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Abstract: This paper provides a comprehensive review of uncertainty quantification (UQ) methods and their

applications in CFD aerodynamics. The review begins by discussing the various sources of uncertainty in CFD

simulations, highlighting their impact on aerodynamic predictions. It then explores a range of UQ methods,

including non-probabilistic, probabilistic, and Bayesian approaches, detailing their strengths and limitations

in the context of aerodynamics. The paper further examines the application of these methods to real-world

CFD problems, showcasing their effectiveness in addressing uncertainties inherent in aerodynamic simulations.

Additionally, challenges and limitations of applying UQ techniques in CFD aerodynamics are critically evaluated.

The review concludes by outlining potential future research directions aimed at advancing UQ methodologies and

their integration into CFD-based aerodynamic design and analysis. Key takeaways from the study are presented

to provide a foundation for further developments in this important area of research.

Keywords: UQ; Aerodynamics; CFD

1. Introduction

Before quantifying uncertainty, it is essential to distinguish it from "errors," as the two are often
confused. According to the AIAA standard definition [1], uncertainty is “a potential deficiency in
any phase or activity of the modeling process that arises from a lack of knowledge.” This uncertainty
typically stems from gaps in understanding physical models or input parameters, leading to unreliable
simulations. In contrast, errors are defined as “a recognizable deficiency in any phase or activity
of modeling and simulation that is not due to a lack of knowledge.” Errors, therefore, result from
identifiable issues that can be diagnosed and corrected.

With these definitions in mind, this study focuses on uncertainty quantification (UQ) [2], which
involves characterizing input uncertainties, propagating them through the model or system, and
performing statistical or interval assessments of the resulting outputs. In short, it assesses how
uncertainties and assumptions affect the model’s predictions.

These uncertainties are generally categorized into two types [3]:

• Aleatory uncertainty (irreducible uncertainty): This type is related to inherent variability in the
system or its environment, such as material properties, manufacturing tolerances, or boundary
conditions. Aleatory uncertainty cannot be reduced, but it can be addressed through additional
experiments to gather more data or by using probabilistic methods

• Epistemic uncertainty (reducible uncertainty): This type arises from a lack of knowledge about
the physical model itself, often stemming from assumptions or simplifications in the model’s
formulation (e.g., turbulence models, periodicity, or steady-state conditions). Unlike aleatory
uncertainty, epistemic uncertainty can be reduced by conducting more experiments and using
the results to refine and improve the underlying physical models.

The inclusion of uncertainty in the design process has shifted traditional methods, which relied
on safety margins and knockdown factors, toward more advanced approaches like robust design and
reliability-based design. Robust design aims to create solutions that are relatively insensitive to small
variations in uncertain variables, ensuring consistent performance under variability. Reliability-based
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design, on the other hand, ensures that the probability of failure remains below an acceptable threshold,
emphasizing both safety and reliability.

These new approaches offer several advantages over traditional methods [4]. They improve
confidence in analysis tools, reduce design cycle time, lower costs and risks, and enhance system
performance while meeting reliability requirements. Additionally, they lead to more robust designs
that can perform effectively under off-nominal conditions.

As part of a preliminary bibliometric study, we conducted an analysis to better understand the
evolution and key trends in the field of UQ applied to CFD. The figures presented provide an overview
of the most relevant keywords in the literature and the geographical distribution of contributions
across different countries over time. Figure 1 (left) shows a histogram highlighting the frequency of key
terms found in UQ-CFD publications, while Figure 1 (right) illustrates a word cloud that emphasizes
the most prominent concepts. Additionally, Figure 2 examines the temporal trends in the contributions
from various countries, shedding light on the global development of this field.

Figure 1. Comparison of key concepts in UQ applied to CFD aerodynamics. On the left, a histogram
displaying the frequency of key terms found in the literature on UQ in CFD, and on the right, a word
cloud representing the most prominent keywords extracted from the same body of work. Figure
created using the software ScientoPy [5]

To illustrate the importance of these uncertainties, although they will be detailed in later sections,
we provide a few typical examples of aleatory uncertainty effects. For instance, uncertainty in inlet
conditions, such as inlet temperature in the high-pressure stage of a turbine, can lead to significant
variations —up to 60% in the Nusselt number on the pressure side [6]. Similarly, Dam et al. (2024) [7]
found that small modifications (1% chord) in the trailing edge can increase mechanical and thermal
stresses, particularly in the hub and shroud regions.

Figure 2. Temporal evolution of the contribution of different countries to the field of UQ in CFD.
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Salvadori, Insinna, and Martelli [8] studied the interaction between combustor and turbine
components, identifying a residual swirl from the combustor that altered the stagnation point location
on the high-pressure vane by as much as 4% of the chord. In the context of wind turbine airfoils,
Marepally et al. (2022) [9] showed that uncertainty in lift coefficients and lift-to-drag ratios becomes
particularly significant near the stall region. A 5% deviation in geometric parameters caused about a
3% deviation in these quantities near the operating point, with uncertainties increasing from around
5% to more than 10% for thinner and thicker airfoils, respectively, near the stall region.

