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Review

Contour Gauge: Introduction to Theory and
Applications in a Nutshell

Igor V. Anikin
Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia; anikin@theor jinr.ru

Abstract: We review the main features of the non-local gauge, named the contour gauge. The
contour gauge belongs to the axial type of gauges and extends the local gauge used in the most of
approaches. The geometry of gluon fields and the path-dependent formalism are the essential tools
for the description of non-local gauges. The principle feature of the contour gauge is that there are no
the residual gauges which are left in the finite domain of space. In the review, we present the useful
correspondence between the contour gauge conception and the Hamiltonian (Lagrangian) formalism.
The Hamiltonian formalism is turned out to be a very convenient framework for the understanding of
contour gauges. The comprehensive comparison analysis of the local and non-local gauges advocates
the advantage of the contour gauge use. As an example of practical worth, we consider the Drell-Yan
process and discuss the gauge invariance of the corresponding hadron tensor. We show that the
appropriate use the contour gauge leads to the existence of extra diagram contributions. These
additional contributions, first, restore the gauge invariance of the hadron tensor and, second, give
the important terms for the observable quantities. We also demonstrate the significant role of the
additional diagrams to form the relevant contour in the Wilson path-ordered exponential. Ultimately,
it leads to the spurious singularity fixing. Moreover, in the present review, we discuss in detail the
problem of spin and orbital angular momentum separation. We show that in SU(3) gauge theories
the gluon decomposition on the physical and pure gauge components has a strong mathematical
evidence provided the contour gauge conception has been used. In addition, we prove that the
contour gauge possesses the special kind of residual gauge that manifests at the boundary of space.
Besides, the boundary field configurations can be associated with the pure gauge fields.

Keywords: SU(3) and U(1) gauge symmetries; gauge invariance; DVCS; contour gauge; geometry
of gluons

1. Introduction

As well-known, the gauge theories are identical to the systems with dynamical constraints
where the gauge conditions (or the additional conditions in the Hamiltonian formalism) play a very
significant role for quantization. Indeed, the gauge theory as the theory with the constraints can be
properly quantized if and only if all constraint conditions are uniquely resolved. It should eliminate
the unphysical degrees of freedom. However, the constraint conditions, which are expressed through
the generalized momenta and coordinates, have very nontrivial forms. Hence, to find unique solutions
of these equations is not a simple task. Even more, it sometimes becomes even impossible.

Fortunately, the Faddeev-Popov method [1] allows us to avoid the direct solution of the gauge
conditions. Instead, the infinite group orbit volume leading to the quantization problems can be
factorized out to the insubstantial normalization factor. It happens owing to the gauge invariance
of the giving Lagrangian (or Hamiltonian) of a theory. It is, however, understood that in the spacial
type of gauges the factorization of the infinite group orbit is not enough thanks to the presence of the
residual gauge freedom.

Nowadays, only the local type of gauges are traditionally used for the practical applications. At
the same time, one of the most popular gauge which is the axial-type gauges suffers from the residual
gauge freedom. It leads to the problem with the spurious singularity. In contrast to the local axial
gauge, the usage of contour gauge (we remind that the contour gauge forms the class of non-local
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gauges) gives a possibility to fix completely the gauge freedom in the finite region of the Minkowski
(or Euclidian) space. Moreover, the fixing of residual gauges can be implemented in the most simple
way and without an additional assumptions. It is worth to notice that there is, however, the residual
gauge freedom at the infinite boundary of the space (see [2]).

The principal preponderance of contour gauge is that they are constructed only with the unique
solution of the gauge condition from the very beginning. Namely, within the frame of contour gauge
conception the gauge orbit representative should, somehow, be first fixed and, then, a certain local
gauge condition, correlated with the given (gauge) orbit representative, has to be found. It is the
opposite logic of the gauge fixing if compared to the usual local gauges.

Among some theorists, there is a prejudice that the study of any nonlocal gauge conditions,
especially in QCD, is not attractive because the contour gauge technique is rather a specific and very
complicated one. In the present review, we attempt to break this superficial and wrong impression.

To this goal, we would need the knowledge of the basic differential geometry which does
not, unfortunately, receive a very wide spread in the phenomenology society. In particular, the
interpretation of gluons as a connection on the principle fiber bundle are merely needed:

e (a) to demonstrate that, within the contour gauge conception, the gauge freedom can be uniquely
fixed in the finite region of the space;

e (b) to prove that, in the local axial gauge (like A" = 0), two representations of transverse gluon
fields through the strength tensor G, related to the different paths of integrations integrations,
[+00; x] and [—oo; x], are not equivalent each other.

We notice that stress that it is not possible to distinguish the mentioned two different
representations in the local gauge. At the same time, the assumption of equivalence leads to many
problems, for example, with the gauge invariance of Drell-Yan-like hadron tensors.

Since the interest to the details of contour gauge applications increases in the phenomenological
community, in the review, we explain the important subtleties based on the mathematical technique
adjusted to the physical language which is almost missed in literature. On the other hand, since in
the recent literature one can still find a wrong representation of the transverse gluon field through the
strength tensor considered in the local axial gauge, we treat this fact as a strong motivation for the
present review.

