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Abstract

In this paper, the virtual model development and control for a BallBot Robotic System (BRS) are
addressed. A virtual three-dimensional (3-D) EV3 BRS (EV3BRS) model is here developed through the
Simscape™ Multibody™ environment from a BRS designed from using the kit LEGO® MINDSTORMS®

EV3. The mathematical model from the BRS is obtained through the Euler-Lagrange approach and
used as the foundation to develop the EV3BRS Simscape™ model. The electrical model for the motors
is derived through Kirchhoff’s laws. To verify the dynamics of the EV3BRS Simscape™ model, a
Takagi-Sugeno Fuzzy Controller (TSFC) is designed using the Parallel Distributed Compensation
(PDC) technique. Control gains are computed via Linear Matrix Inequalities (LMIs). To test the
EV3BRS Simscape™ model under disturbances, an input voltage anomaly is considered. So, adding a
H∞ attenuation to the TSFC ensures that the EV3BRS Simscape™ model faces these kind of anomalies.
Simulation results confirm that the TSFC with H∞ attenuation improves the performance under
anomalies at the input in contrast with the nominal TSFC, although this latter can maintain the body
of the system near the upright position also. The dynamics from the EV3BRS Simscape™ model here
developed allows to realize how the real system will behave.

Keywords: underactuated systems; ballbot; EV3; LEGO; simscape multibody; takagi-sugeno fuzzy
control; H∞ attenuation

1. Introduction
The underactuated systems are characterized by having more Degrees of Freedom (DoF) than

control inputs. There are several reasons why a system could become underactuated, e.g. failure in
one or more of the actuators. Still, some systems are naturally underactuated, namely, Ball-Beam,
Traslational Oscillator with a Rotarinal Actuator (TORA), Acrobot, Two-Wheeled Self-Balancing robot,
etc., and one of these systems is the BallBot Robotic System (BRS), or in a shorter form ballbot. The BRS
is an inverted pendulum type robot that balances itself on top of a ball, this ball acts as a spherical
wheel and allows the BRS to move omnidirectionally. According to [11], since the BRS must actively
balance, it is said to have dynamic equilibrium which allows a greater maneuverability than robots
with passive equilibrium. The main control objective is to maintain the body of the BRS in the upright
position, i.e. aligned with the vertical, but in some cases, trajectory tracking is sought.

In [16], a BRS with two wheels placed orthogonally was used. To maintain the body balanced a
Linear Quadratic Regulator (LQR) is implemented (this prototype of BRS was also used in [10] and
[11]). A different type of prototype of BRS with three wheels placed at 120 deg between each other
is developed in [17]. In this case, a state feedback controller was implemented to maintain the BRS
balanced. To take advantage of the maneuverability of the BRS, a BRS large enough to transport a
person was developed in [18] (this latter also known as ballsegway). A PD controller was used to
achieve the control objective.

Developing a BRS, as those discussed above, can require a lot of time and resources, an alternative
is to design and build the BRS using a simpler platform like LEGO® MINDSTORMS®. The first
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prototype of a BRS using LEGO® MINDSTORMS® NXT, known as the NXT BRS (NXTBRS), is shown
in [12], but this is not the only BRS developed using this kit, different NXTBRS are shown in [1,19].
The newer version of the LEGO® MINDSTORMS® kit is the LEGO® MINDSTORMS® EV3, which
is also used in the development of BRS, known as the EV3 BRS (EV3BRS). In [5,8], an EV3BRS was
developed based on the NXTBRS proposed in [1], in [20] an EV3BRS was developed but also based on
the BRS proposed in [17]. Several controllers have been implemented on the NXTBRS and the EV3BRS.
In [1,12,19], linear controllers were implemented while a fuzzy adaptive controller for the EV3BRS
was designed in [8]. In [5], a Takagi-Sugeno Fuzzy Model (TSFM) for the EV3BRS was designed based
on the model proposed in [1], from which a Takagi-Sugeno Fuzzy Controller (TSFC) was implemented
on the same EV3BRS.