Regarding epistemic uncertainties, a typical example is found in Reynolds-Averaged Navier–Stokes
(RANS) models [10]. These models are limited in replicating certain characteristics of turbulent flows
due to inherent simplifications, such as the assumption that the Reynolds stress tensor can fully
describe the turbulent flow field. Other simplifications include the eddy viscosity hypothesis, which as-
sumes Reynolds stress anisotropy is proportional to the mean rate of strain, and the gradient diffusion
hypothesis for modeling turbulent transport. While these assumptions may be relatively accurate for
simpler flows, they can introduce significant discrepancies in more complex turbulent flows, especially
those involving mean rotation effects, swirl, or strong streamline curvature, where the fidelity of linear
eddy-viscosity-based closures often falls short.

This review is structured to provide a comprehensive overview of uncertainty quantification
(UQ) methods and their applications in CFD aerodynamics, along with insights into potential future
research directions. In Section 2, we discuss the various sources of uncertainty in CFD aerodynamics.
Section 3 explores the different UQ methods, including non-probabilistic, probabilistic, and Bayesian
approaches. Section 4 addresses the challenges and limitations associated with UQ in this field. Section
5 outlines future directions for advancing UQ in CFD aerodynamics.

2. Uncertainty Sources in CFD Aerodynamics

In aerodynamics, the presence of various uncertainties can significantly affect the accuracy and
reliability of both simulations and test. These uncertainties stem from multiple factors, including
variations in geometry, boundary and initial conditions, model assumptions, and experimental mea-
surements. A thorough understanding of these sources is crucial for improving model fidelity and
predictive capability. In this section, we outline the key sources of uncertainty and their impact.

2.1. Geometric Uncertainty

Geometric uncertainty in CFD aerodynamics arises from several factors, including manufacturing
tolerances, surface roughness, and operational deformations. These uncertainties introduce variability
into the physical geometry of aerodynamic components, leading to discrepancies between simulation
predictions and real-world performance. Managing these uncertainties is essential, as even small
deviations from the ideal geometry can have significant effects on aerodynamic characteristics such as
lift, drag, and overall efficiency.

One of the primary sources of geometric uncertainty is manufacturing variability. For example,
slight deviations in the shape of an aircraft wing or imperfections in surface quality can lead to
noticeable differences in aerodynamic behavior. Zhang et al. (2021) demonstrated the significant effect
of surface roughness and manufacturing tolerances on drag predictions during wind tunnel testing
of airfoils, showing how these uncertainties can alter performance estimates [11]. Similarly, Wu et al.
(2018) investigated turbine blade performance and found that small geometric deviations from the
nominal design could cause notable changes in lift and drag, highlighting the importance of precise
manufacturing [12].

Manufacturing errors and in-service degradation also play a key role in geometric uncertainty.
Over time, components such as gas turbines experience wear and tear that leads to deviations from
their original geometry, which can negatively impact performance. Lange et al. (2020) explored the
impact of 18 geometric uncertainty variables in a high-pressure compressor blade and found that the
leading-edge thickness was the most influential factor affecting efficiency [13]. Further emphasizing the
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importance of key geometric parameters, Wang et al. (2023) showed that, under near-stall conditions,
the blade tip leading-edge radius and tip thickness were the dominant factors influencing efficiency
deviation. These parameters accounted for up to 54% of the total efficiency variation, underscoring the
need for strict control over these features during manufacturing [14].

Another significant source of geometric uncertainty stems from operation, such as aeroelastic
deformation. This is particularly challenging in aerospace applications where structures, like wings,
experience dynamic forces that can alter their shape in real time. Righi, Carnevali, and Ravasi (2021)
explored this phenomenon by studying flutter speed and found a broad confidence interval, with
variability on the same order of magnitude as differences between lower and higher fidelity models.
This indicates how unpredictable aeroelastic deformations can be, further complicating geometric
uncertainty management [15,16].

Geometric uncertainties are especially difficult to measure and predict under real operational
conditions. For instance, wing flexing during flight introduces deformations that challenge the accuracy
of CFD simulations. To address this, probabilistic approaches can be used to model a range of geometric
configurations and assess their impact on simulation outcomes. By incorporating these probabilistic
techniques, engineers could better capture the influence of geometric variability and improve the
robustness of their aerodynamic predictions.

2.2. Boundary and Initial Conditions

Boundary and initial condition uncertainties are key contributors to variability in CFD simulations,
arising from fluctuations in external environmental and operating conditions. These uncertainties
encompass factors such as wind speed, temperature, pressure, and turbulence intensity, all of which can
vary during operation and significantly affect the accuracy of simulations. In complex aerodynamic
flows, the sensitivity of the flow field to these parameters is particularly pronounced, making it
essential to carefully quantify and account for their uncertainties during CFD analysis.

For instance, Araya et al. (2021) explored the impact of boundary condition uncertainties in CFD
simulations of wind turbines. Their study revealed that even small variations in wind speed and
direction could lead to substantial changes in predicted power output and the loading on turbine
blades, underscoring the importance of accurately modeling external environmental conditions in wind
energy applications [17]. Similarly, boundary condition uncertainties play a significant role in external
aerodynamic simulations, such as vehicle design, where variations in temperature and humidity can
alter the performance predictions of the vehicle under different environmental conditions.

