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Abstract

The paper proposes a new model of Tuberculosis (TB) dynamics taking into account multi-drug
resistant forms, which takes into account the detection of infected people with and without bacterial
excretion. The model is described by a system of nine nonlinear ordinary differential equations
united by the law of mass action and controlled by 10 epidemiological parameters. The conditions for
the stability of the system’s equilibrium states are obtained, and the sensitivity-based identifiability
analysis of the model is conducted using the Sobol method. Based on Bayesian optimization, the
boundaries of sensitive parameters are specified and posterior distributions of the model parameters
are obtained for five regions of the Russian Federation based on statistics from 2009 to 2020. It is shown
the heterogeneity of epidemic situation by wide credible intervals of correlated parameters of virus
contagiousness, the proportion of infected TB converting to the bacterial excretion form and the rate of
detection of TB infected with bacterial excretion. Probabilistic forecasts of the expected number of TB
infections to 2025 are constructed and validated to the 2021-2023 data.

Keywords: mathematical modeling; Tuberculosis; multi-drug resistant forms; inverse problem; Sobol
analysis; optimization; Bayesian approach; probabilistic forecasting

1. Mathematical Modeling of the Tuberculosis Spread
Despite some success in the fight against Tuberculosis in the Russian Federation and in the world, the
disease remains one of the main challenges to national healthcare systems, being the leading global
cause of death from infectious diseases, one of the 10 main causes of death and the predominant cause
of death in people infected with HIV. According to WHO, last year 10.6 million people fell ill with
Tuberculosis for the first time, 1.3 million people died, the number of MDR cases increased by 3% [1,2].
For successful control over the spread of socially significant and epidemically dangerous infectious
diseases such as Tuberculosis, predictive mathematical modeling of the epidemic process is necessary,
capable of providing a reliable forecast of the probability of developing an unfavorable and favorable
scenario of the epidemic situation in specific territories and early planning/implementation of the
necessary interventions [3].

The difficulty of developing a model of slow infections dynamics (HIV/AIDS, Tuberculosis) is to
consider the heterogeneity of the population with various climatic, environmental, epidemiological,
medical and biological, socio-economic characteristics, including migration, demographic characteris-
tics of regions, availability of medical services, the presence of high-risk groups (HIV-infected people,
people with chronic diseases, addiction to psychoactive substances, etc.) and a high proportion of
drug-resistant strains.

The models used for the dynamics of infectious diseases in populations have varying degrees
of complexity, but three main approaches and their combinations can be distinguished [4]. The first
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approach is to divide the population into non-overlapping, homogeneously mixed groups with respect
to infection and to introduce rules for transition from one group to another. [5]. Typically, models of this
type are systems of integral, integro-differential and difference equations (SIR models), interconnected
by the mass action law. In the review [5] examples of SIR models and their features in describing the
dynamics of Tuberculosis in a population are given. Such models are characterized by their parameters
(coefficients and initial conditions), and describe an outbreak of an infectious disease if coefficients
are constant. Accounting for medical and socio-economic interventions is possible in a generalized
manner, while detailing the features of related processes is difficult.

In work [6] It is shown that the parameter of Tuberculosis infectiousness is sensitive to morbidity,
therefore demographic and socio-economic indicators were introduced as a step function into the
change of infectiousness parameter. This approach is demonstrated in predicting morbidity in the
regions of the Russian Federation and confirms that the change of socio-economic conditions in
the regions is one of the reasons for the decrease of Tuberculosis spread. Furthermore this effect is
combined with the results of the work of the anti-Tuberculosis services. In work [7] for the model of
Tuberculosis and HIV co-infection, fundamental scenarios of the disease spread were constructed with
regulating the parameter of the effectiveness of treatment in the regions of the Russian Federation.
However, including socio-economic processes in an explicit form requires modification of the model
(introduction of additional equations) and data. The second approach is agent based modeling
(e.g. [8]). Within this framework, each individual of the population is described by a set of parameters
(age, immune status, time elapsed since infection, etc.), the rules of interaction of individuals and
the influence of the environment. This approach allows us to obtain a more detailed picture of the
epidemic process: age stratification of morbidity, the influence of social status and the environment on
the incidence and prevalence of infection, changes in immunity as a result of the spread of infection,
etc. To specify models of this type, both differential equations and algorithmic descriptions are used.
Such models are computationally expensive and require a detailed description specific to the region
under consideration, however, the results of modeling and forecasting are not only advisory, but also
practical for medical organizations (e.g. [9]).

The third approach to describing and forecasting of infectious diseases spread relies on statistical
data and deep learning models. However, their implementation requires complete data of the process
under study, which is difficult to obtain for slowly progressing infections (for example, when modeling
and forecasting COVID-19, the effectiveness of such models is studied in the works [10,11]).

To build scenarios for the spread of Tuberculosis in the regions of the Russian Federation, it is
necessary to take into account the heterogeneity of its distribution [12], as well as the large percentage of
multidrug-resistant forms of Tuberculosis (MDR-TB) in the Siberian regions of the Russian Federation
among newly diagnosed patients (see Figure 1). For example, more than 40% of newly diagnosed
patients were MDR-TB infected in the Novosibirsk region in 2024. While the average figure for the
Siberian Federal District fluctuates around 30%.

The inclusion of the incipient and subclinical TB (ISbTB) compartment is crucial for modeling
TB elimination, as it represents a major obstacle to ending TB alongside latent TB [13]. This form is
characterized by a low, oscillating bacterial load, qualifying as paucibacillary disease [14], yet remains
sufficient for transmission, especially in prolonged close contact [15]. Such individuals are significant
concealed community sources of infection [16], eluding diagnosis due to low bacterial burdens that
cause false-negative results [17] and present a ”hard to determine” category [18].

ISbTB escalates the total epidemic contagiousness; its basic reproduction number, even if low,
contributes to the continuity of the overall TB epidemic process. Furthermore, these forms can harbor
drug resistance [19] and lead to relapse post-treatment [20]. Despite its proven epidemiological
significance, many models omit this parameter. Our model aims to address this gap.
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Figure 1. Proportion of MDR-TB cases among newly diagnosed patients in regions of the Russian Federation (%).

In the recent years the modeling of the epidemics is also developed with stochastic approach, also
with stochastic control strategies [21,22].

The interest in mathematical modeling of TB was strongly elevated after the issue of WHO concept
of ending TB by 2030 [23]. WHO tuberculosis researchers published a mathematical model to predict
TB incidence decline with fulfillment of the Sustainable Development Goal (SDG) subtargets [24]. In
the study [25] the susceptible-exposed-infectious-recovered (SEIR) model with different age groups
was developed and the feature of heterogeneity considered in the model allowed to assess the effect of
age as a factor on TB transmission and more accurately determine parameters for ending TB. Separate
studies have considered the effects of drug-resistant cases [26], time lag [27] and age structure.

Questions of the hidden reservoirs of the TB infection and the burden of overall drug resistance
inside them were not significantly involved in mathematical modeling of the TB infection in current
literature.

