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Priyantha Wijayatunga  

Department of Statistics, Umeå University, Umeå, Sweden; priyantha.wijayatunga@umu.se 

Abstract: Critical thinking skills are important assets for scientific development. Therefore, there 
are many ways to enhance the critical thinking skills of students, researchers, etc., both in the field 
of education and scientific enterprise. In this article, we propose the practice of solving probability 
paradoxes and puzzles for the purpose since these problems are often complex, subtle and tricky; 
therefore, their solutions require many aspects of critical thinking. In the following, the Introduction 
outlines some of the current research on the topic without going into more details. We provide 
background descriptions of the paradoxes and probability paradoxes in Section 2. Section 3 provides 
a short description of critical thinking. We present several definitions since there is no clear 
consensus on one single definition, both in the literature and in the general literature. And in Section 
4 current research on using puzzles for enhancing critical thinking is given. We then discuss several 
probability paradoxes, namely, the Monte Hall paradox, the two-envelope (exchange) paradox and 
the St. Petersberg paradox, in Sections 5, 6 and 7, respectively. In Section 8, a brief discussion of the 
statistical hypothesis testing is given emphasizing its controversial nature. We analyze these 
problems and concepts in such a way that critical thinking is evoked while keeping the technical 
details to a minimum. 
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1. Introduction 

“Students should be made to think, to doubt, to communicate, to question, to learn from their mistakes, and 

most importantly have fun in their learning.” 

– Professor Richard Feynman. 

“Human mental and cognitive abilities are not biologically determined but instead created and shaped by the 

use of language and tools in the process of interacting with and constructing the cultural and social 

environment.” 

– Lev Vygotsky1 
Critical thinking is often described as a metacognitive process, consisting of a number of 

subskills such as analysis, evaluation, inference, etc., that, when used appropriately, increases the 
chances of producing a logical conclusion to a given argument, or a solution to a given problem 
(Dwyer et al. 2014). In the famous Delphi Report (Facione, 1990), critical thinking is described as a 
purposeful, self-regulatory judgment that results in interpretation, analysis, evaluation and inference 
as well as an explanation of the evidential conceptual, methodological, criteriological or contextual 
considerations upon which that judgment was based. Furthermore, it is an essential tool of inquiry 
and a pervasive and self-rectifying human phenomenon. Therefore, it is one of the most important 

 
1 

https://en.m.wikipedia.org/wiki/Lev_Vygotsky?fbclid=IwAR0QnoGxF5XOW2j_fSAxTUiTaXbv3GGwD9H7

bz1JHbLYNlVPyR-XAgkP0RI  
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aspects needed for the progress of scientific enterprises. One of the central goals of science education 
is to teach students to think critically about data, information, theories and, applicable scientific 
models and methods (Holms, et al. 2015). That is, critical thinking is one of the most valuable skills 
that should be passed on by the school to its graduates throughout their education (Thompson, 2011). 

The famous statistician George Box once said, “all models are wrong, but some are useful”, meaning 
that the modeler must be aware that a model for a given phenomenon is ultimately for some kind of 
utilization. Therefore, it should function well in the context concerned by answering practical 
questions realistically, meaningfully, objectively, effectively and efficiently. Often, critical thinking 
makes our solutions to a given problem logical, efficient, feasible and optimal. Additionally, it can 
make the solutions convincing and communicable. These aspects are essential for the progress of 
science. Any model is an approximation of the reality. Therefore, thinking critically about the 
phenomenon under investigation and about the models that are built for it is highly important for 
using the inferences from them. 

There has been strong emphasis on developing the critical thinking abilities of students of 
sciences over the past several decades, e.g., see Halpern and Dunn (2023), Raj et al. (2022), Holms, et 
al. (2015) and so on. Holms et al. (2015) presented a simple learning framework for improving the 
quantitative critical thinking skills of science students. It uses cycles of decisions and quantitative 
comparisons among different datasets or models. The framework was shown to be appropriate for 
assisting certain types of learning tasks in science. That is, the authors have experimentally shown 
that the framework significantly improves students’ critical thinking behaviors and therefore 
improves their ability to learn scientific tasks. Their main argument is that the key element of 
developing and enhancing quantitative critical thinking behaviors is repetition of practice of making 
decisions, with relevant feedback. This is complying with the abovementioned second quote in the 
beginning—one’s abilities can be shaped by using appropriate tools. 

Raj et al. (2022) noted that critical thinking involves thinking clearly and reasonably about what 
to do or believe. The authors argued that when using critical thinking, students investigate, appraise, 
interpret, or synthesize information and use creative thoughts to construct arguments, solve 
problems, or reach conclusions. They have given many arguments for engaging in critical thinking 
practices for better learning activities. However, they have not given any empirical evidence on their 
claim. In Halpern and Dunn (2023), an introduction is given to critical thinking, which is grounded 
in psychological science, especially cognitive sciences. Their ideas are presented through humorous 
and engaging language and numerous practical and real-world examples. The authors focus on 
development and improvement of critical thinking skills that are characterized by clear, precise and 
purposeful thinking. Additionally, they provide some empirical evidence to support their claims. 
Quoting John Dewey, the pioneering American educator, the authors emphasize the act of “learning 
to think” as one of the primary purposes of education, which is also emphasized by Albert Einstein 
by saying “education is not the learning of facts, but the training of the mind to think.” 

This article contributes to this broad field in terms of how to improve the critical thinking 
abilities of the students of science, technology, etc. Our thesis is that we can use probability theory 
and its problems applicable in the real world, especially probability paradoxes and puzzles, for the 
task. Generally, solving mathematical puzzles are very good tools for stimulating critical thinking. 
Dispezio (1997) discussed an array of “best” puzzles for this purpose. They are mostly in real-world 
contexts; therefore, they are easy to comprehend, even if they are difficult to solve. Understanding 
the problem clearly is the main ingredient in the problem-solving process. It is generally accepted 
that solving and tackling probability puzzles, problems and related calculations can increase critical 
thinking skills. This is because they are often hard, complex, tricky and subtle. They are mostly real-
world phenomena, requiring workable, efficient, practical, optimal and logical solutions. The 
interesting aspect of these exercises is that they can be tested through simulations, experiments, etc. 
However, arriving at a solution for any given probability puzzle or paradox requires not only 
analytical and logical reasoning but also clear, creative and critical thinking. Therefore, training in 
solving probability problems can be an efficient way to enhance students’ critical thinking skills. Since 
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applied probability problems and paradoxes deal with real-world phenomena, they can be used for 
students in various fields of sciences, not only mathematics students. 

Here, we discuss a few probability paradoxes, such as the Monte Hall paradox, two-envelope 
(exchange) paradox, St. Petersberg paradox and even null hypothesis testing, in the context of 
statistics. We attempt to discuss how the practice of solving such problems can be used to increase 
the critical thinking abilities of students in science, technology, engineering and mathematics (STEM), 
etc. To the best of our knowledge, this topic has not been extensively discussed in the research 
literature in the fields of education and student learning. However, few attempts have been made 
recently. The reader is referred to the article collection in the journal Frontiers in Education 2 
(Wijayatunga et al. 2024). In the following, some of the earlier research literature is discussed briefly, 
but a discussion of a comprehensive list of previous works is beyond the scope of this paper. 

