated states.

The formal description of the proposal is expressed as follows: Let the workspace V be a grid
space representing the two-dimensional projection of the camera’s field of view with dimensions n ×m.
Each position in the workspace Vi,j represents the intensity of the pixel at position (i, j) on the image.
Then, the possible number of states (partitions) of the workspace V is determined by 2|V|. In this case,
a state e ∈ 2|V| is a valid state if and only if, for the state e = {x1, x2, . . .} and for every tuple (a, b)
where a, b ∈ e, there is at least one connected path between both points. Then, the set of states of the
system is determined by E = {e1, e2, . . .}, where each state is disjoint from the others, but may or may
not be adjacent to others.
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On the other hand, if there is evidence that any object occludes a state, it can be calculated using
temporal contrast dynamics. That is, when there is a significant change in the intensities of the pixels
that comprise it, the state is considered to be occluded and, consequently, to exhibit movement. The
motion equation is defined in Equation (1).

Mt(e; δ) = P(∀(i, j) ∈ e) > δ (1)

The values of δ and the estimate of P represent the confidence/certainty of motion detection and
the process for estimating probability. The function Mt(e) allows us to determine whether the state e
has motion or not at time t. To symbolically represent the active states, an alphabet Σ is defined. From
this, a bijective subset Id ⊂ (E × Σ) is constructed, which uniquely associates each active state e with a
symbol σi from the alphabet Σ, thus allowing the generation of symbolic sequences associated with
the dynamics of the system.

Finally, the function Γ allows us to know, in terms of the alphabet Σ, the states that have a
probability of movement Mt(e), which is defined in Γ : E → 2|Σ|.

Γt(e) =

σi if Mt(e) > δ and (e, σi) ∈ Id

∅ if Mt(e) ≤ δ
(2)

The function Γt(e) assigns a unique symbol σi ∈ Σ to each state e ∈ E that has a significant
probability of movement. This assignment is made under the condition imposed by the detection
criterion Mt(e; δ), which evaluates whether the state e has a probability of movement greater than a
defined threshold δ. Consequently, the function Γt(e) assigns symbols from the alphabet Σ only to
those states that have been classified as active. In this way, the movement over the scene activates a set
of states, which under Γt(e) produce a sequence of strings emitted by the scenario. These sequences
become used to build the grammar of the dynamic movement. In a current frame, more than one
state becomes activated for the movement appreciated in the scene. In these cases, the strings become
concatenated with only adjacent states, which avoids the use of non-connected movements, and
reduces to the use of only strings generated with temporal adjacent motion evidence to infer the
grammar.

Finally, discrete sequences si are used to infer grammars Gi, considering each emitted string as a
positive sample of the grammar. These grammars enable the identification of recurring movement
patterns, which are expressed through grammatical rules Nj ∈ Gi. By applying the properties of
SEQUITUR in the generation of rules, it is possible to construct hierarchical representations of the
observed behavior.

With this approach, it is possible to establish a criterion for learning sufficiency ∆ f (n) = 0,
based on grammatical stability. This criterion is formalized as ∆ f (n) = d(|R∗

n|, |R∗
n−1|), where |R∗

n| =
|N0, N1, . . . | represents the number of rules inferred for the representation of {s1, s2, . . .} in the i-th
sequence. This criterion indicates that when a point is reached at which the number of rules generated
between sequences si−1 and si satisfies |R∗

n| = |R∗
n−1|, the system has stabilized its knowledge and

captured the main dynamics of the environment.

2.1. Motion Modeling

Within the study of computer vision-based learning methods, various techniques have been
proposed for representing motion information, as discussed in [31,39], which offer interesting proposals
for extracting motion patterns. One of these approaches can be represented by the following expression.