It has recently become clear that traditional notions of dichotomizing tuberculosis infection
into latent and active tuberculosis are a simplification that fails to reflect the biological process of
transition from infection to disease. To more realistically characterize this process, the concept of two
main intermediate groups of patients, existing between infection and active TB, has been introduced:
incipient and subclinical TB disease. Therefore, it is now believed that the immediate precursors of the
development of active TB are not so much the infection state itself (latent TB, LTBI), but rather those
stages of infection progression that directly precede active TB, i.e., incipient and subclinical TB [28–31].
Recently, the first evidence has emerged of the important role of incipient and subclinical TB in the
spread of infection [31,32], however, the actual contribution of these conditions to the TB epidemic
remains unclear, as diagnosing them in patients is difficult. Molecular biological methods currently
being developed for detecting incipient and subclinical TB will soon be introduced into healthcare
practice. These methods will enable a more accurate understanding of the true contribution to the
spread of TB and the prognosis of the epidemic. [33–38]. Since this contribution depends on numerous
dynamic variables influencing the spread of the epidemic (human population characteristics, drug
resistance of circulating strains, access to medical care, etc.), it is appropriate to describe scenarios for
the impact of incipient and subclinical TB on the epidemic process using mathematical modeling. In
our paper we construct the model, for the first time, examines not LTBI, but rather impact of incipient
and subclinical TB in TB epidemiology.
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This mathematical model based on the comprehensive SEIS-type compartmental model for TB
dynamics in the Russian Federation, incorporating multi-drug resistant (MDR) forms, detection
processes, and treatment pathways. In the methods we combine differential equation modeling based
on M.I. Perelman and G.I. Marchuk ideas [39] as well as Y. Yi et al. model [40], Sobol sensitivity
analysis, Bayesian optimization, and MCMC based forecasting, applying the framework to several
high burden regions, that are of epidemiological interest in the Russian Federation as the obstacle of
ending TB in Russia. The key points of the current publication, that allow to achieve additional results,
as comparing with the other authors:

• Parameter identification and optimization with the use of the concept and paradigm of inverse
and ill-posed problems allowed us to evaluate the intensity of epidemic process in the risk regions
of Russia, that we need to identify with the aim to combat TB as the regional and national high
stream.

• Sensitivity-based identifiability analysis allows us to find correlated TB parameters that implicate
on the accuracy of parameter identifiability and forecast uncertainty.

• We construct the posterior distribution of sensitive epidemiological parameters of the TB compart-
mental mathematical model (such as contagiousness of TB contact with bacterioexcretion, the rate
of TB activation, the rate of undetected TB contact with bacterioexcretion per year) that allows us
to evaluate the expected TB infected people in Russian Federation regions for three years ahead.

If we get robust estimations of epidemic force parameters, we have enough scientific potential to
plan counterforce actions including efficient treatment of drug resistance and drug sensitive forms of
TB in the amounts enough to concur transmission. The results of the expected heterogeneity of regions
and the assessment of key epidemiological parameters are consistent with the results of the works of
A.A. Romanyukha [9] and O.A. Melnichenko [6], and also expand and clarify the uncertainty due to
the inclusion of incipient and subclinical TB forms, i.e. the key ideas of this paper are

• Inclusion of detection stages based on papers [6,9] and add new compartments of MDR-TB based
on [40];

• Inclusion of incipient/subclinical TB as a compartment based on [41];
• Usage of Sobol sensitivity analysis and Bayesian MCMC for uncertainty quantification;
• Region-specific posterior parameter estimation.

The paper is organized as follows: in the section 2 we formulate the differential SIR-type model,
give analysis of stability of stationary points of the model, formulate the problem of parameters
identification and provide sensitivity analysis. In the section 3 the statistical data used on Tuberculosis
incidence, socio-economic characteristics of the regions of the Russian Federation and their processing
for use in modeling are presented. In the section 4 numerical estimates of the probability distribution
of epidemiological parameters based on statistical data and SIR model data, as well as scenarios for
the spread of Tuberculosis in the regions of the Russian Federation are presented.

2. SEIS Model of Tuberculosis Dynamics with Multiple Drug-Resistant Forms
The mathematical model of Tuberculosis (TB) spread and control used in this paper is based on
the approach proposed by G.I. Marchuk and A.A. Romanyukha in 2004 [39] and paper by A.A. Ro-
manyukha [41] concerning the TB detection. Using the law of mass action, we formulate the SEIS
model [40], characterized by a system of 9 ordinary differential equations (the model diagram is shown
in Figure 2):
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

dS
dt

= −βS(Is + Iγ)/N + γ1(ET
γ + IT

γ ) + γ2(ET
s + IT

s ) + bN − mN2 − µS;

dEs

dt
= βSIs/N − ωEs − φ−Es − βEs Iγ/N − µEs;

dET
s

dt
= −γ2ET

s + γ2 IT
s + φ−Es − ET

s (βIγ/N + tγ)− µET
s ;

dEγ

dt
= βSIγ/N − ωEγ − φ−Eγ + βEs Iγ/N − µEγ;

dET
γ

dt
= γ1 IT

γ − γ1ET
γ + φ−Eγ + ET

s (βIγ/N + tγ)− µET
γ ;

dIs

dt
= ωEs − φ+ Is − βIs Iγ/N − (α + µ)Is;

dIT
s

dt
= −2γ2 IT

s + φ+ Is − IT
s (βIγ/N + tγ)− (α + µ)IT

s ;

dIγ

dt
= ωEγ − φ+ Iγ + βIs Iγ/N − (α + µ)Iγ;

dIT
γ

dt
= −2γ1 IT

γ + φ+ Iγ + IT
s (βIγ/N + tγ)− (α + µ)IT

γ

(1)

with initial conditions

S(0) = S0, Es(0) = Es
0, ET

s (0) = Es
0T ,

Eγ(0) = Eγ
0 , ET

γ (0) = Eγ
0T , Is(0) = Is

0,

IT
s (0) = Is

0T , Iγ(0) = Iγ
0 , IT

γ (0) = Iγ
0T .

(2)

Table 1. Variables and parameters of SEIS model of Tuberculosis spread.

Symbol Description Value Ref.

Variables (ppl.)
S susceptibles and carries of latent infection

Es, ET
s TB infected without bacterioexcretion (TB BE-)

Eγ, ET
γ MDR-TB infected without bacterioexcretion (MDR-TB BE-)

Is, IT
s TB infected with bacterioexcretion (TB BE+)

Iγ, IT
γ MDR-TB infected with bacterioexcretion (MDR-TB BE+)

Main parameters (parameters of inflow)
b birth rate see Sec. 3 [42]
β contagiousness of TB contact with bacterioexcretion [0, 10] [39]
k population potential (ppl.) 4 · 106

tγ fraction of non-MDR infected turning into MDR infected per year [0.001, 0.1] f.33
ω rate of TB BE- turning into BE+ per year [0.1, 4] [39]

Outflow parameters
µ speed of population outflow see Sec. 3 [42]
α additional death rate of TB infected with bacterioexcretion [0.03, 0.2] f.33

Treatment parameters
φ− rate of undetected TB BE- infected, that is detected per year [0.2, 0.5] f.33
φ+ rate of undetected TB BE+ infected, that is detected per year [0.5, 3] f.33
γ1 rate of detected MDR-TB infected, that is treated per year [0.25, 0.5] f.33
γ2 rate of detected TB infected, that is treated per year [0.3, 2] f.33

Initial state
σ− fraction of undetected TB BE- infected in the initial moment [0, 0.5]
σ+ fraction of undetected TB BE+ infected in the initial moment [0, 0.5]

Here N = S(t) + Es(t) + ET
s (t) + Eγ(t) + ET

γ (t) + Is(t) + IT
s (t) + Iγ(t) + IT

γ (t) is a volume of the
studied population that satisfies the logistic equation:

dN
dt

= (b − µ)

(
1 − N

k

)
N − α(Is + Iγ + IT

s + IT
γ ).
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Here b − µ > 0, bN − mN2 refers to the influx of susceptible individuals into the population due to the
birth rate or immigration, m = (b − µ)/k, k is a population potential.

