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Abstract

Loop quantum gravity (LQG) quantizes gravity through the quantization of the space-
time. It begins with general relativity (GR) and brings some concepts from quantum 
field t heory t o q uantize t he s pace-time. T he c onceptual b ackground o f G R i s neces-
sary to comprehend the LQG framework. Therefore, in this paper, prerequisite concepts 
such as special relativity, general relativity, covariant electromagnetism, tensor analysis, 
Lagrangian formulation, Hamiltonian formulation and basics of quantum mechanics are 
briefly introduced; that, are needed to study loop quantum gravity(LQG).
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1 Introduction

Loop quantum gravity (LQG) is one of the supposed theory that quantizes gravity successfully.
In literature, there are many introductory notes or reviews are available that address prereq-
uisites concepts to study loop quantum gravity. But, very few provides prerequisites of those
theories that are needed to study the LQG. This article complements those all classical text
[1-10] and review articles [11-22] of the LQG. There are many mathematical theories that are
required to study the LQG. The LQG mostly uses the differential geometry and the functional
analysis; however other mathematical theories are also essential such as (1) topology, (2) global
analysis (3) algebraic geometry, (4) group theory, (5) knot theory, (6) index theorem, (7) infinite
dimensional analysis, (8) non-commutative algebra. In this article, basic concepts of relativity
(with necessary mathematical background), background of classical field theory (Lagrangian
and Hamiltonian formulation), covariant formulation of electromagnetism and basics necessary
equations of quantum physics are described up to necessary extent.

2 List of Prerequisites concepts

Here, all prerequisites theories that is needed to study LQG are given up to relevant extent.

2.1 Special relativity and general relativity

In this section, basics of special and general relativity is given up to relevant extent in context
with LQG.

2.1.1 Special Relativity

Special theory of relativity (SR) was discovered by modifying Galilean relativity by Albert
Einstein in 1905. According to Galilean relativity, law of physics are same in all inertial frames
and speed of light is variable and can take any value. According to Maxwells electromagnetic
theory (EMT), the value of speed of light is c = 1√

µ0ε0
= 3 × 108m/s. By unifying Galilean

relativity with EMT, speed of light is invariant; namely, speed of light is constant in all reference
frames. Therefore, Galilean transformation is replaced by Lorentz transformation. Lorentz
transformation equation can be given as [23]
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Fig. 1: Stationary (left side) and constant velocity (Right side) inertial reference frames.

t
′
= γ

(
t− vx

c2

)
, x

′
= γ(x− vt), y = y

′
, z = z

′
(1)

Where, γ = 1√
1− v2

c2

is Lorentz factor.

These equations have remarkable consequences in contemporary physics such as time di-
lation, length contraction, relativity of simultaneity etc. According to SR, every motion is
relative and it correlates mass with energy, space with time. In essence, in the all inertial frame
of reference the postulates of SR are [23]

1. The law of physics are invariant.

2. The speed of light is constant.

2.1.2 Terminology

In this section, framework of special relativity such as novel notations, conventions, and termi-
nology are given to follow next section. Reference frame is the place of observer from where,
phenomenon is being observed. Constant velocity or rest position is said to be inertial frame
and accelerating frame is said to be non-inertial [23].

In SR, space and time are at equal footing. Trajectory of particle in spacetime diagram i.e.,
world line is given in t − x spacetime diagram. Distance between two points in spacetime is
given by metric or line element or interval [23],

ds2 = c2dt2 − dx2 − dy2 − dz2 (2)

In t − x spacetime diagram, light always travel at 45o. Light travels 1 meter distance in 1
meter of time, in geometrical units; thus, slope of such line is given by dt

dx
= 1m

1m
= 1, ∴ c = 1[23].

∴ c2dt2 = dt2 (3)

ds2 = dt2 − dx2 − dy2 − dz2 (4)

The proper time is defined as the time measured by the clock of the observer. It is given
by [23]

dτ 2 = −dt2 + dx2 + dy2 + dz2 (5)
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Fig. 2: Schematic diagram of light cone with different interval.

