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Abstract

In recent years, deep convolutional neural networks (DCNNs) have demonstrated remarkable success
in approximating functions with multiple features. However, several challenges remain unresolved,
including the approximation of target functions in Sobolev spaces defined on the unit sphere, and
the extension of the types for intrinsic functions. To address these issues, we propose a DCNNs
architecture with multiple downsampling layers to approximate multi-feature functions in Sobolev
spaces on the unit sphere. Our method facilitates automatic feature extraction without requiring
prior knowledge of the underlying composite structure and alleviates the curse of dimensionality in
function approximation by extracting general smooth and spherical polynomial features. Compared
with previous approaches, the proposed DCNNs architecture is more effective in capturing a variety
of features.

Keywords: convolutional neural networks; feature extraction; curse of dimensionality; composite
functions approximation; Sobolev space
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1. Introduction
Deep neural networks have demonstrated exceptional computational power and benefited greatly

from the availability of large-scale data [1], leading to remarkable performance across a wide range
of scientific and engineering applications. Among these architectures, deep convolutional neural
networks (DCNNs), which consist of multiple convolutional layers, have proven particularly effective.
DCNNs have been successfully applied to speech recognition, image classification, strategic decision-
making in board games, and many other practical tasks [2,3,25–27].

In the context of approximation theory, DCNNs have shown strong potential [4–7,12,28], and
their approximation capabilities are often regarded as a form of nonlinear approximation [31]. Early
foundational work [13,29,30] examined shallow neural networks with sigmoidal-type activation func-
tions for function approximation. More recently, DCNNs with rectified linear unit (ReLU) activation
functions have been shown to possess universal approximation properties and continuous functions
[8]. Furthermore, [9] demonstrated that DCNNs require only one-eighth of the free parameters needed
by fully connected neural networks (FNNs) to approximate smooth functions.

Nevertheless, several challenges persist. For instance, the error rates reported in [10,11,19] suffer
from the curse of dimensionality, with the approximation error deteriorating as the input dimension d
increases. In an effort to address this, [21] considered the approximation of composite functions of the
form f (Q(x)) in the Sobolev space Wβ

∞(Bd) for (0 < β ≤ 1), where Q(x) is polynomial. This approach

achieved an error rate of O(ϵ
−1
β ) for (0 < ϵ < 1). However, this method assumes a single feature,

implying strong dependence among the input variables.
It has been shown that convolutional layers can effectively extract relevant features [32,33]. Neural

networks, due to their mesh-free architectures, have also demonstrated the ability to overcome the
curse of dimensionality when the target functions exhibit intrinsic structures [17,18,34], possess fast
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decaying Fourier coefficients [13,14], or belong to general mixed smooth function spaces [15,16].
To further reduce variable dependence and alleviate the curse of dimensionality, [20] proposed the
approximation of functions with multiple features in Sobolev space Wβ

∞([0, 1]d) for (0 < β ≤ 1). This
setting is more realistic for complex tasks, where numerous features are typically required to describe

objects. In this case, the error rate becomes O(ϵ
−d∗

β ), where d∗ denotes the number of features and
d∗ ≤ d. This indicates that the curse of dimensionality can be mitigated by extracting features; however,
the error rate is still worse than in the case d∗ = 1, as the input variables exhibit reduced dependence.

Despite these advances, several challenges remain unresolved. This paper focuses on approximat-
ing functions with multiple features defined on the unit sphere, i.e., f ∗ ∈ Wβ

∞(Sd−1) for β ∈ (0, 1]. The
target functions are of the form:

f ∗(x) = f (F1(x), F2(x), . . . , Fd∗(x)), x ∈ Sd−1, (1)

where each {Fτ(x)}d∗
τ=1 is a smooth function in Wr

∞(Sd−1) with (r > 0). In addition, for further
alleviating the curse of dimensionality in function approximation, we approximate functions with
spherical polynomial features and functions with symmetric polynomial features in Scetion 3.4 and 3.5
respectively. The DCNN architecture proposed in Section 3.2 is capable of extracting three types of
features: general smooth features, polynomial features, and symmetric polynomial features. In contrast,
DCNNs constructed in [20] are limited to extracting only polynomial and symmetric polynomial
features.

2. Preliminaries
We begin by establishing notation for function classes. Let Sd−1 = {x ∈ Rd : ∥x∥2 = 1} denote

the unit sphere in Rd.

2.1. Deep Convolutional Neural Networks with Down Sampling

DCNNs, constructed using convolutional layers, have demonstrated significant effectiveness in
tasks, such as image classification [3]. These networks consist of a sequence of convolutional filters
denoted by w = {w(j) : Z → R}J

j=1, where each filter w(j) has infinite support over the index set

{0, . . . , s(j)} for some s(j) ∈ N, referred to as filter length. In this work, we assume a uniform filter
length across layers, that is, s(j) ≡ s ∈ N, which yields the dimensionality sequence {dj = d + js}J

j=1.
The activation function employed is the ReLU.

σ(u) =

u u ≥ 0,

0 u < 0.
(2)

Given a filter w with support on the set {0, . . . , s}, its convolution with a sequence v =

(v1, . . . , vdj−1
) produces a new sequence denoted by w ∗ v defined as follows:

(w ∗ v)i = ∑
k∈Z

wi−kvk =

dj−1

∑
k=1

wi−kvk, i ∈ Z, (3)

which has support on the set {1, . . . , dj−1 + s}. A DCNN comprising J hidden layers, with neuron

mappings {h(j) : R → Rdj}J
j=1 is defined iteratively starting from the input vector h(0) = x, x =

(x1, . . . , xd) and
h(j)(x) = σ(T(j)h(j−1)(x)− b(j)). (4)

where T(j) represents the Toeplitz type convolutional matrix.

T(j) := (w(j)
i−k)i=1,...,dj ,k=1,...,dj−1

, (5)
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associated with a filter w(j) of filter length s and dj ∈ N given explicitly by

T(j) =



w(j)
0 0 0 . . . . . . 0

w(j)
1 w(j)

0 0 0 . . . 0
...

