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Abstract: In this paper, we focus on develop high-order and structure-preserving numerical algorithm
for the two-dimensional nonlinear space fractional Schrodinger equations. By using the scalar auxiliary
variable method with the composite Simpson’s formula, and a fourth-order numerical differential
formula for Riesz derivative, an effective difference scheme is constructed. Meanwhile, the conserving
properties of the numerical solution is also studied.
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1. Introduction

In this paper, we will devoted to constructing a high-order numerical scheme for the following
two-dimensional nonlinear space fractional Schrodinger equation

iaa—? + Ly pu +plulPu=0, (x,y) €Q, t € (0,T], (1)
subject to the initial condition,
u(x,y,0) = up(x,y), (x,y) € 9Q,

where Q) = (a,b) X (¢,d), i = +/—1, y and p are real constants, and u(x, y) is a given smooth function.
The operator £, g is defined by L, g := d% + 85 with1 < &, < 2, and 0% and 85 denote the Riesz
fractional derivative operators in x and y direction, respectively, which are defined by [8]

1 dz b
aﬂé — 7/ o 1—a /,td,l <2’
T T D cos(Fa)T(2—a) 42 Jo [x —si| " u(sy,y, )dsy, 1 <a <
and .
1 d
Py = — 7/ o[ Bu(x, s, )dsy, 1< B < 2.
e 2cos(ZP)T(2— B) A2 Je ly —sa]" Pu(x,sp, t)dsy B <
The equation (1) own two fundamental conservation properties of the mass and of the energy, i.e.,
M(t) = M(0), E(t)=€(0), 0<t<T,
where
M(t) = [ Jutx,y, 1) Pxdy,
and

E(t) = /Q - {yu*(x,y, t)Ea,,;u(x,y, £+ g|u(x,y,t)|4} dxdy,
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where u*(x,y,t) denotes the conjugate of u(x,y, t).

In the past decades, some numerical methods have been developed to solve the nonlinear spatial
fractional Schrodinger equation in one-dimensional case. For example, Wang and Huang constructed
a structure-preserving difference scheme with convergence order of O (7 + h?) in [8]. Then, a new
finite difference scheme with the same convergence order as the previous algorithm was proposed
by them in [10], and the conservation properties of this scheme were studied in detail, including the
conservation of mass and energy. With the help of the scalar auxiliary variable method proposed
by Shen and Xu [6]and the existing fractional center difference formula, Li et al. [5] gave a a fully
discrete structure-preserving scheme with convergence orderO (2 + h?). For other related important
and meaningful work, please refer to [2,4,7] and their references. Next, let’s review the case of two-
dimensional equations. At present, there are actually some effective numerical schemes. For example,
Zhao [12] and his collaborators proposed a kind of linearized energy conservation finite difference
algorithm. a split-step spectral Galerkin scheme for this equation was proposed by Wang et al.[11],
and its convergence was strictly proved. Based on the compact implicit integration factor method, an
efficient finite difference scheme was constructed by Zhang et al. [13] and studied carefully.

Up to now, although the numerical methods for nonlinear spatial fractional Schrédinger equation
have made great progress, the convergence order of these methods is still relatively low. Up to now, as
far as we know, except for [3], the authors have established two linearly finite difference scheme with
second-order accuracy in time and spectral accuracy in space, and almost no further work has focused
on the scalar auxiliary variable method for the high-dimensional nonlinear space fractional Schrédinger
equations. Therefore, inspired by the the scalar auxiliary variable method and the references [3,5], we
will establish a higher-order numerical method to solve the two-dimensional nonlinear space fractional
Schrodinger equations, whose convergence order can reach O (Tz +h:+ hﬁ) , and the established
difference scheme maintains mass conservation and energy conservation.

The outline of this paper is arranged as follows: In Section 2, we proposed a high-order implicit
conservative scheme for the two-dimensional nonlinear space fractional Schrodinger equation. In
Section 3, we study the conservation properties of the established numerical algorithm.