With the improvement of Computer-Aided Design (CAD), then it is possible to construct a three-
dimensional (3-D) model of the BRS that more accurately approximates the real system since this
software can consider real material properties as well as its complex dynamics. One of these tools is
Simscape™ Multibody™ , previously known as SimMechanics®, which specializes in modeling and
simulation of 3-D mechanical systems like suspensions, robotic manipulators, construction machinery,
etc., but with the interaction of Simscape™ Multibody™ with the rest of the components of Simscape™

actuators for the systems can be model, like motors from a robotic system or the hydraulic piston from
an excavator. In the case of the BRS, a simple model similar to the prototype presented in [17] was
developed in [21], while a more detailed model is presented in [22]. For the prototypes similar to the
one in [1], no model in Simscape™ has been reported in the literature, the same can be said for the
EV3BRS and NXTBRS.

The contributions from this work are threefold: (1) Design of a 3-D model of the EV3BRS in the
Simscape™ environment, (2) Implementation of a TSFC on the EV3BRS Simscape™ model and, (3)
Implementation on the EV3BRS Simscape™ model of a TSFC with H∞ attenuation.

The manuscript is organized as follows: Section 2 shows the detailed process of the design of
the EV3BRS Simscape™ model. The mathematical model of the EV3BRS as well as the design of the
TSFCs are shown in Section 3. Simulation results from the performance of the TSFCs on the EV3BRS
Simscape™ model are included in Section 4. In Section 5 the discussion is presented, and, finally, in
Section 6 the conclusion is drawn.

2. Modeling of the EV3BRS in the Simscape™ Environment
Since the EV3BRS is composed of multiple solids, an assembly using SOLIDWORKS® is first done

and then exported to the Simscape™ environment through the Simscape™ Multibody™ Link plugin.
The EV3BRS comprises a body mounted on top of a rigid ball, with the control torques between the
body and the ball applied through the wheels.

2.1. SOLIDWORKS® Assembly of the EV3BRS

Because LEGO® MINDSTORMS® is a widely known brand, many pieces are already designed
and available in repositories, so, the majority of LEGO® pieces used in the assembly are obtained from
the projects [2–4]. The only pieces designed in SOLIDWORKS® by the authors are those shown in
Figure 1.

The assembly of the EV3BRS is based on the NXTBRS, proposed by [1], which is very similar to
that used in [5]. One of the properties of the Simscape™ Multibody™ Link plugin is that the mating
relationships defined in SOLIDWORKS® are exported as joints to Simscape™ , but mates defined in
subassemblies will be interpreted as rigid transforms, that is to say, rigidly attached. Since the body
is considered rigid, only the mates of the wheels are defined in the assembly. Figure 2 shows the
subassemblies for the body and the wheels.
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(a) (b)

(c) (d)

Figure 1. Pieces designed by the authors: (a) LEGO®’s EV3 Brick, (b) LEGO®’s piece 32291, (c) LEGO®’s piece
48989, (d) LEGO®’s piece 55615.

(a) (b)

Figure 2. Subassemblys used for the overall assembly of the EV3BRS: (a) subassembly of the EV3BRS’s wheels, (b)
subassembly of the EV3BRS’s body.

The finished assembly of the EV3BRS is shown in Figure 3.
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Figure 3. Entire assembly of the EV3BRS in SOLIDWORKS®.

2.2. Simscape™ Model of the EV3BRS

As stated previously, the assembly of the EV3BRS is exported to Simscape™ through the
Simscape™ Multibody™ Link plugin giving as a result the diagram in Figure 4. It can be seen that the
body of the EV3BRS is rigidly connected to the World Frame and therefore the only thing allowed to
move are the wheels. To model the entire system, the ball, the floor, and the DoF from the ball and
body are need to be added.

Figure 4. Unmodified EV3BRS model in Simscape™.

In Figure 5, the whole model of the EV3BRS in Simscape™ is shown. It can be seen that the model
is divided in different areas which are described next.
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(a) (b)

Figure 5. Comprehensive model of the EV3BRS in Simscape™ :(a) main subsystem for the EV3BRS virtual model,
(b) elements of the subsystem divided into areas according to their purpose.

2.2.1. Configuration Blocks

These blocks serve as the source for parametric configuration as starting point for the simulation.
The Solver Configuration block defines the required parameters for the solver. The Mechanism Configura-
tion block acts as the source of uniform gravity for the simulation. In our model, the gravity is defined
pointing downwards along the vertical z-axis as [x y z] = [0 0 − 9.80665][m/s2]. Finally, the World
Frame serves as the main reference frame for the model and it is used to define all the remaining frames
in the model.