. . . . . . . . . . . .
...

w(j)
s w(j)

s−1 . . . w(j)
0 0 . . . 0

0 w(j)
s . . . w(j)

1 w(j)
0 . . . 0

...
. . . . . . . . . . . . . . . . . .

...

. . . . . . 0 w(j)
s . . . w(j)

0

. . . . . . . . . 0 w(j)
s . . . w(j)

1
...

. . . . . . . . . . . .
...

0 . . . . . . . . . 0 w(j)
s w(j)

s−1

0 . . . . . . . . . . . . 0 w(j)
s



∈ Rdj×dj−1 . (6)

A constraint is imposed on the bias vectors {b(j)}J
j=1 associated with the convolutional layers,

b(j)
s+1 = · · · = b(j)

dj−s, j = 1, . . . , J. (7)

Definition 1 (Deep Convolutional Neural Networks with Downsampling). Let x = (x1, x2, . . . , xd) ∈
Sd−1 represent the input data vector, and let s ∈ N denote the filter length. A downsampled DCNNs with
mappings {h(j) : Rd → Rdj}J

j=1, incorporating downsampling operations at selected layers, is defined recur-

sively. The layer widths {dj}J
j=1 are determined as follows: d0 = d, dJ1 = ⌊ d+J1s

D1
⌋, dJ2 = ⌊ dJ1+(J2−J1)s

D2
⌋,

dJk = ⌊
dJk−1

+(Jk−Jk−1)s
Dk

⌋ and more generally,

dj = dj−1 + s, j ∈ {1, 2, . . . , J} \ {J1, J2, . . . , Jk}

is a sequence of vectors of functions defined iteratively by h(0) = x. The downsampling operator DD : RD̂ →
R⌊D̂/D⌋, parameterized by scaling factor D ≤ D̂, is defined by

DD(v) = (viD)
⌊D̂/D⌋
i=1 , v = (vi)

D̂
i=1 ∈ RD̂,

where ⌊u⌋ denotes the integer part of u > 0. Denote the activated affine mapping CT,b induced by the connection
matrix T and bias vector b as

CT,b(x) = σ(Tx − b),

and

h(j)(x) =

CT(j),b(j)(h(j−1)(x)) if Jk−1 < j < Jk,

DDk ◦ CT(j),b(j)(h(j−1)(x)) if j = Jk,

where J0 = 0, and let {D1, D2, . . . , Dk} denote the downsampling scaling factors corresponding to the layers
{J1, J2, . . . , Jk}. The bias vectors satisfy

(b(j))s+1 = (b(j))s+2 = · · · = (b(j))dj−1
, j ̸= {J1, J2, . . . , Jk}.

In this study, we refer to J1 as the first group of convolutional layers, while J2 − J1 constitutes the
second group, and in general, Jk − Jk−1 represents the k-th group of convolutional layers.
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2.2. Spherical Harmonics and Sobolev Space on the Sphere

Let Hd
k represent the set of all spherical harmonics of degree k on Sd−1. This space can be

characterized as the eigenfunction corresponding to the Laplace-Beltrami operator ∆0 on Sd−1 (see
[22], Chapter 1.4):

Hd
k = {F ∈ C2(Sd−1) : ∆0F = −λkF}, (8)

where λk = k(k + d − 2). The dimension of the linear space Hd
k is

N(k, d) =
(

k + d − 1
k

)
−

(
k + d − 3

k − 2

)
= O(kd−2). (9)

Let Projk : L2(Sd−1) → Hd
k represent the orthogonal projection from L2(Sd−1) to Hd

k . The spaces Hd
k ,

where k ∈ Z+, are mutually orthogonal with respect to the inner product of L2(Sd−1) and possess a
spherical harmonic expansion:

F =
∞

∑
k=0

ProjkF =
∞

∑
k=0

N(k,d)

∑
l=1

F̂k,lYk,l , (10)

where {Yk,l}
N(k,d)
l=1 forms an orthonormal basis of Hd

k , and F̂k,l represents the Fourier coefficients of F,
which are given by the expression:

F̂k,l = ⟨F, Yk.l⟩L2(Sd−1) =
∫
Sd−1

F(x)Yk,l(x)dµ(x). (11)

The normalized spherical measure µ on Sd−1 is defined by the surface area ωd = 2π
d
2

Γ( d
2 )

, such that

µ(Sd−1) = 1).
In addition, ProjkF(x) has an integral representation given by:

ProjkF(x) =
∫
Sd−1

F(y)Zk(x, y)dµ(y), x, y ∈ Sd−1, (12)

where

Zk(x, y) =
N(k,d)

∑
l=1

Yk,l(x)Yk,l(y), x, y ∈ Sd−1. (13)

It can be easily demonstrated that Zk(x, y) is the reproducing kernel of Hd
k independent of the choice

of {Yk,l}
N(k,d)
l=1 . Furthermore, with λ = d−2

2 ,

Zk(x, y) =
k + λ

λ
Cλ

k (⟨x, y⟩), x, y ∈ Sd−1, (14)

where Cλ
k (t) is the Gegenbauer polynomial of degree k with parameter λ > −1

2 , as discussed, for
instance, in [22]. Consequently, for any x, y ∈ Sd−1, k+λ

λ Cλ
k (⟨x, y⟩) serves as a reproducing kernel of

Hd
k in the sense that

∫
Sd−1

p(y)
k + λ

λ
Cλ

k (⟨x, y⟩)dµ(y) = p(x), ∀p ∈ Hd
k . (15)

Definition 2 (Sobolev Space on Sphere). Let 3 ≤ d ∈ N \ {0}, and for r > 0, the Sobolev space Wr
∞(Sd−1)

is defined as

Wr
∞(Sd−1) :=

{
F ∈ L∞(Sd−1) : ∥(−∆0 + I)r/2F∥L∞(Sd−1) < ∞

}
, (16)
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with the norm given by

∥F∥Wr
∞(Sd−1) := ∥(−∆0 + I)r/2F∥L∞(Sd−1) =

∥∥∥ ∞

∑
k=0

(1 + λk)
r
2

N(k,d)

∑
l=1

F̂k,lYk,l

∥∥∥
L∞(Sd−1)

. (17)

2.3. Near-Optimal Approximation and Cubature Formula

The optimal approximation of a function using polynomial spaces of varying degrees is generally
nonlinear. In spherical harmonic analysis, a valuable method for approximation is the application of a
linear operator, denoted as Ln.