By suppressing 2 space dimensions into 1 space dimensions world of line of particle is drawn by
light cone in t−x spacetime diagram. Due to the invariance of light speed, motion of any object
is confined within light cone. Interval inside the light cone is timelike (∆s2 < 0) interval outside
the light cone is spacelike (∆s2 > 0), interval on light cone is null or light-like (∆s2 = 0)[23].

Four velocity and four momentum: since, special relativity unifies space with time (space-
time continuum); there are some four vector that are defined with respect to proper time.
Four velocity is defined as v⃗ = (vt, vx, vy, vz) = ( dt

dτ
, dx
dτ
, dy
dτ
, dz
dτ
). Four momentum is defined as

p⃗ = (pt, px, py, pz) = (E
c
, px, py, pz): where, pt =

mc2

c
= E

c
[23].

2.2 General relativity

In this section, basics of general relativity is given in context with LQG up to relevant extent.

2.2.1 Newtons gravity

Before 1915, gravity was understood by Newtonian gravity that solely depends on Euclidean
geometry (flat). In his book Principia, Newton explained universal law of gravitation force by
inverse square law in the following ways [23],

F =
Gm1m2

r2
(6)

Where, G is universal constant, m1 and m2 are two masses, r is the distance between two
masses and F is gravitation force between two given objects.

Newton could determine the value of gravitational force; but, he failed to interpret to
gravitational force. It was Einstein who interpreted gravity successfully with the aid of his
general relativity [23].

2.2.2 Einstein’s General relativity

Introduction: in 1915, Albert Einstein discovered general theory of relativity (GR). According
to GR, gravity and spacetime has concrete relationship and deformed spacetime is the proof of
present of gravity. In John Wheeler’s word, mass tells spacetime how to curve, and spacetime
tells mass how to move [23].

In general relativity, there are three sort of masses (1) inertial mass - due to which body
resists to change it position in the motion (2) active mass - that behaves as the origin or source
of gravitational field (3) passive gravitational mass that describes interaction of body with
considered gravitational field. Though, these three masses are distinct to each other, these
three masses are equivalent to each other. GR has two principles: principle of equivalence and
principle of covariance [23]
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Equivalence principle: there are two types of equivalence principle, i.e.
Weak equivalence principle: due to the universal nature of gravitational field, coupling of

gravitational field with all mass and energy is same and hence equivalence.
Strong equivalence principle: the law of physics is invariant in accelerated as well as uniform

or static frame of reference.
Due to tidal nature of gravitational field for large spatial or temporal region, equivalence

principle is no longer applied.
General covariance: law of physics are invariant under coordinate transformation or same

for all coordinate system that involve tensorial transformation and tensor equations.

2.2.3 Introduction to Tensor analysis and differential geometry

In this section, mathematical framework of tensor analysis and differential geometry is given
up to relevant extent in context with LQG. As it is originated from GR; these mathematical
theories are prerequisite.

2.2.4 Novel notations and definitions

The spacetime metric can also be written in the following way [23],

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 (7)

where, (x0, x1, x2, x3) = (t, x, y, z)
In general [23],

ds2 = gµνdx
µdxν (8)

Where, gµν is second rank tensor components (4× 4 matrix , µ = 0, 1, 2, 3 and ν = 0, 1, 2, 3)
[23].

gµν =


g00 g01 g02 g03
g10 g11 g12 g13
g20 g21 g22 g23
g30 g31 g32 g33

 (9)

The Einstein summation convention: index with once raised and lowered in the term ap-
peared to be summed in the following way [23]

3∑
i=1

xiy
i → xiy

i = x1y
1 + x2y

2 + x3y
3 (10)

Such summed over index is said to be dummy index and can be replaced by any other index.
Index that appear in both side of expression is free index [23].

XaYab = XdYdb (11)

Where, a is dummy index therefore replaced by d, ∴ a↔ d. And b is free index [23].
Vector A can be defined in terms of Einstein summation convention in the following way

A = Acec, Where c is dummy index, Ac (with superscript) is contra variant component of vector
A and ec = ∂c =

∂
∂c

is basis vector or coordinate basis [23].