2. Construction of the Conservative Scheme
Let x; = ihy,i = 0,1,..., My, yi = ﬂ’lz,j =0,1,..,Mp, and t; = kT, k = 0,1,..., N, where h| =

bM;la, hy = dﬁ;, T= % are spatial and temporal step sizes, respectively. Denote any given grid function

w={ul| 0<i<M,0<j< M, 0<k<N},

we introduce the following notations:

k+1 _ k
t ij T r Jij

k+1 k

no n
((5xui+% 5"”1‘—%)'

For any grid functions u = {u;;} and v = {v;;}, we define the discrete inner product and its

NI~

NI

1
n _ n n 2.n __
‘53‘”1'—% =7 upy —up_q ), oxu; =

corresponding norm as

M;—1Mp—1

(o) =mhy Y Y wiojy, |lul® = (u,0).

=1 j=1
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First, it is assumed that there is a constant Cy such that fQ F (|u(x, Yy, t|2) dxdy + Cp > 0, where
F'(u) = f(u) = u, we introduce a scalar auxiliary variable

r(t) := \//Q F(u(x,y,t)|?)dxdy + Co,
which was introduced by Shen et.al. [6] to solve gradient flows, then there holds that

d
S(tt) = §R/Q Q(u)ujfdxdy,

where R(z) means to take the real part of a complex number z, and

o) = nCy PGy )
o F(Qu,, 1) dxdy + G

At this point, equation (1) can be written in the following equivalent form

1% + Vﬁa,ﬁu —l—pr(t)Q(u) =0, (x,y) e, te (0’ T]/ )
dr(t
7(;1(1’) = §R/Q Q(“)“?dXd]/, te (0, T] (3)

Moreover, by applying analytical methods similar to the one-dimensional equation case in [5],
it is not difficult to claim that the new systems (2)-(3) have the same mass and energy as the original
equation (1).

Next, we will focus on developing a conservative scheme for the systems (2)-(3). For the space
Riesz fractional derivatives, we employ a fourth-order numerical differential formula proposed by
Ding and Li in [1], that is

HIO%u(z,t) = oTu(z,t) + O (1), (z,7) = (x,a) or (y,p), )

where the operators H; and 6, u(z,t) are defined by

W2 1 R
Hlu(z,t) = (1 n 625§>u(z,t), Slu(z,t) = —W(LAZZ + RAT u(z,t),
where
[Ft]+1 [32]+1
L 1 @ R 1 @
Afu(zt) = — Y m ulz—(m=1)hs,t), “Afu(zt)=—= Y & u(z+ (m—1)hs,t).
z hZ m=0 hZ m=0
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in which (S1,S,) = (a,b) for z = x, and (S1,S2) = (¢, d) for z = y. Besides, the coefficient K,(J) can be

also computed by the following recursion formulas [1],

o =,
by
ng) _ HK(()“r),
1
K;Y) = b, {bl (v — 1)K§7) + 2b2'y1c((,7)] ,
1
K = 30 [b1(7 = 205" + 1227 = D" + 3bayeg? ],
1
6 = e [ H 1= m Dy b2y 42 = my
+ b33y +3— m)KfZ_)3 +by(4y+4— m)KT(L)J , m >4

where
b — 2573 —307% + 13y — 2 . — (247> — 439% + 237 — 4)
0 — 12,)/3 R 6’)’3 ’
b — 67° — 1592 + 10y — 2 b — (87 —219% + 17y — 4) b — 313 — 842+ 7y —2
2 = 2’)/3 7 3 = 6')/3 7 4 — 12’)/3
Hence, it follows from (4), we have
Hﬁﬂfﬁa,ﬁu(x, yt) = ’Hlyséféu(x, yt)+ ’Hﬁ&’;u(x, yt)+ 0O (hi + h‘yl). 5)

