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Abstract: The observed Maxwellian velocity distribution functions in plasmas and the fact that the rate
of elastic electron-electron is many orders of magnitude smaller than the electron plasma frequency has
been a long-standing puzzle. Here, we present a mechanism for the efficient thermalization in collision-
poor unmagnetized plasmas that resolves this puzzle. The competition between the momentum losses
of plasma particles by spontaneously emitting high-frequency non-collective fluctuations and the
momentum diffusion of these particles in their self-generated fluctuating electric field fluctuations
provides the Maxwellian particle distribution function. The mechanism is self-regulating, providing
electron temperatures of about 107 K, and is applicable to fully-ionized plasmas with electron densities
below 10% cm ™3,
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In many space plasmas including solar-type stars the plasma parameter ¢ = 3vee/ w) ., defined
by the electron-electron elastic collision rate v,, and the electron plasma frequency w, is many orders
of magnitude smaller than unity for reported electron temperatures T, and number densities 7,

(Figure 1 in [1]). These systems are classified as collision-poor or kinetic Vlasov plasmas in which

the interactions with electromagnetic fields characterized by wy e ~ 5.64 x 10*n1/?

the collision rate v,, ~ 13.72n, Te_s/ 2 Unless otherwise noted the units are in basic cgs and Kelvin.

strongly dominate

Elastic Coulomb as well as Moller and Bhabha scattering therefore cannot maintain thermal Maxwell
particle distribution functions in these plasmas in contrast to collision-dominated plasmas [3,4].Efficient
Maxwellization of these plasmas allow the often used theoretical description of these systems with
magnetohydrodynamical (MHD) equations derived from taking velocity moments of the underlying
particle kinetic equations. Here the temperature enters via the ideal or adiabatic equations of state.
Observationally, however, there is clear evidence for the presence of thermal particle distribution
functions in cosmic collision-poor plasmas. This is strongly supported by in-situ plasma measurements
of the solar wind. The solar wind plasma is the only cosmic plasma where detailed in-situ satellite
observations of plasma properties are available [5-7]. The plasma parameters of the solar wind are
similar to the fully ionized phases of the interstellar gas, so that the same plasma physical processes
leading to thermalization should also operate in these systems. Although the detailed plasma re-
laxation processes are not understood [8], the measured electron and proton distribution functions
have been modeled with bi-Maxwellian velocity distributions with different temperatures along and
perpendicular to the ordered magnetic field direction By, which are special cases of velocity-anisotropic
particle distribution functions. The WIND/-SWE satellite [6,7] has measured finite magnetic field
fluctuations only within the colored rhomb-shaped configuration in the parameter plane defined by the
temperature anisotropy A = T, /T) and the parallel plasma beta p| = 87tn.kgT|/ B3. Magnetic field
fluctuations only occur close to the isotropy and equipartition values A = 1 and | = 1, respectively.
The solar corona, the partially ionized and fully ionized phases of the interstellar medium in our and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1097.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 May 2025 d0i:10.20944/preprints202505.1097.v1

2 0f 8

other galaxies, as well as active galactic nuclei, the intergalactic medium, the intracluster gas and
cosmic voids also are collision-poor plasmas.

It is the purpose of this work to propose an efficient kinetic Maxwellization process in collision-
poor unmagnetized plasmas relying on the interaction with the noncollective fluctuations having no
dispersion relation. The collective modes, where the complex frequency w(k) = wr(k) + 1I'(k) is
related to the real-valued wave vector k, in unmagnetized plasmas with isotropic particle distribution
have been well studied before including their backreaction on the charged plasma particles. Besides
the undamped (I' = 0) superluminal electromagnetic waves that cannot resonantly interact with the
particles, three damped (with negative I' < 0) modes exist: the longitudinal electrostatic waves [9],
in electron-ion-plasmas the longitudinal ion sound waves, and transverse aperiodic (with wr = 0)
fluctuations [10,11], which oscillate in space but do not propagate. In particular no growing eigenmodes
are possible in these plasmas [10,12-16].

Alternatively, the noncollective fluctuations have unrestricted complex frequencies, and in the
following we investigate their generation and back reaction on the particles. It is demonstrated that
the quasilinear interactions of charged plasma particles with the spontaneously emitted non-collective
fluctuations provide an alternative mechanism to produce thermal particle distribution functions in
collision-poor space plasmas. Every plasma spontaneously emits electromagnetic fluctuations due
to the random motions of its charged particles causing subsequent particle-fluctuation interactions.
These are described by quasilinear transport theory if the ratio of particle number density fluctuations
is small compared to the averaged particle density. We follow the derivation of the general quasilinear
Fokker-Planck kinetic equation for the gyrophase-averaged plasma particle distribution functions
in magnetized plasmas ([17] — hereafter referred to as paper I) making no restrictions on the energy
of the particles and on the frequency of the electromagnetic fluctuations. The derivation is based
on Maxwell equations for the electromagnetic fields and on the Klimontovich equation [18] for the
charged particles accounting for discrete particle effects and spontaneous emission of fluctuations. The
monograph [19] provides an excellent introduction into the combined kinetic theory although this
approach adopts nonrelativistic particle energies throughout.