Mo

(
Vt

i,j, Vt−1
i,j

)
= Vt

i,j − Vt−1
i,j (3)

where Mo represents the motion information of the objects in the scene, and Vi,j denotes the intensity
of the pixel at position (i, j) at time instant t. The difference between the intensity values at two
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consecutive time instants t and t − 1 allows us to estimate the change associated with the motion.
From this information, it is possible to obtain the trajectories of the moving objects, represented as the
set T = {τ1, τ2, . . .}. The information on the movement pattern generated by an object, throughout
a sequence of images at a given time t, is expressed as τi = {x1, x2, . . .}, where each element xi

corresponds to a spatial position occupied by the i-th object at a time t [40].

2.2. Trajectory Generation Process

In the process of generating trajectories, various techniques help increase the expressiveness of the
representation of motion information, among which the binarization of trajectories [41,42], N-tuples,
symbol strings [43], among others, stand out. Each has its advantages and limitations, depending on
the specific case study. To provide a clearer view of the alternatives reported in the literature, Table 1
summarizes representative motion coding techniques applied in similar contexts. This comparison
highlights the diversity of state definitions and coding strategies, offering a reference framework for
positioning the present work within the field.

Following this analysis, our approach adopts a representation based on symbol strings [44], which
offers an effective solution to the problem of trajectory expressiveness τi. The new representation of
trajectories begins with the definition of regions belonging to the movement E and is formalized by
the function T ∗ : T → Σ, where each trajectory of an object τi is represented as a sequence of states
τ∗

i = {e1, e2, . . .}.

Table 1. Comparison of movement coding techniques in similar context applications.

Author Motion Coding State Definition Remarks

Andrea Rosani et al. [45] Hot spots Empirical approach

The approach focuses on activity recognition for
behavioral analysis in known scenarios using
context-free grammars. By incorporating both
positive and negative sampling, this method
enhances discrimination capabilities during the
retraining process, enabling better adaptation to
environmental changes.

Garcia-Huerta et al. [44] Labeled regions Manual

The study focuses on detecting abnormal visual
events within a scenario. Motion detection is
achieved through temporal differences, applied as a
decay function, which identifies motion zones. These
zones are subsequently segmented using the
Watershed transform.

Waqas Sultani et al. [5] Labeled regions Fixed number

This work proposes an anomaly detection model
based on deep multiple instance learning. The model
utilizes a fixed number of segments from both
anomalous and normal surveillance videos.

M. Daldoss et al. [32] Hot spots Automatic

Introduces a method for analyzing trajectories by
tracking objects through a two-view camera system
in surveillance videos using automatically learned
context-free grammars. The model is trained on a set
of sequences that define rules for different behaviors.

Hernandez-Ramirez et
al. (proposed)

Labeled regions Automatic

This work introduces an approach centered on
information sufficiency, where symbolic trajectories
from object–labeled region interactions are used to
infer grammars. The sufficiency criterion, defined by
the stabilization of production rules, ensures a
meaningful representation of scene dynamics.

In the same way, the process for obtaining the finite state set E = {e1, e2, . . .} resulting from the
analysis of the scene using the method proposed by Garcia et al. [44], where the author begins with a
differentiation process on the information of the trajectories of the moving objects in the scene, using a
decay function proposed by the author in a previous work [46], MT : V × V → V, to subsequently
obtain the history of the displacement information using the following equation:
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Mt
TVi,j

= αMt−1
TVi,j

+ (1 − α)Mo (4)

The magnitude of the information contained in Mt
T depends on the value of the decay factor

determined by α. Next, the cumulative sum defined by SM (see Equation (5)) is calculated using the
trajectory information obtained from the scene MT to get the spatial distribution of motion membership
in two dimensions.

SM =
k

∑
i=1

Mi
T (5)

To define the areas with a high probability of occurrence of movement E, the surface is segmented using
movement information from the trajectories SM. This process is obtained by applying the Watershed
Transform to SM, taking the local maxima as a reference [47–49]. This effect can be seen in Figure 1 (b),
where a pseudocolor map shows the areas with the highest probability of movement in yellow, while
the blue areas indicate a low probability of movement.

(a) (b) (c)

Figure 1. Process for generating path trajectories: (a) Trajectory motion information SM, (b) Surface generated
with trajectory information SW , and (c) States mask SR.