5

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 September 2022                   doi:10.20944/preprints202209.0163.v1

https://doi.org/10.20944/preprints202209.0163.v1


In dual vector space, vector X can be represented as its covariant component or one form
in the following way, X̃ = Xaω

a. Where Xa (with subscript) is covariant component of one
form X̃ and ωa = dxa is basis one form [23].

The mapping of basis vector by basis one form to a number is defined by Kronecker delta
function as [23]

ωxey = δxy → δxy =

{
0, x ̸= y

1, x = y.
(12)

Inverse metric: product of metric with its inverse is represented as [23]

gbdg
de = δeb (13)

Determinant of the metric can be written as [23]

g = det(gxy) (14)

Raising and lowering of index: raising and lowering index can be done in the following way
[23]

Ax = gxyA
y, Ax = gxyAy (15)

2.2.5 Coordinate transformation and Jacobian matrix

Transformation from one coordinate system to another can be done using transformation matrix
i.e. Cartesian to polar coordinate system. For basis vector [23],

eb′ = Λa
b′ea =

∂xa

∂xb′
ea (16)

Where, eb′ is new basis. ea is old basis and Λa
b′ is transformation matrix. Such transformation

matrix is also said to be Jacobian matrix. Any Λb
a Jacobian matrix can also be represented as

[23]

J = Λb
a =

∂xb

∂xa
=


∂xb1

∂xa1
· · · ∂xb1

∂xan

...
. . .

...
∂xbn

∂xa1
· · · ∂xbn

∂xan

 (17)

Square root of determinant of metric: it is very useful in determining the area and volume
of object; as, the metric involves the calculation of angles and lengths in geometry. i.e. area of
parallelogram. The factor

√
−g is very useful in such calculations, coordinate transformation

and in the action that involves Lagrangian. If vector a⃗ and b⃗ are sides of parallelogram; then
area of parallelogram is given in the following way [23],

A =

√
(⃗a× b⃗) · (⃗a× b⃗)

=

√
(⃗a · a⃗)(⃗b · b⃗) sin2 θ
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∴ A =

√
(⃗a · a⃗)(⃗b · b⃗)(1− cos2 θ) (18)

In terms of metric, any metric Mpq where,(p, q ∈ {a⃗, b⃗}) is given as [23]

Mpq =

(
a⃗ · a⃗ a⃗ · b⃗
b⃗ · a⃗ b⃗ · b⃗

)
(19)

By comparison between equation (2.18) and (2.19), the area of parallelogram [23],

A =

√
(⃗a · a⃗)(⃗b · b⃗)− (⃗a · b⃗)2

∴ A =
√

detMpq (20)

Transformation between metric gab and Minkowski metric ηcd can be given as [23]

gab = Λc
aΛ

d
bηcd (21)

Using the absolute value of determinant of above equation if η = det ηcd = −1 ,[23]

|J | =
√
g

η
=

√
−g (22)

This value is used in the integral that is given as [23]

∫
f(a1, a2, ..., an)da1...dan =

∫
f(b1, b2, ..., bn)|detJ |db1...dbn (23)

For covariant vector, contravariant vector and basis one form coordinate transformation
equations are [23]

Vc = Λd
cVd, V

c = Λc
dV

d, ωc = dxc = Λc
dω

d (24)

2.2.6 Introduction to Tensor

Tensor is the generalization of vector or array of number. In general, any tensor can be defined
as [23]

T = T abc...
xyz...ω

x ⊗ ωy ⊗ ωz...ea ⊗ eb ⊗ ec... (25)

Where, ⊗ is the sign of tensor product. In other way, tensor is a kind of function that
map vector or one form into real number or vector into one form or vice versa. It transforms
according to certain rules under the change of coordinates [23]. For example,

T (ωc, ωd) = T cd = T cdec ⊗ ed (26)
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Symmetric tensor: for any tensor, symmetric part can be written as [23]

T(cd) =
1

2
(Tcd + Tdc) (27)

Antisymmetric tensor: for any tensor, antisymmetric part can be written as [23]