Our investigation here will be fully relativistic. As shown in paper I the inclusion of discrete
particle effects breaks the dichotomy of nonlinear kinetic plasma theory divided into the test particle
and the test fluctuation approximation because it provides expression of electromagnetic fluctuation
spectra in terms of the plasma particle distribution functions. The resulting quasilinear transport
equation can be regarded as a determining nonlinear equation for the time evolution of the particle
distribution function. The general case of magnetized plasmas has been investigated before in paper I,
but has lead to very involved final expressions. In its most general form this nonlinear equation is
rather involved and complicated. Therefore it is appropriate to study simpler plasma configurations
such as unmagnetized plasmas which is the purpose of the present manuscript. According to Egs.
(78)—(81) of paper I, the general gyrophase-averaged quasilinear transport equation for the spatially
uniform phase space distribution function n,f, (p, t) of sort a with charge g, and mass m, in spherical

momentum coordinates p = p(+/1 — p?cos ¢, \/1 — u?sin ¢, u) reads

o 1

27
5% T ax )y dp Qu(r,p,t) = D1(fa) + Da(fa), O

with the gyrophase-averaged drag and momentum diffusion terms
D1(fa) 1 / 3 /
= ——— | &k [ dw X
(Dz (fa) 27,

9 (R(K;, (PN, (P))
J % (mK;,w(p)Ak,w(p»)’ @
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respectively, involving the Fourier-Laplace transformed stochastic force Ky, (p) and free-particle
Klimontovich particle density Nf(?w (p) of sort a, while Q, accounts for sources and sinks of particles.

Here we are primarily interested in the isotropic equilibrium distribution functions f,(p) deter-
mined by the balance of momentum loss of plasma particles by spontaneous emission (described
by the drag term) and the momentum diffusion of plasma particles caused by the electromagnetic
fluctuations, respectively. Moreover, in stationary plasmas one is interested in temporal averages,
where the averaging time 7 must be greater than the correlation time of fluctuations for this average
to be independent of 7 [20,21]. This leads to D1(fz) + D2(fa) = 0 with

T/2 gt
T2 2

1
Dia(fa) = Him 7/ /_1dVD1,2(fu)- (©)
For isotropic and gyrotropic distribution functions df,(p)/dp = f,(p) p/p. In the case of unmag-
netized plasma considered here, we orient the wave vector along the cartesian z-direction k = ke,.
Likewise, one obtains Ay, (p) = G(p, 1)[p - Kk w(p)] with G(p, u) = —inaf,(p)/[(w — kop)p]. Also
the Maxwell operator only has diagonal elements with A,, = AH and Ayy = Ay = A with the
longitudinal and transverse dispersion functions

Ay (k, ©0 3 ¢/
1k w) — k“ _ zzwza/ dppfa(P) “

Ay (kw) =1+ 5 w &P Jo Y
1 d‘u 2,142 .
— 2 | (4)

1w—kopu\1—p
with the plasma frequency wp, = ~/4mqing/my, v = (1 — p*)~12, and B = v/c. For the
stochastic force one notices with E(k,w) = (Ey Ey,E;) and E; = Eycos¢ + E,sin¢ that K| =

qa(w* —kop)E% /w* and K} = q4[Ef + (kv/w*)+/1 — u2E* ], The Fourier-Laplace transformed elec-
tric field components are given by the solution of the wave equation (65) of paper I, in this case

o
471
H L= qu/d?)pl NbO* ” ) (5)
H L

Si(k,w) = R <EiE;‘>(k,w)
1672 A AT
= #quqc/d3p/d3p’vmvﬁ10(p,p’)

jwl?

