Pre prints.org

Article Not peer-reviewed version

Multiplication-Free Gaussian Elimination
and Matrix Inversion via Bitplane
Semantics: Exact Trailing Updates with
Boolean GEMM, GF(2) Gauss-Jordan,
Bareiss, and Modular CRT

Michael Rey i
Posted Date: 16 September 2025
doi: 10.20944/preprints202509.1122.v1

Keywords: Gaussian elimination; LU; matrix inverse; Schur complement; bit slicing; Boolean GEMM,; Bareiss;
modular arithmetic; CRT

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4670774

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 September 2025 d0i:10.20944/preprints202509.1122.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Multiplication-Free Gaussian Elimination and Matrix
Inversion via Bitplane Semantics: Exact Trailing
Updates with Boolean GEMM, GF(2) Gauss—Jordan,
Bareiss, and Modular CRT

Michael Rey

Octonion Group, Hong Kong; contact@octoniongroup.com

Abstract

We extend our multiplication-free bit-sliced paradigm from matrix multiplication and determinants
to Gaussian elimination and matrix inversion. All trailing updates are bilinear and can be executed by a
Boolean (bit-sliced) GEMM with bitwise AND, population count, shifts and additions, yielding zero
scalar multiplications at the matrix level. We integrate the bit-sliced core with three exact pivot/inversion
regimes: (i) fully Boolean Gauss—Jordan over [Fp; (ii) fraction-free Bareiss over Z; (iii) modular LU
over primes with CRT reconstruction. We provide executable code and small numerical checks; all
GEMM-shaped updates are multiplication-free.

Keywords: Gaussian elimination; LU; matrix inverse; Schur complement; bit slicing; Boolean GEMM,;
Bareiss; modular arithmetic; CRT

1. Introduction

Elimination and inversion reduce to panel factorizations and trailing matrix-matrix updates [1,2].
Our bit-sliced (bitplane) GEMM reconstructs integer products from Boolean plane products using
AND+POPCNT and power-of-two shifts, thus removing all scalar multiplications from matrix products.
This paper applies the same mechanism to Schur-complement updates in elimination/inversion and
combines it with exact pivot regimes: Gauss—Jordan over [F,, Bareiss over Z, and modular LU + CRT.
We emphasize exactness and reproducibility with simple Python reference code.

Contributions.

(1) Bit-sliced Boolean trailing updates inside blocked LU (zero scalar multiplications for all
GEMMs); (2) a pure-Boolean Gauss—Jordan over IF; (3) fraction-free Bareiss with bit-sliced numerators;
(4) modular LU + CRT path with bit-sliced updates modulo primes; (5) executable code and verified
small-case numerics.

2. Related Work

Foundational accuracy and stability are treated by Higham and by Golub-Van Loan [1,2]. Bareiss
introduced fraction-free elimination [3]. CRT and residue-number reconstruction for exact linear
algebra are classical [4,5]. Bit-sliced/bit-serial multiplication appears in hardware/software works
such as BISMO [6] and in popcount-oriented references [7,8].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0009-0008-0951-3319
https://doi.org/10.20944/preprints202509.1122.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 September 2025 d0i:10.20944/preprints202509.1122.v1

20f7

3. Method
3.1. Bit-Sliced Boolean GEMM (Recap)

Let A = ¥, A2, B = v, B0t with A®),B() € {0,1}. With row-packing for A®) and
column-packing for B() along the shared inner dimension,

AB=)_ 2bitb popcount(Aﬁgws A B(bZ)), (1)

cols
b1,by

using only Boolean operations and shifts. Exactness holds in integer/modular settings provided
accumulator widths (or CRT) are sufficient.

3.2. Where GEMM Appears in Elimination
In a blocked LU, after forming a panel with pivots, the trailing update is

Ay + Axpp — Ly Uy, )

a GEMM addressed by the bit-sliced core. Pivoting (row swaps) is compatible; we keep all panel solves
and scalar inverses outside the matrix-product core.