T[cd] =
1

2
(Tcd − Tdc) (28)

Transformation of metric tensor: it is defined as in the following way [23]

gc′d′ = Λa
c′Λ

b
d′gab (29)

Wedge product: wedge product is used in exterior derivative calculation. Product of any
two one form A and B is two form [23],

A ∧B = A⊗B −B ⊗ A (30)

Wedge product is anti-commutative; hence [23], A ∧B = −B ∧ A and A ∧ A = 0

2.2.7 The covariant derivative and Christoffel symbol

In curved geometry, vector or one form vary from point to point. Therefore, partial derivative
of vector or one form is cumbersome to calculate; therefore one need to define new form of
derivative and that is covariant derivative. For any vector V⃗ , [23]

dV⃗

dxa
=

∂

∂xa
(V beb) =

∂V b

∂xa
eb + V b ∂eb

∂xa
(31)

Using ωc(eb) = δcb . By multiplying both side of the equation by basis one form ωc, one can
have relation ωc(eb) = δcb [23]

dV c

dxa
=
∂V c

∂xa
+ V b ∂eb

∂xa
· ωc (32)

The above equation can be written in compact form in the following way [23],

∇aV
c = ∂aV

c + V bΓc
ab (33)

Where, Γc
ab =

∂eb
∂xa ·ωc is said to be Christoffel symbol or affine connection and whole equation

is known as covariant derivative. For upper indices Christoffel is positive and for lower indices
it is negative, i.e., [23]

∇aVc = ∂aVc − VbΓ
b
ac (34)

Christoffel symbol can also be given in the following way [23],

∂agbc = (∂aeb)ec + eb(∂aec)

8
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= Γd
abedec + Γd

acedeb

∴ ∂agbc = Γd
abgdc + Γd

acgdb (35)

Two more equation can be obtained by changing the order of a, b, c. Hence, [23],

∴ ∂bgca = Γd
bcgda + Γd

bagdc (36)

∴ ∂cgab = Γd
cagdb + Γd

cbgda (37)

Christoffel symbols are symmetric in lower indices i.e., Γd
cb = Γd

bc. Now,

∂bgca + ∂cgab − ∂agbc

Γd
bcgda + Γd

abgdc + Γd
acgdb + Γd

bcgda − Γd
abgdc − Γd

acgdb

Γd
bcgda + Γd

bcgda = 2Γd
bcgda

Multiplying the above equation by the inverse metric gda, for d and a, putting a↔ d [23]

Γa
bc =

1

2
gad(∂bgdc + ∂cgbd − ∂dgbc) (38)

2.2.8 Lie derivative and other important tensor

Lie derivative can be defined as [23]

LXY = Xa∇aY
b − Y b∇bX

a (39)

Lie derivative of any tensor [23]

LXTbc = Xa∇aTbc + Tac∇bX
a + Tba∇cX

a (40)

Killing vector: a vector that satisfies an equation ∇dXc+∇cXd = 0 is killing vector. Killing
vector also satisfies [23]

LKgcd = 0 (41)

Cross product of vector in terms of index notation: for any vectors P⃗ and Q⃗ cross product
using Levi Civita symbol εijk in index notation can be given as [23]

(P⃗ × Q⃗)i = εijkPjQk, ε
ijkεjkm = δim (42)

Where,

εijk =


+1, for even permutation of indices 123

−1, for odd permutation of indices 123

0, otherwise

9
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Fig. 3: Parallel transport of any vector in flat geometry.

2.2.9 Parallel transport in flat geometry and geodesics

In flat geometry, parallel transport of vectors is possible. For any curve, initial and final vector
are parallel to each other. In flat geometry, shortest distance between two points is known as
geodesics [23].