With the regions of E defined, now is possible to take the information of the states mask SR =

Watershed(SW) ∩ V, Figure 1 (c) to obtain the movement representation as trajectories S with:

si = Γt(τ
∗
i ) (6)

where the trajectory τ∗
i formed by the new set of regions E is defined as τ∗

i = {σ1, σ2, . . .}, then
applying Γt(τ∗

i ) a new trajectory set S is formed by the interaction of the objects with the sates mask
SR resulting from the movement information contained in τ∗

i .

2.3. Grammar Inference

With the symbolic representation of movement through a chain of symbols si, it is now possible
to obtain right-grammars, which allow for the representation of movement patterns. A grammar is
defined as a tuple G = {Σ,V , R, N0} where Σ is a set of terminal symbols, V is the set of non-terminal
symbols, R are the production rules that define how symbols can be transformed, and N0 is defined as
the initial rule [50].

Based on the above, given a path s1 = {a, b, c, a, b, d, a, b, c}, we obtain the right grammar Gs1 as
a result of applying SEQUITUR to s1 [51], where Gs1 = SEQUITUR(s1). The associated alphabet is
Σ = {a, b, c, d}, and the non-terminal symbols are V = {N1, N2}. From this process, it can be observed
that the pair of symbols (a, b) is repeated at the beginning of the sequence. Consequently, SEQUITUR
detects this repetition and generates a replacement with a non-terminal symbol N1 ∈ V , finally
generating the production rule N1 → a, b. This sequence is transformed into {N1, c, N1, d, N1, c}, and
then it is observed that the pair of symbols N1, c is repeated once more on two occasions. This pattern
is also replaced by a new non-terminal symbol N2 ∈ V , thus generating the following production
rule N2 → N1, c. Following the natural order of the process, the sequence is transformed once again,
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resulting in a compact grammar defined as N0s1
= N2, N1, d, N2. This process results in the generation

of the grammar Gs1 . This extensive process is illustrated in Table 2.

Table 2. Process for generating grammars with SEQUITUR.

Input String Grammar Rules

a abca N0s1
→ abca

b abcab N0s1
→ abcab

N0s1
→ N1cN1

N1 → ab

d abcabd N0s1
→ N1cN1d

a abcabda N0s1
→ N1cN1da

b abcabdab
N0s1

→ N1cN1dab
N0s1

→ N1cN1dN1

c abcabdabc
N0s1

→ N1cN1dN1c
N0s1

→ N2N1dN2
N2 → N1c

Finally, when a dictionary R∗ is created with the production rules N ∈ R generated for Gs1 , it is
possible to reuse them to represent other trajectories with similar structures.

3. Information Sufficiency Criterion
Given the general process of generating right grammars described in Section 2, where Gsi =

SEQUITUR(si), the relationships between the symbol strings si and their respective grammars Gsi are
analyzed. The objective is to understand how the algorithm’s behavior in generating production rules
affects the total number of rules required to represent a given sequence. In this context, the system
receives an input string and produces a unique combination of rules that completely describe it.

This analysis leads to the main contribution of this work: determining the minimum amount of
information sufficient in a sequence of symbols si to uniquely define its right-grammar Gsi .

3.1. Movement Paths τi and Regions ei

The previous section defined the process for generating trajectories S. These trajectories are
composed of information on the movement patterns of T , satisfying xk ∈ e. This implies that it is
likely that more than one element xk describing the trajectory of an object τi belongs to the same region
e. Addressing this idea, the following homologous trajectories are proposed: τ1 = {x1, x2, . . .} and
τ∗

1 = {e1, e2, . . .}, where {x2, x3} ∈ e2. This condition validates the property that for the trajectory τ∗
1 =

{e1, e2, . . .}, taking the Levenshtein distance dL(si, σl) as the metric, it holds that dL(Γt(τ∗
1 ), Γt(e2)) > 1,

for e2 ∈ τ∗
1 . This characteristic shows us the path to the contribution of this work, indicating that the

information to represent the movement in both representations is equivalent, so it is possible to infer a
production rule Ni that encapsulates this recurrence. Consequently, such rules are more expressive,
as they not only compress the representation but also highlight structural regularities in the motion
patterns.