3.3. Exact Regimes

GF(2) Gauss-Jordan. Addition is XOR and 17! = 1, so row scaling vanishes; the algorithm is
purely Boolean.
Bareiss (fraction-free). Divisions are exact by construction; numerators are bilinear (bit-sliced);
exactness follows from Bareiss divisibility [3].
Modular LU + CRT. Perform LU modulo several primes; panel inverses are modular scalars; updates
are bit-sliced modulo p; reconstruct over Z via CRT once the product of primes exceeds a bound [4,5].

4. Results: Multiplication Counts

We count matrix-matrix multiplications (GEMMSs) only. Trailing updates in a blocked LU are 1
GEMM per block traditionally and 0 in the bit-sliced model (Boolean GEMM). Gauss—Jordan over [y
uses row ops/XOR only (0 GEMMs).

Task Traditional GEMMs Bit-sliced GEMMs
Trailing update

1 per block 0
App = Axp — LUy P
Blocked LU (integer/mod p) many 0 (all trailing)
Gauss—Jordan over F, 0 0

5. Numerical Illustrations

Executable tests: (i) bit-sliced GEMM equals NumPy integer GEMM,; (ii) GF(2) inverse on an
invertible example; (iii) blocked LU driver that calls Boolean GEMM for each trailing update and
reports GEMM counts; (iv) modular CRT inverse sanity check; and (v) Bareiss 2 x 2 step with exact
divisibility.

6. Discussion and Limitations

The bit-sliced model eliminates scalar multiplications from all matrix products within elimi-
nation/inversion. Exactness over Z follows by Bareiss or modular LU + CRT. Practical speed de-
pends on POPCNT throughput and bandwidth. Large problems need careful blocking, packing, and
prime/bound selection for CRT.
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Appendix A Python Reference (Executable)
Appendix A.1 Bit-Sliced Boolean GEMM, GF(2) Inverse, Blocked LU Driver, CRT Inverse, Bareiss, Tests

import numpy as np
from math import prod

# --- Utils ---
def _check_square(A):
# Matriz must be square
assert A.ndim == 2 and A.shape[0] == A.shape[l], "Matrix must be square"

# --- Bit-sliced Boolean GEMNM ---
def pack_bits_rows(M, bit, wordbits=64):
# Pack k-dimension bits of each ROW of M into wordbits-sized words
m, k = M.shape
nwords = (k + wordbits - 1) // wordbits
out = np.zeros((m, nwords), dtype=np.uint64)
mask = (M >> bit) & 1
for i in range (m):
w =20
for j in range(k):
if mask[i, jl:

out[i, w] |= np.uint64(1) << np.uint64(j % wordbits)
if (j + 1) % wordbits == 0:
wo+= 1

return out

def pack_bits_cols(M, bit, wordbits=64):
# Pack k-dimension bits of each COLUMN of M into wordbits-sized words
k, n = M.shape
nwords = (k + wordbits - 1) // wordbits
out = np.zeros((n, nwords), dtype=np.uint64)
mask = (M >> bit) & 1
for j in range(n):
w =0
for i in range(k):

if mask[i, jl:

out[j, wl |= np.uint64(1) << np.uint64(i % wordbits)
if (i + 1) % wordbits == 0:
w += 1

return out

def boolean_gemm_popcnt_rows_cols(A_bits_rows, B_bits_cols):
# C[i,5] = sum popcount (Arow([i] & Bcollj])
m, nwords = A_bits_rows.shape
n, _ = B_bits_cols.shape
C = np.zeros((m, n), dtype=np.uint32)
for i in range(m):
Ai = A_bits_rows[i]
for j in range(n):
anded = Ai & B_bits_cols[j]
C[i, j] = np.bit_count (anded).sum(dtype=np.uint32)