The effect of turbulence intensity and environmental fluctuations on low Reynolds number aero-
dynamic designs has also been highlighted. García-Gutiérrez et al. (2020) identified how turbulence
level fluctuations impact the optimal design of low Reynolds propellers and the performance of
high-altitude airships. Their findings showed that turbulence significantly influences the aerodynamic
performance of these systems, making it a crucial factor in their design optimization processes [18,19].

In the context of turbomachinery, uncertainty in operational conditions has attracted growing
attention. For example, Tang et al. (2020) investigated the effects of stochastic operational conditions
such as exhaust pressure, inlet flow, rotor speed, and mechanical vibration on the performance of
centrifugal compressors. Their results demonstrated that these fluctuating conditions introduce
variability in performance parameters, complicating the prediction of compressor behavior under
real-world operating conditions [20]. Gopinathrao et al. (2009) utilized the non-intrusive probability
collocation method (NIPRC) to analyze how variations in inlet total pressure affected the pressure
ratio and efficiency of NASA Rotor 37, highlighting the sensitivity of turbomachinery performance to
boundary condition uncertainties [21]. Similarly, Wang et al. (2009) examined the influence of random
outlet static pressure on NASA Rotor 37, showing that robust design methods can mitigate the rapid
decline in efficiency at off-design conditions, particularly at the choked flow point [22].

In supersonic flow applications, boundary condition uncertainties become even more critical.
Lu et al. (2022) studied the influence of freestream parameters such as velocity, static pressure, and
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temperature on fin-plate configurations in supersonic flow. They found that uncertainties in these
flow parameters, along with geometric variations in fin angles, could lead to significant deviations in
heat transfer and pressure predictions on the bottom plate, with heat transfer uncertainty exceeding
30% in some cases [23]. Their study revealed that freestream velocity, pressure, and fin angle were the
primary contributors to uncertainty, whereas wall temperature had a negligible effect.

2.3. Model Uncertainty

Model uncertainty in CFD arises from the inherent approximations and assumptions made in
mathematical models used to simulate complex physical phenomena. This type of uncertainty has a
significant impact on the accuracy of aerodynamic predictions, particularly in intricate flow regimes.
One of the primary sources of model uncertainty stems from turbulence modeling, as the chaotic and
multiscale nature of turbulence is challenging to fully capture with simplified models.

The widely used Reynolds-Averaged Navier–Stokes (RANS) equations are a prime example,
as they rely on various assumptions, such as the eddy viscosity hypothesis, to model turbulent
flows. These assumptions may work well for certain flow regimes but often fail to accurately capture
anisotropic turbulence effects present in flows with strong curvature, swirl, or rotation. The assumption
of linear eddy viscosity in particular limits the ability of RANS models to predict flows with significant
anisotropic turbulence, leading to inaccuracies in the flow field predictions [24]. Numerous studies
have documented these limitations. For instance, Slotnick et al. (2014) provided a comprehensive
review of CFD applications in aerospace, noting the critical challenges posed by turbulence modeling
[25]. Ghosal (1996) also highlighted the epistemic uncertainties introduced by turbulence models,
which impact the prediction of complex flows [26]. Pope (2000) emphasized the inherent uncertainties
in turbulence models and underscored the need for more rigorous methods to quantify and address
these uncertainties [27].

More advanced turbulence models, such as Large Eddy Simulation (LES), address some of the
shortcomings of RANS by resolving larger turbulent structures. However, LES still relies on subgrid-
scale (SGS) models to account for the effects of smaller, unresolved turbulent eddies. The choice of SGS
model can introduce additional uncertainty, as different models provide varying levels of accuracy
depending on flow conditions. For example, the commonly used Smagorinsky model is sensitive to
both the selected model parameters and the specific characteristics of the flow, which can affect the
reliability of the results [28]. Furthermore, the grid resolution plays a critical role in LES accuracy, as
finer grids resolve more turbulent scales, but at a higher computational cost. Despite these refinements,
LES simulations can still diverge from experimental results due to uncertainties in SGS models and the
stochastic nature of turbulence itself [27].

Beyond RANS and LES, hybrid models like Detached Eddy Simulation (DES) and Reynolds Stress
Models (RSM) have been developed to address some of the uncertainties in traditional approaches.
DES combines elements of RANS and LES, while RSM directly models the Reynolds stress tensor to
better capture the anisotropic nature of turbulence. However, these methods also carry their own
uncertainties, especially regarding parameterization and the transition between different flow regimes.
Understanding these uncertainties is essential for producing reliable aerodynamic designs.

Other numerical techniques, such as panel methods, which are often used in inviscid flow simula-
tions, also introduce model uncertainty. These methods approximate the flow field by discretizing
surfaces into panels, which inherently limits their precision, especially near solid boundaries where
the flow becomes more complex. The distribution of panels, if inadequate, can lead to substantial
errors in the predicted flow behavior. A comparison of the uncertainty introduced by RANS and panel
methods was explored in [29], where inviscid panel methods using the eiN approach were analyzed
for uncertainty quantification [30].