2.2.2. Floor Blocks

The EV3BRS needs a surface on top of which it can move, in other words, it needs a floor. The
floor is directly attached to the World Frame and consists of a Brick Solid with dimensions [x y z] =
[10 10 0.01][m]. The geometry of this block is exported to be used with the Collision blocks.

2.2.3. Ball Blocks

The ball is defined using the Spherical Solid block with a radius of 0.0256[m] and, like the floor, its
geometry is exported to the Collision blocks. The DoF of the ball are given through the 6-DOF Joint. It
can be noticed that before the 6-DOF Joint, a Rigid Transform block is used. This latter block is used to
elevate the ball 3.2[cm] from the World Frame, in order to prevent that the ball stars “inside” the floor,
that is to say, submerged inside the floor.

2.2.4. Outputs of the Model

These blocks are simply the states of the system measured from the joints of the model. The units
for the outputs are given in [rad], for position, and [rad/s], for the velocity.

2.2.5. Body, Wheels, Motors and Inputs to the Model

The body and wheels are the same blocks and subsystems obtained from the Simscape™

Multibody™ Link plugin, but the geometry of the wheels, pins, and EV3 brick are exported to the
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Collision blocks. The position and velocity of the wheels are measured directly from the joints provided
by the plugin.

The motors are also modeled in Simscape™. In Figure 6 the model of the motors is shown and its
parameters are given in Table 1. These values are obtained from [6] and [7]. It must be noticed that
only the viscous friction is considered; the remaining parameters for the Rotational Friction are set to
zero.

Figure 6. Motor’s model in Simscape™.

Table 1. Motor’s parameters.

Parameter Notation Value Units

Armature inductance Lm 4.94 mH
Armature resistance Rm 6.69 Ω
Body-Motor friction coefficient fm 0.0022 N · m · s/rad
Back EMF constant kb 0.468 V · s/rad
Torque constant kt 0.317 N · m/A
Moment of inertia IM 1 × 10−5 Kg · m2

The inputs of the model are the motor input voltages. These are expected to be Simulink® input
signals, so they must be converted into physical signals, namely Simscape™ signals, before they can
interact with the model of the motors. This last task is done through the Simulink-PS Converter block.

2.2.6. Collision Blocks

To model the collision, the Spatial Contact Force block is used. This block allows to model the
collision force between two bodies as well as the friction between them. The blocks used for the
collisions with the floor are left with the default parameters. Instead, about the collisions with the
ball only the coefficients of friction are changed; specifically, the Coefficient of Static Friction is set to
0.70005 while the Coefficient of Dynamic Friction is set to 0.7. It must be noticed that these coefficients
were obtained heuristically.

2.2.7. Body’s DoF

This subsystem contains all the blocks that define the DoF for the body and these are shown
in Figure 7. Unlike the ball, the body gets its DoF from several blocks; this is done in order to have
straight access to the body’s angular position and velocity. The measurements of these states are given
in physical signals, and similarly to the inputs of the model these must be converted to Simulink®

output signals, which can be accomplished through the PS-Simulink Converter block.
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Figure 7. Blocks of the body’s DoF subsystem.

3. Mathematical Model and Control Design
3.1. Mathematical Model

The mathematical model of the EV3BRS discribed below was proposed by [1] and it was also
used in [5,8,9]. This model considers the assumptions proposed in [16]:

• The EV3BRS is composed of two parts: a rigid body on top of a rigid ball.
• The movement of the roll and pitch planes are uncoupled and the equations of motion between

the two planes are identical (See Figure 8b).
• The control torques are applied between the body and the ball using the wheels.
• Only viscous friction is considered.
• There is no slip between the ball and the wheels.

(a) (b)

Figure 8. Simplified model of the EV3BRS: (a) simplified model for the x − z plane, (b) diagram that shows the
x − z and y − z planes as identical and uncoupled.

3.1.1. Dynamic Model

The simplified model for the x − z plane is shown in Figure 8a. As stated in [11], it is convenient to
choose the generalized coordinates in such way that these be directly related with measurable signals,
so, in this case the angular displacement of the body (q1) and wheels (q2) are chosen.
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The mathematical model is derived using the Euler-Lagrange method and can be expressed as
follows:

M(q)q̈ + C(q, q̇)q̈ + g(q) + f (q̇) = τ, (1)

where q = [q1 q2]
⊤, τ = [τ 0]⊤ is the control input vector, and τ ∈ R is the input torque control.