Before we proceed, we should look at what it is meant by a probability paradox and what it is 
meant by critical thinking. We can go through few definitions, both in general usage and in the 
research literature. These definitions clearly show that the practice of solving probability paradoxes 
and puzzle can be beneficial for enhancing and sharpening one’s critical thinking skills. Note that 
most of the probability paradoxes are discussed well in the literature. Though we present some new 
approaches to solve them, we do not discuss their solutions found the research literature in great 
details. Our proposal here is to use the practice of solving paradoxes to enhance students’ and 
researchers’ critical thinking skills.  

2. Probability Paradoxes 

The probability theory is considered to be a hard part of the discipline of mathematics, at least 
as far as applications are concerned. It may not be as hard as other parts such as topology, etc., but 
people often go wrong in applying it correctly in the real world. However, the field of statistics may 
not be so, even though its discussions are built around the probability theory. Ths is because it deals 
mostly with data, observations and estimation of parameters of selected models. Many students do 
not prefer to study these important subjects because they are afraid of not understanding their 
concepts. Notably, the mathematician and the philosopher Bertrand Russel once said that “the 
probability is the most important concept in modern science, especially as nobody has the slightest notion of it.” 
This saying highlights how important it is for scientists to grasp the concept in the probability theory 
and those in statistics for their scientific progress in their respective disciplines. We believe that 
familiarity with the probability theory and statistics should begin when one is a student of science. 
The exercises in the probability theory and its applications can improve not only one’s scientific skills 
but also one’s critical thinking abilities, as we argue in this paper. Probability paradoxes are a special 
class of probability problems that can be more effective at enhancing the critical thinking skills of 
scientists. This is mainly because the solutions to these puzzles can be obtained if one looks at the 
problems clearly, broadly, deeply and rationally, etc., and therefore critically. 

Let us first consider what a paradox means in general. The online Cambridge Dictionary defines 
a paradox as “a situation or statement that seems impossible or is difficult to understand because it 
contains two opposite facts or characteristics.” Similarly, the online Oxford English Dictionary 
describes it as “a statement or tenet contrary to received opinion or belief, especially, one that is 
difficult to believe.” Therefore, the paradoxes are thought-provoking statements or situations that 
seem to defy general logic, mostly with some contradictions and inconsistencies. However, they 
contain some truth in them. Therefore, solving and clarifying paradoxes mostly involves exploring 
and rectifying them. To do so, one requires clear thinking, reflection, imagination, logical, analytical 
and rational reasoning, etc. Furthermore, it is stated in Sainsbury (2009) on its back-cover by Pascal 
Engel that “a paradox can be defined as an unacceptable conclusion derived by apparently acceptable 
reasoning and apparently acceptable premises.” Therefore, the paradoxes are understood and 
resolved through a high level of intelligence—not only through logical and analytical reasoning but 

 
2 https://www.frontiersin.org/research-topics/39405/probability-and-its-paradoxes-for-critical-thinking  
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also through critical thinking. To complement the above general definitions of paradoxes, let us look 
at what the Encyclopedia Britannia says; paradox is an apparently self-contradictory statement, the 
underlying meaning of which is revealed only by careful scrutiny. The purpose of a paradox is to 
arrest attention and provoke fresh thought. The statement “Less is more” is an example. Therefore, 
they are ideal for stimulating and enhancing critical thinking skills. More often, the paradoxes are 
easily solved through correct interpretation of the statements in it, removal of ambiguities in them, 
or falsification of logical premises or implications. In Section 7 of the paper, Bandyopadhyay et al. 
(2015) it is discussed what a paradox is and some of the views of the philosopher on it. 

Probability paradoxes are special cases of paradoxes. They are in situations where randomness 
and stochasticity are involved. A popular way to quantify randomness and stochasticity for 
describing events, outcomes, etc., is to use probability theory. Inherently, probability theory and its 
calculations are somewhat difficult to grasp, at least in the first instance. Therefore, it can be mind-
twisting to think about or to try to understand them. Often, it requires, among others, critical 
thinking, logical reasoning, numerical computation and nonnumerical analysis, etc. For the analysis 
of probability paradoxes, one can never depart from applying clear logical reasoning, precision and 
deep thinking. Additionally, to understand them, one needs to be very critical about potential 
solutions or steps toward them. Therefore, learning and analyzing probability paradoxes can 
improve critical thinking skills, so they can be used for educational activities in science, engineering, 
etc., to develop the skills of students in their respective fields. Importantly, some questions cannot be 
answered since their solutions may not exist. They are not paradoxical situations. For example, if I 
ask what color you get if you mix all the colors. To get it, logically you need to mix all the possible 
colors, including the resulting color itself, which should give another color. Therefore, simply the 
color should not exist! To do this in a feasible way, one should be interested in the color that we obtain 
if we mix all the basic colors or similar colors. 

3. Critical Thinking 

There are many definitions of the concept of critical thinking in the literature. As stated in 
Schmaltz et al. (2017), for unfortunate reasons, the definition of critical thinking has become so wide 
and broad that it can encompass nearly anything and everything (Hatcher, 2000, Johnson and Hamby, 
2015). This situation is not helpful, and it places an extra burden, both on teachers who teach their 
students how to think critically and on students who seek to practice it during their learning process. 
The authors propose that educators need to clearly define critical thinking in more precise terms and 
that, in addition to teaching critical thinking skills, a strong focus should be placed on teaching 
students how to think like scientists and perhaps technologists. They argue that scientific thinking is 
the task of generating, testing, and evaluating claims, empirical data, and theories. Thinking critically 
and scientifically is necessary for the development of scientific enterprises. We do not want to adopt 
one single definition of critical thinking. We think that it is appropriate to consider several definitions 
of it; after all, there has not been a general consensus. Note that almost all the definitions have some 
kind of overlap. 

Now, let us look at some of the definitions of critical thinking in the research literature on 
education and general usage. One of the definitions of critical thinking is thinking clearly by 
distinguishing the attributes/aspects of the phenomenon under investigation and using laws of reasoning and 
possibilities/probabilities (Raj et al. 2022). Therefore, critical thinking occurs when the thinker is well 
adapted to the situation and is highly concerned with real-world aspects such as possibilities. This 
approach results in novel, feasible, efficient and effective solutions to the problems that are key for 
scientific progress through overcoming difficulties, pitfalls, and errors in previous or ad hoc 
solutions. That is, progress in science can be regarded mainly as a result of good critical thinking 
practices.  

Educational expert, Prof. Dewey, defines critical thinking as inclusive of reflective thinking and 
argued that the thinking process should also be taken as one of the objectives of education (Dewey, 
1910). This finding strongly emphasizes the need to develop critical thinking skills in students. The 
practice of reflection is important in any learning task, as it encourages the learner to explore many 
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other possibilities for the problem and to remember the facts. The reflection can be performed even 
after the learning task. Either way, the students can enhance their knowledge to a greater extent by 
doing so. Another definition of critical thinking is that it is reasonable reflective thinking focused on 
deciding what to believe or do, as defined in Ennis (1987) and (1989). In addition to Dewey’s emphasis 
on reflective thinking, the key point here concerns what to believe or do.  