2.2.10 Parallel transport of vector in curved geometry and geodesic deviation

In flat geometry, those vectors that begins parallel with each other from one point; ends parallel
to each other at another point without deviation or no change of normal distance between them.
Therefore, parallel transport of two vector or more than two vector are possible in flat geometry.
But in curved geometry or Riemannian geometry, parallel transport involves geodesic deviation.
Vectors that begin parallel may not end parallel due to curved geometry. Consider two adjacent
tall building with same height which are separated by few miles. If two ball are thrown from
the terrace of building simultaneously; they are parallel at the outset, but as the earth surface
is reached they are no longer parallel due to congruence and curvature of earth surface. Due
to tidal force of gravity of earth, both balls are attracted towards earth’s center and converges.
Therefore, two objects that starts parallel to each other in gravitational field or curved geometry
will not end parallel to each other but rather with some deviation; namely, geodesic deviation
[23].

In other words, to verify whether given geometry is curved or flat consider tangent vector
of given curve in closed loop path. If orientation of tangent vector at the initial and final point
are same (angle between initial and final tangent vector is zero) then given geometry is flat.
In curved geometry, orientation of tangent vector in closed loop between initial point and final
point is not preserved; namely, initial tangent vector and final tangent vector makes certain
angle between them (in case of fig. 2.4, it is 90o). A quantity that measures the extent of
orientation between given initial and final tangent vector on closed loop or a kind of connection
on manifold of differential geometry that cannot preserve data of geometry during parallel
transport of vectors is holonomy [23].

The Riemann tensor or the curvature tensor: to understand parallel transport in curved
geometry, consider two different path on same closed path on spherical surface. Then, the
magnitude of rotation is different. By considering covariant derivative one can differentiate
between two paths. Consider covariant component Vb of V⃗ . Consider two paths i.e. (1) Vb
along ec first and ed second (2) Vb along ed first and ec second. The covariant derivative can be
given by ∇d∇c∇b and ∇c∇d∇b respectively [23].

Both covariant derivatives are not same; since parallel transport on curved surface is not
same as flat surface. The difference between both covariant derivative depends of background
curvature i.e., the Riemann tensor or the curvature tensor. Therefore, the commutator [23] i.e.

10
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Fig. 4: Parallel transport of vector in curved geometry 90o angle is made between initial and
final vector due to curved geometry.

∇d∇cVb −∇c∇dVb = Re
bcdVe (43)

The above equation can be derived in following way; as, it is necessary in the next section
[23].

∇cVb = ∂cVb − Γe
bcVe

∇d∇cVb = ∂d(∂cVb)− Γf
bd∇cVf − Γf

cd∇fVb

∂d(∂cVb) = ∂d∂c∂b − ∂dΓ
e
bcVe

∂d(∂cVb) = ∂d∂c∂b − ∂d(Γ
e
bc)Ve − ∂dΓ

e
bc(Ve)

Γf
bd∇cVf = Γf

bd(∂cVf − Γe
cfVe)

Γf
cd∇fVb = Γf

cd(∂fVb − Γe
bfVe)

∴ ∇d∇cVb = ∂d∂c∂b − ∂d(Γ
e
bc)Ve − ∂dΓ

e
bc(Ve)

− Γf
bd(∂cVf − Γe

cfVe)− Γf
cd(∂fVb − Γe

bfVe)
(44)

Same as [23],

∴ ∇c∇dVb = ∂c∂d∂b − ∂c(Γ
e
bd)Ve − ∂cΓ

e
bd(Ve)

− Γf
bc(∂dVf − Γe

dfVe)− Γf
dc(∂fVb − Γe

bfVe)
(45)

By subtracting, doing some simple operations with indices and simplifying [23],

∴ ∇d∇cVb −∇c∇dVb = Re
bcdVe (46)

Where, ∂c(Γ
e
bd)− ∂d(Γ

e
bc) + Γf

bdΓ
e
cf + Γf

bcΓ
e
df

Symmetry of Riemann tensor in lower indices can be given as in the following way [23],

11
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Rbcde = Rdebc = −Rbced = −Rcbde (47)

Rbcde +Rbdec +Rbecd = 0 (48)

Bianchi identities of Riemann tensor can be written in the following ways [23],

∇bRefcd +∇dRefcb +∇cRefdb = 0 (49)