M(q) ∈ R2×2 is the inertia matrix, C(q, q̇) ∈ R2×2 is the centripetal and Coriolis forces matrix,
g(q) ∈ R2 is the gravity vector, and f (q̇) ∈ R2 is the friction vector. The elements of the matrices and
vectors previously stated are the following:

M(q) =

[
m11 m12

m21 m22

]
; C(q, q̇) =

[
c11 0
c21 0

]
; g(q) =

[
g1

0

]
; f (q̇) =

[
f1

f2

]
,

where

m11 = IB + IM + Ib + mBL2 + mBR2
b + mbR2

b + 2mBLRb cos (q1), c11 = −mBLRb sin (q1)q̇1, f1 = fBg q̇1,

m12 = IM + Ib N + mB NR2
b + mb NR2

b + mBLNRb cos (q1), c21 = −mBLNRb sin (q1)q̇1, f2 = fBb q̇2,

m21 = m12, g1 = −gLmB sin (q1),

m22 = IM + Ib N2 + mbR2
b N2 + mBR2

b N2.

The notation and values from these last parameters are given in Table 2. The mass of both body and
ball as well as the radius of the ball and wheels were measured experimentally. The distance to the
center of mass is taken from [1]. The moments of inertia of the body and ball are extracted from [1]
and [12].

Table 2. Parameters of the EV3BRS.

Parameter Notation Value Units

Body mass mB 0.75 Kg
Ball mass mb 0.014 Kg
Ball radius Rb 0.0256 m
Wheel radius Rw 0.02141 m
Distance to the center of mass L 0.1956 m
Body moment of inertia IB

mB L2

3
Kg · m2

Ball moment of inertia Ib
2mBR2

b
3

Kg · m2

Gear ratio N − Rw
Rb

-
Body-Ball friction coefficient fBb 0.0022 N · m · s/rad
Body-Floor friction coefficient fBg 0 N · m · s/rad
Gravity acceleration g 9.81 m/s2

3.1.2. Dynamic of the Motor

The model proposed by [1] takes into account a simplified model for the motors (see Figure 9),
the inductance and friction are considered negligible (i.e. La ≈ 0 and fm ≈ 0), so the control input
vector is given by

τ =

[
0
τ

]
=

[
0

kt(v−kb q̇2)
Rm

]
. (2)

where v is the input voltage for the motor.
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Figure 9. Simplified model for the motor.

3.1.3. State Space Representation

Defining the state vector x = [x1 x2 x3 x4]
⊤ = [q1 q2 q̇1 q̇2]

⊤, the control input u = v, and using
(2), the model (1) can be rewritten as:

ẋ =


0 0 1 0

0 0 0 1

0 0 ∆
(

m12c12 − m22c11 − m22 fBg

)
∆m12

(
fBb +

ktkb
Rm

)
0 0 ∆

(
m21c11 − m11c12 + m21 fBg

)
−∆m11

(
fBb +

ktkb
Rm

)

x +


0

0

−∆m12
kt

Rm

∆m11
kt

Rm

v +


0

0

−∆m22g1

∆m21g1

, (3)

where
∆ =

1
det[M(q)]

=
1

m11m22 − m12m21
.

3.2. Takagi-Sugeno Fuzzy Model (TSFM)

A TSFM describes a system as a set of fuzzy if-then rules [13,14]. Using the local approximation
in fuzzy partitions spaces approach, each rule is linked to a local linear system obtained from the
linearization around selected interest points. Then, the overall TSFM is derived by fuzzy blending of
the local linear systems. The i-th rule of a TSFM takes the form:

Model i-th rule:
IF z1 is Mi1 and · · · zp is Mip,

THEN

{
ẋ = Aix + Biu,
y = Cix

, i = 1, 2, . . . , r;
(4)

where Mij are fuzzy sets, x ∈ Rn is the state vector, y ∈ Rq is the output vector, u ∈ Rm is the input
vector, Ai ∈ Rn×n is the state matrix, Bi ∈ Rn×m is the input matrix, Ci ∈ Rq×n is the output matrix,
z1, . . . , zp are known premise variables and r is the number of rules. Defining z =