3.2. Movement Regions and State Discovering Process

The information on the temporality of the dynamics of the objects in the scene is obtained using
Equation (4). When creating a mask with the trajectory information T , we obtain the movement surface
SM = {M1

T ∪ M2
T ∪ . . . ∪ Mn

T }, where each SM with the temporal information of the dynamics of the
objects, given as MT

T = {Mt1
T , Mt2

T , . . . , Mtn
T }, is formed with the trajectory information τi, therefore

there is at least one pair of trajectories τi and τi+ρ for which A(Mti ,ti+ρ) = A(Mti ), where A represents
the area operator, indicating that the trajectory τi = τi+ρ is therefore a repeated trajectory. This
characteristic, when extrapolated to the relationship between the mask with the temporal information
of the dynamics of objects SM and the temporal information of the dynamics of objects MT , validates
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that if two trajectories, at instants i and i + ρ, are equal, τi = τi+ρ, then there also exists a two-
dimensional surface SM, for which A(SM(Mti )) = A(SM(Mti ∪ Mti+ρ)) and therefore, to obtain
the regions E, it holds that Watershed(SM(Mti )) = Watershed(SM(Mti ∪ Mti+ρ)). This suggests that
there are trajectories τi for which no new regions el ∈ E are being generated. In the absence of new
information to represent the new set of trajectories si, it is necessary to define a criterion that indicates
when the information from the new trajectories is no longer contributing to the formation of more
regions el , in order to systematize this task.

3.3. Automatic Rules Discover

In the process, it is necessary to have a way of identifying the moment when the trajectories
τi obtained to form the states el are not providing new information. To solve this problem, the
method described in the diagram in Figure 2, which presents a methodology for defining a criterion
of information sufficiency ρ. This criterion is directly associated with the number of new production
rules Nsi ∈ R ∈ Gsi , which are generated when modeling the dynamics si of the objects in the scene.
This sufficiency criterion ρ helps to automatically determine when no new information is being found,
i.e., when ∆ f (t) ≈ 0, At this point, the production rules Nsi are beginning to have a high degree
of repetitiveness, indicating that the modeled trajectories Gsi no longer contribute significant new
information.

Video sequence
Movement

patterns τi ∈ T
Movement

regions el ∈ E

Movement path

Strings si ∈ S

Grammar Gsi

New rules?

d(Ri , Ri+1) > ρ

Movement

modeling

Yes

No

Figure 2. Automatic selection process for rules generated.

In order to determine whether there is new information in the trajectories si obtained, a dictionary
R∗ : Rn → Rm is defined. The process can be seen in Figure 2, where for each string si a grammar Gsi

is obtained that generates a set of rules Ni ∈ R∗ that satisfy:

R∗ =

{
R∗

i+1 si dL(R∗, Ni) > 0
R∗

i Other case
(7)

Equation (7) defines the similarity criterion for classifying new rules to be added to dictionary R∗.
In relation to the above, let f : Z → Z be a discrete function that counts the total number of production
rules in R∗ accumulated at a given moment in time t.

f t(n) = |R∗
i | (8)

At the beginning of the motion modeling process using Grammars G, it is true that f (n)t ̸=
f (n)t+1, which reflects the presence of a high generation of new production rules in the dictio-
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nary R∗. Over time, part of the information in the trajectories begin to repeat themselves, that is,
dL(Γt(τ∗

1 ), Γt(el)) > 1, which is directly associated with the number of new production rules incor-
porated into the dictionary |R∗

i | = |R∗
i+1|. This condition translates into f (n) = c. When there is

a stable value for c, it is possible to identify the moments when ∆ f (n) = 0, which exposes a state
of pseudo-stability. This state does not tend to be permanent, but it repeats itself for increasingly
longer periods of t, which demonstrates the possibility of making approximations by referring to the
condition ∆ f (n) = 0. However, there is a significant limitation, which consists of the variable stability
of the criterion, as it does not remain completely constant.

