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Abstract: In this paper an underlying perturbed Ricci flow construction is made, within the metric
operator space, originated from the Heisenberg dynamical equations, to formulate a method which
appears to provide a new geometric approach for the geometric formulation of the quantum mechanical
dynamics. A quantum mechanical notion of stability and local instability is introduced within the
quantum mechanical theory, based on the quantum mechanical dynamical equations governing the
evolution of the tensor metric operator. The stability analysis is carried in the topology of little Holder
spaces of metrics which the tensor metric operator acts on. Finally, a conjecture is introduced in attempt
to characterize the stability properties of the quantum mechanical system such that it brings in the
quantum mechanical dynamics into the analysis.
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1. Introduction

We briefly introduce the work of Horwitz at al. [1], attempting to characterize chaotic Hamiltonian
systems in terms of the curvature associated with a Riemannian metric tensor through definition of a
conformal metric.

Given the classical Hamiltonian of form (1) in a curved space [1]

1 o
He := 5 8ij(x)p'p’ (1)
Following the Hamilton equations results in the geodesic equation
B = =T 3 )

where I'}"" is the connection form.
Studying the separation of two nearby trajectories §; = x; — x; at t, which are the components of
the geodesic deviation vector. Let v be the parameter for a family of geodesics in the neighborhood of

the coordinates x;(t) of a point on a geodesic defined by eq.(2) and &;(t) = %ﬁym |y=0-

Then, the second covariant derivative, D/Dt, of the geodesic deviation results in the following geodesic
deviation equation [1]
D?¢;
Dt?

ilk . .
= RI"%jx%¢) ®3)

where R{:lk are the components of the Riemann curvature tensor. The stability of the geodesic flow is
locally determined by the geodesic deviation equation (3) and therefore is locally characterized by the
curvature of the manifold [1].

Next, to study the stability of the Hamiltonian evolution generated by

ipi
H=620 4 viy), @
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a geometric embedding of the Hamiltonian dynamics is constructed by the Hamiltonian Hg of form of
eq.(1) with a conformal transformation of eq.(4), where the conformal factor results in [1]

gij(x) == ®(x)d;;, P(x) 1= —F—~ =F(y) (5)

A relation is made with the set of coordinates {1/} of eq.(4) with the set of coordinates {x;} through
the conformal factor. Two assumptions are made; 1. E is assumed to be the conserved value of H and
Hg 2. the momentum is the same for both of the dynamics governed by the respective Hamiltonians
Hg and H (curved and flat spaces, respectively).
Therefore, they are related by

Py
i o (6)

Next, following Hamilton equations of both curved and flat spaces

E-V(y)=¢

oHs 1
[ apl = %gl]p]
. 1 pi = oH @
T om ap!
and equating the momenta results in
v =g (8)

as a local tangent space transformation which reflects a geometric embedding of the original Hamil-
tonian motion. Clearly, this map is not integrable so the global relation between {x} and {y} is not
established by this map [1].

It follows from eq.(8) that

i} T
X =gy + Tx’j X! )
Then, substituting eq.(9) in eq.(2) results in

) " 1 49
7= =My y"y", where My, = g 5;;?1

(10)

which has the form of a geodesic equation, with a reduced connection form that is completely covariant.
Following Horwitz, Yahalom et al. [3] prove, by power series expansions, one may argue [1] that
the two coordinate systems are involved with two coordinatizations. As a coordinate space, the {y'}
are called the Hamilton manifold and {x;} are called the Gutzwiller manifold [1], with two different
connection forms and related locally by éy/ := ¢/'éx;.

A curvature corresponding to the Hamilton manifold may be derived by the covariant derivative
for a covariant tensor on the Gutzwiller manifold [1] with the connection form, to derive a covariant
derivative in the Hamilton manifold (for the formula for curvature)

m
A™ = aa‘; — T Ak (11)

and induced connection form (lowering the index q with g,),
1 ag Iq 9 kg Okl

T =gl = 58"(5 = =7 = =) (12)

Since it is antisymmetric in its lower indices (1, k) (implying the existence of torsion), along geodesic
motion, it results in the symmetric connection form (10) [1].
These derived expressions for the geodesic equation and connection form corresponding to the
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Hamilton manifold (not metric compatible connections) may be explained by a parallel transport on
the local flat tangent space of the Gutzwiller manifold (whose tensor metric is g;;) which results in the
"truncated” connection (10) [1] if a transformation is made to reach the Hamilton manifold ( by raising
the tensor index).

Next, to compute the geodesic deviation in the Hamilton manifold, one can construct a covariant
derivative such that the second order geodesic deviation equations results in [1]

S = Rymdy"e" (13)

where

=+ My, My, — My, M, (14)

to be called the dynamical curvature [1].