Considering the systems (2)-(3) at the grid point (x,', yi t ) . For the integral [, F(|u(x,y,t*)dxdy,

k+3
it follows from the composite Simpson’s formula, we get

M;—-1My—1
xhy 1 2

/()F()u(xi,yj,thr%)f)dxdy:h36 igo ;} S(xi,y]',thr%)—l-(’)(hi—i-h;),

]

where

$(xivitiny) <F(Juo e )[) 4 F ([ Gty ) )+ F(JuCoantiy) )
2 2 2
”(\”(’“HLWHJH;)! >+4[F<!“(’ff+;'%'fk+;)\ >+P(\“(xi'yj+5ffk+§)! )
2 2 2
+F<\“(xf+1ryf+;ffk+;)\ >+F<!“(xf+;fyf+lffk+;)\ ﬂ +16F(\“(xi+;fyj+;'fk+;)\ )
By using (5) to spatial discretization, and applying the Crank-Nicolson method in time, then we get
iHin(Stu (xi,y]-, tk+%> +u (7—[55;’; + ’Hﬁ&f) u (xl-,yj, tk+%) +
(6)
p?—lﬁ?—[fr(tﬂgQ(u(xi,yj,tk%)) = O(T2 + 1} +h§),

5tr(tk+%) = S‘E(Q(u(xi,yj,tk+%)),(5tu<xi,yj,tk+%)) —I—O(T2+h§—|—h;), (7)

where

)= | E s ) v

i=0  j=0
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and

2
’u(xi/y'/tk l)‘ u<xi/]/'/tk l)
Q(u(xi,yj,thr%)) = — 17 Tkt 17 k45 ]
x Mi1—1 «Mr—1
\/ % Li—0 Lj-0 O (xi,y]-, tk+%) +Go

Omitting the high-order terms in (6) and (7), replacing the exact solutions u(xi,yj, by %>,

. . . . k+3
Q(u (xi,]/j, tk+%))' and r(tk+%) with their numerical solutions uijﬂ, Q(u

k+3

1
i > and r**2, we ar-

rive at

1 1 1
HAHY s + ]xl(?‘[f&fé + Hﬁ&f)uﬁ‘]ﬂ n pHgH57k+%Q(ui.‘j+2> —0, (8)
Skt = m(Q(u”%),(stu”%). )
u?j = uo(x;,yj), (xi,yj) € 0Q),

3. Theoretical Analysis of the Numerical Scheme

In this section, we study the conservation properties of the schemes (8)-(9). Firstly, we must
introduce several lemmas before giving the main results, which are useful in the subsequent analysis.

Lemma 1. Let C, (p = 1,2) is a symmetric tri-diagonal matrix of (M, — 1)-square, denoted as

2 1
3 3 0 0
1 2 1
& 5 5 O
Cp: ". .'. 7
1 2 1
6 3 6
1 2
0 5 3

(Mp—1)x(Mp—1)
then C, is positive define.
Proof. It is not difficult to know that the eigenvalues of the matrix C, are

2 1 (jn\ 1.2 L i=n .
A 4z S ) =Z4= AR , i=1,2,..., -1,
i(Cp) 3+3COS<Mp) 3+3cos <2MP) >0, j M,

then we can claim that the matrix C, is positive definite. This ends the proof. [J

Lemma 2. [1] Denote

KY’/) K(()’Y) 0 0
ng) ng) Kév) 0
m_ 1 : :
pr_ﬁ (') . (') (') (') ,
KI\Z,,—Z K27 Kl’y KOA’
R IR L

(Mp—1)x(Mp—1)

which is an associate matrix of fractional difference quotient operator LAZZ. Then the matrix

T
D" = (Ggﬁ) +GyY ) l<y<2,

_ZCOS(%’y)
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is the associate matrix of fractional difference quotient operator &) and it is negative semi-definite.