To do this, f : R → R is performed with a function that makes a continuous approximation of the
discrete values f (n), applying the logarithmic regression method [52,53]:

y = a ln x + b (9)

where the values of a and b in Equation (9) are obtained using the least squares technique [54], thereby
determining the curve C, which shows the variation of |R∗|. At this point, the central contribution
of this work becomes clear, namely the criterion ρ for information sufficiency, which can now be
represented as:

y′ = ρ (10)

Due to the nature of the logarithmic function, it is not possible to define the sufficiency criterion
as y′ = 0, as this would cause an overfitting problem (t → ∞). The recommended value for the
information sufficiency criterion is defined as ρ = 1 for Equation (10). Given that the information
entered into the system is Ni, then when ρ ≥ 1, we have |R∗

i | ̸= |R∗
i+1|, otherwise |R∗

i |1 ≥ pmin.

4. Experimental Analysis and Results
In this section, the proposal made in Sections 2 and 3 is validated, obtaining video sequence

information corresponding to three test scenarios. The first scenario corresponds to a PTZ camera
capturing a side view of the analyzed scenario (scenario 1), while the second corresponds to a static
360° fisheye camera with a top view of the scenario (scenario 2). Finally, the third scenario (scenario
3) was obtained from an aerial shot using a wide-angle camera. These scenarios can be observed in
Figure 3.

(a) (b) (c)

Figure 3. Scenarios used to validate the proposal: (a) E1; (b) E2 and (c) E3.

4.1. Experimental Process

To validate the proposal, we propose a process for automatically obtaining states el of motion,
which are directly related to ∆ f (n). The proposed method consists of the following stages:

1. Obtaining trajectories. The trajectories of the movement observed in the scene represented by the set
T are obtained during the scene modeling process. This set contains multiple trajectories detected
and enumerated incrementally, defined as T = {τ1, τ2, . . .}. Each trajectory ti is composed of a
sequence of positions τi = {x1, x2, . . .}, which describe the movement pattern associated with the
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intensity of pixel (i, j) at position Vi,j corresponding to the movement captured in the scene over
time t.

2. Movement states definition. With the information on the movement of objects contained in T , it
is necessary to understand the dynamics of the objects in the scene over time. This temporal
representation is achieved by the function MT (T ), which relates the movement information
of the trajectories to the membership of each pixel (i, j) in the movement. By analyzing the
belonging to the movement using MT (T ) = {MT (τ1), MT(τ2), . . . , MT(τn)}, an accumulated
surface SM is formed that contains the integrated information of the movement patterns. By
applying the Watershed algorithm to SM, a two-dimensional representation of the regions with
the highest probability of belonging to the movement is obtained, which are defined in the set of
states E.

3. Symbol strings. At this stage, once the states E have been defined, the state mask Sw ⊂ (E × Σ)
is constructed, which relates each state el ∈ E to a symbol σi ∈ Σ. The relationship between the
movement positions xk and the states el forms the state trajectories t∗i . Applying Γ(t∗i ) yields the
symbolic sequences si.

4. Sufficiency of information. The movement sequences si are used to infer grammars by means
of Gsi = SEQUITUR(si). This process generates a dictionary of production rules R∗, where
the change in the cardinality of the set of production rules is taken as a reference to define the
criterion ∆ f (n) = ρ to define when the system has learned enough, f (n) shows the increase in
the number of rules. Naturally, when analyzing the change in f (n), we see that when ∆ f (n)
meets the condition ∆ f (n) = 0, this means that τi = τi+1, therefore, no new production rule is
being generated in the dictionary. This characteristic of the behavior of the function f (n) is a
clear indication that a point of sufficiency of acquired information is being reached.

5. Dynamics modeling. Once sufficient information has been defined to model the scene, activities
are detected by applying SEQUITUR to the movement sequences obtained.

4.2. Results

Information from the video sequences corresponding to the scenarios Figure 3, described below,
is used. E1 shows the interior of a laboratory with low light variability through a fixed camera
with a resolution of 240 × 320 pixels; E2 captures the scene using a fish-eye camera under controlled
lighting conditions with a resolution of 1920 × 1920 pixels; and the third scenario E3, which acquires
information on traffic flow at a roundabout using a drone with a resolution of 2160 × 3840 pixels,
where there is no control over the lighting.