Our third definition of the concept of critical thinking is from the Nation Council for Excellence 
in Critical Thinking. They adopt the definition given by Michael Scriven and Richard Paul at the 8th 
Annual International Conference on Critical Thinking and Education Reform in the summer of 1987: 
“Critical thinking is the intellectually disciplined process of actively and skillfully conceptualizing, applying, 
analyzing, synthesizing, and/or evaluating information gathered from, or generated by, observation, experience, 
reflection, reasoning, or communication, as a guide to belief and action. In its exemplary form, it is based on 
universal intellectual values that transcend subject matter divisions: clarity, accuracy, precision, consistency, 
relevance, sound evidence, good reasons, depth, breadth, and fairness.”3  

Finally, and most recently, in Halpern and Dunn (2023), the following definition is given. 
“Critical thinking is the use of those cognitive skills or strategies that increase the probability of a 
desirable outcome (of understanding well through obtaining broad and deep knowledge). It is used 
to describe thinking that is purposeful, reasoned, and goal directed—the kind of thinking involved 
in solving problems, formulating inferences, calculating likelihoods, and making decisions—when 
the thinker is using skills that are thoughtful and effective for the particular context and type of 
thinking task. Critical thinking is more than merely thinking about one’s own thinking or making 
judgments and solving problems—it is effortful and consciously controlled. Critical thinking uses 
evidence and reasons and strives to overcome biases.”  

In addition to the definitions in the research literature, it is worthwhile to understand what it 
means by the concept of critical thinking in layman’s general language. These definitions can be less 
technical yet intuitive; therefore, they are important, especially for early students of science, 
engineering, mathematics, etc. The online Oxford English Dictionary4 describes critical thinking as 
“the objective, systematic, and rational analysis and evaluation of factual evidence in order to form a judgment 
on a subject, issue, etc.” The online Cambridge Dictionary5 describes it as “the process of thinking 
carefully about a subject or idea, without allowing feelings or opinions to affect you.” Therefore, from these 
definitions, it is clear how important the critical thinking skills for the students for their learning 
process and advancement in their discipline of studies are. Furthermore, comprehensive details are 
given in the Encyclopedia Britannia6–critical thinking is “a mode of cognition using deliberative reasoning 
and impartial scrutiny of information to arrive at a possible solution to a problem.”  

From the perspective of educators, critical thinking encompasses a set of logical skills that can 
be taught. It is a disposition toward reflective open inquiry that can be cultivated. Therefore, logical 
analysis is a main component of the critical thinking process. Therefore, it should be taught to the 
students either as a special subject on its own or along with the student’s major subject through 
augmentation. Either way, ideally, the teaching of critical thinking skills should start with involving 
the students in problem-solving exercises, especially subtle and tricky problems, which we propose 
in this article. Abrami et al. (2015) showed through a meta-analysis that the exposure of students to 
authentic or situated problems and working examples seems to play an important role in promoting 
and enhancing critical thinking skills, particularly when problem-solving and role-playing methods 
are applied.  

Clearly, these definitions show how critical thinking is evoked when solving probability 
puzzles, as they simply address the evaluation of information and evidence, inference methods, 
rational analysis and reasoning, and so on. Furthermore, when solving probability puzzles, we 
consider every possibility with logical and analytical reasoning, especially when the puzzle concerns 

 
3 https://www.criticalthinking.org/pages/defining-critical-thinking/766  
4 https://www.oed.com 
5 https://dictionary.cambridge.org 
6 https://www.britannica.com  
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any real-world scenarios. We need to define events precisely, evaluate their possibilities accurately 
and perform analyses, comparisons and optimizations—all of which are critical. Therefore, when we 
solve such puzzles, we train our minds to think about the aspects that are related to critical thinking 
skills deeply, thus improving them. One can successfully solve probability puzzles if and only if 
logically consistent and analytically correct possibilities are taken into account, especially in timely 
manner. That is, we need to eliminate impossibilities, either through logical processes or through 
numerical and analytical processes. We need to determine which options should be accepted and 
applied at each stage of the solution process. Therefore, it is rather obvious that critical thinking skills 
can be improved immensely through the practice of solving these puzzles.  

Compared with their findings, specifically, we believe that teaching students how to solve and 
analyze probability paradoxes and puzzles is an ideal way to enhance their critical thinking skills. 
This is because, often, the probability paradoxes and their calculations are in real-world scenarios, 
and they do not require much technical knowledge of any scientific discipline for understanding and 
solving them, thus making them a common ground for the students of the sciences. In particular, we 
are interested in the probability paradoxes that can be understood by the students of the sciences, 
technology, engineering and mathematics. However, our arguments can also be related to other 
disciplines, such as economics, especially when they are connected to the disciplines of interest. In 
addition to the paradoxes discussed below, Brittan and Taper (2024) provide an analysis of well-
known paradoxes, such as the lottery, the old evidence, and Humphreys’ paradoxes, in terms of 
enhancing critical thinking. Those are easy-to-understand puzzles that require no deep technical 
knowledge in probability theory. 

4. Increasing Critical Thinking Skills with Practice of Solving Probability Paradoxes 

Recently, in Brittan and Taper (2024), the authors noted the role of critical thinking in statistical 
inference—how data provide evidence for making conclusions. They tried to show it through the 
analysis of three well-known statistical paradoxes—the Lottery, the Old Evidence and Humphreys.’ 
Additionally, they noted that there are many definitions of critical thinking; therefore, they avoided 
using any particular definition in their discussion, but they wanted to be critical about critical 
thinking, which they called meta-critical thinking. In Aizikovitsh-Udi and Amit (2011), the authors 
explored if the inclusion of a specially designed learning unit called “Probability in Daily Life” would 
enhance students' critical and creative thinking. The unit was taught to a group of tenth-grade pupils 
in a mathematics course with the purpose of encouraging critical thinking dispositions such as open-
mindedness, truth-seeking, self-confidence and maturity. Pupils are required to analyze problems, 
raise questions and think critically about the data and the information. The authors have shown 
empirically, using a small group of pupils, that the unit enhanced the pupils’ critical thinking. This 
work extends the previous work of Aizikovitsh-Udi and Amit (2009). The authors showed that 
including the special learning unit “statistics in everyday life situations” in a mathematics course 
improved pupils’ critical thinking skills, such as raising questions, seeking alternatives and doubting. 

In Haq and Sawitri (2021), a qualitative study is described to determine if the critical thinking 
skills of students could be enhanced by solving problems in probability calculations. Empirically, the 
authors could show that the practice of solving probability problems made the students try to know 
information well, providing reasons for problem-solving strategies and looking for alternative 
solutions. Furthermore, in Salido and Dasari (2019), the authors tried to differentiate students’ 
learning styles, which are determined by their thinking skills and processing of information, through 
solving probability problems. The findings suggested that the types of students’ errors in solving 
probability problems were due to a lack of skills in comprehension, encoding, transformation and 
processing of information. They can all be attributed to insufficient critical thinking used to solve 
problems. In Rauzah (2019), the author considered how solving probability problems enhances the 
critical thinking abilities of students when problem-based learning is used in teaching. Using a quasi-
experimental research method of a nonequivalent pretest-posttest control group design 
implemented with a small group of 28 students, the author concluded that the application of 
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the problem-based learning method for solving probability problems had a positive effect on 
improving students’ critical thinking skills. 