Recent advancements have introduced methods to directly address the uncertainty in turbulence
modeling. The Eigenspace Perturbation Method (EPM) is a promising approach that perturbs the
Reynolds stress tensor’s eigenvalues and eigenvectors to quantify uncertainty from turbulence models.
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This physics-based method is currently the only approach that systematically addresses structural
uncertainty in turbulence modeling, offering an improved framework for assessing uncertainty in
RANS-based simulations [31].

Additionally, numerical and algorithmic uncertainty emerges from the discretization of the
governing partial differential equations (PDEs) used in CFD. This type of uncertainty is typically
evaluated using methods such as the Grid Convergence Index (GCI) introduced by Roache [32] and
Richardson Extrapolation [33]. Both techniques involve refining the computational mesh to quantify
how much numerical uncertainty is present in a simulation due to grid resolution.

The uncertainties inherent in models are not limited to low-fidelity approaches. As highlighted
above, Large Eddy Simulations (LES) experience significant interactions between modeling and numer-
ical errors [34]. This issue is particularly pronounced in LES with implicit filtering, a common method
in practical applications, where the grid itself provides the local filtering bandwidth [35]. In LES, as
opposed to RANS) simulations, the dynamics of large-scale structures are directly computed while
small scales are modeled by applying a low-pass filter to the Navier-Stokes equations. Establishing
effective scale separation in LES is challenging because low-pass filtering is generated by a complex
combination of implicit filtering via the mesh and discretization schemes [36]. Even when explicit
filters are introduced, the discretization methods alter the effective filter function shape [37]. Boundary
conditions further influence the overall model in LES, significantly affecting the formation of shear and
boundary layers as well as the transition to turbulence. LES results are also generally more sensitive to
the inlet Reynolds number compared to RANS simulations [38].

Like experimental observations, Direct Numerical Simulations (DNS) are impacted by uncertain-
ties, including sampling errors and discretization errors [37]. In a well-conducted DNS, the mesh
must resolve all significant flow scales, making sampling error the dominant uncertainty. However,
the mesh selection often relies on empirical judgment, meaning that sampling and discretization
errors can be coupled. Oliver et al. [39] propose a Bayesian approach to account for sampling errors
when estimating discretization errors, thereby providing a more structured treatment of uncertainties.
Additionally, DNS is subject to uncertainties stemming from boundary condition specifications, similar
to the challenges faced in LES [37].

Machine Learning (ML) techniques are increasingly explored to address model uncertainties in
CFD. By leveraging data-driven approaches, ML methods aim to better quantify uncertainties from
model approximations, offering promising avenues for improving prediction accuracy in aerodynamic
simulations [40–42].

2.4. Measurement Uncertainty

Although the focus of this study is the uncertainty quantification in CFD, measurement uncertainty
represents another critical source of error in CFD simulations, particularly when these simulations
are validated against experimental data. Validation is essential to ensure that CFD models accurately
predict real-world phenomena, but experimental measurements themselves are subject to a variety
of uncertainties. These uncertainties arise from limitations in measurement instruments, calibration
issues, sensor inaccuracies, and environmental factors. In aerodynamic simulations, wind tunnel tests
are often used for validation, and these tests introduce their own set of uncertainties, including sensor
misalignment, inaccuracies in pressure or temperature readings, and the inherent turbulence levels
present in the wind tunnel environment.

For instance, Childs et al. (2021) conducted a study on the flow in NASA’s Langley Unitary
Planform Wind Tunnel, using both CFD simulations and experimental measurements to analyze flow
fields at different Mach numbers. Their work identified several sources of measurement uncertainty
in the experimental data, including geometric fidelity (such as nozzle-block positioning), boundary
conditions (such as inflow turbulence), and sensor inaccuracies, particularly in high-speed flow regimes
[43]. These geometric discrepancies and boundary condition variabilities can significantly affect the
comparison between CFD results and experimental data. Errors in the sensor data—such as pitot
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pressure measurements—can further contribute to discrepancies between predicted and observed flow
features.

Another example is Hubbard and Houlden’s (2019) documentation of uncertainty quantification
methods for supersonic wind tunnel tests. Their study employed both random and systematic
uncertainty quantification techniques to evaluate the reliability of measurements taken in these extreme
conditions. Random uncertainties were derived from repeat experimental measurements, while
systematic uncertainties were calculated through propagation methods, considering instrumentation-
based errors like wall pressures, probe temperatures, and facility dew points [44]. Such detailed
uncertainty quantification is vital to improve the reliability of CFD simulations by providing a clearer
understanding of the limitations in the experimental data used for validation.

In city-scale pollution modeling, similar challenges arise, as shown by Efthimiou et al. (2015), who
analyzed CFD simulations of urban air pollution. They found that the accuracy of their models was
strongly dependent on the measurement uncertainties in environmental data, such as wind speed and
pollutant concentration, collected by sensors placed throughout the urban environment [45]. These
uncertainties can lead to significant variability in predictions, making accurate experimental data
crucial for refining and validating CFD models.