_ %1):17%7% 1*/513 vmv]fb
2| w|? Nim w — kvy
1wa A, lA 1

= R X
7r2|w|2

e8] 5 1 d]/l 27 .
[/0 dpp”fo(p) Lm 0d¢vmv]], (6)

where we used [19,22]

. Ly b (p) —v)
C(p,p) = (NI, (PINE%(P)) = e — ko)

(7)

for the Fourier-Laplace transformed two-time correlation function of free-streaming uncorrelated parti-
cles in unmagnetized plasmas. With fozn dpvy (¢)vn(¢) = m0?[(1 — 4?) (61011 + Sm2dn2) + 21%8m3043)
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the only non-vanishing electric field correlation functions are SH = S;zand S| = Syx = Syy given
according to Equation (6) by
w?
S|L= %ZZW/dPP Bfu( )Iu(ﬁ) 8)

upon introducing the complex phase speed z = w/kc, ie., z/B = w/kv, the integrals 7| = Z(x) and
I, =TZo(x) — Ip(x) with Z,,( f du u"(x — )~ L. Both correlation functions (8) are completely
determined by the isotropic partlcle distribution function f;(p). The index b instead of a indicates
that in general the electric fluctuations entering the quasilinear momentum diffusion coefficient D,
for particles of sort a can be generated both by these particles themselves (b = a), referred to as
self-confinement, and/or by other (b # a) charged particle populations in the considered plasma.

The drag and momentum diffusion terms are evaluated in detail in Supplementary Section A [23]
as

_ Wy a &k
Di(fa) = 327t4n pzap / / i

Zy(z/B)  I,(z/B)
%< (Zh)" T AL N'

©)

and a corresponding, more lengthy, expression (A.12) for D, where we made use of Equation (8). It is
important to emphasize that the derived drag term and momentum diffusion term (via the electric
field correlation functions (8)) are based on the identical two-time correlation (9). The drag term (9)
and the momentum diffusion term (A.12) are first important results of the present investigation.

Next, we focus on the self-confinement case b = a and the high-frequency limit |z| = |w|/kc > 1
so that we ignore the influence of damped (negative I' < 0) collective modes on the particle dynamics
and approximate the dispersion functions as A | (k,z) ~ 1. It is well known [10,12,14-16] that in
unmagnetized plasmas with isotropic particle distribution functions no growing collective modes
with positive I' > 0 exist. In the high-frequency limit and self-confinement case (b = a) the drag and
momentum diffusion terms (9) and (A.12) then read

x 14

_ d _ )
Dy = pZT[ﬁHlp fa(p)l, D2= 7 dp [Hap?fa(p)], (10)
with
_ &k B
o= 3271’411,1‘3/ / (11)
d®k
_ p,u a avk
B = 872n,cf ) k3 % (12)

|, Z{mn I [ap st (51},

where Zy(z/B) = 2arcoth(z/B) = artanh[2BR/(R? + I? + B?)] — rartan[281/(I*> + R? — B?)], pro-
vided z = R + 1I. Within the same limit, where 8 < 1 < I2 + R?> = |z|? holds, the Zy(z/B) is
continuous and analytic at all points in the complex z-plane and requires no analytic continuation.
The frequency integrals [, dz appearing in H; and H; are calculated as 28 and 2 fooo dp p?*B*fa(p),
respectively (Supplementary Sections B,C), leading to the momentum-independent

Whata [ d3k wpamzUa [ @3k

Hi = Qm)n, ) k'’ H2 = (271)2n,c ) K3’ (13
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and U, = fooo dp p*B?fa(p). The particle equilibrium condition (3) then reads in the high-frequency
limit v a

2 / _

2 ap? |meePleP)+falp)] =0, (14)

with the positively valued, dimensionless ratio

o = e (o — Kinin)c* :
H> (27r)2w%,a u, ln(kmax/kmin)

(15)

With the requirement lim, ;. fs(p) = 0 the Equation (14) is solved by the relativistic Boltzmann-Jiittner
distribution function (K, denotes a modified Bessel function)

08

0.6

3
0.4
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107 107 10° 10" 102

Y

Figure 1. The dimensionless «(Q2) (solid black) according to Equation (17). Black dashed lines are the exact
asymptotics « = Q/3 and &« = 1 — 5(2Q)~! for small and large Q, respectively. The green line is Q = 3a(1 —
«/6)/(1— &), a superposition of the exact asymptotic expressions.

fa(p) = 47'5("1116())31@(0) exp [ Q’Y(P)]/ (16)

obeying the normalization requirement [ d3p f,(p) = 1. With this solution (16) one obtains U, =
QY(Q) /41Ky (Q) with Y(Q) = foo%lx[x4 exp(—QV1+ x2)]/(1 + x?) which evaluates to K»(Q)/Q —
K4 (Q) 4 Kiy (©2) where Kiy () = [ dtKo(t) [24]. Relation (15) then becomes