The population is divided into nine non-overlapping groups according to Figure 2 (the subscript
T denotes the group of detected infected individuals). The description of the variables and parameters
of the model is given in Table 1.

Susceptible

BE-

BE- identified

BE+ identified

BE+

MDR
not
MDR

to S

from identified

S

EsEγ

ET
sET

γ

IsIγ

ITsITγ

bN −mN2 γ1(E
T
γ + ITγ ) + γ2(E

T
s + ITs )

SβIs/NSβI
γ/N

φ
− Es

φ −
E
γ

βEsIγ/N

ET
s (βIγ/N + tγ)

ωEsωEγ

φ +
I
sφ

+ Iγ

βIsIγ/N

ITs (βIγ/N + tγ)

γ2I
T
sγ1I

T
γ

γ2
E
T
s

γ
1E T

γ

γ
2I T

sγ1
I
T
γ

Figure 2. Schematic diagram of the Tuberculosis dynamics model with MDR (1), based on the mass conservation
law.

This model is based on the following principles for Russian Federation:

• TB BE- and TB BE+ forms are distinguished, and TB BE- is considered an early stage of the disease
preceding the development of severe TB BE+ stages;

• We assume treated individuals return to full susceptibility S, consistent with evidence of high
reinfection rates in high-incidence settings [43,44];

• patients are divided into detected and undetected;
• the proportion of those cured from TB with bacterial excretion can transit to a form without

bacterial excretion;
• the probability of transition from forms without MDR to TB-MDR is nonlinear;
• during treatment of TB BE+ infected people can transit to both latent forms S and TB BE- with

equal probability.

A part of TB patients who successfully complete treatment, when the symptoms have disappeared
and bacterial excretion has stably stopped, undergo recurrence. In the Siberian Federal District in 2024
the recurrence rate among those cured averages 33% (in different regions – from 20 to 43% [45]). This
means that cured patients remain susceptible to developing TB infection. TB recurrence results from
immunological deficiency (dependent on risk factors such as unfavorable social, medical and stress
factors, etc.) and is caused by either relapse of an original infection or exogenous reinfection with a
new or the same strain of M. tuberculosis. The source of relapse is bacteria that remain in a persistent,
viable state in cured (BE-) persons for many months and years within post-TB residual lung foci, lymph
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nodes, or even within hematopoietic or mesenchymal stem cells [46–49]. The source of reinfection is
bacteria acquired through continued contacts of cured patients with people with subclinical or active
TB [32,44]. In addition, indirect evidence that cured patients remain in a TB-sensitive risk group is that
IGRA tests after cure remain positive in the absolute majority of cases for decades and even until the
end of life [50].

Within the framework of the model, all populations, regardless of status, are subject to average
mortality rate with the parameter µ. A susceptible or latent infected individual from group S moves to
the infected non-bacterial stage Es (or closed form of TB) after contact with an TB infected without
MDR Is governing the contagiousness parameter β or to the TB infected non-bacterial stage with MDR
Eγ. Infected closed-form TB Es, Eγ migrate to the bacterial form with ω probability. Infected patients
without MDR can migrate to infected MDR-TB with tγ probability, and also with rate β when in contact
with infected TB without bacterioexcretion. In the model, each group of TB infected people is divided
into detected (with index T) and undetected with expression coefficients φ− for TB BE-, MDR-TB BE-
and φ+ for TB BE+, MDR-TB BE+, respectively. In the model, additional mortality of infected people
with bacterioexcretion α is observed and they move to the state S with probabilities γ1 (for form with
MDR) and γ2.

The model principle construction was based on real infection reserwars. This is TB with bac-
terioexcretion and TB without bacterioexcretion - the incipient and subclinical TB, the latter always
bearing a real hazard of converting to bacterioexcretion clinical form. That does not mean, that we
exclude significance of latent TB, especially in HIV-infected individuals, but consider this of lower
value and as perspective of further studies with the focci of the ending TB.

The limits of the change in the parameters of the models, that are used in linear parts of equations,
were determined from statistics (TB-infected registration form No. 33). For example, the proportion of
identified non-MDR TB cured in 1 year, γ2 in a linear approximation is inversely proportional to the
time spent in therapy. That is, the limits γ2 ∈ [0.3, 2] correspond to [0.5, 3.33] years undergoing therapy
for TB+ non-MDR patients.

Restrictions on initial conditions in the regions of the Russian Federation are also assumed, namely
the percentage of undetected infected people is less than 50% due to the absence of a sharp outbreak of
TB:

Es
0 = σ−Es

0T , Eγ
0 = σ−Eγ

0T ,

Is
0 = σ+ Is

0T , Iγ
0 = σ+ Iγ

0T .

2.1. ODE System Analysis

The behavior of the ODE systems is broadly studied from the perspective of asymptotic properties,
and this paper is also the case. We note that for such systems it is often possible to find analytical
solution using Lie algebra [51], however it is effectively applicable only for smaller systems, or systems
with symmetries. Thus, the model considered is too complicated for this approach, so we present only
the results of stationary points stability.
For the derivation of stationary points of the system (1), only in this section we assume that γ1 = γ2 = γ.
Let us consider the system obtained from the system (1) by adding the equations and replacing:

I = Is + Iγ, IT = IT
s + IT

γ ,

E = Es + Eγ, ET = ET
s + ET

γ .

Then we obtain the following system:
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

dS
dt

= bN − mN2 − βSI/N + γIT − µS;

dE
dt

= βSI/N − (µ + ω + φ−)E;

dET

dt
= φ−E + γIT − µET ;

dI
dt

= ωE − (α + µ + φ+)I;

dIT

dt
= φ+ I − (2γ + α + µ)IT .

(3)

Lemma 1. The system (3) has the only stationary state that is trivial.

Proof. By equating the right-hand sides to 0, we obtain a system for finding stationary solutions:

βSI/N + µS = bN − mN2 + γIT ;

(µ + ω + φ−)E = βSI/N;

µET + γIT = φ−E;

(α + µ + φ+)I = ωE;

(2γ + α + µ)IT = φ+ I.

(4)

From 2 and 4 equations of system 4, we obtain:

S =
(µ + ω + φ−)(α + µ + φ+)

βω
N.

Therefore, we are left with equations 1, 3 and 5 of system (4) with a single nonlinear term N2.
Note that N(0) < k, then ∀t : N(t) < k.
In the edge cases, when N ≪ k or N ≈ k we obtain linear system for stationary point, thus, it is

unique (except for the trivial point). As soon as the solution is confined, it may tend towards one of
these solutions.

We rewrite the system (4) the following way:

(µ + ω + φ−)E + µS = bN − mN2 +γIT ;

ET = I(φ−(α + µ + φ+)/ω

−γφ+/(2γ + α + µ))/µ = IcEt;

E = I(α + µ + φ+)/ω = IcE;

IT = Iφ+/(2γ + α + µ) = IcIt.