Following the methodology proposed in the previous section Figure 2, the videos are analyzed
in order to extract the movement patterns. With the information on the moving objects Mo when
applying Equation (3), it is possible to obtain the movement patterns τi = {x1, x2, . . .}, to determine
the temporality of the movement MT , allowing the movement membership of each pixel Vi,j to be
visualized, as described in Equation (4).

Once the information on belonging to the movement MT has been obtained, it is easy to observe
how the movement zones in the scene change with respect to time Mt

T , which, when applying SM,
shows that as time passes, the moving objects cover most of the areas of the scenes, a process that can
be observed in Figure 5.

The information on the movement positions xi ∈ V stored by each τi ∈ T can be seen in the
movement areas in Figure 4. It can be inferred that the information obtained in SM is related to a high
degree of information about the movement of objects in the scene MT (T ) Figure 5.

With the temporal representation of movement using the function Mt
T (TE ), it is possible to

observe how the information on movement patterns is distributed throughout the scene with SM =

{M1
T ∪ M2

T ∪ . . . ∪ M5
T } for t = 5 minutes. Al aplicar Watershed a la superficie acumulada SM se

obtienen los estados E que representan las regiones donde existe mas probabilidad de pertenecia al
movimiento, este proceso puede observarse en la siguiente Figure 6.
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(a) (b) (c)

Figure 4. Obtaining temporality of movement MT : (a) Detection of movement xk; (b) Trajectory t1; and (c)
Temporality of movement of MT (τ1).

(a) (b) (c)

Figure 5. Trajectories MT (T ) for the three scenarios, obtained at different time intervals t. (a),(b) and (c) Movement
temporality for Mt

T (TE ) for t equal to 5 minutes.

(a) (b) (c)

(d) (e) (f)

Figure 6. Definition of states E for the three scenarios with t = 5 minutes: (a-c) Surface with movement pattern
information SM in scenarios E1, E2, and E3; (d-f) State mask Sw for the three scenarios.

After defining each state within the scenarios and associating it with the corresponding trajectories,
the trajectories τ∗

i ∈ T ∗
i ⊂ EE are obtained. From this, it is possible to apply Γ(τ∗

i ) to obtain the
symbolic representation si of the movement patterns. In this process, each state ei is assigned a symbol
σ. For this work, the symbols used are σ ∈ N. The trajectory τ1 = {x1, x2, . . . , xk} in Figure 7 (a) can
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now be represented as s1 = {σ1, σ2, . . . , σk}. This representation allows us to infer a grammar Gs1E1
for

this symbolic representation.
The relationship between the growth in the number of rules generated for the grammars inferred

on the trajectories obtained in 5 minutes is shown in Figure 8. The incremental behavior in the number
of production rules generated when inferring the grammars for the total trajectories obtained in the
time defined as 5 minutes. Applying the same principle to Figure 7 (f), with the grammar Gs1E3

, we

observe that 14 new rules were generated corresponding to |R| = 14.

(a) (b)

(c) (d)

(e) (f)

Figure 7. Trajectories in their representations τ1 and s1: (a) Trajectory τ1 for scenario E1; (b) Trajectory s1 for
scenario E1; (c) Trajectory τ1 for scenario E2; (d) Trajectory s1 for scenario E2; (e) Trajectory τ1 for scenario E3; and
(f) Trajectory s1 for scenario E3.
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The relationship between trajectories and grammars can be seen in Figure 8, which shows the
behavior of the production rules R for E1. The number of trajectories obtained over time is not related
to the number of production rules R∗ generated to model the different trajectories si.