In Mora-Ramirez (2023), the author considers paradoxes as didactic resources that can help 
developing students’ critical thinking skills during their education. Therein, a list of paradoxes is 
analyzed with the objective that they can be used in the classroom. Some of them are, the paradoxes 
of Achilles and Tortoise, Galileo’s paradox, Hilbert’s hotel paradox, Tristam Shandy’s paradox, 
Protagoras’ paradox, etc. Although it is not about using paradoxes, Tang et al. (2020) reported that 
taking part in playful design games in small groups improves participants’ creativity and critical 
thinking while contributing to communication and collaborative teamwork skills. The participants 
reported that they felt motivated by taking part in the games; therefore, their creativity, critical 
thinking, communication, and collaborative engagement improved. In Matthee and Turpin (2019), a 
course focusing on the explicit development of critical thinking and problem-solving skills among 
first-year information science students at the University of Pretoria was reported. The critical 
thinking part of the course focuses on analysis, evaluation, and response to arguments. Class 
discussions and assessments are based on local, authentic arguments. In the problem-solving skills 
component of the course, students are required to understand the nature of a problem and to classify 
it to one of three categories: puzzles, problems, and messes. The study empirically shows that solving 
puzzles and complicated problems improves the critical thinking abilities of students. 

Additionally, in an online discussion, the topic of probability puzzles for critical thinking is 
discussed7. Another similar discussion is “What are some of the best/toughest probability puzzles”8. There 
are numerous online discussions and blog posts related to the topic. It is tedious to discuss all of them 
here, and it is beyond the scope of this paper. Most of them do not discuss the topic directly, but there 
are many indirect relationships with the topic. In a blog post titled “Bayes Theorem: A Framework for 
Critical Thinking”9, an introduction to the Bayes theorem and how to put it into practice are given. 
The author argues that the Bayes theorem is a framework for critical thinking. And in another forum 
called “Physics Forum” under the title “Tough Probability Problems10”, it was argued that solving 
probability problems needs critical thinking skills in addition to some understanding of probability 
theory. Therefore, they argued that the practice of solving probability problems can enhance the 
critical thinking skills of students. Note that the concept of probability is commonly used in many 
sciences, and therefore it is ideal that students in science possess some technical knowledge in 
probability theory. In addition to the above works and perhaps some others, formal discussion on 
the use of probability puzzles and paradoxes to enhance the critical thinking skills of students is not 
very old. We believe that this article is triggering further discussion on this topic. Note that this article 
is not about why critical thinking skills are important for students.  

The paradoxes considered in this paper are the so-called Monte Hall paradox, the two-envelope 
(exchange) paradox and the St. Petersberg paradox. They are easy to understand, yet their solutions 
are difficult to obtain; therefore, they are good example exercises for enhancing the critical thinking 
skills of students. Note that some parts of our discussions on paradoxes are somewhat closer to the 
work of Kelter et al. 2024. Furthermore, we discuss statistical null hypothesis testing and the 
difference between practical significance and statistical significance. Note that null hypothesis tests 
are developed for practical usages; however, they sometimes fail to yield practically valid 
conclusions. This is rather a paradoxical situation as far as their purpose is concerned. In particular, 
the science students find it difficult to use them in their academic activities (see Krishan and Idris 
2015, Zaini et al. 2021 and Castro Sotos 2009 for details), especially when the result of such a statistical 
hypothesis says that there is a difference between two given quantities, but it is not practical. 
Therefore, it is worthwhile to have some insights into this topic. 

 
7 https://www.quora.com/Does-learning-probability-and-statistics-improve-critical-thinking  
8 https://www.quora.com/What-are-some-of-the-best-toughest-probability-puzzles  
9 https://neilkakkar.com/Bayes-Theorem-Framework-for-Critical-Thinking.html  
10 https://www.physicsforums.com/threads/tough-probability-puzzle.96903/#post-808793  
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5. The Monte Hall Paradox 

The so-called Monty Hall problem or puzzle (Freedman 1998, Wijayatunga 2022) is said to fool 
even mathematicians. This paradox can be demystified through correct interpretations of events, 
terms, etc., or avoidance of equivocation. Suppose you are on a game show. And you are given 
choices of three doors to select one, where behind one of the doors there is a car and behind the other 
two doors there are two goats, one for each. The goal is to select the door that has the car behind it. 
Therefore, you select one of the three doors (say, Door-1). The game host then reveals one non-
selected door (e.g., Door-3) that does not have the car behind it. At this point, you can choose whether 
to stick with your original choice (i.e., Door-1) or switch to the remaining unopened door (i.e., Door-
2). What are the probabilities that you will win the car if you stick, versus if you switch? 

Most people believe, upon first hearing of this problem, that the car is equally likely to be behind 
either of the two unopened doors, so the probability of winning is 1 2⁄  regardless of whether you 
stick or switch. However, the probabilities of winning are 1 3⁄  if you stick and 2 3⁄  if you switch. 
Therefore, the confusion is between 1 2⁄  and 2 3⁄ . This is the critical aspect of the problem. 
Therefore, your thinking should be directed toward why you come across two probability values 
instead of just one. 

Now, let us see how these two numbers come. Let 𝐶 be the selection of the door that has the car, 𝐺ଵ  and 𝐺ଶ  be the selections of the doors that have the goat-1 and the goat-2, respectively, and 𝑆 denotes the event of switching (𝑆ᇱ denotes sticking). Let the ordered sequence 𝐶𝐺ଵ  denote the 
event of selecting the door with the car first and then the door with the goat-1 in the event of switching 
and so on. When switching is performed, the conditional probability of selecting the door with the 
goat-1 first and then selecting the door with the car is 𝑃(𝐺ଵ𝐶|𝑆) = 𝑃(𝐺ଵ|𝑆)𝑃(𝐶|𝐺ଵ, 𝑆) = 𝑃(𝐺ଵ)𝑃(𝐶|𝐺ଵ, 𝑆) = (1 3⁄ )(1) = 1 3⁄   

Similarly, we have the other probability: 𝑃(𝐺ଶ𝐶|𝑆) = 𝑃(𝐺ଶ|𝑆)𝑃(𝐶|𝐺ଶ, 𝑆) = 𝑃(𝐺ଶ)𝑃(𝐶|𝐺ଶ, 𝑆) = (1 3⁄ )(1) = 1 3⁄   

Therefore, the probability of winning the car, if it switches, is 𝑃(𝐶|𝑆) = 𝑃(𝐺ଵ𝐶|𝑆) + 𝑃(𝐺ଶ𝐶|𝑆) = 2 3⁄   

And simply, if you stick, selecting the car is 𝑃(𝐶|𝑆ᇱ) = 1 3⁄ . 
Now, if switching is performed randomly, which is implicitly assumed here, i.e., 𝑃(𝑆) =𝑃(𝑆ᇱ)=1 2⁄ ,, then the probability of winning the car on average is  𝑃(𝐶) = 𝑃(𝑆)𝑃(𝐶|𝑆) + 𝑃(𝑆ᇱ)𝑃(𝐶|𝑆ᇱ) = (1 2⁄ )(2 3⁄ ) + (1 2⁄ )(1 3⁄ ) = 1 2⁄ ,  

i.e., the probability of finding the car is 1 2⁄ , on average when switching is done randomly. However, 
as we have seen, the probability is 2 3⁄  if you switch and 1 3⁄  if you do not switch. Note that the 
two probabilities 1 2⁄  and 2 3⁄  refer to two different events. The confusion arises when these two 
well-defined probabilities are interpreted as if they mean the same. The value 1 2⁄  corresponds to an 
unconditional event of winning the car (i.e., 𝐶) on average (switching or sticking), and the value 2 3⁄  
corresponds to a conditional event of winning the car if it switches (i.e., 𝐶|𝑆 ). Similarly, 1 3⁄  corresponds to a conditional event of winning the car if it sticks (i.e., 𝐶|𝑆ᇱ ). Therefore, the 
monthly Hall problem involves identifying the two probabilities of 1 2⁄  and 2 3⁄ . 