OC(Q) — QZY(Q) _ (k%nax — k%nin)cz. (17)
3K2(Q) 37w}, In ’,‘(r“ﬁ

Most noteworthy «(Q)) cannot get larger than unity (Figure 1). Consequently, solutions of Equation
(17) are only possible if its right-hand side is also smaller than unity. The constant () defines the
plasma temperature by () = mac?/kgT,, because for large values of () >> 1 the distribution function
(16) reduces to the nonrelativistic Maxwellian distribution f,(0) = (m,/27kgT,)3/2%e 0"/ 2ksTa

The equilibrium distribution function (16) also results without the self-confinement assumption,
however, with a different () depending on the origin of the electric field fluctuations S | . This is
particularly true for heavier plasma particles, such as protons, which undergo momentum diffusion
in the electric field fluctuations generated by the lighter electrons. The mechanism is self-regulating:
besides generating the Boltzmann-Jiittner equilibrium distribution function it also yields with Equation
(17) a defining equation for the plasma temperature provided the maximum wavenumber kyay is
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small enough. The maximum wavenumber kmax has to be regarded as the only free parameter of the
presented analysis. What complicates the issue is that kmax itself can be temperature dependent.

N 107
ES CK /':i?!{
) " =
SRS e Y
L el oH /
10° ¢ / 3

- 6 7 8 9 ‘/"/ }‘
N, [1(]'26 cm_g] ) CH’{

IR
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WY W 48" WR e W WY M

ne [cm™]

Figure 2. Resulting T, as a function of the electron density .. The regimes of classical collision-poor plasmas
are separated from the regimes of quantum plasmas. The separating lines are given by T, = 8.84 x 10122273
(dashed) when the de Broglie wavelength equals the average interparticle distance, and T, = 8.11 x 1073 nd/3
(dot-dashed) to ensure plasma parameters ¢ < 1. Abbreviations stand for classical (C), kinetic (K), hydodynamics
(H), and quantum (Q), respectively. The inset indicates that the three curves for dilute plasmas do not intersect
at a single point. For completeness we show as red curve the relation for dense stellar plasmas (Supplementary
Section D, see also references [19,25] therein) which lies outside the validity range of classical kinetic theory.

Employing a standard choice of kpmax = (Qre)_1 [19], involving the atomic classical electron
radius r,, together with the inverse Debye length kpin, = ABl, the resulting temperature-density
relation T, (1) lies outside the parameter regime for the applicability of the classical kinetic theory
(Supplementary Section D). For dilute plasmas we adopt kmax = )\51 = Wpe/Vthe = wp,eﬁg/ 2 /c being
given by the inverse Debye length (for a motivation see Supplementary Section E, see also reference
[26] therein). Here we identify the minimum wavenumber with ky,ijn, = 27t/L, where L denotes the
size of the considered astrophysical system. Equation (17) for electrons then reduces with a(Q) ~ 1 to

Q.

— ~In

L
37 27TAp

~47.6 +In (L) —InT, +Inn,, (18)
kpc

where (), depends only logarithmically weakly on 7., T, and size of the system scaled in kpc =
3.086 x 10%1. With Q, = m,c?/kgT, this Equation (18) is solved in terms of the non-principal Lambert
function as (Figure 2)

6.29 x 108

T, ~ — .
¢ W_1(—1.337 x 1012 /n,)

(19)

This result agrees remarkably well with the observed intracluster gas temperatures of T, ~ 1078
in the unmagnetized outer parts of clusters of galaxies [27,28], where cooling effects by free-free
photon emission can be neglected. For dilute plasmas almost independently of the density value the
equilibrium temperature is T, ~ 1.3 x 107 (Figure 2). The estimate is valid for 1, < 2 x 10? when the
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electron de Broglie wavelength is smaller than the average interparticle distance corresponding to
thermal energies larger than the Fermi energy [1]. The characteristic relaxation time scale is given by
T=p/B= 431,40/ (wp,gkmax)2 =7 x 10"y /n,. Itis particularly short at high densities and remains
momentum-independent for nonrelativistic electrons.

In conclusion, it has been demonstrated that an efficient thermalization mechanism in collision-
poor unmagnetized plasmas results from the competition between the momentum losses of plasma
particles by spontaneous emission of high-frequency non-collective fluctuations and the momen-
tum diffusion of these particles in their self-generated fluctuating electric field. The mechanism
is self-regulating but the resulting T,(n,) relation is severely influenced by the adopted maximum
wavenumber of the fluctuations. The mechanism provides T, ~ 107 nearly independently of the
plasma number density for super-miles long fluctuation wavelengths, Such very long wavelengths
make it difficult to identify them in particle-in-cell plasma simulations of limited size. and is applicable
to plasmas with densities below 10%. Future studies should investigate the influence of collective
eigenmodes on this mechanism avoiding the high-frequency approximation.
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