This property allows us to begin the information sufficiency process, which consists of performing
a classification described in Equation (7), where the objective of the process is to discriminate those
trajectories that are not generating new information. Each rule Ni that is added to the dictionary is
selected by applying a similarity criterion dL(R∗, Ni) > 0 or, when a trajectory does not generate new
information, dL(R∗, Ni) = 0 is satisfied, with the information from the trajectories that generate new
rules that can be included in the dictionary R∗ it is possible to form a discrete function f (n), which
stores the cardinality of the dictionary with respect to time t. When graphing this discrete function
f (n), what can be observed is that as the information analysis time increases, the production rules
Ni ∈ R∗ comply more with R∗

i = R∗
i+1, this can be seen in Figure 8.

(a) (b)

Figure 8. Relationship between the number of production rules vs. trajectories with t = 5 minutes: (a) Production
rules |R| for scenario E1 and (b) behavior of the number of trajectories over time t for the first scenario.

The parts in red show the moments in time when no new information was generated, despite
constantly obtaining movement information. This means that one trajectory si shares information with
another trajectory sj.

For this proposal, repetitiveness is an indicator that shows that the new movement information
Vi,j obtained from the scenario begins to lose significance ∆ f (n) = 0. Up to this point, it is difficult to
define a criterion for information sufficiency based on the number of repeated rules in the dictionary
R∗ over time.

This leads to focusing efforts on approximating the discrete function f (n) with a continuous
function f (t). This approximation is possible by calculating the values a and b and substituting them
into Equation (9), in order to obtain the continuous values of f (t) that best describe the growth curve of
the production rules obtained over time in each of the scenarios. This process can be seen in Figure 10.

Taking advantage of the characteristics of the continuous function f (t), we focus on analyzing how
this function changes at points where there is high repetitiveness of production rules Ni ∈ R∗. Now it is
possible to apply a criterion of information sufficiency based on the change in the approximate function
Equation (10), which is defined as f (t)′ = rho, where the function f (t)′ provides information on the
growth of the production rules obtained over time. The minimum value of information desired to
define that the new movement information obtained is significant is when at least one new production
rule is being obtained. Then this criterion ρ is passed to the definition of information sufficiency with
value ρ = 1.

The sufficiency criterion f (t)′ = 1 is applied in the study scenarios in order to obtain the automatic
definition of the movement information time necessary to determine that the information analyzed
has been sufficient. For scenario 1, the time t associated with this criterion is t1 = 98.55 minutes, and
for scenario 2, the time t2 = 189.4 minutes (see Figure 10).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9. Relationship between the behavior of states EE , production rules, and trajectories, corresponding to
t = 15 minutes: (a, d, g) states EE ; (b, e, h) production rules R∗; and (c, f, i) generated trajectories S.

(a) (b)

(c)

Figure 10. Time required for sufficient movement information f (t)‘ = 1: (a) Scenario 1 t1 = 98.55 minutes
and f (98.55)′ = 1; (b) Scenario 2 t2 = 189.4 minutes and f (189.4)′ = 1; (c) Scenario 3 t3 = 146.7 minutes and
f (146.7)′ = 1.
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With the growth information in the R∗
E dictionaries corresponding to the analyzed scenarios, this

is directly associated with the time in each scenario. For the sufficiency of information, work is being
done to generate more expressive trajectories, taking the information from the accumulated movement
patterns SM98.55 and SM189.4 as shown in Figure 11.

(a) (b) (c)

(d) (e) (f)

Figure 11. Membership in the movement with (a) Movement information for SM98.55 ; (b) for SM189 ; (c) for SM67 ; (d)
Surface generated with SM98.55 and (e) SM189.4 and (f) SM67 .

The information from SM98.55 is used to form a new representation of the movement of type si, with
more expressive trajectories composed of the states ek of the scene where the movement is detected.
With this information, it is possible to model the scene for activity detection. The information needed
to train the model was defined by the criterion f (t)′ = 1. In turn, the rules learned by the model and
stored in the dictionary R∗ are validated to infer grammars and validate them against a new set of
trajectories, thus determining the effectiveness of the model in each scenario.

The effectiveness of each model is presented in Table 3, where the results obtained in the three
scenarios evaluated are compared. It can be seen that efficiency varies depending on the particular
morphology of each scenario. This validation supports the proposal put forward in this work, demon-
strating that the criterion of information sufficiency is capable of adapting to different contexts while
maintaining consistent levels of performance.