Lemma 3. For any two grid function u and v, there exists a linear difference operator denoted by 6%F such that
(’Hf&fﬁ + Hﬁ&’;u, v) = — ((5“"514, 5""’30) )

Proof. Denote

_ T
u= (M1,1, U1y ey UMy =117+ s UL, Mp—1, U2, My —1/+ - - /uMl—l,Mz—l)

and

_ T
0= (771,1,02,1,--.,01\/1171,1,- . -,01,M271,02,M271,---/Ulel,szl) .

Then we know that there holds that
(7—[55;‘ + Hﬁéfu, v) = hhyo T Hu,

where
H=(Goh)(LeDY)+@Lec) (D on).

Here I, are the unit matrices of order M, — 1 (p = 1,2), the symbol ® stands for the Kronecker product
of any two matrices.
Hence, it follows from the properties of the Kronecker product [9], we get

T T
H' =(LeDV) (Qon) +(Df en) Lec)”
:(12 ®D§“>)(c2 ®L)+ (Déﬁ) ®Il)(12 ® Cq)
=(CoL)I;®D;)+ (L®C)(D2® 1)) =H,

that is to say, the matrix H is real symmetric. Furthermore, based on the Lemmas 1 and 2, we can also
know that matrix H is semi-negative definite because its eigenvalues are nonpositive. So there exist an
orthogonal matrix L and a diagonal matrix A such that

T
H=—LTAL = —(A%L) (A%L),
Therefore, we have
T
(Hfax + Hsofu,0) = mhoo ™Hu = —hihy (ATLo) ATLu = — (8%Fu,0%Fo),

where AZL is the associate matrix of fractional difference quotient operator *#, which completes the
proof. O

Lemma 4. For any two grid function u and v, there exists a linear difference operator denoted by H*P such that
(Hﬁ?—lyﬁu, v) = (H""ﬁu, H“'/Sv).

Proof. Using the same method as Lemma 3, we can easily get the results. Therefore, the detailed proof
process is omitted. O

Below, we give the main results:
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Theorem 1. The numerical schemes (8)-(9) are mass-conserved, namely
MT(uk“) :Mf(u"), k=0,1,..., N—1, (10)

where
M () = [[petd|

is the discrete mass of the numerical solution at ty.

Proof. Taking the discrete inner product of the equation (8) with 1+ 2, one has

i(%i%f&u?ji,uk+i> g (Hh03 + Hgef )kt k) o (MambrHEQ(ukE), wE) <o

11
Using the Lemmas 3 and 4, and taking the imaginary part of (11) leads to "
o] = s,
which implies that the (10) holds, the proof is completed. [
Theorem 2. The numerical schemes (8)-(9) are energy-conserved, that is
ST(uk“) :5T(uk), k=0,1,...,N—1, 12)

where
(5""/5ukH2 — pHIHY| g

& (uk) =

is the discrete enerqy of the numerical solution at t.

Proof. Taking the discrete inner product of the equation (8) with Suk+2, and by follows from the
Lemmas 3 and 4 yields

i

1
H“fﬁzstufj*? H - y(é“'ﬁuk+%,(5“'ﬁ(5tuk+%> + p(Hgﬂfrﬂ%g(uk%),(stuk%) —0. (13)

Taking the real part of (13) , then one has
»
2T

Next, if we multiply both sides of equation (9) by Hﬁ?—[yﬁ 1, we get

5Byt HZ _

5""%"”2] = prk+%§R{ (HﬁHfQ(uH%),&tuH%) } (14)

1 1
HEHEA 25548 = rk+%§re{ <H§H§Q<uﬁ§+2>,5tu§+2> } (15)

Combine (14) and (15) to get

d

in other words, (12) is true, and that completes the proof. [

5a,ﬁuk+1

i

5a,5ukH2] _ p?—[ﬁ'Hf UrkJrl’z B ‘rkﬂ ,

Remark 1. In fact, the proposed difference scheme should be both convergent with second-order accuracy in time
and fourth-order accuracy in spaces, respectively. Howeuver, the detailed convergence analysis and numerical
tests will rely on our future studies due to space constraints.

d0i:10.20944/preprints202502.2146.v1
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