Let η ∈ C∞([0, ∞]) with η(t) = 1 be a smooth function, such that t ∈ [0, 1], 0 ≤ η(t) ≤ 1 for
t ∈ [1, 2], and η(t) = 0 for t ≥ 2. Define

kn(t) =
2n

∑
k=0

(
η(

k
n
)
)2 λ + k

λ
Cλ

k (t), t ∈ [−1, 1],

and introduce a sequence of linear operators Kn, for n ∈ Z+, on the space L∞(Sd−1) as follows:

Kn(F)(x) =
∫
Sd−1

F(y)kn(⟨x, y⟩)dµ(y), x ∈ Sd−1.

This integral operator is bounded and yields effective approximations for functions belonging to
Sobolev spaces.

Proposition 1 ([19]). For n ∈ N, r > 0 and F ∈ Wr
∞(Sd−1), there holds∥∥∥F − Kn(F)

∥∥∥
L∞(Sd−1)

≤ Cη2d−1n−r∥F∥Wr
∞(Sd−1),

where Cη represents a constant depending only on the function η. Furthermore, with a constant Cη,d > 0
depending on d and η,

∥Kn(F)∥L∞(Sd−1) ≤ Cη,d∥F∥Wr
∞(Sd−1).

To obtain a discrete representation of Kn(F), a cubature formula is employed for integrating
polynomials of degree up to 4n on the unit sphere Sd−1, with d ≥ 3 ([23], Theorem 3.1).

(Cubature Formula) There exist a constant Cd > 0 that depends only on d, such that for any
m ≥ Cdnd−1, there exist positive constants γl and points yl ∈ Sd−1, for l = 1, . . . , m, satisfying the
following relation: ∫

Sd−1
F(x)dµ(x) =

m

∑
l=1

γl F(yl), ∀F ∈ ∏
4n

(Sd−1), (18)

where ∏4n(Sd−1) denotes to the space of polynomials of degree up to 4n on Sd−1. Furthermore, for
F ∈ ∏4n(Sd−1), the following inequality holds:

∥F∥L∞(Sd−1) ≍ max
l=1,...,m

nd−1γl |F(yl)|, (19)

where A ≍ B indicates that existence of C1 > 0 and C2 > 0 that are independent of n or m, such that
C1 A ≤ B ≤ C2 A. In particular, we say that the family {(γl , yl)}m

l=1 follows a cubature rule of degree
4n.

3. Approximating Functions with Multiple Features on Sphere
In practical deep learning applications, the input dimension d of the target function is often quite

large. As d increases, the approximation rates generally worsen exponentially, leading to what is known
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as the curse of dimensionality. This poses significant challenges when working with high-dimensional
functions.

However, when the input variables are interdependent, meaning there are inherent structures
within the target functions, DCNNs can help alleviate the curse of dimensionality by making use of
these underlying relationships.

Our first target is to approximate composite function with general smooth features

f ∈ Wβ
∞([−BF, BF]

d∗), β ∈ (0, 1]

with BF = maxτ{∥Fτ∥∞}d∗
τ=1:

f ∗(x) = f (F1(x), F2(x), . . . , Fd∗(x)), x ∈ Sd−1, (20)

where d∗ ≤ d, and {Fτ(x)}d∗
τ=1 ∈ Wr

∞(Sd−1) (r > 0). Since the outer function f is Lipschitz-β

continuous, the norm of f is given by

∥ f ∥
Wβ

∞([−BF ,BF ]d
∗ )

:= sup
x∈[−BF ,BF ]d

∗

∣∣ f (x)
∣∣+ sup

x ̸=y∈[−BF ,BF ]d
∗

| f (x)− f (y)|
|x − y|β

. (21)

Theorem 1. Let 2 ≤ s ≤ d, d ≥ 3, d∗ ≤ d, N ∈ N, and let {Fτ(x)}d∗
τ=1 be smooth functions. Define

BF = max{∥Fτ∥∞}d∗
τ=1, and let f ∈ Wβ

∞([−BF, BF]
d∗) with β ∈ (0, 1]. For approximating functions of the

form (20), there exists a downsampled DCNNs as defined in Definition 1 (explicitly constructed as in Section
3.1), with downsampling scaling parameters {d, 1} at layers {J1, J2}, respectively, and filters {w(j)}J2

j=1 of

uniform length s, bias vectors {b(j)}J2+1
j=1 , connection matrix F(J2+1), and coefficient vector c(J2+1) ∈ RN , such

that ∥∥∥c(J2+1) · h(J2+1) − f ∗
∥∥∥

L∞(Sd−1)
≤ c1∥ f ∥

Wβ
∞

N
−β
d∗

where c1 = c1(d∗, d, β, Fτ , η), and η ∈ C∞([0, ∞]) defined in Section 2.3.

3.1. Proof of Theorem 1

Before the proof, we firstly introduce the two Lemmas for approximating inner and outer func-
tions.