Horwitz et al. conjectured that this structure of eq.(13) can be used as a local criterion to character-
ize the stability of the original Hamiltonian motion [1][2], picturing local regions of instability which
are conjectured to drive the motion into a chaotic behavior. Instability in the classical case occurs if at
least one of the eigenvalues of the dynamical curvature is negative [1][2].

In a previous work [4], we suggested to extend these ideas to a quantum mechanical framework.
We studied the quantum theory associated with a general operator valued Hermitian Riemannian
Hamiltonian 1
T — — plo(x)p
Hg = 2mp gl](x)p (15)
with canonical commutation relations

[x;, pl] = ihé] (16)

Following the Heisenberg picture results in

o1

X = %{P Iglk} (17)
and .

Pl =5 { 8"} (18)

We derived from the Heisenberg equations the quantum mechanical form of the "geodesic" equation
for # generated by the Hamiltonian F,

.. 1 — 9 i . in . 9Gii
= 1 (™" 3w}, S, {87, 5p)) = 28", Yy, (87, %)) (19)

where the classical limit of eq.(19) results in the same conventional structure of a geodesic flow
generated by a classical Hamiltonian of the form (1) [1]

B = TV, (20)
with . 307 oM 0P
pg _ L 8 g o8
I-‘l - zglﬂ( axp axq axn ) (21)

In analogy to the classical case, quantization of eq.(8), yields a new set of operators

1
7= { s} (22)
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Substituting e.q.(18) in eq.(22) results in the structure analogous to the classical form

pl = my (23)

Following the Heisenberg picture, the second order equation for the dynamical variable {y}

g _L.i98i

closely related to the form obtained in the classical case for the "geodesic" equation (eq.(10)) with
reduced connection [1].

Moreover, the quantum "geodesic" formula eq.(19) reflects a property of the quantum mechanical
nature. This can be seen by expressing explicitly in terms of the canonical momenta using (22) and
(23), to get a form of a bilinear in momentum ordered to bring momenta to the left and right, to obtain

S L) (N PO S i {2

%= 2,2 (5, 8ni T gy, 8ni 5y Sm)P +Ma7j<axiaxng” (25)

where the first term is closely related to the classical connection form, and the second term is an
essentially quantum effect. This property is consistently manifested, originated by the natural property
of quantum mechanics, as it was observed in our latest work, as well [11].

We have introduced a criterion for unstable behavior, where for "geodesic deviation" [4], we suggested
to induce a deviation in the Ehrenfest approximation to the trajectory, for a smooth function 9 (x),

Pie(x) = ¢i(x + ) (26)
by the generator of translation, _
P(x+) = i iy () @)
In the approximation of an "adiabatic" (infinitesimal) translation, &(i;, i'¢;) (t) results in
1, 9 98 s
—§<1/’t|y (aTcu(aTCl))y [$1)Ga == ¢1(t) (28)

where & () is defined to be the second derivative of &, the distance between the two trajectories as a
function of time. We then define
L2 (%8

bai= =30 (G (G (29)

as the operator for geodesic deviation.
In the {1/} set of coordinates, it follows from [4] that the commutation relation between the momenta
and the coordinate operators {1/} is

(" '] = —ing" (x) (30)

Then, formally, a transformation between the two coordinate bases, {x;} and {1/}, is made to express
5(ipr, 7'pr) (t) in the {y} coordinate system.

We simulated several quantum dynamical systems and investigated the behavior of the orbits of
expectation values of {y}. We demonstrated the correlation between the complexity and properties of
the orbits pictured by the expectation values and the predictions of local instability corresponding to
deviation under small perturbation, in corresponding with the classical problem [4].
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In a following recent work, we studied the quantum stability in the geometrization of quantum
mechanical evolution in a Finsler geometry [11].
We defined the generalized geometric Hamiltonian operator to be

A

1 . )
He = 5 p'8ij(x, p)p’ (31)

where g;;(x, p) is a Hermitian function of the operators x and p acting on H¢.

We followed the Heisenberg picture to express the dynamical equations of the variables corresponding
to {x} and {p}. Then, in analogy to DeWitt's work [12], we defined a new set of Hermitian operators
y!(x, p) and constructed the representation theory in the {y} coordinates, to designate general point
transformations between the momentum operator p expressed in {x} space representation and the
p’ expressed in the {y} space representation. In the special case §ij(x) and y(x), it becomes DeWitt’s
point transformation formula for the quantum transformation law for the momentum operators
[12][11]. Therefore, defining two space representations; the Gutzwiller representation and the Hamilton
representation.

Next, following our point of view for the representation theory in the {y} coordinates, we studied the
Heisenberg algebra with the geometric Hamiltonian of the form (31). Applying the Heisenberg picture
for the variables corresponding to {y} as Heisenberg dynamical variables, results in

i = m; P My " zéh%(ﬂgq,yl];ﬂ)r My 1= ;W (32)
closely related to the form of a geodesic equation, with a truncated connection form, obtained in the
classical case (Equation (10)) and in the quantum Riemannian Hamiltonian evolution (equation (24)).
The second term in Equation (32) is an essentially quantum effect.