Saenen et al. (2018) presented a systematic review of the literature on the problem published 
between January 2000 and February 2018, addressing why humans systematically fail to react 
optimally to the problem or fail to understand it. Recently, Pearl and Mackenzie (2018) presented an 
attractive and intuitive solution to the puzzle. However, it is based on causal reasoning rather than 
probabilistic reasoning, which we are interested in here. Pearl and Mackenzie say that “The Monte 
Hall paradox, an enduring and for many people infuriating puzzle, highlights how our brains can be fooled by 
probabilistic reasoning when causal reasoning should apply.” We want to avoid causal reasoning here, as 
our interest is in understanding probability and resolving probability puzzles. We believe and are 
convinced that probabilistic reasoning can solve the puzzle easily. Although these authors claim that 
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probabilistic reasoning can fool the human mind, especially in a causal context, we believe that it 
cannot occur when critical thinking is applied and when events are sequenced correctly. In fact, the 
latter is related directly to causal reasoning. Note that even in causal contexts, events can be described 
with probabilities with appropriate constraints. Therefore, in our solution, we use only marginal and 
conditional probabilities to describe events occurring over time and unity of probability for the 
totality of the events concerned. Although long expressions of probabilities seem to be involved, only 
very elementary probability operations are used. 

The main concern that we reconstitute is that the people do not put enough critical thinking into 
practice in solving and explaining the puzzles such as this. There are many explanations for the 
paradox, but to the best of our knowledge, none of the articles claim that the problem the human 
mind has is differentiating between the conditional event and the marginal (unconditional) event, 
which is shown above. For this purpose, clear thinking, albeit not much mathematical ability, is 
needed in critical ways. Note that the first step of the mathematical way to solve and explain the 
problem that the human mind faces is to find interpretations of two values, 1 2⁄  and 2 3⁄  
(alternatively, 1 2⁄  and 1 3⁄ ). Additionally, it is important to note that the value 1 2⁄  is obtained as 
the average probability of winning the car because switching is performed randomly, and 
furthermore, the two distinct probabilities of winning the car if it switches (2 3⁄ ) and if it sticks (1 3⁄ ) 
sum to 1. If they do not, then we may not obtain 1 2⁄  as the answer for this case. When you think 
clearly and critically about these numbers, then you understand the problem underlying the paradox. 
Therefore, the students of science, engineering, etc., can try this paradox to train their critical thinking 
abilities, thus enhancing them to a greater degree. Most importantly, we need very little knowledge 
about probability theory to solve this problem; however, some critical thinking is needed. 

Recall that at the final stage of the game, the player grasps only that there are two doors shut 
and that the car must be behind one of them. Therefore, the player generally concludes that the 
winning probability is 1/2. As shown above, this is the unconditional (marginal) probability as long 
as the switching is performed randomly. If the player tends to switch more often than not, his/her 
winning probability exceeds 1/2 and becomes closer to 2/3, even if he/she believes that it is 1/2. 
In the extreme case of always switching 𝑃(𝐶) = 𝑃(𝐶|𝑆) = 2/3 , even if the player believes that 
switching makes no difference in the chances of winning the car! 

6. Two-Envelope (Exchange) Paradox 

Two envelopes enclosing money are presented to you and to your friend, where one envelope 
contains twice the amount of money of the other. You two are not informed which envelope contains 
twice the amount of money of the other. Each of you are then asked to select one envelope. Upon 
selection, you open your envelope and find that it contains 𝑥 Dollars. Let random variable Y denote 
the number of dollars in the other envelope (since you do not see it). Let us drop the monetary unit 
for simplicity. Since your envelope is selected randomly, it can be that either 𝑌 = 𝑥/2 or 𝑌 = 2𝑥, 
with equal probability of 1/2. Thus, your expected winning amount by trading with your friend is ଵଶ ቀ௫ଶ + 2𝑥ቁ = ହ௫ସ , which is larger than 𝑥, the amount that you currently have. Therefore, you would 
like to trade. Since the same reasoning can be used by a friend, trading can be performed immediately. 
In fact, you do not need to see the amount in your envelope for this reasoning as long as “any amount” 
is equally likely to be enclosed in your envelope.  

According to the above reasoning, trading is reasonable; however, it is unreasonable to trade 
since, e.g., you may not stop trading if you both do not open the envelopes after a trading. That is, as 
soon as you get an envelope, you tend to trade if both of you do not know each of your amounts. 
Therefore, it is a paradox. Many studies have attempted to resolve this paradox in the literature, such 
as Albers et al. (2005), Christensen and Utts (1992), Nickerson and Falk (2006) and Wijayatunga 
(2019). In the second reference above, the authors identify the amount that is put in the first envelope, 
e.g., 𝑀 , as the parameter of interest when the problem is solved statistically. In addition, their 
solution was based on the use of a “noninformative” prior distribution, and the conclusions are 
intuitive. However, they do not provide reasons why the above reasoning is wrong. The paradox is 
discussed in Kelter et al. (2023) in relation to science, technology, engineering and mathematics 
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(STEM) education. They try to show that if conditional expectations are calculated as done in the 
naïve solution to the problem, then a uniform distribution over an infinite set of points must be 
defined. They argue that such a model cannot exist mathematically. Unfortunately, their argument is 
not easy for STEM students to grasp, as they have included undefined symbols, namely, n. 

If you want to simulate this game to see if we get conditional expectation of 𝐸ሼ𝑌|𝑋 = 𝑥ሽ = 5𝑥/4 
at least approximately for any given amount 𝑥 then you need to include countably infinite number 
of pairs of amounts that satisfy the condition that one amount is twice the other, e.g., if you want to 
see a certain pair of amounts, say, (𝑀, 2𝑀) in the two envelops at a certain instance then your 
simulation should include all the pairs of amounts … … , (4𝑀, 8𝑀), (2𝑀, 4𝑀), (𝑀, 2𝑀), (𝑀/2, 𝑀), (𝑀/4, 𝑀/2) … … which is a countably infinite sequence. This gives you, through sampling infinitely 
or at least a large number of times, that 𝐸ሼ𝑌|𝑋 = 𝑥ሽ ≈ 5𝑥/4 for any 𝑥 = ⋯ ,4𝑀, 2𝑀, 𝑀, 𝑀/2, 𝑀/4, …. 
Clearly, this requires a definition of a uniform discrete probability distribution over an infinite set of 
points. In Wijayatunga (2019) it was talked about this earlier and in Kelter et al. (2023) it was argued 
such a probability model does not exist. It is clear that if you want to include other pairs of amounts 
too then you need to augment the above set of infinite number of pairs with similar and 
corresponding infinite set of amount pairs! If you think critically, since we cannot have a set of 
countably infinite number of amount-pairs practically we should avoid any conditional expectation 
calculations on such sample spaces, thus avoiding the paradox! This is because, the assessment of the 
conditional expectation is dependent on having a set of infinite number of amount pairs, that is an 
impossibility. It seems that this might be the argument presented in Kelter et al. (2023).  