[
z1 . . . zp

]⊤ ∈ Rp,
the final outputs of the TSFM, given a pair of (x, u), are inferred as follows:

ẋ =
r

∑
i=1

hi(z){Aix + Biu},

y =
r

∑
i=1

hi(z)Cix,
(5)

where wi(z) = ∏
p
j=1 Mij(zj), with Mij(·) as the grade of membership of zj in Mij, and

hi(z) =
wi(z)

∑r
i=1 wi(z)

the normalized weight of the i-th rule.
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3.2.1. Linearization of the EV3BRS’s Model

In order to derive the TSFM of the EV3BRS, the nonlinear model (3) is linearized around |x1| = 0
and |x1| = π

12 . Using small-angle linearization for |x1| = 0 (cos(x1) ≈ 1 and sin(x1) ≈ x1) the linear
model takes the form

ẋ = A1x + B1v =


0 0 1 0
0 0 0 1

−∆1Wm22 0 0 ∆1m∗
12

(
fBb +

ktkb
Rm

)
∆1Wm∗

12 0 0 −∆1m∗
11

(
fBb +

ktkb
Rm

)
x +


0
0

−∆1m∗
12

kt
Rm

∆1m∗
11

kt
Rm

v, (6)

where

m∗
11 = IB + IM + Ib + mBL2 + mBR2

b + mbR2
b + 2mBLRb, W = −gLmB,

m∗
12 = IM + IbN + mBNR2

b + mbNR2
b + mBLNRb, ∆1 =

1

m∗
11m22 −

(
m∗

12
)2 .

Given the parametric values from Table 1 and Table 2, the model (6) takes the form

ẋ =


0 0 1 0
0 0 0 1

123.938359 0 0 −20.401434
1204.484501 0 0 −264.663167

x +


0
0

39.658405
514.479463

v. (7)

Now, for |x1| = π
12 the following is considered:

cos (x1) ≈ cos
( π

12

)
, sin (x1) ≈

sin
(

π
12
)

π
12

x1 = ξ1x1.

Thus, the local linear model takes the form

ẋ = A2x + B2v =


0 0 1 0
0 0 0 1

−∆2Wξ1m22 0 0 ∆2m∗∗
12

(
fBb +

ktkb
Rm

)
∆2Wξ1m∗∗

12 0 0 −∆2m∗∗
11

(
fBb +

ktkb
Rm

)
x +


0
0

−∆2m∗∗
12

kt
Rm

∆2m∗∗
11

kt
Rm

v, (8)

where

m∗∗
11 = IB + IM + Ib + mBL2 + mBR2

b + mbR2
b + 2mBLRb cos

( π

12

)
,

m∗∗
12 = IM + IbN + mBNR2

b + mbNR2
b + mBLNRb cos

( π

12

)
.

Again, using the parametric values from Table 1 and Table 2, equation (8) takes the form

ẋ =


0 0 1 0
0 0 0 1

106.078267 0 0 −17.130803
999.8752898 0 0 −227.865513

x +


0
0

33.300615
442.948402

v. (9)
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3.2.2. EV3BRS’s TSFM

Since the model (3) is only linearized around two points, the TSFM is only comprised of two rules.
Defining C1 = C2 = [1 0 0 0], the rules of the TSFM are the following

Model 1st rule:
IF |x1| is about 0,

THEN

{
ẋ = A1x + B1v,
y = C1x

(10)

Model 2nd rule:
IF |x1| is about π

12 ,

THEN

{
ẋ = A2x + B2v,
y = C2x

(11)

These rules can be expressed in the form of (5) using the membership functions shown in Figure 10.
So, the TSFM of the EV3BRS takes the form

ẋ =
2

∑
i=1

hi(|x1|){Aix + Biv},

y =
2

∑
i=1

hi(|x1|)Cix,

(12)

Figure 10. Membership functions of the EV3BRS’s TSFM.