As soon as dN/dt: bN − mN2 = α(I + IT), and for the first equation, we get:

(µ + ω + φ−)IcE + µS = αI(1 + cIt) + γIcIt.

Thus,

I = − µS
(µ+ω+φ−)cE−α(1+cIt)−γcIt

= cIS.
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Then, as soon as dN/dt = 0, we get:

(b − µ)

(
1 − N

k

)
N − α(I + IT) = 0

Thus,

N = k
(

1 − αcScI(1 + cIt)

b − µ

)
. (5)

That means that there is unique stationary point, except for the trivial and disease-free. However,
by substitution of coefficients cS, cI , cE, cIt into (5), we obtain N = 0 and this point coincides with the
trivial point (checked with Wolfram Mathematica, the code is available in GiHub repository).

Our model operates in absolutes and reflects the logistic curve of the population growth. Most
human populations in the regions of the Russian Federation show slow population dynamics and in
these dynamics the nontrivial stationary state of TB prevalence can exist. However, we can apply the
model to the risk groups where fast growth and diminution can occur.

2.1.1. Stationary Points Stability

The matrix of linearized system (4):

b − 2mN − βI(N − S)
N2 − µ b − 2mN b − 2mN b − 2mN − βS(N − I)

N2 b − 2mN + γ

βI(N − S)
N2 −µ − ω − φ− 0

βS(N − I)
N2 0

0 φ− −µ 0 γ

0 ω 0 −α − µ − φ+ 0
0 0 0 φ+ −2γ − α − µ


(6)

There are two stationary points N = 0 and S = N = k.
Then from the form of (6) with I = 0, point S = N = k is stable, when

µ < b and (µ + ω + φ−)(α + µ + φ+) < βω (7)

and point N = 0 is stable when b − µ < 0, or µ > b.
In our examples we will consider cases b < µ and b ≈ µ, what depicts the situation in Russian

Federation [52]. That means that the point N = 0 is globally stable and the stability analysis of
stationary points is not informative, since the difference µ − b is quite small and thus the convergence
to the point N = 0 is slow, so we are interested in short-term dynamics (compared to the convergence
to stationary point).

The 10-year window may seem too large for short-term forecasting; however, that is not the case
for Tuberculosis and the current difference between birth and mortality rates. The Tuberculosis has the
infectivity rate around 2-4 and recovery rate around 0.1 (for annual time scale). It indicates that the
Tuberculosis infection characteristic duration time is around 10 years. The difference between birth
and mortality rate is too small (0.003), that implies that the solution will reach the point with N = 0 in
more than 4000 years if the rates stay constant.

2.1.2. Basic Reproduction Number R0

To derive the basic reproduction number R0, we consider two states of people in the system (1):
infected without MDR x1 = (Es, ET

s , Is, IT
s )

T and with MDR-TB x2 = (Eγ, ET
γ , Iγ, IT

γ )
T at the disease

free equilibrium (DFE) point E0 = (k, 0, 0, 0, 0, 0, 0, 0, 0), i.e. S0 = N = k. Following the approach from
the article [53], we derive the basic reproduction number for non-MDR TB R1 and MDR-TB R2.
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We rewrite the system (1) as follows:

ẋi = ( fi − vi)xi, i = 1, 2,

where fi characterize infection in the group due to external flows, vi – recovery, mortality in the group.
Then we have:

f1 =


βSIs/N

0
0
0

, v1 =



βEs Iγ

N
+ ωEs + φ−Es + µEs

βET
s Iγ

N
+ γ2ET

s − γ2 IT
s − φ−Es + tγET

s + µET
s

βIs Iγ

N
− ωEs + φ+ Is + (α + µ)Is

βIT
s Iγ

N
+ 2γ2 IT

s − φ+ Is + tγ IT
s + (α + µ)IT

s


.

f2 =



βSIγ

N
+

βEs Iγ

N
βET

s Iγ

N
βIs Iγ

N
βIT

s Iγ

N


, v2 =



ωEγ + φ−Eγ + µEγ

γ1ET
γ − γ1 IT

γ − φ−Eγ − tγET
s + µET

γ

−ωEγ + φ+ Iγ + (α + µ)Iγ

2γ1 IT
γ − φ+ Iγ − tγ IT

s + (α + µ)IT
γ

.

For the linearized system ẋi = (Fi − Vi)xi, i = 1, 2, we calculate the Jacobian matrices

Fi =
∂ fk

∂xj
i

(E0), Vi =
∂vk

∂xj
i

(E0), j, k = 1, . . . , 4,

after which we find the eigenvalues of the matrices product: λ(FiV−1
i ), i = 1, 2. The matrices Fi

and Vi are presented in Appendix A.1.
Thus, we get

R1 = R2 =
βω

(ω + φ− + µ)(φ+ + α + µ)
.

As soon as R0 = max{R1,R2}, the basic reproduction number in the model (1) has the form

R0 =
βω

(ω + φ− + µ)(φ+ + α + µ)
. (8)

The basic reproduction number R0 is based on infectious rates (contagiousness of TB, rate of
undetected TB, rate of TB BE- turning into BE+). The difference between the MDR and non-MDR
strains in the model (1) is the rate of treatment, which is not reflected in the basic reproduction number
(since it describes the rate of infection in a non-immune population). The identical R0 suggests that,
in the absence of treatment, MDR and non-MDR spread similarly. This highlights the role of treatment
in controlling MDR.

Lemma. The stationary point without infection E0 is stable when basic reproduction number (8) R0 < 1.
The R0 < 1 in Lemma means, that βω < (ω + φ− + µ)(φ+ + α + µ). It coincides with part of (7),

that represents stability with respect to infection outbreak.
The exclusion of latent forms of TB increases the basic reproduction number R0, namely, due to

undetected infectiousness and the transition to an active form (it is possible that such a transition may
not occur during the simulation), the R0 will decrease (see details in Appendix A.1).

2.2. Inverse Problem

We assume that additional information about solution in fixed points in time is given:
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ET
s (tj) + ET

γ (tj) + ε j = Ej,
IT
s (tj) + ε j = I j

s, IT
γ (tj) + ε j = I j

γ,
j = 1, . . . , M.

(9)

Then the inverse problem (1), (2), (9) is to identify the parameters of the SEIS model q =

(β, γ1, γ2, ω, tγ, α, φ−, φ+, σ−, σ+) ∈ R10
+ with the help of additional information (9).

We assume that observations yt = (ET
s + ET

γ , IT
s , IT

γ ) are subject to independent additive Gaussian
errors:

yt = ft(q) + εt, εt ∼ N (0, Σ).

Here ft(q) = (ET
s (t; q) + ET

γ (t; q), IT
s (t; q), IT

γ (t; q)), Σ = diag(σ2
1 , σ2

2 , σ2
3 ) and σi are estimated jointly

with q.
The model (1) is theoretically identifiable based on algebra analysis [54].
Due to the instability and non-uniqueness of the solution to the inverse problem, the following

section presents a sensitivity analysis of the model, which will allow us to estimate the degree of
sensitivity of the parameters q to the measured states of the system (9) [55].