However, when the game host decides a single pair of amounts, say (𝑀, 2𝑀) then it can be 
played by two players! Then both players may only calculate their marginal expectations 𝐸ሼ𝑋ሽ =3𝑀/2 = 𝐸ሼ𝑌ሽ and therefore they avoid exchanging envelopes. Note that if one simulates the game 
with a single pair of (𝑀, 2𝑀) that is used in a given game, then it is impossible to get 𝐸ሼ𝑌|𝑋ሽ ≈ 5𝑋/4 
practically. Then we get that 𝐸ሼ𝑌|𝑋 = 𝑀ሽ = 2𝑀  and 𝐸ሼ𝑌|𝑋 = 2𝑀ሽ = 𝑀  but nothing else. 
Furthermore, since envelopes are selected randomly, 𝐸ሼ𝑌ሽ = ଵଶ 2𝑀 + ଵଶ 𝑀 = ଷெଶ = 𝐸ሼ𝑋ሽ. However, if 
we use the formula 𝐸ሼ𝑌|𝑋ሽ = 5𝑋/4, then we do not obtain the above result, i.e., 𝐸ሼ𝑌ሽ = 𝐸൛𝐸ሼ𝑌|𝑋ሽൟ =ଵଶ ହ(ெ)ସ + ଵଶ ହ(ଶெ)ସ = ଵହெ଼, which is incorrect. Therefore, the formula 𝐸ሼ𝑌|𝑋ሽ = 5𝑋/4 cannot be acceptable! 

Here, we present another simple but critical solution, as our point here is only to use critical 
thinking. Let us say that the two amounts that are put inside the envelopes are 100 and 50 in that 
order, written as (100, 50). Then, the person with the 100-envelope may think that the two possibilities 
in the other envelope are 200 and 50, each with a probability of 0.5. The other person with the 50-
envelope may believe that the two possibilities in the other envelope are 100 and 25, each with a 
probability of 0.5. Note that both persons use these possibilities to calculate their own two conditional 
expectations separately but simultaneously. Now, let us write these (above) assumed amounts of the 
two persons as ordered pairs. They are (100, 200), (100, 50), (25, 200) and (25, 50). It is easy to note that 
all these pairs satisfy the initial condition that one amount is twice the other but the third combination 
(25, 200), which is the instance where the first person assumes that the second is having 200 while the 
second person assumes that the first person has 25. That is, when both persons calculate their 
conditional expectations, they include a possibility that is prohibitive. This simply says that the use 
of conditional expectation calculations together is not allowed because they have included a 
prohibitive combination in their calculations. Therefore, both persons should avoid the conditional 
expectation calculation altogether, thus nullifying the paradoxical situation. One can argue that the 
conditional expectation does not exist as shown above! What they should do is select an envelope 
and expect that it contains an amount of 3M/2 on average when two amounts are M and 2 M. This is 
the marginal expectation of both of you. There is no prohibitive possibility for use in this calculation. 
Since both have the same marginal expected value, no trading is desired.  

Note that our solution mostly uses critical thinking in the sense of applying some basic statistical 
definitions, in this case, identifying events and conditional probabilities desirably, correctly, clearly 
and convincingly, and providing clarity to the solutions through simple logical arguments. Note that 
in the literature, there are many solutions that are complicated and more technical. Unfortunately, 
they lack clear arguments (not those that are technically logical) and aspects of critical thinking. 
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However, some technical knowledge is needed for puzzles such as this, as they need clear definitions, 
interpretations, etc.  

7. The St. Petersberg Paradox 

This paradox was introduced by Nicolas Bernoulli in 1713. Suppose you offer the following 
game for another person and then you want to find an entry fee for the game to be charged from the 
other since you are going to pay the winning money. You have a fair coin, and you are going to toss 
it. If it turns the Heads in the first round of tossing, you pay 2 dollars to the other, and the game is 
over. If it falls the Tails, then you toss the coin once again. In this second round, if it falls the Heads, 
then you pay the other 4 dollars, and then the game is over. Otherwise, you toss the coin yet once 
again. Then, in this third round of tossing, if it falls the Heads, you pay the other 8 dollars and finish 
the game. Otherwise, you go for another round of tossing. That is, the tossing continues until it falls 
the Heads. The winning money is 2௡ dollars if the Heads falls in the nth round of tossing where n is 
1, 2, 3, etc. 

With some knowledge of advanced theoretical probability theory, one can prove that the game 
should finish with probability one; therefore, it should end in a finite number of tosses. However, we 
cannot know when it finishes for any given occasion! Therefore, we need to consider all possible 
tosses. This leads us to consider an infinite number of tosses for the game (running it forever!) 

Now, assume that you have to find the entry fee for the game so that no one loses money, on 
average. Therefore, the fee should be the expected pay-out of the game. Since the probability that the 
Heads falls in the first round is ଵଶ, the probability that the Heads falls in the second round (the Tails 
and the Heads in the order) is ଵଶ × ଵଶ = ଵସ, and so on, the expected amount of money that should be 
paid (dollars) is infinite; 𝐸ሼ𝑆ሽ = 1 × ଵଶ + 2 × ଵସ + 4 × ଵ଼ + ⋯ = ∑ 2௡ × ቀଵଶቁ௡ =ஶ௡ୀଵ ∑ 1ஶ௡ୀଵ = ∞  

That is, you should charge an infinite amount of money from the other for him/her to play the game 
with you. If so, no sensible person will ready to play the game! In fact, for the game, the expected 
payoff does not exist mathematically. 

Any critical thinker finds that there does not exist an entry fee if we consider that the tossing can 
continue forever because, then it cannot be a game at all, since we are not considering there a finish 
even if it exists (in an unknown finite time). There should be an entry fee only when the game has an 
end in all possibilities, so there is a winner/loser. If we consider that the game tends to go forever, we 
should define an end to it by our intervention to define it as a game. 

There are solutions for this problem in the literature, but there are many arguments against or 
for it. Most of the solutions are rather technical and do not deal critical thinking, e.g., in Yukalov 
(2021), a rigorous mathematical resolution is given. Therefore, here we are not going to review those 
solutions. 

Now, if you try to look at the problem critically, we should ideally think of the game in other 
ways but not forget that the expected pay-out is infinite or rather does not exist. Note that here, our 
emphasis is on how we can look at the problem critically. One way to think is to understand that both 
of you may not finish the game in principle! Therefore, playing is not meaningful, as is defining the 
entry fee. This argument says that you should bound or limit the number of tosses to a maximum. 