A relation between the momentum p' and velocity ' can be established by ' = L p' + 5= pi[g;;,y']p/
to obtain —y" M,y with terms that are an essentially quantum effect [11].

Next, we define the adiabatic evolution of a slowly changing momentum operator where p is consid-
ered small in a manner which ensures that

[gl] ]/]

Pod e j

N i85y
— PPy g =y G9)

We study the Heisenberg picture in the adiabatic limit which results in the following dynamical

equation
19gij(x, p)
.. il I ._ Y
¥ = 2P M p] 4 szl]p], Ml-]- = ET
where E[ﬁgij,y ] = S Bij=op (M, v 18ump™ + ﬁp”gnm M, y]+ 2 p" gnm. (8ij v 1]P"

(34)
such that two of the indices of the operator & ] are contracted with momentum.
Then, we attempt to find results for suggesting a definition for the unstable behavior of the dynamical
evolution.
We followed the same procedure where we define ¢ as a common number such that ¢(x,t) —
¥(x + ¢ t) and computed 6(¢, i'1) (t), assuming now the physical state is subjected to an infinitesimal
translation as before with the results

I ([ 7, (M Z))pl )y = E0) (35)

d0i:10.20944/preprints202503.1693.v1
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where the left-hand side of expression (35) is defined as the second derivative with respect to the
common number &, the distance between the two trajectories as a function of time. We then define the
geodesic deviation operator

0r i I
¢ = ﬁpl([iﬂr (M} + E))))p! (36)

and study the expectation values. The first term corresponds to the operator for geodesic deviation
Equation (29) [4] and refers to the underlying geometry of the Hamilton manifold, while the second
term accounts for the underlying "geometric flow" altering the Hamilton manifold.

Classically, it provides an underlying geometric interpretation associated with the Heisenberg picture
for the quantum mechanical "Finslerian evolution" with a quantum mechanical form of the "geodesic
flow" if'.

The classical initial value problem ({-, -} is the Poisson bracket)

0 2 _
g{gijryl} = adfj
_ ~1 7
where \zgj = {M?j,y’}gnmpm + TPn {gnm, {gij/yl}}Pm (37)
such that {gij,]/l}(O, X, p) = {gi]',yl}(x,i?)

has a unique smooth solution {g;;, y'}(t, x, p) for some short time interval [0, €).

Equation (37) reflects a geometric flow, referring to the geometry of the Finsler manifold, altered
by changing {g;j,y'} (a one-parameter family of {g;;,y'}(t)) via a PDE with the initial condition
{ij, v'}(0,x,p) = {gi;,¥'}(x, p). A unique smooth short-time solution {g;j, y'}(t, x, p) is governing
the local geometric flow. In this sense, Equation (34) accounts for an underlying "geometric evolution"
equation and may be thought of as emerging from the underlying alteration of the connection form.
Finally, we suggest a conjecture for "local instability" in quantum theory. This new geometric approach
is applicable to a Finsler geometry where a "deviation operator" is introduced to define "local instability"
in quantum theory. The expectation values contain important diagnostic behavior and could well
be incorporated into a new definition of "quantum chaos", corresponding to deviation under small
perturbation [11].

In this work, we attempt to address the basic problem of quantum chaos. We provide a geometric
structure within the operator space in the Heisenberg picture with detailed analysis based on the
geometric flow properties within the operator space. Conjectures are made that relate the stability
properties of the geometric flow within the metric operator space with the stability properties of
the quantum mechanical dynamics. A corresponding classical counterpart system is introduced in
attempt to relate local instability in the classical dynamics with a formal definition we suggest for
"local instability" in the quantum theory.

2. Emergence of an Underlying Geometric Flow in the Quantum Theory

We seek to develop a method that incorporates quantum mechanical dynamics into the analysis
with the dependency on initial conditions, rather then the dynamical equations that govern the
evolution of the trajectories defined by the expectation values.

2.1. Representation Theory in the {x} Coordinates

In the present work we introduce a new approach which concerns the problem of geometrizing
the quantum mechanical dynamics involved the evolution of the tensor metric operator g;;(x) in the
Heisenberg picture evolved in time by a geometric flow which essentially by its nature is originated
from the evolution generated by the geometric Hamiltonian operator in a form defined by
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Definition 1. (Geometric Hamiltonian operator)
Let the position and momentum operators x and p satisfy the canonical commutation relation
xp — px = ihl (38)
and
[xir x]] = [pl/ P]] =0 (39)

Let Hg(R") := L2(R") be a Hilbert space corresponding to a given quantum mechanical system and let the
tensor metric operator g;;(x) be a Hermitian function of the position operator x acting on Hg where x and p are
as above.

We define the geometric Hamiltonian operator valued Hermitian Riemannian Hamiltonian to be

. 1 . .
Hg := %Plgij(x)l?] (40)
where H is a self-adjoint geometric Hamiltonian operator generating the evolution of the system.