2.3. Sensitivity-Based Identifiability Analysis for SEIS Model

The sensitivity analysis of the model (1) was carried out using the Sobol method [56], with a uni-
form distribution of parameters, the variation limits of which are given in Table 1. This method
quantifies how the variance in model outputs (predictions of TB diagnoses) can be apportioned to
individual parameters and their interactions across the entire apriori feasible parameter space. The
initial conditions (2) approximate the epidemiological situation of the Novosibirsk region in 2009:

N = 2 263 383, Es = 300, Eγ = 500,

ET
s = 1 100, ET

γ = 1 549,

Is = 100, Iγ = 400, IT
s = 438, IT

γ = 1 330.

Thus, S = N − Es − Eγ − ET
s − ET

γ − Is − Iγ − IT
s − IT

γ = 2 257 666 people. The modeling time is 10
years.

For a model outputs as we consider in inverse problems y1 = ET
s (t; q) + ET

γ (t; q), y2 = IT
s (t; q),

y3 = IT
γ (t; q) (see measurement 9) the Sobol decomposition expresses the total variance V(yn), n =

1, 2, 3:

V(n) = V(yn) = ∑
i

V(n)
i + ∑

i<j
V(n)

ij + . . . + V(n)
1...m, n = 1, 2, 3.

Here V(n)
i = V[E(yn|qi)], i = 1, . . . , 10, is the first-order (main) effect variance, measuring the

contribution of parameter qi alone, V(n)
ij is the second-order interaction variance between qi and qj,

and so on for higher-order interactions.
We compute the total-order Sobol index

S(n)
Ti

=
V(n) − V[E(yn|q∼i)]

V(n)
, n = 1, 2, 3,

and the first-order and second order Sobol indexes

S(n)
1i

=
V(n)

i

V(n)
, S(n)

ij =
V(n)

ij

V(n)
, n = 1, 2, 3,
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where q∼i denotes all parameters except qi, 1 = 1, . . . , 10. S(n)
Ti

measures the total contribution of qi,
including all its interactions with other parameters. A parameter with very low total-order indices
S(n)

Ti
(e.g., < 0.01) has a negligible influence on the measurements yn, n = 1, 2, 3. Its value cannot be

inferred from the data. If S(n)
Ti

> 0.5 for some qi to data yn than total contribution of qi, including all its

interactions with other parameters is significant. However, if S(n)
Ti

> 0.5 and S(n)
1i

< 0.5 than parameter
qi may still be identifiable, but its estimate will be strongly correlated with others.

We use Sensitivity Analysis Library in Python (SALib package) and set N = 1024 · (2 · 8 + 2) =
18432 Sobol samples. In Figure 3 (right) the total-order Sobol coefficients are given for the model
coefficients q̃ = (β, γ1, γ2, ω, tγ, α, φ−, φ+) ∈ R8

+ (without initial conditions), including the first indices,
the second (correlation), etc. with 95% confidence intervals. The most sensitive to measurements
of detected infected is the TB contagiousness parameter β. The TB detection parameter BE+ φ+ is
sensitive to infected TB BE+ without MDR IT

s (tj). The proportion of infected TB converting to the BE+
form ω is sensitive to infected TB-MDR BE+ with and without MDR. The additional mortality rate α

due to TB is sensitive to MDR-TB BE+ measurements.

E
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+
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Figure 3. The first Sobol indices S(n)
1i

(left) and the total Sobol indices S(n)
Ti

(right) for parameters q̃i, i = 1, . . . , 8,
with 95% confidence intervals for 10 years of simulation for TB BE- (the first row), TB BE+ without MDR IT

s (t)
(the middle row) and MDR-TB BE+ IT

γ (t) (the last row).
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Note, that the first Sobol index for β coefficient S(1)
1 for TB BE- measurement is more than 0.5 (this

parameter is sensitive to the y1), other ones are less than 0.5 that means the parameter’s influence is
primarily through interactions (see Figure 3 left). Its may still be identifiable, but its estimate will be
strongly correlated with others. The second Sobol indexes S(2)

βω , S(3)
βω , S(2)

βφ+ more than 0.2 and S(2)
βj close

to 0.1-0.2 for all parameters j (see correlation matrices in the Appendix A.2).
As we note that Sobol indices show strong parameter correlations, the formal practical identifia-

bility analysis is performed, i.e. we construct the correlation matrix (see Table 2 for Novosibirsk region)
based on the Fisher information matrix

ρij =
FIM−1

ij√
FIM−1

ii FIM−1
jj

,

where

FIM =

(
∂ ft

∂q

)T
Σ−1 ∂ ft

∂q

and
∂ ft

∂q
is a sensitivity matrix.

Table 2. Correlation matrix ρij for Novosibirsk posterior.

β γ1 γ2 ω φ− φ+ tγ α

β 1 -0.609 -0.739 0.309 -0.886 0.984 0.881 0.869
γ1 -0.609 1 0.947 -0.481 0.875 -0.506 -0.669 -0.849
γ2 -0.739 0.947 1 -0.559 0.926 -0.639 -0.855 -0.935
ω 0.309 -0.481 -0.559 1 -0.294 0.145 0.644 0.666
φ− -0.886 0.875 0.926 -0.294 1 -0.843 -0.825 -0.901
φ+ 0.984 -0.506 -0.639 0.145 -0.843 1 0.800 0.771
tγ 0.881 -0.669 -0.855 0.644 -0.825 0.800 1 0.943
α 0.869 -0.849 -0.935 0.666 -0.901 0.771 0.943 1

Table 2 shows that the parameters with |ρij| > 0.95 are difficult to distinguish. For example,
ρβφ+ > 0.98 indicates that the data cannot independently inform the parameters β and φ+, only their
product is well-identified. That are shown during the sensitivity Sobol analysis as well.

3. Data Analysis
The birth b and mortality µ rates are presented in Tables 3 and 4 for five regions of Russian Federation.

Table 3. Number of deaths in Russian Federation regions per 1000 residents.

Region 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022

Zabaikalskiy krai 13.8 13.8 13.3 13.1 12.5 12.5 12.9 12.3 11.7 12.3 12.4 13.7 15.8 13.8
Tyva republic 12 11.6 11 11.2 10.9 10.9 10.3 9.8 8.7 8.8 8.3 9.4 9 8.6

Novosibirsk oblast 14 13.9 13.6 13.6 13.4 13.3 13.1 13 12.9 12.9 12.7 15.3 17 13.7
Irkuts oblast 14.3 14.4 14 13.9 13.6 13.7 13.6 13.4 12.9 13 13.2 15 17.7 14.1

Altai republic 14.7 15 14.6 14.6 14.2 14.2 14.1 14.1 14 14.3 14 16.5 19.1 15.8

Table 4. Number of births in Russian Federation regions per 1000 residents.

Region 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022

Zabaikalskiy krai 16.1 15.9 15.6 16.3 16.1 16.2 15.7 14.9 13.7 13 12.2 12.2 11.9 11.2
Tyva republic 26.9 26.8 27.4 26.6 26 25.2 23.7 23.1 21.8 20.1 18.4 20 19.7 17.7

Novosibirsk oblast 12.9 13.2 13.1 13.9 14.1 14 14.2 13.7 12.3 11.7 10.7 10.3 10.1 9.6
Irkuts oblast 15.6 15.2 15.3 15.9 15.7 15.2 15.3 14.7 13.4 12.8 11.8 11.3 11 10.4

Altai republic 12.7 12.7 12.8 13.8 13.6 13.4 12.9 12.4 11.2 10.3 9.4 9 8.7 8.2

To restore parameters of the model for regions of Russian Federation, we used the following data:
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• Let pγ = IT
γ /(IT

γ + IT
s ) then from [43], we have data of fraction and absolute number of patients

with MDR among the patients with bacillary forms of TB, that represent pγ and IT
γ respectively.