Define a kernel:

ln(t) =
2n

∑
k=0

η(
k
n
)

λ + k
λ

Cλ
k (t), t ∈ [−1, 1], (22)

which is a polynomial of degree 2n. According to [19], combined with Proposition 1 and the cubature
formula, we have:∥∥∥Fτ − Kn(Fτ)

∥∥∥
L∞(Sd−1)

=

∥∥∥∥Fτ −
m

∑
l=1

γl Ln(Fτ)(yl)ln(⟨yl , ·⟩)
∥∥∥∥

L∞(Sd−1)

≤ Cη2d−1n−r∥Fτ∥Wr
∞(Sd−1), (23)

where
Ln(Fτ)(yl) =

∫
Sd−1

Fτ(z)ln(⟨yl , z⟩)dµ(z),

and {(γl , yl)}m
l=1 follows a cubature rule of degree 4n.

For N1 ∈ N, let t = {ti}2N1+3
i=1 be the uniform mesh on [−1 − 1

N1
, 1 + 1

N1
] with ti = −1 + i−2

N1
.

Construct a linear operator It on C[−1, 1] by

It(ln)(u) =
2N1+2

∑
i=2

ln(ti)δi(u), u ∈ [−1, 1], ln ∈ C[−1, 1], (24)
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where δi ∈ C(R), i = 2, . . . , 2N1 + 2, is given by

δi(u) = N1(σ(u − ti−1)− 2σ(u − ti) + σ(u − ti+1)). (25)

To facilitate the analysis of the number of free parameters, we define a linear operator LN1 : R2N1+1 →
R2N1+3, which acts on ζ = (ζi)

2N1+1
i=1 ∈ R2N1+1 as follows:

(LN1(ζ))i =



ζ2, for i = 1,

ζ3 − 2ζ2, for i = 2,

ζi−1 − 2ζi + ζi+1, for 3 ≤ i ≤ 2N1 + 1,

ζ2N1+1 − 2ζ2N1+2, for i = 2N1 + 2,

ζ2N1+2, for i = 2N1 + 3.

This operator LN1 facilitates the representation of the approximation operator It on C([−1, 1]) in terms
of {σ(· − ti)}2N1+3

i=1 as

It(ln) = N1

2N1+3

∑
i=1

(
LN1

(
{ln(tk)}

2N1+2
k=2

))
i
σ(· − ti). (26)

By [19,24], we have ∥∥∥∥ m

∑
l=1

γl Ln(Fτ)(yl)ln(⟨yl , ·⟩)−
m

∑
l=1

γl Ln(Fτ)(yl)It(ln)(⟨yl , ·⟩)
∥∥∥∥

∞

≤
C3d+2nd+3C1Cη,d

N2
1

∥Fτ∥Wr
∞ , (27)

where C > 0 is a constant. Combining this with (23) and (27), we obtain the following Lemma:

Lemma 1. Let d ≥ 3, r > 0, n ∈ N, N1 ∈ N. There exist γl ∈ R and yl ∈ Sd−1, l = 1, 2, . . . , m, such that
for any Fτ ∈ Wr

∞(Sd−1) (τ = {1, 2, . . . , d∗}),∥∥∥∥Fτ −
m

∑
l=1

γl Ln(Fτ)(yl)It(ln)(⟨yl , ·⟩)
∥∥∥∥

∞
≤ c̃∥Fτ∥Wr

∞(Sd−1) max
{

n−r,
nd+3

N2
1

}
, (28)

where c̃ = Cη2d−1 + C · 3d+2C1Cη,d.

For approximating the outer function f of the form (20), we use the result of shallow sigmoidal
neural networks approximation with scaling [35].

Lemma 2 ([35]). Let d∗, N ∈ N, β > 0. For any f ∈ Wβ
∞([−BF, BF]

d∗), there exists {α̂k}N
k=1 ∈ Rd∗ ,

{b̂k}N
k=1 ∈ R, {ĉk}N

k=1 ∈ R, and a constant Cd∗ ,β depending on d∗ and β such that

sup
z∈[−BF ,BF ]d

∗

∣∣∣ f (z)−
N

∑
k=1

ĉkσ̂(α̂k · z − b̂k)
∣∣∣ ≤ Bβ

FCd∗ ,β∥ f ∥
Wβ

∞
N

−β
d∗ , (29)

where σ̂ is the activation function of the sigmoidal type.

Proof of Theorem 1. For the approximate target functions of the form (20), we construct DCNNs based
on a series of convolutional layers and a final fully connected layer. The convolutional transformations
are represented by matrices {T(j) := Tw(j) ∈ R(dj−1+s)×dj−1}J2

j=1, each induced by corresponding

filter w := {w(j)}J2
j=1 each supported in {0, 1, . . . , s}. Associated with these layers are bias vectors
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{b(j) ∈ Rdj−1+s}J2
j=1. The network concludes with a fully connected layer h(J2+1) : RdJ2 → RN defined

by a connection matrix F(J2+1) ∈ RN×dJ2 and a bias vector b(J2+1) ∈ RN , expressed as

h(J2+1)(x) = σ̂(F(J2+1)h(J2)(x)− b(J2+1)),

where σ̂ is the activation function of the sigmoidal type. The activation function σ̂ that satisfies the
assumptions:

σ̂(i)(u) ̸= 0, u ∈ R, i ∈ Z+,

and for some integer q ̸= 1, we have limu→−∞
σ̂(u)
|u|q = 0 and limu→+∞

σ̂(u)
uq = 1.

The associated hypothesis space H, used for learning and function approximation, encompasses
all output functions defined by the filter sequence w = {w(j)}J2

j=1, the connection matrix F(J2+1), bias

sequence b = {b(j)}J2+1
j=1 , and a coefficient vector c ∈ RN , is given by:

H :=
{

c(J2+1) · h(J2+1)(x) : w, b, F(J2+1), c(J2+1)
}

.