In this work we achieve as well a quantum mechanical embedding of the geometrical structure
where we follow some basic ideas introduced by us in previous works [4][11].

We start first by distinguish the Schrodinger picture (notated by S) from Heisenberg operators
(notated by H):

gii(t) = ()81 (t)s = (P(to) U gijUp(t0))s = (Plgij(t) |9} (41)
where the operator is defined as

&ij (1) = UT(t,t0)gij Ut to)

(42)
Sijy (to) = ijs

The time-evolution of the operators following the Heisenberg algebra with the geometric Hamiltonian
operator of form eq.(40) is:

aé;iH = %(wgijsu) = %&BU + U+8z‘jsaafl;[ +ut 35;zzs u
= %UJFHGSU'SU - %U+8ij5HGU + (aég;j)H (43)
= %HHgin - %ginHH = _%[gijr Hclu
where Hy = U"HgU, that results in
aé;i;H = _%[gij/ HGlu (44)

and is known as the Heisenberg equation of motion.
Since FIG is a time-independent Hamiltonian, Hy = HG, and the Heisenberg equation results in

ag"fH_,i
o  h

(i Hcl (45)
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For simplicity we drop the notation g;;,, and write g;; in the rest of our present work.
Next, we calculate explicitly the time evolution of the tensor metric operator g;;(x) in the Heisenberg
picture following eq.(45) which results in

aftl] = ﬁ[HGrgiﬂ = %[p"gnmpm,g,-j] =
‘ (46)
i 1 9gij 0gij
2y P 8iil8ump™ + P 8w [P", 851) = 5 (5 = Gunp™ 4 1" Gum )
such that 5
gij 1 1
s = —(Migunp™ + p"gun M) = —{p", gum M} }
(47)
19gij
n.,__ - 7ol
where M = 3 9%,
Next, expressing eq.(47) explicitly, substituting anticommutator identities, satisfies the following
expression
agii 1 1 2
a;] = %{PnrganZ‘z} = %[p",ganZ?] + gganzi";Pn
—ih a(ganZ?) 2 "on
T an S “
—2ih —ih_ OMj 2
= MM+ S E g M

2.2. Representation Theory in the {y} Coordinates

Following our previous works [4][11], we now define a new set of Hermitian operators {y4, (x)}
such that the commutation relations between the momenta and the operators {1/} are given by a form
as follows, in correspondence with the formula eq.(30), given in our previous work [4],

",y == —2ihgll (x) (49)

with a tensor metric operator in a general operator-valued Hermitian form.
With the canonical commutation relations eq.(38), applied to the left side of eq.(49) results in

!

. d )
[p",yl}H = —zh% = —21hg"’(x,t) (50)
n

Therefore, one may define the following relation (for a full discussion of this point see [4] )

i _ oo im 98ii

ox; oy G

as a local relation between the two sets of coordinates, suggesting that as a result of such a definition
one may think formally of a transformation between the two coordinate bases, {x;} and {y/} [4][11].
Applying the Heisenberg picture for the variables corresponding to {1/}, and substituting equation
(49), results in . ‘
d_ by L P
v =zHoyl=5 =l y] =
i | h | | 2mh | | | (52)
5 (P Y180 + 1 [83 ¥ 1P + Pgil) ')

such that it satisfies the following relation with the momentum operator

g2 .
==y = {8} (53)
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substituting equation (18), closely related to the form given in definition Equation (22) [4].

In analogy to our previous work [11] and DeWitt’s work [12], introducing DeWitt’s point transfor-
mation formula for the quantum transformation law for the momentum operators [12]; to designate
general point transformations between the momentum operator p expressed in {x} space representa-
tion and the p’ expressed in the {y} space representation, covariant under point transformations;

axi i ax,-

Lo 0%y 1 0%

ax..
’”;:aT/;l

Substituting eq.(50-51), a local relation between the two sets of coordinates {x;} and {y'}, the momen-
tum operator p; becomes

P = —ihaayl - %ithi, where M, := gi”g‘ig (55)
so that Mfi has the same form (up to factor of 2) as the reduced connection form in the classical case
(Equation (10)) and consistent with eq.(47), correctly symmetrized so as to make it Hermitian.

Note that pj(t) is time dependent via the dependency of M:; on g(x, t) which gives the origin for the
underlying geometry (M, g(x, t)) involved with the {y} space representation.

Furthermore, substituting eq.(17) , so that Equation (54) for the momentum operator p; implies the
following relation

m

1 .
p = 1{811'/ p'} =

The relations between the two momentum operators, substituting p' — —iha%i in Equation (54), are
1 1.,
P = EgliPl - Eth;i (57)

Then, the commutation relations result in

[p", x;] = —ihd}

[pn,yl] — —2ihgnl
1. (58)
[P;, x| = _Elhgnl

[p, y'1= —ihd,

The relations between the momenta and the velocities {y" } are (from Equation (56) and Equation (53)),
so that m m
pl = Eyl = {Exkrgkl}
(59)
= g g} = 3 (" g} = 3%
Pr=g"mJY 8in g WP/ 8in 5

consistent with Equations (17) and (18) and closely related with the definition in Equations (22) and
(23) [4] along with the definition for p; (Equation (54)).