3.3. Takagi-Sugeno Fuzzy Control (TSFC)

To design a TSFC, the Parallel Distributed Compensation (PDC) technique is used [14]. A feedback
control law u = −Kix, where Ki ∈ Rm×n is the i-th feedback gains vector, to stabilize each local linear
system of the TSFM can be applied. Thus, the PDC comprises of the same amount of rules as the TSFM
and also shares its fuzzy sets. Then, the PDC can be described as a set of rules given in the following
form

Control i-th rule:
IF z1 is Mi1 and · · · zp is Mip,
THEN u = −Kix

, i = 1, 2, . . . , r; (13)

Using the same membership functions as in the TSFM, the overall PDC can be described in the form

u = −
r

∑
i=1

hi(z)Kix. (14)
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3.3.1. Stable TSFC

To determine the feedback gains vector Ki that ensures global stability, the following theorem
must be satisfied.

Theorem 1 ([15]). The TSFM (5) with the PDC control law (14) is globally asymptotically stable if there exist
matrices X = X⊤ > 0, and Mi, i = 1, 2, . . . , r, such that

Γij = XA⊤
i + AiX − M⊤

j B⊤
i − Bi Mj,

satisfies the following conditions

Γii < 0,

Γij + Γji < 0,
(15)

for i = 1, 2, . . . , r and j = i+ 1, i+ 2, . . . , r. If this conditions are satisfied, the PDC gains are Ki = MiX−1, i =
1, 2, . . . , r.

Proof. See [15]

Applying the Theorem 1 to the TSFM (12) of the EV3BRS, and using the YALMIP toolbox and
choosing the SeDuMi 1.3.7 solver with the adaptative self-diferentiation method to solve the Linear Matrix
Inequalities (LMIs), the following matrices are obtained

X =


0.014396 0.00032416 −0.080298 −0.0029134

0.00032416 25.382 −0.0015091 −0.42286
−0.080298 −0.0015091 0.44804 0.019218
−0.0029134 −0.42286 0.019218 0.076509

,

M1 =
[
0.035395 0.21844 −0.19866 −0.04262

]
,

M2 =
[
0.03426 0.21847 −0.1923 −0.042139

]
.

Thus, the feedback gains vector are

K1 =
[
56.01 −0.0061596 9.6323 −0.87776

]
, (16)

K2 =
[
61.681 −0.0068506 10.665 −0.91864

]
. (17)

Therefore, using the membership functions from Figure 10, the PDC control law can be expressed in
the form

v = −
2

∑
i=1

hi(|x1|)Kix. (18)

3.3.2. TSFC with H∞ Attenuation

Performance criteria can be added to the control using extra LMIs [14,15]. Consider the TSFM (5)
with external disturbance d ∈ Rl , i.e.,

ẋ =
r

∑
i=1

hi(z){Aix + Biu + Eid},

y =
r

∑
i=1

hi(z)Cix.
(19)
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Disturbance rejection can be achieved by minimizing γ subject to

sup
d ̸=0

∥y∥
∥d∥ ≤ γ.

To add disturbance rejection to the PDC control law, the following theorem must be satisfied (it
should be noted that Ia ∈ Ra×a denotes an identity matrix)

Theorem 2 ([15]). The TSFM (19) with PDC control law (14) is globally asymptotically stable and the
disturbance d is attenuated by at least γ, if there exist matrices X > 0, and Mi, i = 1, 2, . . . , r, such that

Γij =

XA⊤
i + AiX − M⊤

j B⊤
i − Bi Mj Ei XC⊤

i

E⊤
i −γIl 0l×q

CiX 0q×l −Iq


satisfies the conditions (15). If this conditions are satisfied the PDC gains are Ki = MiX−1, i = 1, 2, . . . , r.

Proof. See [15]

Considering the following voltage disturbance

d =


0 t < 5
−0.5 + 1.5 sin (2t) + 0.05t 5 ≤ t ≤ 15
0 t > 15

[V], (20)

the model (3) can be modified to include this disturbance as an input of the system. Thus, the EV3BRS’s
model with input anomalies is then given as

ẋ =


0 0 1 0

0 0 0 1

0 0 ∆
(

m12c12 − m22c11 − m22 fBg

)
∆m12

(
fBb +

ktkb
Rm

)
0 0 ∆

(
m21c11 − m11c12 + m21 fBg

)
−∆m11

(
fBb +

ktkb
Rm

)

x +


0

0

−∆m12
kt

Rm

∆m11
kt

Rm

(v + d) +


0

0

−∆m22g1

∆m21g1

.