Overall, measurement uncertainty introduces both aleatory and epistemic uncertainties into CFD
simulations. Aleatory uncertainty, driven by the inherent variability in repeated measurements, and
epistemic uncertainty, stemming from a lack of precise knowledge about the accuracy of instruments
and conditions, both play critical roles in determining the fidelity of CFD validation efforts. Ad-
dressing these uncertainties requires robust experimental protocols and comprehensive uncertainty
quantification techniques, allowing for more reliable comparisons between simulation and experiment.

3. Methods of Uncertainty Quantification

Once the key uncertainties have been identified, the next step is to determine the appropriate
methods for quantifying them. Uncertainty Quantification (UQ) in Computational Fluid Dynamics
(CFD) involves a range of techniques to evaluate and propagate uncertainties through simulations. The
goal of UQ is to assess how uncertainties in inputs, such as boundary conditions or material properties,
influence the outputs, like aerodynamic forces or pressure fields.

This section presents an overview of the main UQ methodologies, highlighting their main char-
acteristics. To formalize the uncertainty quantification process in a computational context, a general
stochastic differential equation (SDE) is used. For instance:

L(x, t, ω; v(x, t, ω)) = S(x, t, ω), (1)

where:

• L is a nonlinear differential operator that includes spatial and/or temporal derivatives. In CFD,
this typically corresponds to the Navier-Stokes equations (or their simplified versions).

• v(x, t, ω) represents the solution, which may include velocity and pressure fields as well as
turbulence variables in aerodynamic problems.

• S(x, t, ω) is the source term that might incorporate external forces or energy inputs.
• ω represents the random or uncertain variables in the system, such as uncertainties in turbulence

levels or variations in inlet velocities.

UQ methods can generally be categorized into two broad classes: probabilistic and non-probabilistic
approaches. The primary distinction between these approaches lies in how they handle uncertainty:
probabilistic methods model uncertainty through statistical distributions, whereas non-probabilistic
methods use alternate frameworks such as intervals or sets. Los métodos intrusivos implican la sustitu-
ción del modelo determinista original por su representación estocástica, mientras que los no intrusivos
se caracterizan por utilizar el modelo original sin modificaciones. Una de las principales ventajas
de los métodos intrusivos es que requieren una cantidad sustancialmente menor de simulaciones en
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comparación con los no intrusivos [46]. Esta característica representa una gran ventaja en nuestra
línea de investigación, donde es necesario evaluar un gran número de geometrías y existe un elevado
número de fuentes de incertidumbre.

3.1. Non-Probabilistic Methods

Epistemic uncertainty refers to uncertainties that stem from a lack of knowledge or incomplete
information about a system. Unlike aleatory uncertainty, which arises from inherent variability,
epistemic uncertainty can potentially be reduced through additional data or understanding. To
address such uncertainties, non-deterministic frameworks are used in Uncertainty Quantification
(UQ). Two widely employed methods in this category are Interval Analysis and Dempster-Shafer
Theory, both of which provide robust approaches to manage and propagate incomplete or imprecise
information through computational models.

3.1.1. Interval Analysis

Interval analysis is a powerful method for handling epistemic uncertainty, where uncertain inputs
are represented as intervals instead of precise values or probability distributions. Each uncertain
variable is described by an interval [ai, bi], where ai and bi define the lower and upper bounds, respec-
tively. The key idea behind interval analysis is that rather than assigning specific probabilities to each
possible value of an uncertain input, the entire range of possible values is considered. This approach is
particularly useful when probabilistic information is unavailable or when data is insufficient to define
accurate distributions.

The propagation of input intervals through the model results in output intervals that provide
bounds on the possible system responses. This ensures that all possible variations within the input
uncertainties are accounted for in the final predictions. In practice, interval analysis can be performed
using either local or global optimization methods. Local interval analysis focuses on small variations
within the input intervals and is often used to evaluate the sensitivity of the model to minor changes.
On the other hand, global interval analysis considers the entire range of input uncertainties, using
global optimization techniques to map input intervals to output intervals. This approach ensures that
the most extreme combinations of input values are captured, providing a conservative estimate of the
system’s response.

One challenge in interval analysis, especially in high-dimensional problems, is efficiently per-
forming the interval mapping without overestimating the resulting output intervals. Overestimation
can occur if the input intervals are overly broad or if the propagation method is not sufficiently refined.
To mitigate this, advanced optimization algorithms are often employed to reduce the conservatism
in the output intervals while still maintaining computational efficiency. Despite this challenge, inter-
val analysis remains a valuable tool in UQ, particularly when there is a lack of precise probabilistic
information.

3.1.2. Dempster-Shafer Theory

Dempster-Shafer theory offers another approach to epistemic uncertainty, extending the concept
of interval analysis by incorporating belief structures that allow for more nuanced uncertainty rep-
resentation. In this framework, uncertain inputs are modeled as sets of intervals, each of which is
assigned a basic probability assignment (BPA). These intervals can overlap, be contiguous, or remain
disjoint, providing a flexible way to represent uncertainties where different levels of belief can be
assigned to different intervals.

The key advantage of Dempster-Shafer theory is its ability to distinguish between what is known
and what is plausible. This is achieved through the construction of cumulative distribution functions
(CDFs) that represent both the belief and plausibility of certain outcomes. Belief provides the lower
bound of probability estimates, representing the minimum amount of confidence that a particular
outcome will occur based on the available evidence. Plausibility, on the other hand, represents the
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upper bound, reflecting the maximum potential probability consistent with the evidence. This dual
representation allows for a more comprehensive treatment of uncertainty, particularly in cases where
the available data is sparse or conflicting.