return C

def bitsliced_mm(A, B, wordbits=64):
# Integer matriz multiply using bit-slicing: no scalar multiplies at matriz level

m, k = A.shape
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assert B.shape[0] == k
n = B.shape[1]
w = max(int (A.max()).bit_length(), int(B.max()).bit_length())
if w == 0:
return np.zeros((m, n), dtype=np.uint64)
C = np.zeros((m, n), dtype=np.uint64)
for bl in range(w):
Arows = pack_bits_rows(A, bl, wordbits)
for b2 in range (w):
Bcols = pack_bits_cols(B, b2, wordbits)
pop = boolean_gemm_popcnt_rows_cols (Arows, Bcols)
C += (pop.astype(np.uint64) << (bl + b2))
return C

# --- GF(2) Gauss--Jordan ---

def gf2_inverse(A_bin):
# Invert over GF(2) with Gauss-Jordan: row swaps + XOR
A = (A_bin.astype(np.uint8) & 1).copy()
_check_square (A)

A.shape [0]

= np.eye(n, dtype=np.uint8)

np.concatenate ([A, I], axis=1) # [4 | I]

=0

or ¢ in range(n):

H R 2 H B
[}

pivot = None
for rr in range(r, n):
if M[rr, c] & 1:
pivot = rr; break
if pivot is None:
continue
if pivot !'= r:
M[[r, pivot]] = M[[pivot, rll]
for rr in range(n):
if rr !'= r and (M[rr, c] & 1):
Mlrr, :]1 ~= M[r, :]

r += 1
if r == n: break
left = M[:, :nl
right = M[:, n:]
ok = np.all(left == np.eye(n, dtype=np.uint8))

return (right if ok else None), bool(ok)

# --- Blocked LU driver (trailing updates via Boolean GENM) ---
def blocked_lu_boolean_updates (A, bsize=2):
# Pedagogical blocked LU driver that performs trailing updates with bitsliced_mm
# Panels are simplified (no pivoting) for brevity; ezact panels: use Bareiss or
modular LU
# Returns (A_updated, gemm_calls) for the trailing updates only
A A.copy().astype(np.uint64)
n = A.shape[0]
gemm_calls = 0

for k in range(0, n, bsize):
end = min(n, k + bsize)
L21 = Alend:n, k:end].astype(np.uint64)
U12 = Al[k:end, end:n].astype(np.uint64)
if L21.size == 0 or Ul2.size == O0:
continue
A22 = Alend:n, end:nl.astype(np.uint64)
prod = bitsliced_mm(L21, U12)
Alend:n, end:n] = (A22.astype(np.int64) - prod.astype(np.int64)).astype(np.
uint64)
gemm_calls += 1
return A, gemm_calls
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# --- Modular solve with CRT inverse (ezact) ---
def primes_pool():
return [1000003,1000033,1000037,1000039,1000081,1000099,1000117,1000121,
1000133,1000151,1000159,1000171,1000183,1000187,1000193,1000199]

def choose_primes (bound):
acc = 1; picks = []
for p in primes_pool():
picks.append(p); acc *= p
if acc >= bound: break
return picks, acc

def solve_mod_p(A, B, p):
# Solve 4 X = B (mod p) by Gauss-Jordan with modular inverses
A (A % p).astype(int).copy ()
B = (B % p).astype(int).copy ()
_check_square (4)
A.shape[0]; m = B.shapel[1]
np.concatenate ([A, B], axis=1)
=0
or ¢ in range(n):

H R =B
I

pivot = None
for rr in range(r, n):
if M[rr, cl % p != 0: pivot = rr; break
if pivot is Nomne: continue
if pivot != r: M[[r, pivot]] = M[[pivot, rll
inv = pow(M[r, c] % p, -1, p)
M[r, c:] = (M[r, c:] * inv) % p
for rr in range(n):
if rr == r: continue
if M[rr, c] % p !'= O:
fac = M[rr, cl % p
Mlrr, c:] = (M[rr, c:]1 - fac * M[r, c:]1) % p
r += 1
if r == n: break
X = (M[:, n:] % p).astype(int)
return X

def crt_reconstruct(residues, primes):
# Reconstruct integer = from residues wia CRT