Ricci Tensor and Ricci scalar: Ricci tensor is obtained by contraction from Riemann tensor
and Ricci scalar is also obtained by contraction in the following way, Rcd = Re

ced and R =
gcdRcd = Rc

c respectively [23].
Einstein tensor: Einstein tensor can be obtained using Ricci tensor and Ricci scalar [23],

Gcd = Rcd −
1

2
Rgcd (50)

Energy-momentum tensor: stress energy or energy momentum tensor Tbc is gravitational
field source. It is symmetric tensor. There are four component of energy momentum tensor
(1) time-time component - energy density(Tbc = ρ = Ttt ), (2) time-space energy flux(Tbc = Tti
), (3) space-time component - momentum density(Tbc = Tit ), and (4) space-space component -
stress(Tbc = πi = Tij ). Where i and j are spatial indices and t is time. If one impose constraint
on energy momentum tensor, one gets Tbc = 0 [23].

2.2.11 Einsteins field equation

According to GR, curvature tensor is directly related to energy momentum tensor through
famous tensor equation; namely, Einsteins field equation (EFE) [23].

In the standard form, Einstein field equation can be given as [23],

Gµν ∝ Tµν (51)

Gµν = kTµν (52)

Where, k = 8πG
c4

Gµν =
8πG

c4
Tµν (53)

To make the universe static, Einstein had added one term; namely, cosmological constant
and which was according to him, biggest blunder of his life after the discovery of expanding
universe. But today, cosmological constant is very important quantity. Einstein field equation
with cosmological constant can be written in the following way [23],

Gµν + Λgµν =
8πG

c4
Tµν (54)
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Where, Gµν = Rµν − 1
2
Rgµν . Therefore,

Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν (55)

Where,µ, ν = 0, 1, 2, 3, Rµν is Ricci tensor R is Ricci Scalar, gµν is metric tensor, Λ is
cosmological constant Tµν is energy momentum tensor, G, is gravitational constant c is speed
of light.

2.2.12 Introduction to manifold

Manifold is the mathematical object that is very important in mathematics of curved geometry.
Manifold is points with continuous space and it looks locally flat but, globally it is curved i.e.,
any spherical planet or star. Manifold can be understood using coordinate patches that are
locally flat and can be mapped to Euclidean space but globally curved. Manifold needs more
than one coordinate system at a time [23].

Mathematically, manifold is a topological set that is mappable to flat space Rn by consider-
ing local patches. One of the important manifold i.e., differentiable manifold is very important
in GR and LQG. It is continuous as well as differentiable manifold [23].

2.2.13 Diffeomorphism invariance

Diffeomorphism invariance is a sort of symmetry in which law of physics are remained invariant
under differentiable coordinate transformation or under various choice of coordinate system.
This symmetry is key result behind the idea of general covariance [23].

Almost, all fundamental physics theory are invariant under passive diffeomorphism. But
general relativity involves active as well as passive view of diffeomorphism [23].

Passive diffeomorphism gives new basis in terms of old by keeping given object fixed; while,
active diffeomorphism keeps basis unchanged and changes the position of object. In other
words, active diffeomorphism generates new metrics, while passive merely express again the
original metric in new terms (coordinate transformation). i.e., manifold is topological space
which appears locally same as of Euclidean space at each point. In terms of manifold, change of
coordinates means by changing the mapping to Rn space with keeping point of manifold fixed
and that is passive diffeomorphism [23].

In the opposite picture, by changing the point of move around the point of manifold with
keeping the map Rn fixed. Such notion has one to one correspondence in mapping. It means
mapping between two points i.e., x and f(x) (point and its derivative) does not violate topolog-
ical neighborhood. And gives invariance even after mapping. In active diffeomorphism, there
is no prior geometry or no preferred point of object until one introduces it. This is the elegance
of background independence picture emerged from diffeomorphism symmetry [23].

Consider two sets A and B. Any map Ω has one corresponding point of Set A for each and
every point of set B. If any point m belong to set A, in set B must have any a point n [23]

n = Ω(m) (56)

It is said to be push forward operation of point m into B. One can also have a function F
that defines a real number for each and every point of set B. Using the mapping between set
A and B one can define another function Ω∗(F ) [23].