Now, let the number of tosses that the game plays until the heads fall be 𝑁, where 𝑁 = 1 with 
probability ଵଶ , 𝑁 = 2  with probability ଵସ , 𝑁 = 3  with probability ଵ଼ , and so on. Therefore, the 
expected number of tosses that the game is played is the mean of a geometric distribution with a 
success probability of ଵଶ, which is 𝐸ሼ𝑁ሽ = 1 × ଵଶ + 2 × ଵସ + 3 × ଵ଼ + ⋯ = ∑ 𝑛 × ቀଵଶቁ௡ஶ௡ୀଵ → 2  

That is, on average, you need to play two tosses to finish the game! However, this does not mean that 
the expected pay-out is only 4 dollars. It is beyond the scope of this paper to talk about how to use 
this statistical information to calculate the entry fee. However, it shows that game is expected to end, 
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therefore one can critically think that the two players should agree to stop the game if it tends to go 
forever or at least for a large number of tosses. Recall that, mathematically, the number of tosses 
needed is finite with probability one; therefore, the game finishes with a finite number of tosses, but 
as long as the entry fee is concerned, the expected pay-off does not exist since we consider all possible 
tosses. The other person may agree to pay a fee that may be “somewhat” lower than the maximum 
possible winning money in the case of the game being finished.  

Now, we can find the probability that the game is finished within, e.g., 8 tosses is ∑ ቀଵଶቁ௡ =௡଼ୀଵ 0.9960938.  That is, the probability that the game goes beyond 8 tosses is just 0.00390625 (rather small!). When the game needs more than 8 tosses, the game can be ended by 
paying the other person the amount of money as if the Heads falls on the 9th tosses, i.e., the winning 
money of 2ଽ = 512 dollars. Therefore, we can set an entry fee of 𝐸ሼ𝑆ሽ = ∑ 2௡ × ቀଵଶቁ௡ + 2ଽ × ቀ1 − ∑ ቀଵଶቁ௡௡଼ୀଵ ቁ =௡଼ୀଵ 10  

dollars. Note that the selection of the number of tosses 8 can be arbitrary or rather based on agreement 
between the two players. It could well be 6 or 10, etc., but not very small such as 1 or 2. 

The critical aspect of solving the paradox is determining that it should be a practically well-
defined game to have an entry fee for it. No one should be willing to pay an entry fee for a game that 
is not guaranteed to end at least in a reasonable amount of time. This identification (that it should be 
a well-defined game practically) is important for solving the paradox. One arrives at this 
identification through critical thinking about the game—appropriate questioning about it and 
identification of concepts of a game properly. Highly technical mathematical skills are of less use if 
one cannot come to this identification. Therefore, this paradox is good for students to test their critical 
thinking skills. However, some knowledge in probability theory is needed to obtain a solution to the 
problem, e.g., the game ends with a probability of one (with the application of a strong law of large 
numbers). 

8. Statistical Null Hypothesis Testing 

In science, engineering, etc., so-called statistical null hypothesis testing, aka statistical 
significance testing, is used extensively for their technical advancements and applications since most 
of the new results in these fields are obtained with the support of statistical inferences from empirical 
data, both observational and experimental. Therefore, the students and the researchers of these 
disciplines should know about statistical hypothesis testing sufficiently, in order to apply it correctly 
for their contexts. However, it has been argued and shown in research studies that these tests are 
among the most misused statistical tools. For example, when hypothesis tests are applied, researchers 
pay almost no attention to the uncertainty of the p-values of hypothesis tests, even though they clearly 
have some random variations (Yanagawa, 2020). Any critical thinker should know that the study 
should be repeated several times before arriving at a firm conclusion, especially due to this random 
variation. This is what Fisher, the pioneer of null hypothesis testing, advised (see below). As stated 
in Yu and Kumbier (2020), “resource constraints can limit how data are collected, resulting in samples that 
do not reflect the population of interest, distorting the probabilistic interpretations of traditional statistical 
inference." Therefore, there are uncertainties in the observed data. The question is that if we have 
taken them into account when performing hypothesis tests for desired statistical conclusions. This 
may be one of the main causes for the current replication problem/crisis in science (Wijayatunga 
2022). The students of science should be aware of the nature and the uncertainty in p-values, and also 
that hypothesis tests are misused in the practice.  

Critical thinking is needed to understand and to apply the theory of hypothesis testing correctly. 
Here, the most appropriate description of critical thinking is that it is about thinking clearly by 
distinguishing the attributes/aspects of the phenomenon under investigation and using laws of reasoning and 
possibilities/probabilities (Raj et al. 2022). Arguably, the practice of applying hypothesis tests can train 
students in using critical thinking skills, thus causing their development to a greater extent. However, 
to the best of our knowledge, no empirical studies have been conducted on this topic. 
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In Ioannidis (2005), it is argued that most of the published research findings that are based on 
statistical significance are false. It is stated that “the high rate of non-replication (lack of confirmation) of 
research discoveries is a consequence of the convenient, yet ill-founded strategy of claiming conclusive research 
findings solely on the basis of a single study assessed by formal statistical significance, typically for a p-value 
less than 0.05. Research is not most appropriately represented and summarized by the p-values, but, 
unfortunately, there is a widespread notion that medical research articles should be interpreted on the basis of 
only the p-values.” Therefore, the main problem seems to be the over-reliance of statistical significance 
tests. The students find themselves in a paradoxical situation since they are taught that the statistical 
hypothesis testing is used for obtaining significant differences between quantities, effects of 
treatments, etc. However, it does not take much time for them to understand the reality if they 
investigate the theory. The catch is that the result is often based on one single study. In hypothesis 
testing, there is no real paradox involved, but such situations are rather due to failure to follow 
Fisher’s advice of doing carefully conducted multiple studies when making statistical inferences (see 
below). 

There is a large body of literature about correctly handling null hypothesis tests, handling their 
strengths and weaknesses through the use of effect sizes, confidence intervals, etc. and alternatively 
using Bayesian hypothesis testing. The reader is referred to works such as Kruschke (2011) and 
Lakens (2021) for more details. We are not going to review these works since it is not the objective of 
our study. However, they are very important for researchers and students who are working with 
statistical inferences from the real-world data. Note that our scope here is to discuss how critical 
thinking is used in statistical inference. Therefore, we want to highlight our way of analysis rather 
than all other valid analyses available in the literature. If this were a paper on statistical inference, 
then we would need to go through all these approaches and summarize them before presenting ours. 

According to Fisher, one of the pioneers of statistical hypothesis testing, a single study is not 
enough to conclude existence of an effect, a difference, etc. in given phenomenon (Hubbard and 
Bayarri, 2003). We need to conduct carefully planned experiments several times under the same 
conditions. The original thesis of Fisher is that the p-value of a test should be considered a weak guide 
for assessing the strength of evidence for/against the null hypothesis. That is, the meaning of 
expression such as “p-value is less than, say, 0.05” is that the respective experiment should be repeated 
a few more times until the experimenter is convinced that the null hypothesis cannot be true most 
likely! In the case of observing such small p-values repeatedly, one can conclude that the observed 
effect, difference, etc., may not be solely due to chance. In this way, the user can minimize the 
occurrence of any exceptionally rare event in the data. Unfortunately, such a practice that is advised 
by Fisher is rarely performed today. Furthermore, it is important to keep in mind that the methods 
based on p-values was originally developed for experimental research by Fisher to analyze the effects 
of randomized assignment of treatments for small groups of subjects. That is, they were defined for 
causal analyses. However, the p-values are now being used in other contexts, such as statistical model 
building and predictions, and in machine learning, where the data are nonexperimental (just 
observational) and are often massive. 