(21)
Linearizing the model (21) around |x1| = 0 and |x1| = π

12 and using the membership functions
depicted in Figure 10, (21) takes a form similar to (19)

ẋ =
2

∑
i=1

hi(z){Aix + Biv + Eid},

y =
2

∑
i=1

hi(z)Cix,

(22)

where

E1 =


0
0

−∆1m∗
12

kt
Rm

∆1m∗
11

kt
Rm

 , E2 =


0
0

−∆2m∗∗
12

kt
Rm

∆2m∗∗
11

kt
Rm


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From applying Theorem 2, the following matrices are obtained from considering (22)

X =


9.7698 −0.7885 −54.368 0.67473
−0.7885 52167 4.4033 −159.11
−54.368 4.4033 302.57 −3.5886
0.67473 −159.11 −3.5886 4.6188

,

M1 =
[
22.538 79.74 −120.54 63.723

]
,

M2 =
[
21.921 80.165 −117.81 55.758

]
.

Thus, the PDC gains are

K1 =
[
4.4841 × 105 −9.9688 80536 −3262.3

]
, (23)

K2 =
[
3.7559 × 105 −8.348 67458 −2731.9

]
. (24)

Since the control law itself has not changed, the form (18) holds.

4. Results
4.1. TSFC on Simscape™

The control law (18) with PDC gains (16) and (17) is applied to the EV3BRS Simscape™ model
as shown in Figure 11. Since the maximum voltage that the EV3 intelligent brick can provide to the
motors is ±8.3[V], a saturation block is added. To simulate the system, the solver ode45 with variable step
is used. The simulation is started from initial conditions xxz(0) = [0 0 0 0]⊤[deg] for the x − z plane,
and xyz(0) = [−5 0 0 0]⊤[deg] for the y − z plane.

Figure 11. Implementation of the whole TSFC to the EV3BRS’s Simscape™ model.

The evolution from the states of the system in the x − z plane are shown in Figure 12, while the
states corresponding to the y − z plane can be seen in Figure 13. From Figure 12(a) and Figure 13(a),
it can be seen that the TSFC can maintain the body of the EV3BRS balanced over the ball (i.e., near
the upright position). Figure 12(c) and Figure 13(c) show the angular displacement of the wheels.
The control signal for each motor is shown in Figure 14. Since the tracking task is outside of the
scope for this work, the displacement in the x − y plane is not taken into consideration, thus the TSFC
successfully achieves the control objective. A video of the animation for this simulation is attache in
the Supplementary Materials (Video S1).
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(a) (b)

(c) (d)

Figure 12. States dynamic corresponding to the x − z plane using the nominal TSFC: (a) angular position of the
body, (b) angular velocity of the body, (c) angular position of the wheel, (d) angular velocity of the wheels.

(a) (b)

(c) (d)

Figure 13. States dynamic corresponding to the y − z plane using the nominal TSFC: (a) angular position of the
body, (b) angular velocity of the body, (c) angular position of the wheel, (d) angular velocity of the wheels.
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(a)

(b)

Figure 14. Control signals for the motors using the nominal TSFC: (a) signal for the x − z plane, (b) signal for the
y − z plane.

4.2. TSFC with H∞ Attenuation

In order to robustify the performance of the TSFC in presence of external disturbances, the H∞

attenuation is invoked, where the gains (23) and (24) are consider. In Figure 15 the disturbance and the
TSFC with H∞ attenuation are applied to the EV3BRS Simscape™ model.The same initial conditions,
solver, and saturation imposed from the nominal TSFC are used.

Figure 15. Implementation of the TSFC with H∞ attenuation to the EV3BRS’s Simscape™ model.

In Figure 16, the dynamic of the states corresponding to the x − z plane are shown, while Figure
17 shows the dynamic of the states from the y − z plane. In Figure 16(a), Figure 16(c), Figure 17(a) and
Figure 17(c), the beginning and end of the duration range for the disturbance is limited and depicted
by red dashed lines. From Figure 16(a) and Figure 17(a) it can be concluded that the control objective
is achieved since the TSFC is able to maintain the body near the upright position. A video of the
animation for this simulation is attache in the Supplementary Materials (Video S2).
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(a) (b)

(c) (d)

Figure 16. States dynamic corresponding to the x − z plane using the TSFC with H∞ attenuation: (a) angular
position of the body, (b) angular velocity of the body, (c) angular position of the wheel, (d) angular velocity of the
wheels.