Ω∗(F )(m) ≡ F (Ω(m)) = Ω(n) (57)

It is said to be pull back operation of function F from B to A [23].
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Fig. 5: Active (left side) and passive (right side) diffeomorphism invariance.

2.3 Electromagnetism

In this section, electromagnetism with its covariant formulation is given up to relevant extent
in context with LQG.

2.3.1 Standard form of Maxwells equation

The standard form of these four equations can be given as [23]

∇⃗ · E⃗ =
ρ

ε0
(58)

∇⃗ × E⃗ = −∂B⃗
∂t

(59)

∇⃗ · B⃗ = 0 (60)

∇⃗ × B⃗ = µ0J⃗ + µ0ε0
∂E⃗

∂t
(61)

Where, electric field E⃗ is vector and magnetic field B⃗ is pseudo vector. J⃗ is current density.
ρ is charge density. µ0 and ε0 are permeability and permittivity of free space respectively. ∇⃗
is Laplacian operator.

2.3.2 Essential quantities of covariant EM

The equation of continuity in electromagnetism can be given as [23]

∂ρ

∂t
+∇ · J = 0 (62)

The electrostatic potential ϕ and vector potential A can be defined as [23],

E = −∇ϕ− ∂A

∂t
, B = ∇∧ A (63)
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Gauge transformation for the electrostatic potential ϕ and vector potential A using any
differentiable function ξ(r, t) can be given as [23]

A
′
= A+∇ξ, ϕ′

= ϕ− ∂ξ

∂t
(64)

The four current vector can be obtained using charge density and current density i.e.,
Jµ = (cρ, j). The equation of continuity in covariant formulation is [23]

∂µj
µ = 0 (65)

Hence, The Lorentz gauge condition can be given as ∂µA
µ = 0; and Covariant gauge trans-

formation can be given as [23]

(A
′
)µ = Aµ − ∂µξ (66)

The field tensor is defined as [23],

F µν = ∂µAν − ∂νAµ (67)

Where, F 0i = −Ei

c

The field tensor (contravariant form and covariant form) in the matrix form can be defined
as [23],

F µν =


0 −Ex

c
−Ey

c
−Ez

c
Ex

c
0 −Bz By

Ey

c
Bz 0 −Bx

Ez

c
−By Bx 0

 (68)

Fµν =


0 Ex

c

Ey

c
Ez

c
Ex

c
0 Bz −By

Ey

c
−Bz 0 Bx

Ez

c
By −Bx 0

 (69)

Transformation equation of field tensor upper to lower indices is given by [23]

F µν = ηµσηνρFσρ (70)

The field tensor is anti-symmetric; therefore [23], Fµν = −Fνµ.

2.3.3 Covariant form of Maxwells equation

Using equation (P⃗ × Q⃗)i = εijkPjQk where ∀i, j, k = 1, 2, 3 Maxwell equation with defined
constant can be written as [23]

εijk∂jBk − ∂0E
i = 4πji (71)
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∂iE
i = ∂0E

i = 4πj0 (72)

εijk∂jEk + ∂0B
i = 0 (73)

∂iB
i = 0 (74)

From matrix one can write F 0i = Ei and F ij = εijkBk, maxwell equation can be written as
[23],

∂jF
ij + ∂0F

i0 = 4πji (75)

∂iF
0i = 4πj0 (76)

In general, Maxwell equations are written in shorter form [23],

∂µF
νµ = 4πjν (77)

Using Levi-Civita symbol, four Maxwell equation can be written as [23]

εσµνκ∂µFµκ = 0 (78)

Field tensor is Lorentz invariant and thus [23],

F µν = Λµ
σΛ

ν
ρF

σρ (79)

2.4 Classical mechanics

In this section, basics of quantum field theory are given up to relevant extent in context with
LQG.