We design the initial convolutional layer to extract linear features by employing a convolutional
factorization approach [8,10], which facilitates the construction of ridge functions for approximating
the smooth components {Fτ(x)}d∗

τ=1. Let s ≥ 2 and consider a sequence U = (Uk)
∞
k=−∞ supported

on the index set {0, . . . ,M} with M ≤ 0. Then, there exists a finite sequence of filters {w(j)}p
j=1,

each supported in {0, . . . , s}, where p ≤ ⌈ M
s−1⌉, such that the following convolutional factorization is

satisfied:
U = w(p) ∗ w(p−1) ∗ · · · ∗ w(2) ∗ w(1). (30)

For m ∈ N and y = {y1, . . . , ym} ⊂ Sd−1, we define U as a sequence supported on {0, . . . , md − 1},

given by: U(l−1)d+(d−k)−(yl)k
for l ∈ {1, . . . , m} and k ∈ {1, . . . , d}. Let M = md − 1, p ≤

⌈
M
s−1

⌉
. There

exists a sequence of filters w = {w(j)}J1
j=1 supported on {0, . . . , s} with J1 ≥

⌈
M
s−1

⌉
that satisfies the

convolutional factorization:

U = w(J1) ∗ w(J1−1) ∗ · · · ∗ w(2) ∗ w(1).

Here, for j = p + 1, . . . , J1, we take w(j) to be a delta sequence, i.e., {1, 0, . . . , 0}:

T(J1) · · · T(2)T(1) = T(J1,1) = (Ui−k)i=1,...,d+Js,k=1,...,d ∈ R(d+J1s)×d, (31)

where T(j) represents the Toeplitz matrix in (6).
The next step involves constructing the bias vectors in the neural network. We define this as:

∥w∥1 =
∞

∑
k=−∞

|wk|, (32)

For the first layer, the bias is set as:
b(1) = −∥w∥1Id0

and
b(j) =

(
Πj−1

p=1∥w(p)∥1

)
T(j)Idj−1

−
(

Πj
p=1∥w(p)∥1

)
Idj

(33)

and for layers j = 2, . . . , J1, the bias vectors are:

b(j)
s+1 = · · · = b(j)

dj−s. (34)
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Note that for ∥x∥∞ ≤ 1 for x ∈ Sd−1. Let ∥h∥∞ = max{∥hj∥∞ : j = 1, . . . , q} for a vector of functions
h : Sd−1 → Rq. It is known that for h : Sd−1 → Rdj−1 , we have the following inequality:

∥T(j)h∥∞ ≤ ∥w(j)∥1∥h∥∞, (35)

Therefore, the components of h(J1)(x) satisfy the following:(
h(J1)(x)

)
ld
= ⟨yl , x⟩+ B(J1), l = 1, . . . , m, (36)

where B(J1) = ΠJ1
p=1∥w(p)∥1. We have

Dd

(
h(J1)(x)

)
=



⟨y1, x⟩
...

⟨ym, x⟩
0
...
0


+ B(J1)I⌊(d+J1s)/d⌋. (37)

Since J1 ≥
⌈

md−1
s−1

⌉
, we obtain the following:

d + J1s
d

≥ 1 +
md − 1

d
s

s − 1
> 1 +

md − 1
d

≥ m, (38)

Therefore, we have dJ1 = ⌊(d + J1s)/d⌋ ≥ m. To satisfy the constraint J1 ≥
⌈

md
s−1

⌉
for the DCNNs,

and m = ⌊Cd + 1⌋nd−1 for the cubature formula, we need to select n =

⌊(
(s−1)J1
⌊Cd+1⌋d

) 1
d−1

⌋
.

Considering that |yl · x| ≤ 1, we define re exist two groups of convolutional layers with filters
{w(j)}J2

j=1 of uniform length s and biases {b(j)}J2
j=1 that satisfy the restriction (7) for j ̸= J2. These layers

are downsampled in the J1-th layer by a scale factor d, ensuring that the output of the J2-th layer,
denoted h(J2)(x) ∈ RdJ2 is given by:

(
h(J2)(x)

)
(i−1)dJ1+l

=

σ(yl · x − ti) if 1 ≤ l ≤ m, 1 ≤ i ≤ 2N1 + 3,

0 otherwise,
(39)

where J1 ≥
⌈

md−1
s−1

⌉
, J2 − J1 ≥

⌈
(2N1+3)dJ1

s−1

⌉
. So dJ1 = ⌊(d + J1s)/d⌋ ≥ m and dJ2 = dJ1 + (J2 − J1)s >

(2N1 + 3)dJ1 ≥ (2N1 + 2)dJ1 + m. Therefore, we choose the bias vector b(J2) as:(
b(J2)

)
k
= B(J1)

(
ΠJ2−1

p=J1+1∥w(p)∥1

)(
T(J2)IdJ2−1

)
k

+

ti, if (i − 1)dJ1 + 1 ≤ k ≤ (i − 1)dJ1 + m, 1 ≤ i ≤ 2N1 + 3,

B(J1), otherwise.

Finally, we can express h(J2)(x) as:

h(J2)(x) =
[

HT
1 HT

2 · · · HT
2N1+3 0 · · · 0

]T
∈ RdJ2 , (40)

where

HT
i =

[
σ(y1 · x − ti) σ(y2 · x − ti) · · · σ(ym · x − ti) 0 · · · 0

]
∈ RdJ1 , i = 1, 2, . . . , 2N1 + 3. (41)
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We define vi =
(
LN1

(
{ln(tk)}

2N1+2
k=2

))
i

for i = 1, 2, . . . , 2N1 + 3. Additionally, we define the zero

matrices: the m × (dJ1 − m) matrix as O, and the m × (dJ2 − (2N1 + 2)dJ1 − m) matrix as Ô. Then, we
have:

F(N1) = N1

[
v1Im O v2Im O · · · v2N1+3 Im Ô

]
∈ Rm×dJ2 . (42)

Next, to obtain ∑m
l=1 γl Ln(Fτ)(yl)It(ln)(⟨yl , ·⟩) (τ = 1, 2, . . . , d∗), by (27), we obtain as follows:

F(γ) =


γ1Ln(F1)(y1) γ2Ln(F1)(y2) · · · γmLn(F1)(ym)

γ1Ln(F2)(y1) γ2Ln(F2)(y2) · · · γmLn(F2)(ym)
...