(a) (b)

(c) (d)

Figure 17. States dynamic corresponding to the y − z plane using the TSFC with H∞ attenuation: (a) angular
position of the body, (b) angular velocity of the body, (c) angular position of the wheel, (d) angular velocity of the
wheels.
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(a)

(b)

Figure 18. Control signals for the motors using the TSFC with H∞ attenuation: (a) signal for the x − z plane, (b)
signal for the y − z plane.

The attenuation of the disturbance is better seen when the performance of the nominal TSFC and
the TSFC with H∞ attenuation is compared. Figure 19 compares the body position dynamics from
plane x − z and plane y − z. It can be seen that the H∞ attenuation managed to reduce the oscillations
generated by the disturbance. Table 3 compares the RMS and maximum error from both controllers.

(a)

(b)

Figure 19. Comparison of the nominal TSFC and the TSFC with H∞ attenuation: (a) angular position dynamics of
the body in the x − z plane, (b) angular position dynamics of the body in the y − z plane.

Table 3. Quantitative index performance.

Index* TSFC TSFC with H∞ attenuation
x − z plane y − z plane x − z plane y − z plane

RMS{e1} [deg] 1.213285 1.348343 1.045777 1.255730
max{|e1|} [deg] 3.122334 5.070873 2.336960 5.070867

RMS{v} [V] 7.990704 8.260867 8.297521 8.299257
*e1 = 0 − x1
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5. Discussion
In summary, this work details the procedure to develop the model of the EVBRS by using the

Simscape™ environment. The use of the Simscape™ Multibody™ Link plugin is essential to the
development of the model since it allows the design of the body of the EV3BRS to take place in
SOLIDWORKS® . Taking advantage of the popularity of LEGO® MINDSTORMS® the design of most
of the pieces that comprise the body is already done, and thus, only four pieces needed to be designed
before making the assembly in SOLIDWORKS® and exporting it to the Simscape™ environment.

Using the EV3BRS’s Simscape™ model allows the tuning of control gains without risking the
physical platform and, although the next it is beyond the scope of this work, the displacement in the
x − y plane should be taken into consideration when preparing an area for experimental evaluation.
The Simscape™ model may be used to delimit such displacement. Importantly, this model is expected
to produce simulation results that more closely match experimental behavior, and because no other
EV3BRS Simscape™ model has been reported in the literature, the model here developed can be
considered a first virtual testbed that allows a more accurate control development.

Since the control objective is to maintain the body balanced on top of the ball, the TSFC here
implemented is able to achieve such control objective even in presence of anomalies at the input, in
our case, input voltage anomalies. In addition, in order to improve the control task performance, the
H∞ attenuation approach has been exploited. Simulation results confirm that the effect of the anomaly
on the body angle is reduced when the TSFC with H∞ attenuation is used.

6. Conclusions
From our study, the TSFC with H∞ attenuation has shown improvement in the performance

of the EV3BRS Simscape™ model under anomalies at the input in contrast with the nominal TSFC
version. Simulation results obtained through the EV3BRS Simscape™ model are expected to more
closely resemble the dynamics of the real system.

The EV3BRS Simscape™ model here developed can be used in future work to simulate alternative
control strategies, including those who aim to solve the trajectory tracking problem. Then, the model
can be considered a first step toward the development of a digital twin of the EV3BRS.

Supplementary Materials: The following supporting information can be downloaded at: Preprints.org, Video
S1: Simulation of the EV3BRS Simscape model with the TSFC with H∞ attenuation; Video S2: Simulation of the
EV3BRS Simscape model with the nominal TSFC.
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Abbreviations
The following abbreviations are used in this manuscript:

3-D three-dimensional
BRS Ball Robotic System
CAD Computer-Aided Design
DoF Degrees of Freedom
EV3BRS EV3 Ballbot Robotic System
LMI Linear Matrix Inequality
LQR Linear Quadratic Regulator
NXTBRS NXT Ballbot Robotic System
PDC Parallel Distributed Compensation
TSFC Takagi-Sugeno Fuzzy Controller
TSFM Takagi-Sugeno Fuzzy Model
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