Therefore, in analogy to our previous work [11] where we worked with two space representations,
motivated by the work of Horwitz et al. [1] on the stability of classical Hamiltonian systems by
geometrical methods, where as a coordinate space, {yl}, which is called the Hamilton manifold, is
endowed with a connection form M}, (Equation (10)), and what is called the dynamical curvature. It
is not uniquely defined in terms of the original manifold {x;}, which is called the Gutzwiller manifold.
To rigorously complete our mathematical formulation, we define two space representations, in anal-
ogy to our previous work [11], corresponding to the {x} space representation and the {y} space
representation:
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Definition 2. (Gutzwiller representation)

Let H ¢ be a Hilbert space corresponding to a given quantum mechanical system, and let Hg be the self-adjoint
geometric Hamiltonian generating the evolution of the system as before. Let the position and momentum
operators, x and p, be as before and satisfy the canonical commutation relations (CCR).

The position space wavefunctions, expressed in the {x} space representation

Pt = [ 9,0 (xl)a (60)
R
where Y(x,t) € L?(R,dx), are then said to be the Gutzwiller representation.

Definition 3. (Hamilton representation)

Let H be a Hilbert space corresponding to a given quantum mechanical system, and let Hg be the self-adjoint
geometric Hamiltonian generating the evolution of the system as before.

Let the position and momentum operators, x and p, be as before, and let the position and momentum operators, y
and p', be as before

., 0 1. i i ] agl
Pt = —zha—yl — Eth;i, where  Mj,(t) := gmﬁnl (61)
and satisfy the commutation relations
[P}yl = —ihd), (62)
The position space wavefunctions are said to be the Hamilton representation, when expressed in the {y} space
representation
P = Wle)®) = [ o/, DIy )i (63)

where dw' denotes the volume element, and the integration is to be carried out over the entire range of coordinate
values, ¢(y,t) € L2.

Note that the Hamilton representation carries an integration over the underlying manifold
(M, g(x,t)) which is induced by the tensor metric opertor gr(x, t).

2.3. Local Existence of an Underlying Ricci Flow in the Quantum Theory

In this section, encouraged to find a method which brings in the quantum mechanical dynamics
into the analysis of quantum chaos, we then construct a generalized form of the dynamical equations
in the Heisenberg picture governing the evolution of the tensor metric operator g;;(x) eq.(48) in a form
of a "geometric flow".

Our so obtained construction carries a structure closely related in form to the classical Ricci flow
equations which are time-evolution equations, i.e., equations of motion equal to the first-order time
derivatives of g;;.

We start by following our previous analysis of the Heisenberg picture for the tensor metric
operator g;;(x) as Heisenberg dynamical variable (eq.(48)), satisfying the Heisenberg’s form for the
equations of motion expressed in the {x} representation. Following our previous formal definition for
a transformation between the two space representations {x;} and {3/}, equation (48) expressed in the
{y} space representation results in

agll —2ih n m —ih aMln; m.n
ot~ MMyt S g S My (64)
—2ih —2in OMjj 2
= MM M,

Note that the momentum is expressed in the {y} space representation, covariant under point transfor-
mations between the two space representations [11].
Then, we express the momentum operator p’ by the substitution of eq.(59) to relate the momentum p’
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with the velocity field expressed in the {y} space representation. One results with a relation between
the two dynamical evolutions of the operators g and yy

_2ih aM}’]?
oy

agii  —2ih . .
ot = T MMy

1
+ 5 8m M {7, gur} (65)

Next, we define the "Riemann curvature" operator in the formal form

1 1
;o OMyg, B oM,

qun T ayn aym

+ My My — M, My (66)

expressed in the {y} space representation, to be a Hermitian function of the position operator x (since
gij(x) is a c-number valued function of the x coordinate base?/ is a function of the position operator x?)
acting on H, equivalent to the classical form of the Riemann curvature tensor in the {y'} coordinate
base (associated with the geodesic deviation equation in the Hamilton manifold, accounting for the
dynamical curvature in equation (14)[1]).

We define, as well, the "Ricci curvature" operator in a formal form to be

Rij = Rf'lj (67)

classically equivalent in form to the Ricci curvature tensor obtained by taking the contraction of the
second and fourth indices of the Riemann curvature tensor.