In practical terms, Dempster-Shafer theory can handle complex scenarios where inputs have
multiple, possibly overlapping intervals. These intervals are propagated through the simulation,
yielding CDFs that quantify the belief and plausibility of different outcomes. The theory is particularly
useful in situations where probabilistic information is ambiguous or incomplete, as it allows the
decision-maker to assess the range of possible outcomes without committing to precise probabilities.

Overall, both interval analysis and Dempster-Shafer theory offer robust methods for managing
epistemic uncertainty in computational models. While interval analysis focuses on propagating input
ranges through deterministic models, Dempster-Shafer theory provides a more flexible framework
for representing uncertainty when the available knowledge is incomplete. Together, these methods
provide valuable tools for handling uncertainty in CFD and other complex simulations where data
limitations pose significant challenges.

3.2. Probabilistic Methods

3.2.1. Sampling Methods

Sampling-based methods are among the most widely used UQ techniques, relying on the genera-
tion of random or structured samples to estimate statistical properties of the system. The core idea is to
propagate uncertainty from the inputs to the outputs through simulations. Some of the most common
sampling methods include:

• Monte Carlo Sampling (MC): One of the most popular approaches, Monte Carlo simulations
generate large sets of random samples from the input distributions. By solving the deterministic
model for each sample, the statistical properties of the outputs can be estimated. Despite its sim-
plicity and ability to handle complex non-linear systems, MC can be computationally expensive,
especially for high-dimensional problems in CFD. Slow convergence is a significant drawback,
particularly for rare events or extreme conditions.

• Latin Hypercube Sampling (LHS): A more efficient variant of Monte Carlo, LHS divides the
input space into intervals of equal probability and ensures better sampling coverage by drawing
samples systematically from each interval. This method improves convergence compared to
standard MC.

– Initial Sampling: LHS can be employed to generate the initial set of samples for analysis.
– Importance Sampling: After an initial sample set, additional samples are generated with

higher density in regions that contribute more significantly to the output variance. This
method refines the estimate of statistical properties, particularly in critical regions.

Sampling-based methods follow a standard procedure: first, defining the range of possible inputs;
second, randomly generating inputs from defined probability distributions (ω); third, performing de-
terministic computations for each sample to obtain corresponding outputs (integrating the operator L);
and finally, aggregating the results to estimate statistical measures like mean, variance, or probability
distributions of the output. While MC is widely used, its computational cost can be prohibitive for
complex CFD models with numerous uncertain parameters.

3.2.2. Reliability Methods

Reliability methods provide an alternative to sampling-based approaches, often offering more
computational efficiency. They focus on estimating the probability of failure or low-probability
events.These methods rely on approximating the response surface of the model and calculating key
statistics such as the mean and standard deviation of the response, along with cumulative distribution
functions (CDF) or complementary cumulative distribution functions (CCDF).
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• Local Reliability Methods: These methods include first-order and second-order approximations,
such as:

– First-Order Mean Value (MVFOSM) and Second-Order Mean Value (MVSOSM) methods.
– Most Probable Point (MPP) Search Methods: Techniques like the Advanced Mean Value

(AMV) method and its iterative variants (AMV+).
– These methods solve local optimization problems to identify the MPP, which is then used to

integrate the approximate probabilities.

• Global Reliability Methods: Designed to handle non-smooth and multimodal response surfaces,
these methods utilize Gaussian process models to create global approximations, solving for
specific contours of the response function and employing multimodal adaptive importance
sampling.

3.2.3. Stochastic Expansion Methods

Stochastic expansion methods, such as Polynomial Chaos Expansions (PCE) and Stochastic
Collocation, are widely used for UQ when the response functions exhibit finite second-order moments.

Polynomial Chaos (PC) and Stochastic Collocation (SC) are both powerful methods for Uncertainty
Quantification (UQ), representing uncertain quantities using series expansions. PC [47] utilizes
orthogonal polynomials as basis functions, projecting the solution onto this basis to solve deterministic
equations.

v(x, t, ω) ≈
P

∑
i=0

vi(x, t)ψi(ξ(ω)), (2)

where ψi is a polynomial basis of the random variable, and vi(x, t) are the deterministic coefficients.
The polynomial basis is formed as a function of the vector ψ, which represents the independent random
variables that define the uncertainty in our problem.