Table 3. Results of trajectory experimentation in three different scenarios.

Scenarios Training time Total trajectories
|SE |

Dictionary rules
|R∗

E |
Accuracy (%)

(1) PTZ Camera 98.55 minutes 440 250 84.13 %
(2) Fisheye 360°

Camera 189.4 minutes 1022 700 83.56 %

(3) Wide angle
Camera 146.7 minutes 319 622 95.92 %

5. Discussion and Conclusions
Learning algorithms are widely used today; however, like any process, they have areas for

improvement and opportunities for optimization. One of the most relevant and widely studied areas
today is the need for large volumes of information to train them properly. Obtaining this data can be
complex and costly, both in terms of time and computational resources. In this regard, it is essential to
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have proposals such as the one presented in this paper, which introduces a new criterion for defining
the sufficiency of information required in the learning of this type of algorithm. This section discusses
the results obtained with the information sufficiency criterion, emphasizing the objectives achieved,
the benefits obtained, and the limitations identified.

The application of the proposed method in the three scenarios evaluated proved to be an efficient
tool for establishing a new criterion of information sufficiency, taking advantage of the relationship
between the grammatical rules generated by the model and the dynamics of the objects in the analyzed
scene. The Section 4, dedicated to experimentation, presents the results of trajectory modeling using
grammars in three different scenarios. These results, summarized in Table 3, show the analysis of the
model in each case.

In the first scenario, captured with a PTZ camera, the model indicated that a training time of
98.55 minutes was sufficient for the generated data to achieve a high degree of repeatability, thus
allowing the training time to be automatically determined. The resulting rule set contained R∗ = 250
rules, achieving an accuracy of 84.13% when validated with new trajectories. In the second scenario,
recorded with a 360° fisheye camera, the model determined a training time of 189.4 minutes, resulting
in a rule set of R∗ = 700 rules and an accuracy of 83.56%. Finally, in the third scenario, captured with a
wide-angle camera, the estimated training time was 146.7 minutes, with a rule set of R∗ = 622 rules
and a validation accuracy of 95.92%. These results can be seen in more detail in Table 3.

Regarding the limitations of this approach, it should be noted that the method assumes that
objects move freely within the scene and that, given sufficient time, all areas will be covered by motion
data. This assumption may not hold true in scenarios where movement is restricted or the areas of
movement are limited.

Furthermore, the results obtained in the analyzed scenarios may vary when applied to different
environments. The intrinsic parameters of the model are not fully generalized, which could affect the
method’s effectiveness in contexts with different characteristics.

In conclusion, this work presents an effective approach for defining a criterion for information
sufficiency. The main advantage lies in representing trajectories as sequences of symbols si, which
allows us to infer a grammar to model the dynamics of the objects. This results in rules where, if
two trajectories exhibit similarities, it means that at least one production rule applies to a portion
of both trajectories, thus significantly reducing the amount of information Ri needed to represent
the movement. In this way, the trajectory information Gsi becomes more expressive and suitable for
modeling and machine learning purposes.

5.1. Further Works

The information sufficiency criterion developed in this work opens up a wide range of avenues
for future research. One initial direction is the application of this criterion to the modeling of stochastic
processes, particularly to Hidden Markov Models (HMM). In this context, the regions ei that form the
trajectories si can be directly mapped to the visible states vk of an HMM. This correspondence offers a
significant advantage: it ensures that the number of visible states is determined by the information
sufficiency, thus avoiding both overfitting and under-representation of the underlying dynamics.
Furthermore, the grammatical structure can serve as a guide for estimating the transition and emission
probabilities, providing an additional layer of regularization during HMM training.

Finally, this approach can be extended to other domains where symbolic representation of data
is useful, such as multivariate time series analysis, pattern recognition in biological sequences, or
predicting behavior in complex environments. In all these cases, the grammar induced from the data,
along with the concept of information sufficiency, could contribute to improving the generalization
ability of models and reducing training costs.
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