• From data of form 33 (Information about patients with Tuberculosis from the Order of Rosstat
dated 31.12.2010 №483), we have cohorts that represent IT

s + IT
γ + ET

s + ET
γ = CEI . Then we may

obtain the following:

– IT
γ is given in data;

– IT
s = IT

γ (1/pγ − 1);
– ET

γ + ET
s = CET − IT

γ − IT
s .

For demonstration of the numerical results we choose two regions of Russian Federation with an
unfavorable situation in terms of the prevalence of TB: Novosibirsk region and Tyva Republic.

4. Model Scenarios of Tuberculosis Spread
As a result of solving the inverse problem (1), (2), (9), the vector of SEIS model parameters q was

determined for each region, the substitution of which into the model (1)-(2) leads to a comparison of
the model and real data on identified infected people (Figure 5).

4.1. Bayesian Approach

To obtain the distribution of the model parameters and to construct a forecast considering the uncer-
tainty, we use the Bayesian MCMC (Markov Chain Monte Carlo) approach, in which the posterior
distribution for the parameters q ∈ R10

+ has the form:

p(q | y) ∝ p(y | q) ·
10

∏
i=1

p(qi).

Here p(qi) is the prior distributions of the SEIS model parameters, p(y | q) is the likelihood of the data.
The likelihood functional is defined by the logarithmic density function of the normal distribution

with the mean being the difference of the real data and solution of the direct problem for the given
current parameters. The variance of likelihood functional is determined during the MCMC algorithm
(see Appendix A.3).

β tγ ω α φ− φ+ γ1 γ2 φ− φ+

The results of the inverse problem solution are in Table 5. Parameters with total Sobol index less
than 0.01 for all outputs were considered practically non-identifiable and assigned informative Normal
priors centered at Optuna values with width 10% of the prior range (see results for mean values in
Appendix A.4). The prior distribution p(qi) for sensitive parameters β, φ+, ω is proposed as uniform
(see Table 1).

We apply the Bayesian approach to find the posteriority distribution of the parameters q with
20000 draws of 4 Markov chains (i.e. 80000 samples for each parameter), mean (column ”Mean”) and
95% credible interval (CI). Differences in the parameters of pathogen contagiousness β, the proportion
of infected TB converting to the BE+ form ω and the rate of detection φ+ of TB infected individuals
with bacterial excretion indicate heterogeneity in the prevalence of TB in the Russian Federation
regions.

The Pareto front (see Figure A3, Appendix A.5) for three measured statistics (9) shows the
uniqueness of the given solution of the inverse problem (TB parameter identification), then the CIs
values depend on numerical accuracy the of the correlated parameters.
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Table 5. Restored parameters of SEIS model of Tuberculosis spread (1) in regions of Russian Federation.

Novosibirsk Tyva Altai Irkutsk Zabaikal

Symbol A priori
interval Mean 95% CI Mean 95% CI Mean 95% CI Mean 95% CI Mean 95% CI

R0 - 0,973 [0,594;
1,598] 0,974 [0,683;

1,400] 0,942 [0,557;
1,595] 0,876 [0,518;

1,502] 0,926 [0,540;
1,593]

β [0.03, 0.2] 2.676 [2.369;
2.928] 2.972 [2.718;

3.171] 3.566 [3.199;
3.909] 2.927 [2.628;

3.228] 2.128 [1.876;
2.375]

tγ [0, 10] 0.057 [0.046;
0.068] 0.022 [0.018;

0.026] 0.019 [0.015;
0.023] 0.049 [0.039;

0.058] 0.068 [0.056;
0.081]

ω [0.25, 0.5] 3.164 [2.727;
3.588] 3.725 [3.272;

3.983] 1.368 [1.143;
1.597] 1.605 [1.348;

1.871] 0.844 [0.725;
0.971]

α [0.3, 2] 0.065 [0.053;
0.077] 0.038 [0.031;

0.045] 0.150 [0.120;
0.181] 0.066 [0.054;

0.079] 0.125 [0.101;
0.149]

φ− [0, 0.5] 0.326 [0.265;
0.391] 0.267 [0.212;

0.321] 0.488 [0.422;
0.556] 0.295 [0.243;

0.350] 0.275 [0.235;
0.318]

φ+ [0, 0.5] 2.407 [2.123;
2.634] 2.787 [2.536;

2.957] 2.610 [2.349;
2.836] 2.724 [2.442;

2.968] 1.577 [1.376;
1.772]

γ1 [0.1, 4] 0.373 [0.326;
0.419] 0.290 [0.238;

0.342] 0.328 [0.273;
0.390] 0.307 [0.258;

0.356] 0.286 [0.245;
0.326]

γ2 [0.2, 0.5] 0.519 [0.455;
0.585] 0.870 [0.741;

1.012] 0.674 [0.552;
0.816] 0.275 [0.227;

0.323] 0.292 [0.249;
0.338]

φ− [0.5, 3] 0.278 [0.230;
0.322] 0.186 [0.152;

0.218] 0.482 [0.447;
0.498] 0.254 [0.213;

0.295] 0.281 [0.234;
0.326]

φ+ [0.001, 0.1] 0.354 [0.298;
0.411] 0.381 [0.321;

0.440] 0.476 [0.429;
0.499] 0.376 [0.319;

0.433] 0.471 [0.420;
0.497]
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Figure 4 demonstrates the mean and CI of model parameters as noted in Table 5. Note, that all
parameters β, ω and φ+ with wide CI are sensitive to the measurement with its interaction to each
other (see Section 2.3), i.e. the total-order Sobol indexes are greater than 0.5, but the first-order indexes
are sufficiently small. Scenarios of number of TB BE+ infectious may be unreliable because of IT

s and
IT
γ depend on the combination of all these parameters. Small errors in identifying any one of them

lead to unrealistic forecasts. Therefore, when analyzing forecast scenarios for TB BE+ groups, it is
appropriate to use interval estimates rather than point estimates, as was done in this study. While the
model is structurally identifiable, strong parameter correlations (seen in Sobol indices) affect practical
identifiability.

β tγ ω α ϕ− ϕ+
γ1 γ2 σ− σ+

1

2

3

Altai
Zabaikalsky

Tyva
Novosibirsk

Irkutsk

Figure 4. Restored parameters of SEIS model of Tuberculosis spread (1) in regions of Russian Federation with
estimations by TPE Optuna optimizer.