2.4.1 An overview of Lagrangian and Hamiltonian formulation

LQG follows both Lagrangian as well as Hamiltonian mechanics to give theory of quantum
gravity. The former is useful in covariant approach of LQG i.e., spin foam; and the latter
is useful in canonical approach of LQG i.e., canonical quantization of gravity. Here, both
mechanics are introduced up to relevant extent. Since, QFT quantize any field using Lagrangian
and Hamiltonian formulation; firstly, both are outlined [1-5].
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2.4.2 Lagrangian formulation

Lagrangian L can be defined as [24]

L = L(qj, q̇j, t), L = T − V (80)

Where, j = 0, 1, 2, , n and qj, q̇j, t is generalize coordinates, generalized velocity and time
respectively. Lagrangian equation of motion can be given as [24].

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
(81)

Where, j = 0, 1, 2, , n and ∂L
∂qj

is canonical or conjugate momentum.

Techniques of calculus of variation: for any function f(y, y
′
, x), dependent variable y(x) is

functional. The integral in term of functional for any function f(y, y
′
, x) can be given as [24],

I =

∫ x2

x1

= f(y, y
′
, x)dx (82)

2.4.3 Hamiltonian formulation

Hamiltonian formulation is the modification of Lagrangian formulation that uses phase space
to define dynamics of given object [24].

Hamiltonian H can be defined as [24]

H = H(qj, pj, t), H = T + V (83)

Hamiltonian H using Legendre transform can also be defined as [24]

H = Σjpj q̇j − L (84)

Using calculus of variation, Hamilton principle in terms of Lagrangian can be written as
[24]

H → δJ = δ

∫ t2

t1

Ldt = 0 (85)

Hamilton’s principle can be used as dynamical action in classical mechanics, quantum me-
chanics, quantum field theory and any theory of quantum gravity also [24].

Hamilton’s canonical equation of motion can be written as [24]

q̇j =
∂H

∂pj
,−ṗj =

∂H

∂qj
(86)

Poisson bracket: in phase space, Poisson bracket on any two function f and g can be given
as [24],

[f, g]qi,pi = Σn
i=1

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
(87)
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2.5 Preliminaries of quantum mechanics

In quantum mechanics, time dependent three-dimensional Schrodinger equation can be given
as [25]

Hψ = Eψ (88)

Where at left hand side of equation H → − ℏ2
2m

∇2 + V (x) and ψ are Quantum mechan-
ical Hamiltonian and wave function respectively; at right hand side, E → −iℏ ∂

∂t
and ψ are

energy eigen value and eigen function respectively. Therefore, Schrodinger equation is when
V (x, y, z) = 0 [25].

− ℏ2

2m
∇2ψ = −iℏ∂ψ

∂t
(89)

The Schrodinger equation in Diracs notation can be given as [25]

Ĥ|ψ⟩ = Ê|ψ⟩ (90)

In quantum mechanics, commutator is defined as [25]

[A,B] = AB −BA (91)

For instance, two operators x̂ and p̂ commutator relation is [25]

[x̂, p̂] = x̂p̂− p̂x̂ = iℏ (92)

Using Hamiltonian of classical mechanics if quantization is performed then it is said to
be canonical quantization with canonical variable q and p. In this procedure phase space is
replaced by Hilbert space that exhibits inner products [25].

The result of inner product is finite and function between this inner product exhibits an
integration over the independent variable. A square integrable function (

∫
dx|f(x)|2) of f(x)

makes such Hilbert space. In this procedure canonical variable and Poisson bracket of classical
mechanics are replaced by quantum operator and commutator respectively (q, p) → [q̂, p̂] [25].

The Poisson bracket of two observables is replaced by commutator when one goes from
classical mechanics to quantum mechanics; where, the scalar value of the commutator is iℏ
times the scalar value of the equivalent Poisson bracket [25], i.e.

f, g = 1, [f̂ , ĝ] = iℏ (93)

3 Concluding remarks

In this notes, all necessary prerequisite concepts that are required to begin the study of LQG
are given up to relevant extent. This concepts provides a step for beginners who want to
study LQG. Since, the LQG originates from the GR; firstly, it is explained with necessary
mathematical background. Thereafter, basics of covariant formulation of the electromagnetism,
basics (Lagrangian and Hamiltonian formulation) that is required for classical field theory and
some necessary equations of the quantum mechanics are elaborated.
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