The basis of chaotic polynomials {ψi} must satisfy the orthogonality condition:

⟨ψiψj⟩ = ⟨ψ2
i ⟩δij,

with respect to the inner product defined by the probability density function (PDF, w) of the stochastic
variables. The inner product is given by:

⟨ f (ξ)g(ξ)⟩ =
∫

f (ξ)g(ξ)w(ξ) dξ, (3)

which, when substituted into the original problem, yields:

L
(

x, t, ω;
P

∑
i=0

viψi

)
≈ S. (4)

By applying the Galerkin method, a system of equations is derived to compute the coefficients vi:〈
L
(

x, t, ω,
P

∑
i=0

viψi

)
, ψk

〉
= ⟨S, ψk⟩, k = 0, 1, . . . , P. (5)

From the expansion coefficients, the mean and variance can be computed as:

E[v] = µv = v0(x, t), V[v] = σ2
v =

P

∑
i=1

vi(x, t)2
〈

ψ2
i

〉
, (6)

as well as other statistical moments of the solution.
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This method is effective for problems where the solution depends smoothly on the uncertain
parameters. Stochastic Collocation (SC) [48], on the other hand, employs a set of collocation points in
the uncertain parameter space to approximate the solution through interpolation. SC is generally more
efficient than Polynomial Chaos (PC) for high-dimensional problems, especially when the solution is
not very smooth.

Finally, quadrature points ωk, where k = 1, . . . , Nq, and the corresponding quadrature weights ϵk,
allow the computation of expectations as:

E[L] = ∑
k

ϵk f (ωk)ρ(ωk).

3.3. Adaptive Sampling Methods

Adaptive sampling methods dynamically adjust the sampling strategy as the simulation pro-
gresses, allowing for more efficient exploration of the response surface in certain problem domains.
The key advantage of these methods is their ability to refine the sampling process based on evolving
knowledge of the system’s behavior, targeting regions of interest with higher precision and reducing
the computational cost associated with traditional sampling approaches.

One of the primary techniques used in adaptive sampling is Gaussian Process Adaptive Impor-
tance Sampling (GPAIS). This method leverages a surrogate model, typically a Gaussian process
(GP), to represent the underlying response surface. As new data points are sampled and the model is
updated, the GP model provides an estimation of both the predicted mean and uncertainty in regions
where data is sparse. The adaptive nature of GPAIS allows for focused sampling in areas where the
uncertainty is highest or where the response surface exhibits significant variability. This makes it
particularly effective in low-dimensional problems with smooth or moderately non-smooth responses,
as the GP surrogate is well-suited for capturing the underlying trends and variations in such cases.

Another adaptive sampling method is POF-darts, which similarly uses a Gaussian process
surrogate model but focuses on specific regions of the design space where failures or critical thresholds
may occur. This method is highly effective in problems where identifying extreme or rare events is of
interest, as it directs the sampling effort towards regions that are most likely to contribute to critical
outcomes. Like GPAIS, POF-darts is particularly well-suited for problems with lower dimensionality,
as the complexity of the response surface can be efficiently managed with a surrogate model.

In both GPAIS and POF-darts, the surrogate model plays a crucial role in guiding the adaptive
sampling process. By continuously updating the model with new data points and recalibrating the
sampling strategy, these methods significantly reduce the number of samples required to achieve
accurate results compared to non-adaptive approaches like Monte Carlo sampling. This makes them
ideal for problems where computational resources are limited or where certain regions of the design
space require more detailed exploration due to complex or non-linear behavior.

Overall, adaptive sampling methods offer a powerful approach for improving the efficiency and
accuracy of uncertainty quantification in computational simulations. By focusing computational efforts
where they are most needed, these methods can deliver high-quality results with fewer resources,
making them an attractive option for many real-world applications.
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3.4. Comparison of Methods

Table 1. Comparison of UQ methods in CFD.

Method Computational Cost Complexity Applicability Typical Use Cases
Interval Methods Low Low Limited Parameter range studies
Fuzzy Sets Medium Medium Moderate Expert knowledge integration
Dempster-Shafer High High Specialized Combining multiple uncertainty sources
Monte Carlo High Low Wide General uncertainty propagation
LHS Medium Medium Wide Efficient sampling for UQ
Importance Sampling Medium Medium Specialized Rare event simulation
PCE Low-Medium High Moderate Efficient UQ for smooth problems
SDEs High High Specialized Turbulence modeling
Bayesian Methods Medium-High High Wide Parameter estimation, model calibration
GPR Medium Medium Wide Surrogate modeling for UQ

4. Challenges and Limitations

The following challenges and limitations are associated with uncertainty quantification (UQ)
methods:

• Computational Cost: Probabilistic methods, such as Monte Carlo simulations, require extensive
computational resources, especially for high-dimensional problems. The computational burden
increases significantly as the complexity of the problem grows.

• Curse of Dimensionality: The curse of dimensionality is a well-documented issue in UQ. It refers
to the exponential growth in computational cost as the number of uncertain input parameters
increases. Sources indicate that stochastic expansion methods are preferable when the number
of uncertain variables is approximately five, as the number of required simulations increases
exponentially with the number of variables. Conversely, Monte Carlo methods (MCM) converge
to the exact solution regardless of the number of variables.

• Model Complexity: Modeling complex phenomena, such as turbulence, under uncertainty poses
significant challenges. These include capturing intricate physical behaviors and integrating
probabilistic approaches into existing deterministic models.

• Accuracy vs. Efficiency Trade-offs: There is an inherent trade-off between accuracy and com-
putational efficiency in UQ methods. Different approaches balance these factors differently,
necessitating careful selection based on the problem requirements.

• Quantification of Epistemic Uncertainty: Quantifying epistemic uncertainty can be particularly
challenging, as it often relies on subjective judgments rather than objective data [2]. This makes it
difficult to represent all possible sources of uncertainty accurately.