γ1Ln(Fd∗)(y1) γ2Ln(Fd∗)(y2) · · · γmLn(Fd∗)(ym)

 ∈ Rd∗×m. (43)

Define the connection matrix F(α̂) ∈ RN2×d∗ for the fully connected layer as the following:

F(J2+1) = F(α̂)F(γ)F(N1) =


α̂1
...

α̂N2

F(γ)F(N1), (44)

where α̂k ∈ Rd∗ (k = 1, 2, . . . , N2). Next, select the bias vector b(J2+1) ∈ RN2 as b(J2+1) =

[b̂1, b̂2, . . . , b̂N2 ]
T . Additionally, define the coefficient vector c(J2+1) ∈ RN2 as c(J2+1) = [ĉ1, ĉ2, . . . , ĉN2 ]

T .
We refer to N and s as structural parameters because the architecture of the DCNNs is entirely

defined by these two parameters. The remaining parameters are termed training parameters, as they
can be trained or selected once s and N are specified.

The error rate for smooth features was established in Lemma 1. By setting n = N
2

d+3+r
1 , we obtain

the following expression∥∥∥∥Fτ −
m

∑
l=1

γl Ln(Fτ)(yl)It(ln)(⟨yl , ·⟩)
∥∥∥∥

∞
= ∥Fτ − F̂τ∥∞ ≤ c̃∥Fτ∥Wr

∞(Sd−1)N
−2r

d+3+r
1 . (45)

Denote S(x) = (F1(x), F2(x), . . . , Fd∗(x)) and Ŝ(x) = (F̂1(x), F̂2(x), . . . , F̂d∗(x)). We have

∣∣∣ f (S(x))− f (Ŝ(x))
∣∣∣ ≤ ∥ f ∥

Wβ
∞

(
c̃
√

d∗ max
{
∥Fτ∥Wr

∞(Sd−1)

}d∗

τ=1

)β

N
−2rβ

d+3+r
1 , (46)

where c̃ = Cη2d−1 + C · 3d+2C1Cη,d.
Using (46) and Lemma 2, the resulting error rates can be derived as follows:

Taking N2 = N and N1 =
⌈

N
d+3+r

2rd∗
2

⌉
, we have

∣∣∣c(J2+1) · h(J2+1)(x)− f (S(x))
∣∣∣

≤
∣∣∣c(J2+1) · h(J2+1)(x)− f (Ŝ(x))

∣∣∣+ ∣∣∣ f (Ŝ(x))− f (S(x))
∣∣∣

≤Bβ
FCd∗ ,β∥ f ∥

Wβ
∞

N
−β
d∗ + ∥ f ∥

Wβ
∞

(
c̃
√

d∗ max
{
∥Fτ∥Wr

∞(Sd−1)

}d∗

τ=1

)β

N
−2rβ

d+3+r
1

≤c1∥ f ∥
Wβ

∞
N

−β
d∗ ,

where c1 = Cd∗ ,βBβ
F +

(
c̃
√

d∗ max
{
∥Fτ∥Wr

∞(Sd−1)

}d∗

τ=1

)β

.
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Remark 1. Since N1 =
⌈

N
d+3+r

2rd∗
⌉

, exponent part depend on input dimension d. For approximating functions

in Wβ
∞(Sd−1), the index of inner function r and the number of features d∗ should satisfy the following condition:

d + 3 + r
2r

≤ d∗ < d,

such that the curse of dimensionality can be reduced.

We give a comparison with [10] in Table 1. Assume that the index of the outer functions β are
equal. Our error rate is much faster when the index of the inner function r and the number of features
d∗ satisfy d+3+r

2r ≤ d∗ < d (d ≥ 3).

Table 1. Approximation rates of extracting features or not.

Regularity Range Error rate features

f ∗ ∈ Wβ
∞(Sd−1) [10] 0 < β ≤ 1 [10] O(N

−β
d+1 ) [10] None [10]

f ∗ ∈ Wβ
∞(Sd−1) 0 < β ≤ 1 O(N− β

d∗ ) General Smooth

Theorem 1 concerns the approximation of composite functions in Sobolev spaces on the unit
sphere f ∗ ∈ Wβ

∞(Sd−1) (β ∈ (0, 1]). In contrast, related previous studies—such as the approximation of
composite functions in Wβ

∞([0, 1]d) (β ∈ (0, 1])— have been discussed in [20]. When d∗ = d and β = 1,
meaning that there are d general smmoth features on sphere, corresponding to that of approximating
functions in d-dimension cube [11], the following corollary is obtained. It illustrates that the DCNNs
we constructed can also approximate or represent functions in a cube.

Corollary 1. Let 2 ≤ s ≤ d, d ≥ 3, N ∈ N. For approximating functions f ∈ W1
∞([0, 1]d), there exists a

downsampled DCNNs as defined in Definition 1 (explicitly constructed as in Section 3.1), with downsampling
scaling parameters {d, 1} at layers {J1, J2}, respectively, and filters {w(j)}J2

j=1 of uniform length s, bias vectors

{b(j)}J2+1
j=1 , connection matrix F(J2+1), and coefficient vector c(J2+1) ∈ RN , such that

∥∥∥c(J2+1) · h(J2+1) − f
∥∥∥

L∞([0,1]d)
≤ c′1∥ f ∥

Wβ
∞

N
−1
d

where c′1 = c′1(d, η), and η ∈ C∞([0, ∞]) defined in Section 2.3.

3.2. Approximating Functions with Polynomial Features

The approximation of functions using polynomial features is also discussed in [20], where the
domain is considered as [0, 1]d. In Theorem 1, we derived the error bounds for functions with smooth
features defined on the unit sphere and introduced the reproducing kernel k+λ

λ Cλ
k (⟨x, y⟩) associated

with the space Hd
k in Section 2.2.