We suggest, as an analogy to the classical case, a formal construction for a quantum mechanical
"Ricci flow" in a generalized form, associated with the general operator-valued Hermitian geometric
Hamiltonian of the form (40) following the Heisenberg algebra with the geometric Hamiltonian.
The quantum mechanical "Ricci flow" equation is expressed by the representation theory in the {y}
coordinates on the Hilbert space H ¢ corresponding to a given quantum mechanical system.
Substituting Equations (66-67) in Equation (64) results in

9gij  2ih =2k OMS 2 !
or it oy T M M) g M (68)
2ih —2ih MY, _y
_ - Rij + 7( ay],’ +MibMaj — ?ganij pn)

where R;; is the Ricci operator defined in Equation (67).
Next, given the structure of Equation (68), we define a new operator in a generalized form to be an
additional term to the Ricci operator in the quantum mechanical dynamical equation (68), formally
defined as follows 19 o

i i
o= — OU 4 R = 69
ij ot +Rjj, where A - (69)

and E;; is a general symmetric operator acting on H.

[1]

In what follows, motivated by the structure implied by Equation (68), we focus on the topic of
geometrization of the quantum mechanical dynamics in the study of geometric flows. We discuss only
Ricci flow here but analogues of these results may apply more broadly.
First, we define the adiabatic flow, then, the tensor metric operator gij is used to define a "distance", to
be described below, within the operator space, so it becomes a metric space.
The general form of E;; associated with the evolution generated by the geometric Hamiltonian of form
of eq.(40), following Equation (68), is

_ oM

_ » i
ij ayfl + M, My — —=gnm M, (70)
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so that, expressed in the {y} space representation (substitution of eq.(59)) results in
—_ JIM?2. b —im .k
Ejj = aylm + My M — —2= 8 Mij{y", g} (71)

Next, we define an adiabatic quantum mechanical evolution. We start by following operator-valued
analysis of the E;; operator eq.(70) which results in

M,
B¢ +¢"E; = (S T MM 58" +g”’( “’+M M) — (ganl,P;g”l +8" gum M p})
ho_ M2
—{88"} = jl-{ 5y T MM 2i) 8"} = (@M (ph8™ + 8™ ply)
h nm gt n h nm gt aM n n n
(M), ) = (8" MI{(S 1+ MM, 8" — (phg™ +8"'ph)

i oy
) ) (72)
where we assume that MZ is invertible so that M;LM;’; = M;?M#l = I, while g/ 8ij = gl-]-gif = I,and
I, denotes the n-by-n identity matrix.

Substituting Equation (59), i.e. ¥ = %{Pfrg ik}, in Equation (72) satisfies the following relation

2 i ey 200, i QM ;
S M (B 8" = M (S MG M) ) 73)

Define A’ to be a general operator acting on g, giving eq.(69), such that

2h TP
Al = ZL (g M)z, 8"} 74)

In the special case of Equation (70), the A’ operator, giving eq.(73), results in

2ih i oM?
Alzi anl] ai nly _ ol 7
(& MU F + MM ai) 8" = (75)
We now consider the case of a bounded A’ operator, considered to be small, in a manner which ensures
that ot
. i
i~ 2 gy (2 “1+M M), 8"} (76)

Equation (76) is in a structure that bounds the momentum p in case that the right hand side of eq.(76)
is bounded (i.e. manifolds with bounded geometry, to be described below).
Substituting Equation (76) in Equation (71) results in

— oM?. b —im .k
=ij = ) Mip My — 87gan§7{y  Gnk}

g —im .
~ mgmlMglyl - STgan?]?{yk/gnk}

—im 1 .
= i @MY = 5 g M {1, 8k }) @7)
= i @MYy — M1, 8] — S g )

im )
= %gan?; [V, il
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which ensures that 5;; is small as well.
Further operator-valued analysis results in

[1]

im .
i~ g Qun M} 95, §u] (78)
im [in im .
i~ g MG ] g = ggm My, 11

[1]

implying that the tensor metric operator is adiabatically changing in a sense that the commutation
relation of the rate of change of the tensor metric operator with the position operator is small.

In our recent work on the subject of quantum mechanical Hamiltonian Evolution on a Finsler Manifold,
generated by the self-adjoint geometric Hamiltonian Hg = 5 p gij(x,p) p/ [11] we found results with
dynamical equations governing the evolution of the trajectories defined by the expectation values of
the position expressed in the {y(x, p)} space representation in a structure of two terms, where the
first term is the quantum mechanical form of a "geodesic flow", with a connection form as in eq.(55)
(up to factor of two), and with a second term which is an essentially quantum effect. Note that this
term, which was derived from the adiabatic case of a slowly changing momentum operator in a Finsler
geometry, is in a form of =" % [ihgii, y'], and carries a structure closely related to eq.(78).

The evolving dynamical equation of i derived in [11] results in

. 1 .d ; 19gii(x, p)
= LaP M b gl P, M= T 7

where two of the indices i, j are contracted with momentum, follows a behavior such that the underly-
ing geodesic flow, as exhibited by the expectation values, is subjected to the presence of an additional
kind of "force" term, which is an essentially quantum effect, and has the consequence of contributing
to the forces driving the system [11].