• Integration with CFD Simulations: Integrating UQ methods with computational fluid dynamics
(CFD) simulations often requires significant adaptations. These may include modifying CFD code
or developing specialized interfaces to facilitate the interaction between the two frameworks.

5. Future Directions in UQ for CFD Aerodynamics

Uncertainty Quantification (UQ) in Computational Fluid Dynamics (CFD) aerodynamics contin-
ues to evolve, with various emerging trends aimed at addressing the limitations of current methods
and improving the accuracy and efficiency of uncertainty analyses. Several promising directions for
future research are identified, focusing on leveraging new computational techniques and expanding
the scope of UQ in high-dimensional and complex systems.

Data-Driven UQ is poised to play a pivotal role in future UQ developments. Machine learning
methods, such as Gaussian Process Regression (GPR) and neural networks, are increasingly used to
construct surrogate models that approximate the behavior of high-fidelity simulations. These data-
driven approaches can drastically reduce computational costs by learning from existing simulation data
and predicting new outputs without the need for running full simulations. In particular, GPR provides
uncertainty estimates alongside predictions, making it a natural fit for UQ applications. Neural
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networks, especially deep learning models, offer even more flexibility, allowing for the handling of
highly complex, non-linear relationships between inputs and outputs. Future research may focus on
refining these techniques to handle larger datasets and more complex systems, potentially integrating
them with traditional UQ frameworks.

Adaptive Sampling Methods are another area of ongoing research. Recent advancements in
adaptive sampling have improved the efficiency of UQ methods by dynamically adjusting sampling
strategies based on the evolving response surface. This is particularly relevant in high-dimensional
spaces, where traditional sampling methods like Monte Carlo may become prohibitively expensive.
New adaptive sampling algorithms, such as Gaussian Process-based approaches and the POF-darts
method, show great promise in focusing computational resources on the most informative regions of
the input space, thus improving overall efficiency.

Multi-fidelity Modeling represents a promising approach for balancing computational cost
and accuracy. By combining low-fidelity models (which use simplified physics) with high-fidelity
simulations (such as Direct Numerical Simulation or Large-Eddy Simulation), UQ analyses can be
conducted more efficiently. Low-fidelity models are faster to compute but may lack detail, while
high-fidelity models are more accurate but computationally expensive. Multi-fidelity UQ strategies
aim to leverage the strengths of both by intelligently blending simulations of different fidelities, thus
reducing the overall computational expense without sacrificing accuracy.

Bayesian Inference for UQ is expected to become increasingly sophisticated as researchers seek
to refine techniques that handle complex, non-linear systems and incorporate experimental data in
real-time. Bayesian approaches are particularly suited for updating uncertainty estimates as new data
becomes available, making them ideal for dynamic systems where conditions may change. Future
work will likely focus on improving computational efficiency in Bayesian inference, allowing these
methods to scale to more complex problems while still providing accurate, real-time updates.

Hybrid Methods, which combine probabilistic and non-probabilistic approaches, are another area
of interest. These methods aim to capture both aleatoric (inherent) and epistemic (knowledge-based)
uncertainties within the same framework, offering a more comprehensive treatment of uncertainty. For
instance, a hybrid UQ approach could use probabilistic methods to handle variability in known inputs
while applying non-probabilistic techniques, such as interval analysis or Dempster-Shafer theory, to
manage uncertainty due to lack of knowledge.

Finally, there is a growing need to develop more efficient UQ methods that can manage the curse
of dimensionality. High-dimensional spaces, which are typical in complex CFD problems, can lead to
exponential growth in computational requirements. Techniques such as model order reduction, which
reduces the complexity of the underlying system while maintaining essential features, have shown
promise in this regard [49]. Additionally, improving methods for quantifying epistemic uncertainty,
particularly in the absence of reliable data, remains a crucial challenge [3]. As UQ methods become
more integrated with CFD simulations, future advancements will likely focus on more seamless
integration of these techniques, enhancing their usability and effectiveness in practical applications.

Furthermore, the identification of more realistic representations of underlying coefficients, such
as considering alternative distributions when necessary, could lead to more accurate UQ results [50].
Overall, the future of UQ in CFD aerodynamics will likely see significant advancements in compu-
tational efficiency, flexibility, and accuracy, driven by data-driven methods, adaptive sampling, and
innovative hybrid approaches. These improvements will further the understanding and management
of uncertainties in increasingly complex aerodynamic systems.
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Abbreviations

The following abbreviations are used in this manuscript:

CDF Cummulative Density Function
CFD Computational Fluid Dynamics
DNS Direct Numerical Simulations
EPM Eigenspace Perturbation Method
IPC Intrusive Polynomial Chaos
LES Large Eddy Simulation
LHS Latin Hypercube Sampling
NIPC Non intrusive Polynomial Chaos
PC Polynomial Chaos
PCE Polynomial Chaos Expansion
PDF Probability Density Function
RANS Reynolds-averaged Navier-Stokes equations
RSM Response Surface Method
SDE Stochastic Differential Equation
UQ Uncertainty Quantification
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