=
]

prod(primes)
x =0
for r, p in zip(residues, primes):
Mi =M // p
inv = pow(Mi, -1, p)
x = (x + int(r) * Mi * inv) % M
if x > M//2: x -= M
return x, M

def crt_reconstruct_matrix(res_list, primes):

# Elementwise CRT for residue matrices

m, n = res_list [0].shape

X = np.zeros((m, n), dtype=object)

for i in range(m):

for j in range(n):

residues = [R[i, j] for R in res_list]
X, M = crt_reconstruct(residues, primes)
X[i, jl = x

return X.astype(np.int64), M

def inverse_modular_crt (A, bound=1<<40):
# Compute integer inverse by solving A X = I modulo primes and CRT-reconstructing
_check_square (A)
n = A.shape[0]
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I = np.eye(n, dtype=int)
primes, _ = choose_primes(bound*(n+1))
residues = []
for p in primes:
Xp = solve_mod_p(A % p, I % p, p)
residues.append (Xp)
X_int, M = crt_reconstruct_matrix(residues, primes)
return X_int, M
# --- Bareiss fraction-free (2z2 demo) ---
def bareiss_fraction_free_2x2(A):
# Minimal 2z2 Bareiss step to illustrate exact division: A=[[a,b],[c,d]]
_check_square (A)
a,b,c,d = map(int, A.flatten())
num = a*d - b*c # numerator uses a bilinear form
if a == 0 or (num % a) != O:
raise ValueError ("Bareiss divisibility condition not met for 2x2 demo")
d_new = num // a
return np.array([[a,b]l,[c,d_new]], dtype=int)
# --- Quick self-tests ---
if __name__ == "__main__":
np.set_printoptions(linewidth=120, suppress=True)
# 1) Boolean GEMM check
A = np.array([[3,2,1],[0,1,1]], dtype=np.uint64)
B = np.array ([[1,0],[2,1],[1,1]], dtype=np.uint64)
C_bs = bitsliced_mm(A,B)
C_np = (A @ B).astype(np.uint64)
print ("bitsliced_mm correct:", np.array_equal(C_bs, C_np))
# 2) GF(2) inverse (tinvertible ezample)
A2 = np.array([[1,1,0,1],
[o,1,1,11,
[1,0,1,1],
[1,1,1,0]], dtype=np.uint8) # full rank over GF(2)
A2inv, ok = gf2_inverse(A2)
print ("GF (2) inverse success:", ok)
if ok:
print ("A2 * A2inv (mod 2):\n", (A2 @ A2inv) ¥ 2)
# 3) Blocked LU driver (trailing updates via Boolean GEMMN)
M = np.array([[5,4,3,2],
[0,7,1,11,
[2,0,6,11,
[1,1,0,8]], dtype=np.uint64)
M_updated, gemm_calls = blocked_lu_boolean_updates (M, bsize=2)
print ("Blocked LU trailing updates invoked:", gemm_calls, "(traditional GEMMs) vs O
(Boolean core)")
# 4) Modular CRT inverse (small integer matriz)
A3 = np.array([[3,1],[2,1]], dtype=int)
X_int, Mprod = inverse_modular_crt (A3, bound=1<<20)
I_est = (A3 @ X_int) % Mprod
print ("CRT inverse check A*X mod M == I:\n", I_est % Mprod)
# 5) Bareiss 2z2 demo (divisible case)
B2 = np.array([[2,1]1,[4,3]], dtype=int) # 2 divides (2#3 - 1+4) = 2 -> 0K
print ("Bareiss 2x2 step:\n", bareiss_fraction_free_2x2(B2))
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