This term accounts for the underlying "geometric flow" altering the Hamilton manifold of the under-
lying geometry [11]. Classically, the sign of the eigenvalues of this term may contribute to the local
stability properties of the geodesic flow on the Hamilton manifold, reflecting different behaviors of its
geometric evolution [11].

Therefore, our study here on the quantum mechanical Ricci flow is essentially by its nature a geometric
flow on a Finsler geometry (a perturbed Ricci flow on a Finsler geometry). The term of eq.(78), in this
sense, may affect the stability properties of the perturbed Ricci flow [13][14].

We now turn to the following definitions

Definition 4. (Adiabatic Flow)

Let H ¢ be a Hilbert space corresponding to a given quantum mechanical system and let Fg be the self-adjoint

geometric Hamiltonian generating the evolution of the system as before.

Let the Riemann curvature operator qumn, the Ricci curvature operator R;; and the E;; operator be as before.

Define A; to be a bounded operator acting on H, considered to be small, as before.

An adiabatic evolution is defined to be
2ih

, j. oM
7 (g M) {(

oyl

L MM, 8 (80)

A generalized quantum mechanical adiabatic flow equation reads

agii - if
ai’l] = —ZA(RU — ‘:‘ij)r A= %
2 (81)
- m 9gnk
where i 1= Wgan?;[ (g;l ryk}
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so that R;j is a Hermitian function of the tensor metric operator g;; acting on Hg and E;j is a symmetric operator
acting on Hg.

The adiabatic flow imposes a restriction on the momentum operator (it bounds the momentum
operator) along the evolution of the tensor metric operator gy in case that the geometry implied by
eq.(80) is bounded (to be specified below).

Classically, following the canonical quantization (Dirac’s correspondence principle), 2)\3?}“55“ becomes
({-, -} pB is the Poisson bracket)

mclassic M 9k
ZALIC;HSSZC = ggangl{ g’; ,yk}pB (82)
Then, having defined the adiabatic flow, we define "distance” within the operator space and establish
the perturbed Ricci flow as the underlying geometry induced by the operator metric space to be

Definition 5. (Quantum Mechanical Ricci Flow)

Let H g be a Hilbert space corresponding to a given quantum mechanical system and let Fg be the self-adjoint
geometric Hamiltonian generating the evolution of the system as before.

Let the Riemann curvature operator R;mn, the Ricci curvature operator R;; and the E;; operator be as before.
Let the adiabatic evolution and the adiabatic flow be as before.

Define the operator space x to be a metric space with a distance function ||(§,'j| |(t) for each t € R such that
|16ij|| denotes curves from [ts, ts + €5) into x by

1851[(t) :== sup  [|gij (') — &ij(t")Ilx
t/,t//e[ts,ts+€s)

where  hyj = gi(t') — gii(t"),  |hijllx == sup /(plhlhip)
PYEHS

(83)

for all states ¢, € Hg in n-dimensional Hg(M") := L2(M"), expressed in the Hamilton representation as
before. Denote the space of continuous curves for which this norm is finite by C([to, T); x), for a time interval
[to, T), where ||(§i]'| |(t) lies in the space C([to, T); x)-

Define the trajectory ® corresponding to an initial curve ||8||(to) to be [16,17]

@y(t) = {II8l1(6) | [1811(1), [165]1(t0) € C([to, T); )30 st 1) (84)

i.e., ®(t) is the set of [to, T) x {| |5ij| |(t) : t € [to, T)} reached in the course of the evolution of the system from
an initial ||3ij| |(to). The trajectory ®(t) is then said to be the quantum mechanical geometric flow within the
C([to, T); x) space.

Given a complete metric of bounded geometry go = g;i(x) on n-manifold (M", g;i(x)), a generalized quantum
mechanical Ricci flow equation within the metric operator space C([to, T); x) reads

aglj —_ ih
5 = —2)\(Rl] - ':‘ij)/ A= E
= m? 9 =
where  Zjj := WganZ-’[ g?k, M, Rij,Eij € C([to, T); X) (85)

and  g;;(0) = gij(x), E;(0) = Eij(gij(x)), Rij(0) = Rij(gij(x))

so that R;; and Z;j are symmetric (0,2)-tensors and has at least a perturbed unique smooth solution g;;(t) on
M x[0,T),sothat g(t) ~ (1 — €)gric(t) is a small perturbation of the Ricci flow solution gr;.(t) (€ is positive
or negative), and g(t) is a smooth one-parameter family of metrics on the n-manifold (M", g;;(t)).

Note that in the Hamilton representation the tensor metric operator expressed in the {y} space
representation becomes a unitary invariant ¢ (y) operator with self-adjoint geometric Hamiltonian
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Hg = 5 pi&i (y)p} generating the evolution of the system, however ¢y (x) is not unitary invariant in
the Heisenberg sense in the Hamilton representation.