One of the simplest questions that can be asked about null hypothesis testing is why it does not 
always imply practical significance when the conclusion of the test is statistically significant. In short, 
the statistical significance tests fail to capture practical aspects of the application domain, yet they are 
developed for practical contexts. The students of sciences and some researchers seem not to 
understand this often. For them, this contradictory situation is somewhat paradoxical; therefore, they 
try to stick to the statistical conclusion rather than understanding what is going on with the test. This 
is one of the reasons for the replication crisis in science, which is a burning issue in the practice of 
science. Therefore, although it is not a completely paradoxical situation as far as probability theory is 
concerned, it is worthwhile to discuss it here. 

Let us consider the following problem for simplicity. A total of 307 boys and 85 girls are selected 
randomly from a certain sports camp for small children. During free time, these children are offered 
access to candies. One of the organizers of the camp noted how many candies each child had taken. 
Then, he performs a two-sample t test to determine if there is a difference in the mean number of 
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candies taken by boys and girls. Note that it is expected that a child may generally take approximately 
15 candies. The test results in a p-value of 2.58x10-5, which is much lower than the level of significance, 
e.g., 0.05. Therefore, the test revealed that there was a significant difference (a statistical significance) 
in candy consumption between boys and girls. However, he noted that boys consumed an average 
of 15.25 candies, whereas girls consumed an average of 16.61 candies. The empirical difference 
between the two means is just 1.36 candies. Practically, this is not a difference that should be 
considered a real difference, i.e., the difference may not have any practical significance unless for 
very special reasons. Note that the overall average is 15.54 candies, which is (15.25 ∗ 307 + 16.61 ∗85)/(307 + 85). The difference is approximately 9% of the overall average. 

However, if you have a rather small sample of boys and girls where the mean difference in their 
ability to eat candies is the same as above (1.36 candies), then the two-sample t test would not show 
any statistically significant difference because the samples contain little information about the boys’ 
and girls’ ways of eating candies; therefore, such a small difference in the means is attributed due to 
some randomness rather than due to a systematic difference. Two persons doing the test, one with a 
large sample and the other with a small sample, will have two different and opposing conclusions. 
The statistical laws dictate when to account for a difference or effect as significant. In this case, the 
main ingredient in deciding if the difference is considerable or meaningful is the central limit 
theorem, which states that as the sample size increases, the sample mean becomes increasingly 
normally distributed around the true mean of the population, with its variance becoming inversely 
proportional to the sample size. Thus, it allows for sample mean values that are only closer to the 
true mean as the sample size increases. In our case, the possibility of two sample means having 
overlapping ranges diminishes as sample sizes grow; therefore, a significant difference between 
population means exists. 

Sometimes the students of science fail to understand that statistical conclusions are highly 
sensitive to the amount of data that is used for them. Statistical conclusions are often drawn on 
observed numerical values as if they are different from the desired hypothesized values or numerical 
differences, e.g., if there is a difference between males and females in terms of a given quantity of 
interest. A tiny difference can become considerable if the amount of data used to assess it is very 
large. This is because, even for such a tiny difference, the empirical support is greater for it being not 
equal to 0 numerically, so it is a real difference. This is true as far as statistical laws are concerned, 
that say that the random nature of the context is not sufficient to cause the variation of the respective 
estimate to exceed the observed difference between the estimate and its hypothesized value. This 
property is called the consistency of an estimate of a parameter of a probability distribution. In case 
of large sample, an instance where a small difference is inferred as a real difference is when the 
hypothesized value is not the true value of the parameter but very close to it. 

9. Conclusion 

We argue that the practice of solving probability puzzles, paradoxes and similar problems can 
be used to enhance the critical thinking skills of students and researchers in sciences, technology, 
mathematics and other fields. This is simply because they are often complex, subtle and tricky; 
therefore, to understand and solve them, one needs not only logical and analytical reasoning but also 
clear, sharp, deep and rational thinking, reflection, etc. which are some of the main ingredients of 
critical thinking. The idea of using probability puzzles is not new. People have been using it 
occasionally but often. Here, we want to provide formal treatment of this idea; thus, educators and 
scientists may apply the concept in various ways more often in the future. Of course, there is much 
work to be done in this topic, for which we have given a formal head start here. One of the main aims 
of this paper is to discuss this topic among the researchers and practitioners of education. 

We have taken several paradoxes, namely, the Monte Hall paradox, the two-envelope 
(exchange) paradox, and the St. Petersberg paradox, and what may be thought of as a paradoxical 
situation in statistical null hypothesis testing to show how they can be used for the task. Note that, to 
solve these paradoxes, deep knowledge of probability theory and only some knowledge of the 
applications of its concepts in the real world are needed. It is important to use such simple and day-
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today applicable puzzles since, then, we can target the general students of science, technology, etc., 
who might not have deep knowledge in probability theory. 

We have shown that the Monte Hall problem can be solved or rather explained through correct 
interpretation of probability values involved in the context. The two-envelope paradox is resolved by 
showing inconsistent elements in the sample space; therefore, it is prohibitive to define conditional 
expectations simultaneously. Furthermore, in order to have conditional expectation we need a 
discrete probability distribution over a countably infinite set of points. Regarding the so-called St. 
Petersberg paradox, we have shown that, to define an entry fee, the game should be defined so that 
it never tends to run forever. Finally, we discuss why we observe paradoxical conclusions in the 
statistical null hypothesis test. We have shown how statistical laws (e.g., the central limit theorem 
implied by the law of large numbers) define a difference between two numerical values according to 
the information in the context. However, such a decision does not consider the desired practical 
importance of the difference. All these conclusions use critical thinking skills more than the technical 
knowledge of probability theory does. 

Other paradoxes that may be used include Simpson’s paradox, Lord’s paradox, and Sleeping 
Beauty’s problem. We believe that the solutions to these paradoxes deal mostly with critical thinking, 
and they require less technical probability knowledge, thus making them attractive to the task. In 
fact, we plan to conduct further research on the aspects of critical thinking with such paradoxes in 
the future. 

Finally, we would like to return to the two quotes, one by a professor of physics and the other 
by a psychologist, on student learning at the beginning of this paper. The first quote is directly 
connected to critical thinking through the practices of questioning, doubting, reflection, thinking and 
communicating (through presentations, demonstrations and so on). These actions, which are some of 
the aspects of critical thinking, help the student understand and be convinced well of the concepts 
that they have studied by being able to teach them to others, applying them in the real world and 
going beyond the acquired knowledge whenever needed. In addition, the second quote says that only 
practice of anything, in this case the critical thinking, make us better in it. Therefore, students need 
to practice critical thinking through various means if they want to improve their skills. Our proposal 
here is to practice it through solving probability problems, puzzles and paradoxes. 
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