In Figure 5–7 the probability distribution of TB infected based on Bayesian approach is demon-
strated for Novosibirsk region and Tyva Republic of Russian Federation (Figure 5), Altai and Irkutsk
regions (Figure 6) as well as Zabaikalskiy region (Figure 7). The approximation for Novosibirsk region
is more accurate because of small 95% credible intervals that contain the real data (dashed dot line).
The average for all five regions Mean Absolute Percentage Error (MAPE) and Root Mean Square
Error (RMSE) are in Table 6. For example, for data IT

s RMSE=5 · 10−5 means that the error is 5 per
100000 people. The single situation when mean prediction is worse is the modeling results for IT

s ,
what is compensated with adjustments in other groups. The IT

s forecasts are less accurate only for the
Zabaikalsky region, and the data is poorly fit for the Tyva Republic. The Zabaikalsky region data has
two ”falls” in data, that cannot be described with the chosen model, as it is able to describe only one
peak of infection with descent without additional ”fall”. The Tyva region data has unusual feature
of IT

s being significantly lower than IT
γ . This may be due to a simplification of the model by ignoring

latent tuberculosis infections, which may actually account for some of the detected cases. The basic
reproduction number R0, calculated using the formula (8), for all considered regions are close to the
0.9.
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Figure 5. Probabilistic forecast of infected individuals in the Irkutsk region (left) and the Novosibirsk region
(right), compared with actual data (dash-dot lines).
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Figure 6. Probabilistic forecast of infected individuals in the Altai republic (left) and the Tyva republic (right),
compared with actual data (dash-dot lines).
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Figure 7. Probabilistic forecast of infected individuals in the Zabaikalsky krai, compared with actual data (dash-
dot lines).

Table 6. A quantitative forecast accuracy metrics (MAPE and RMSE) for measured data.

ET
s + ET

γ IT
s IT

γ

MAPE 0.2572 0.285 0.2476
RMSE 2.7 · 10−4 5 · 10−5 8.7 · 10−5

We also point out that the data points of 2019 year are not used in inverse problem, because of
change in rules of statistical records of TB in Russia [57], which made figures of 2019 year unrepre-
sentative. However, that does not affect the epidemiological process, thus the following years are not
affected significantly (see Appendix A.6).

In 2018-early 2019, a surge in TB detection have occurred in the Russian Federation due to the
emergence of regulatory official orders that significantly expand the coverage of prophylactic medical
examination/observation service and the introduction of modern diagnostic and preventive treatment

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 March 2026 doi:10.20944/preprints202603.2218.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.2218.v1
http://creativecommons.org/licenses/by/4.0/


20 of 31

methods [58–60]. We suggest that from 2020 onwards, the impact of these official acts was significantly
reduced due to the emergence of the COVID-19 pandemic and, as a result, a decrease in TB detection
[61].

A short-term forecast for 3 years ahead was constructed for TB infected with bacterioexcretion
BE+. The credible interval and forecast accuracy are higher for TB BE+ without MDR. To improve
the accuracy of the MDR-TB BE+ forecast, it is necessary to use a priori information on treatment,
immunology, etc. The model cannot capture sudden spikes; forecasts assume stable epidemiological
conditions.

5. Discussion
The literature on mathematical modeling of the early stages of untreated pulmonary tuberculo-

sis—its incipient and subclinical forms—is extremely scarce. We found modeling of the early stages
of TB in the works of Avilov et al. [41,62], where two models were used, one of which assumes the
infectiousness of the initial stages of the disease, and the second considers all cases to be initially
non-infectious, but some of them subsequently become infectious. The authors do not give preference
to either model, although they consider the first model more plausible. Our model is based on the latest
ideas about the very high contagiousness of the early stages of the TB process [32,63], and combines
both models, assuming the infectiousness of tuberculosis cases in the early stages and the possible
gradual development of some cases to an infectious state. At the same time, like Avilov et al. [5] we
defined the development of infectiousness as the transition of patients from the BE- to the BE+ state,
which allows us to predict the hidden incidence and prevalence of TB within the framework of the
model and to better understand the real epidemic situation in different regions.

Coming through recent ideas in TB forecasting based on statistical methods and statistically based
machine learning [3], in our work we also relied on long-term statistical data of departmental reporting
for the territories of the Siberian and Far Eastern Federal Districts, being the most unfavorable districts
in the Russian Federation. However we used the SEIS type generalized compartment model with the
law of mass action and machine learning was added not only to the statistical analysis but precisely to
the mathematical model.

We consider the closest work to our research is the study [64]. This prototype model comprises 5
differential equations, as our model has 9 differential equations. The authors used common method-
ology to derive the formula of R0 and calculate the sensitivity of R0. However, the methodology of
comparing the real and the model data is completely different in our works.

The very recent interesting work is presented in [65]. The sensitivity analysis has shown that
major positive influence on R0 has the per-capita TB transmission rate, rate of bacteria spread to
environment by infectious individuals and the droplet-human propagation coefficient. The negative
influence on R0 has the mycobacterium environmental death rate and the transition rate from the
low-risk latent TB to high-risk latent TB. Thou in terms of clinical epidemiology the terminology and
methodology in our works are quite different, globally we achieved very similar results.

An analysis of the model sensitivity in our model it was shown that the TB contagiousness
parameter β , the proportion of infected TB converting to the BE+ form ω and the TB detection
parameter BE+ φ+ are global sensitive to measurements of the TB BE+ IT

s , and the first two parameters
β and ω are sensitive to the MDR-TB BE+ and TB BE-. The sensitivity is also based on correlations.

Here we fully correspond to the work [66], were the simulation results proved that the key to
better prevent and control the spread and develop of TB is to improve the detection rate, and the
conversion rate from TB to MDR-TB.

On the Bayesian approach we calculated the credible intervals (CIs) of the posterior distribution
of 10 model parameters based for additional information on the number of identified patients with TB
BE-, TB BE+ without MDR and MDR-TB BE+ from 2009 to 2021. The less sensitive parameters give
small CIs for five considered regions that described the TB propagation and detection in RF regions in
common. More sensitive and correlated parameters have huge CIs that proved the heterogeneity of
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TB propagation in RF regions as well as opens ways for its control. The Pareto front (see Figure A3)
for three measured statistics shows the uniqueness of the given solution of the inverse problem (TB
parameter identification), then the CIs values depend on numerical accuracy the of the correlated
parameters.

Based on identified parameters and its CIs we construct the forecasting scenarios of detected
patients with TB BE-, TB BE+ without MDR and MDR-TB BE+ from 2022 to 2026 years for five regions
of the Russian Federation, the approach being close to the results [67,68].

6. Conclusion
The aim of our study was to learn the new patterns and laws of TB spreading worldwide on

the example of the Russian Federation and to evaluate the combat strategies. In compartment model
with revealed and unrevealed cases, incipient and subclinical TB (BE-) and clinical TB (BE+), drug
sensitive and drug resistant TB we obtained the formula for the basic reproduction number R0. The
formula comprises TB contagiousness parameter β, rate of TB BE- converting into BE+ ω and the rate of
undetected TB BE+ φ+. Using the sensitivity analysis we discovered the leading pattern, determining
prevalence of TB clinical forms with bacterial excretion, which are most dangerous for humans in
the aspect of lethality and disease transmission. The pattern is based on the same parameters as R0

determinacy, that are TB contagiousness parameter β, rate of TB BE- converting into BE+ ω and the rate
of undetected TB BE+ clinical forms φ+. By solving the inverse problem we proved the variability of
these crucial parameters in high incidence regions of the Russian Federation. This heterogeneity is due
to differences of medical and social systems. The TB contagiousness parameter β depends on intensity
of contact tracing. The rate of TB BE- converting into BE+ ω is influenced by the healthcare activity
– coverage of the population with X-ray film examination. The detection (reveal) indicator of BE+
clinical forms is based on the same parameter (coverage of the population with X-ray films) and also
application of sensitive methods of TB diagnostics, including molecular methods. Intensification of
these activities will help us to fulfill the strategy of ending TB. By addressing the prior art gaps: absence
of incipient and subclinical disease compartment, case detection rate, consideration of transitions
between compartments, use of Bayesian approach for the detection of scenarios – we came closer to
understanding the TB epidemic the measures for counteraction.