To reduce the curse of dimensionality, we leverage the reproducing kernel to approximate func-
tions with polynomial features on the unit sphere. Specifically, we consider the function:

f ∗(x) = f (P1,q1(x), P2,q2(x), . . . , Pd∗ ,qd∗ (x)) = f (P(x)), x ∈ Sd−1 (47)

where {Pτ,qτ (x)}d∗
τ=1 denotes spherical polynomials of degree qτ .

Define BP = max{∥Pτ,qτ∥∞}d∗
τ=1, assume further that f ∈ Wβ

∞([−BP, BP]
d∗) (β ∈ (0, 1]). Recall

the polynomial kn(t) introduced in Section 2.3., suppose max{qτ}d∗
τ=1 ≤ 2n, we have the following

Theorem:

Theorem 2. Let 2 ≤ s ≤ d, d ≥ 3, d∗ ≤ d, N ∈ N, n ∈ N. Let {Pτ,qτ (x)}d∗
τ=1 be spherical polynomials of

degree qτ , satisfying max{qτ}d∗
τ=1 ≤ 2n, BP = max{∥Pτ,qτ∥∞}d∗

τ=1 and suppose f ∈ Wβ
∞([−BP, BP]

d∗) with
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β ∈ (0, 1]. For approximating functions of the form (47), there exists a downsampled DCNNs, as defined in
Definition 1 (explicitly constructed in Section 3.1), with downsampling scaling parameters {d, 1} applied at
layers {J1, J2}, respectively. The network uses filters {w(j)}J2

j=1 of uniform length s, bias vectors {b(j)}J2+1
j=1 , a

connection matrix F(J2+1), and a coefficient vector c(J2+1) ∈ RN , such that∥∥∥c(J2+1) · h(J2+1) − f ∗
∥∥∥

L∞(Sd−1)
≤ c2∥ f ∥

Wβ
∞
· n(d+3)β · N

−β
d∗

where c2 = c2(d∗, d, β, BP, n, η), and η ∈ C∞([0, ∞]) defined in Section 2.3.

Proof. Let Pτ,qτ (x) be a spherical polynomial of degree qτ , where qτ ≤ 2n. According to (15), we have:

Pτ,qτ (x) =
∫
Sd−1

Pτ,qτ (y)kn(⟨x, y⟩)dµ(y).

Applying (18) and (19), and setting m = ⌊Cd + 1⌋nd−1. Since Pτ,qτ (y)kn(⟨x, y⟩) is a spherical poly-
nomial in y of degree at most 4n, there exist nodes y1, y2, . . . , ym ∈ Sd−1 and positive weights
γ1, γ2, . . . , γm > 0 such that

Pτ,qτ (x) =
m

∑
l=1

λl Pτ,qτ (yl)kn(⟨x, yl⟩), x ∈ Sd−1.

Similar to the proof of Theorem 1, we can derive the following error rates by selecting N1 = N2 =

N: ∣∣∣c(J2+1) · h(J2+1)(x)− f (P(x))
∣∣∣

≤
∣∣∣c(J2+1) · h(J2+1)(x)− f (P̂(x))

∣∣∣+ ∣∣∣ f (P̂(x))− f (P(x))
∣∣∣

≤Bβ
PCd∗ ,β∥ f ∥

Wβ
∞

N
−β
d∗

2 + ∥ f ∥
Wβ

∞

(
c′BP

√
d∗
)β

n(d+3)βN−2β
1

≤c2∥ f ∥
Wβ

∞
n(d+3)βN

−β
d∗ ,

where c2 = Bβ
PCd∗ ,β +

(
c′BP

√
d∗
)β

, and c′ = C · 3d+2C1Cη,d.

Remark 2. Extrcting sphrical polynomial features can also derive the rates of approximating functions in
W1

∞([0, 1]d) when taking d∗ = d and β = 1.

Remark 3. Compared with [20], our spherical polynomial features are not restricted to the same degree, require
only less or equal to 2n.

We provide a comparison with [10] in Table 2. Clearly, for same index β, our results provide faster
error rates since d∗ can be much smaller than d (d ≥ 3). Unlike in the case of extracting general smooth
features (Theorem 1), the index of the inner function r and the number of features d∗ do not need to be
limited to a specific range.

Table 2. Approximation rates of extracting features or not.

Regularity Range Error rate features

f ∗ ∈ Wβ
∞(Sd−1) [10] 0 < β ≤ 1 [10] O(N

−β
d+1 ) [10] None [10]

f ∗ ∈ Wβ
∞(Sd−1) 0 < β ≤ 1 O(N− β

d∗ ) Spherical Polynomial
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3.3. Approximating Functions with Symmetric Polynomial Features

Even though d∗ much smaller than d, in practical applications of machine learning d∗ is large. In
order to further improve the rates of approximation, we consider the polynomial features {Pτ,qτ (x)}d∗

τ=1
in (47), which exhibits symmetric structures with degree n. We denote these features by {Qτ,n(x)}d∗

τ=1,
where Qτ,n(x) = Qτ,n(x1, x2, . . . , xd) and x ∈ Sd−1. For any permutation in the symmetric group Qτ,n:

Qτ,n(x1, . . . , xi, . . . , xj, . . . , xd) = Qτ,n(x1, . . . , xj, . . . , xi, . . . , xd), (48)

Therefore, the target function is of the form

f ∗(x) = f (Q1,n(x), Q2,n(x), . . . , Qd∗ ,n(x)), x ∈ Sd−1, (49)

and f ∈ Wβ
∞([−BQ, BQ]

d∗) (β ∈ (0, 1]) with BQ = max{∥Qτ,n∥∞}d∗
τ=1.