We now turn to the final step, which suggests a definition for "local instability" in the quantum theory.
This notion relies on the work of Bahuaud et al. [13][14][15], proving that the Ricci flow for complete
metrics with bounded geometry depends continuously on initial conditions for finite time with no
loss of regularity [14]. Their work leads to a general theorem (Theorem 3.6. in [14] )about convergence
stability around any given converging flow trajectory in any geometric flow i.e. it applies not only to
Ricci flow but to more general geometric flows as well.

We suggest to relate the stability of the quantum mechanical system with the principle of convergence
stability for geometric flows in the operator metric space, which is the combination of the continuous
dependence of the flow on initial conditions, with the stability of fixed points [13][14].

We first express E;; in the {y'} coordinate base, substituting e.q.(59) in e.q.(78), expressed in the
Hamilton representation

9 1

[1]

im . 1
ij ~ thganZl[yk,gnk] = EganZlgk“

such that the generalized quantum mechanical Ricci flow equation within the metric operator space
C([to, T); x) reads
?—7 ( 1]**41])/ T
m .1 =
where  Bjj 1= Egan?;Mﬁk, Rjj, Bij € C([to, T); x)
and  g;i(0) = gij(x), E;(0) = Zyj(gij(x))

We identify this geometric flow, under the adiabatic flow constraint, as the perturbed Ricci flow, where

in
m

(87)

the perturbation term acts as an additional geometric correction.

We now invoke the the work of Bahuaud et al. [13][14][15], studying the convergence stability for Ricci
flow on manifolds with bounded geometry and we apply here below their theorem (3.6.) [14].

The Banach spaces on which we let these operators act are little Holder spaces. We work in the topology
of little Holder spaces of metrics as in [13][14][15].

Suppose that the geometric flow equation (87) is any ungauged geometric flow which admits a gauging,
i.e. the addition of a term G(g) tangent to the diffeomorphism orbit and such that D(F + G) is an
elliptic geometric operator which is admissible in the sense of [15] (see discussion in [14]).

Conjecture 1. (Convergence Stability)

Let H ¢ be a Hilbert space corresponding to a given quantum mechanical system and let Fg be the self-adjoint
geometric Hamiltonian generating the evolution of the system as before.

Let the quantum mechanical Ricci flow (which is said to be the perturbed Ricci flow) be as before and the geometric
flow equation reads

9gij
ot
- 1 -
where  Zjj := EganZ?M’,;k, Rij, Eij € C([to, T); x)

and  g;;(0) = g;j(x), E;(0) = Eij(gij(x)), R;i(0) = Ryj(gij(x))

- ih
= —2)\(Rl] - ':'ij)r A= %

(88)

given that g;;(x) is a complete metric of bounded geometry on n-manifold (M", g;;(x)).
Let gr(0) be any metric which is the initial point of a solution gg (t) to the ungauged Ricci flow equation defined
to be ’
B8 _ _oag,, A=
ot ! m (89)

where  g;;(0) = g;j(x), R;j(0) = Ryj(gij(x))
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given that g;;(x) is as before and suppose that gg(t) converges to gy, where gy, is any stationary point of the
Ricci flow equation, both ungauged and gauged flows [13][14][15], which is strictly stable, i.e., let M = B" and
gy, be the Poincaré hyperbolic metric.

Then for any metric g sufficiently near to gr in an appropriate weighted Holder norm g — gr € C;k,’“ (M) for
somek > 2 and p € (0,n — 1), the ungauged perturbed Ricci flow g(t) is said to be a convergent stability flow
if the entire trajectory g(t) remains close to gg(t) for all t.

The quantum mechanical system is then said to be stable in H g along the evolution.

However, if at some time t' : g(t') — gr(t') ¢ Cﬁ’“(./\/l), the quantum mechanical system is then said to be
locally unstable in Hg at t'. The entire trajectory g(t) may not remains close to gr (t) for all t and the unique
continuation of g(t) as a solution may not exists for all t > 0.

In case that the Ricci flow is not a convergent stability flow in the sense of theorem 3.5. [14], then the quantum
mechanical system is said to be unstable in H g along the evolution.

Note that Conjecture 1 is not in the if and only if sense, i.e., in case that the convergence stability
holds for the Ricci flow, it may not hold for the perturbed Ricci flow equation.

3. Conclusions

This work attempt to address the basic notion of quantum mechanical dynamical stability and
attempt to provide definitions for stability, instability and local instability within the quantum mechan-
ical evolution.

A new geometric approach is introduced based on the construction of an underlying perturbed Ricci
flow within the metric operator space which provides the basis for the notion of convergence stability
in the quantum mechanical theory introduced in this work.

The detailed analysis results in a conjecture which addresses the quantum mechanical evolution defin-
ing instability properties of the quantum mechanical dynamical equations in a structure of geometric
flows, valid beyond the stability properties of the counterpart classical systems regardless the Ehrenfest
theorem.
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