In the future, to plan detailed parameters of possible interventions and their application in specific
regions, additional processes should be included, for example, by introducing quantitative trajectories
of socio-economic, medical-social, molecular-epidemiological and other indicators connected to the
territories. The most complex and convenient model for use in practical healthcare will have to include
an assessment of the financial and economic efficiency of possible interventions. We plan consider a
fractional-order extension of the mathematical model to capture memory effects in TB progression and
solve the uncertainly of forecasting [69,70].
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Appendix A.
Appendix A.1. Basic Reproduction Number

The Jacobian matrices (i = 1, 2)

Fi =
∂ fk

∂xj
i

(E0), Vi =
∂vk

∂xj
i

(E0), j, k = 1, . . . , 4,
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for computing basic reproduction number R0 are as follows

F1 = F2 =


0 0 β 0

0 0 0 0

0 0 0 0

0 0 0 0

,

V1 =


ω + φ− + µ 0 0 0

−φ− γ2 + tγ + µ 0 0

−ω 0 φ+ + α + µ 0

0 0 −φ+ 2γ2 + tγ + α + µ

.

Latent TB influence of the basic reproduction number. The basic reproduction numbers R0 for
models with inclusion of TB latent compartment [5,39,65] contain the rate of transmission from TB
latent to subclinical form E (for linear transmission rate σ) as follows:

R0 ≈ βωσ

(ω + µ + Treatment)(σ + µ + ...)
.

Mathematically it closes to R0 without TB latent form (8) with the factor σ
σ+µ+... < 1 connected to

transmission rate σ from TB latent form to subclinical one. The R0 becomes less because the latent
infectiousness can remain in the incubation period for decades, which exceeds the modeling period.

Appendix A.2. Second-Order Sobol Indices

Based on the sensitivity analysis of TB model (1) we get valuable second-order Sobol indices for
sensitive parameters (see Section 2.3 for details). Tables A1 and A2 demonstrate the second-order
Sobol indices S(i)

jk , i = 2, 3, for measured data yi (y2 = IT
s , y3 = IT

γ ) and all pairs (j, k) of parameters
q = (β, γ1, γ2, ω, tγ, α, φ−, φ+) for some measured time.

Table A1. Second-order Sobol indices S(2) of TB model to TB diagnosed with BE+ IT
s for 2019 year.

β γ1 γ2 ω φ− φ+ tγ α

β 1 0.15 0.25 0.18 0.20 0.21 0.16 0.18
γ1 1 0 0 0 0 0 0
γ2 1 0 0 0.02 0.02 0
ω 1 0.02 0 0.01 0
φ− 1 0.01 0.01 0.02
φ+ 1 0.03 0.04
tγ 1 0
α 1

Table A2. Second-order Sobol indices S(3) of TB model to MDR-TB diagnosed with BE+ IT
γ for 2009 year.

β γ1 γ2 ω φ− φ+ tγ α

β 1 0 0 0.20 0 0.01 0 0
γ1 1 0 0 0 0 0 0
γ2 1 0 0 0 0 0
ω 1 0 0.02 0 0
φ− 1 0 0 0
φ+ 1 0.04 0.04
tγ 1 0
α 1
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High interaction second-order Sobol coefficients (S > 0.2) affect the identifiability of parameters
and the uncertainty of the forecast (see Figure 4-7), especially at the stage of activation of the form with
bacterial excretion (ω coefficient) and MDR-TB forms (β coefficient).

Firstly, we found the correlation between intensity of the TB reveal (φ−, φ+) and contagiousness
β, for MDR TB reveal the correlation being slightly more strong. That means that the less hidden TB
causes are revealed; the more is the intensity of transmission and visa versa. Secondary, we found the
correlation between TB contagiousness parameter β and the proportion of infected TB converting to
the BE+ form ω and to MDR forms tγ, the first parameter being of slightly more importance. Together
conversion to BE+ and MDR are the main challenges of the contemporary epidemic.

Appendix A.3. MCMC Convergence

A necessary condition for the convergence of Markov chains in the Bayesian method is the analysis
of the R-hat statistic. It has been empirically established that if R̂ > 1.1, then either the Markov chains
are insufficiently long (strongly dependent on the a priori assumption) or the chains are "stuck" in
certain regions of the parameter space and cannot effectively explore it in the case of complex models
and high parameter correlations. The achieved R-hat values for Altai region are displayed in Table A3.
All R-hat are less than 1.1 that indicating convergence of MCMC method.

Table A3. R-hat values for parameters of SEIS model of Tuberculosis spread.

Parameter Irkutsk Novosibirsk Tyva Zabaikal Altay

β 1.054 1.026 1.027 1.011 1.030
tγ 1.004 1.017 1.010 1.013 1.005
ω 1.014 1.021 1.010 1.004 1.016
α 1.006 1.009 1.007 1.009 1.006

φ− 1.016 1.010 1.001 1.004 1.013
φ+ 1.100 1.036 1.035 1.016 1.055
γ1 1.015 1.021 1.007 1.003 1.006
γ2 1.005 1.010 1.004 1.009 1.012
σ− 1.014 1.009 1.005 1.013 1.070
σ+ 1.008 1.019 1.018 1.027 1.045

The convergence process for Monte Carlo trajectories for Altai region is shown in Figure A1.
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Figure A1. Monte Carlo trajectories for posterior parameters distribution.
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Appendix A.4. Inverse Problem: Numerical Approach

The inverse problem (1), (2), (9) may be reduced to minimization problem for the following cost
functional:

J(q) =
M
∑

j=1

(ET
s (tj; q) + ET

γ (tj; q)− Ej)2

(Ej)2 +

+
(IT

s (tj; q)− I j
s)

2

(I j
s)2

+

+
(IT

γ (tj; q)− I j
γ)

2

(I j
γ)2

.

(A1)

We note that this form of cost functional makes us implicitly assume that noise in data is dis-
tributed normally.

As a method for solving the problem of minimizing the functional (A1), we use the tree-based
Parzen optimization approach included in the Optuna software package implemented in Python (the
numerical solution algorithm for related problem is given in the paper [71], the general results for the
algorithm is described in [72]).

The main advantages of the chosen method are effectiveness for high dimensions, parallelization
or even distributed evaluation, availability for categorical variables and discontinuous functions, ease
of implementation. The limitations are the weak convergence guarantees, being surrogate modeling,
disregard of properties of objective function, and lack of uncertainty estimations.

The convergence results for Novosibirsk region are presented in the Figure A2.
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Figure A2. Tree-based Parzen estimator convergence results for Novosibirsk region.
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Appendix A.5. The Pareto Front of the Inverse Problem Solution

The Pareto front for TPE optimization is shown in Figure A3.
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Figure A3. Pareto front for Altai republic optimization with TPE algorithm.

Appendix A.6. 2019 Year Data Spike

The effect of 2019 spike in data is shown in Figure A4. In comparison to the resulits in Figure 5,
the difference in results is not big, however, the 2019 data anomaly is not describable with differential
model, thus it is removed from the dataset.
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Figure A4. Restored forecast of infected individuals in the Novosibirks region, compared with actual data
(dash-dot lines) with 2019 year data.
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