Theorem 3. Let 2 ≤ s ≤ d, d ≥ 3, n < d∗ ≤ d, N ∈ N, n ∈ N, {Qτ,n(x)}d∗
τ=1 be a symmetric spherical

polynomial of degree n, and f ∈ Wβ
∞([−BQ, BQ]

d∗) with BQ = max{∥Qτ,n∥∞}d∗
τ=1 and β ∈ (0, 1]. To

approximate functions of the form (49), one can construct a downsampled DCNNs as described in Definition
1 (explicitly defined in Section 3.1), employing downsampling scaling parameters {d, 1} at layers {J1, J2},
respectively. The network uses filters {w(j)}J2

j=1 of uniform length s, bias vectors {b(j)}J2+1
j=1 , a connection matrix

F(J2+1), a coefficient vector c(J2+1) ∈ RN , such that∥∥∥c(J2+1) · h(J2+1) − f ∗
∥∥∥

L∞(Sd−1)
≤ c3n(d+3)βN

−β
n

where c3 = c3(d∗, d, β, f , Qτ,n, n, η), and η ∈ C∞([0, ∞]) defined in Section 2.3.

Proof. Let the elementary symmetric polynomials on x ∈ Sd−1 be denoted by

qk(x) = ∑
1≤i1<i2<···<ik≤d

xi1 xi2 · · · xik , k = 1, 2, . . . , d. (50)

According to the fundamental theorem of symmetric polynomials, any symmetric polynomial can be
uniquely expressed as a polynomial in the variables (q1(x), q2(x), . . . , qd(x)). Given that the symmetric
polynomials {Qτ,n(x)}d∗

τ=1 are of degree n, and n ≤ d, they have a unique expression as a polynomial
in (q1(x), q2(x), . . . , qn(x)). Consequently, for Qτ,n with n ≤ d∗ ≤ d, there exists a unique polynomial
Q̃τ,n such that

Qτ,n(x) = Q̃τ,n(q1(x), q2(x), . . . , qn(x)), τ = 1, 2, . . . d∗. (51)

Therefore, the target function f ∗(x) can expressed as

f ∗(x) = f (Q1,n(x), Q2,n(x), . . . , Qd∗ ,n(x))

= f (Q̃1,n(q1(x), q2(x), . . . , qn(x)), . . . , Q̃d∗ ,n(q1(x), q2(x), . . . , qn(x)))

= f̃ (q1(x), q2(x), . . . , qn(x)), (52)

for some function f̃ defined on Rn as

f̃ (z) = f (Q̃1,n(z), . . . , Q̃d∗ ,n(z)), z ∈ Rn. (53)

Since the polynomial Q̃τ,n ∈ W1
∞([−Bq, Bq]n) with semi-norm |Q̃τ,n|W1

∞
, and where Bq = maxk{∥qk∥∞}n

k=1,
it follows that for any z1 ̸= z2 ∈ [−Bq, Bq]n, we have:
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f̃ (z1)− f̃ (z2) = f (Q̃1,n(z1), . . . , Q̃d∗ ,n(z1))− f (Q̃1,n(z2), . . . , Q̃d∗ ,n(z2))

≤
(√

d∗ max
τ

{|Q̃τ,n(z1)− Q̃τ,n(z2)|}d∗
τ=1

)β

≤
(√

d∗ max
τ

{|Q̃τ |W1
∞
}d∗

τ=1|z1 − z2|
)β

. (54)

Since {qk(x)}n
k=1 are spherical polynomials of degree up to n, let us denote

q(x) = (q1(x), q2(x), . . . , qn(x)) and q̂(x) = (q̂1(x), q̂2(x), . . . , q̂n(x)).

Similar to the proof of Theorem 2, by selecting N1 = N2 = N, we obtain:∣∣∣c(J2+1) · h(J2+1)(x)− f̃ (q(x))
∣∣∣

≤
∣∣∣c(J2+1) · h(J2+1)(x)− f̃ (q̂(x))

∣∣∣+ ∣∣∣ f̃ (q̂(x))− f̃ (q(x))
∣∣∣

≤Bβ
q Cd∗ ,β∥ f̃ ∥

Wβ
∞

N
−β
n

2 +
(

Bq max
τ

{|Q̃τ |W1
∞
}d∗

τ=1

√
d∗
)β

(c′nd+3)βN−2β
1

≤Bβ
q Cd∗ ,β

((
Bq max

τ
{|Q̃τ |W1

∞
}d∗

τ=1

√
d∗
)β

+ ∥ f ∥
Wβ

∞

)
N

−β
n

2

+
(

Bq max
τ

{|Q̃τ |W1
∞
}d∗

τ=1

√
d∗
)β

(c′nd+3)βN−2β
1 ,

≤c3n(d+3)βN
−β
n , (55)

where c3 =
(

Bq maxτ{|Q̃τ |W1
∞
}d∗

τ=1

√
d∗
)β

(c′β + Bβ
q Cd∗ ,β) + Bβ

q Cd∗ ,β∥ f ∥
Wβ

∞
, and c′ = C · 3d+2C1Cη,d.

4. Conclusions
This paper proposes the construction of DCNNs with multiple downsampled layers for approx-

imating functions with multi-features—namely, general smooth features, polynomial features and
symmetric polynomial features on the unit sphere. The result of Theorem 1 implies that if the index of
the inner function r and the number of features d∗ satisfy d+3+r

2r ≤ d∗ < d, the curse of dimensionality
can be reduced. For further reducing the curse of dimensionality, we also derive error rates for cases
where the features are either polynomials or symmetric polynomials on the unit sphere, as shown
in Theorem 2 and 3. This implies that the DCNNs developed in Section 3.2 demonstrate the capabil-
ity to extract three types of features: general smooth features, polynomial features, and symmetric
polynomial features. In comparison, the DCNNs in [20] are limited to extracting only polynomial and
symmetric polynomial features. In addition, compare to [20], when extracting polynomial features
on sphere, our spherical polynomial features are not restricted to the same degree. Although our
input vector x is spherical, we show that the DCNNs designed in Section 3.2 can also approximate or
represent functions in W1

∞([0, 1]d) by extrcating general smooth or spherical polynomial features, as
shown in Corollary 1. These results underscore the superior learning capacity of the proposed DCNNs
framework in capturing complex and high-dimensional feature representations on the unit sphere.
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