To demonstrate the practical profits of the contour gauge conception, in the review, we are
focusing on the investigation of nucleon (hadron) composite structure which is still the most important
subjects of hadron physics. In particular, we dwell on the calculation of several sorts of the single
spin asymmetries (SSA). From the experimental point of view, SSAa are the wide-spread and useful
instruments for such studies and they open the access to the three-dimensional nucleon structure. It
takes place thanks for the non-trivial connection between the transverse spin and the parton transverse
momentum dependence (see, for example, [3-7]) In QCD, SSA related to the Drell-Yan (DY) process
was first considered in the case of the longitudinally polarized hadron [8,9]. This SSA is important
because the second hadron is a pion. It is necessary to mention on the sensitivity to the shape of
pion distribution amplitude, being currently the object of major interest [10-13] (see also [14] and the
references therein). In [8-11], it was shown that the imaginary phase of SSA, which is associated with
the longitudinally polarized nucleon, appears due to either the hard perturbative gluon loops or twist
four contribution of the pion distribution amplitude.

Previously, in the study of transverse SSA of DY process, the imaginary part has been only
extracted from the quark propagator in the standard diagram (that is, the diagram without radiations
from the quark legs in the correlators) with quark-gluon twist three correlator [15]. In these
approaches, the ambiguity in the boundary conditions for gluons provide the purely real quark-gluon
function BY (x1, x,) which parameterizes (7" A1) matrix element. On the other hand, the real
BV (x1, xp)-function kills the contribution from the non-standard diagram (that is, the diagram with
radiations from the quark legs in the correlators) which is, however, absolutely necessary to ensure
the QED gauge invariance of the DY hadron tensor. To resolve this discrepancy, in the series of
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papers [16,17], with the help of the contour gauge conception, it has been proven that the twist three
BV (xq, xp)-function is, in fact, the complex function. With this inference, the non-standard diagram
does give the non-zero contribution and does produce the imaginary phase required to have the SSA.
Besides, the additional contribution of the non-standard diagram also leads to an extra factor of 2 for
SSA.

The other motivating point for the development of the contour gauge formalism is related to
the problem of the spurious singularity fixing (see, for example, [7,18,19]). The light-cone axial
gauge condition imposed on gluon fields, A™ = 0, naturally enables the parton number (probability)
interpretation of parton density functions in the tree level [20]. However, any perturbative calculations
beyond the tree level demand the careful treatments of the spurious uncertainties in gluon propagators
[21-24]. Tt is worth to remind that the spurious singularities arise as ill-defined pole singularities of the
form like ~ (k*)~!. Basically, they are associated with the residual gauge freedom due to incomplete
gauge fixing by A" = 0. For this reason, the direct calculations in the axial light-cone gauge in higher
perturbative orders are cumbersome and sometimes even contradictory [25,26]. From one hand, one
would try to overcome this difficulty by working in the well-defined general covariant gauge setting
the gauge parameter to § = —3 + 0(as), which is known to effectively ‘imitate’ non-covariant gauges
[26,27]. O, from the other hand, we would follow another approach to keep working in the light-cone
gauge and to get rid of the residual gauge freedom by an appropriate extra gauge-fixing condition.
The latter can be obtained in terms of the various boundary conditions for the gluon fields and/or
their spatial derivatives [7,18,19].

In the present review, we give the detail description of an alternative approach to formulation
of the more general gauge-fixing condition from the very beginning. It is supposed to entail the
“right” pole prescriptions for the gluon propagator. With the help of the contour gauge conception, we
demonstrate how the spurious uncertainties in the gluon propagator can ultimately be fixed in the
nonlocal axial gauges. Within the framework of collinear factorization, we specially emphasize the
substantial role of the nonstandard diagram to get the relevant contour in the Wilson path-ordered
exponential needed to fix ultimately the spurious singularity in the gluon propagator.

The other demonstrative example of the practical profits presented in the review is given by the
problem of separation of the parton spin and orbital angular momentum (AM). It is one of interesting
subjects of modern disputes in both the theoretical and experimental communities [28]. Nowadays,
two concurrent decompositions, as known as Jaffe-Manohar’s decomposition (JM-decomposition) [29]
and Ji’s decomposition (J-decomposition) [30], have widely been discussed. The J]M-decomposition
refers to a complete decomposition of the nucleon spin into the spin and orbital parts of quarks and
gluons individually. While, the J-decomposition possesses the gauge invariance by construction but, at
the same time, it does not lead to the separable quark and gluon contributions of spin and orbital AMs
to the whole nucleon spin.

In [31,32], the gauge invariant analogue of JM-decomposition has been proposed. Considering
the Coulomb gauge condition, they have advocated that the gluon field can formally be presented as
Ay = Alﬁhys + Af,ure. It is worth to notice that this decomposition has being assumed as the fist-step
ansatz in all existing discussions on the gauge-invariant separation of spin AM from the orbital AM
(see, for example, [33—44]).

In the Abelian U(1) gauge theory the physical components Aﬁhys correspond to the transverse
components A# which are gauge invariant in contrast to the longitudinal components Aﬁ associated
with Agure which are gauge-transforming and they should be eliminated by the gauge condition
used in the Lagrangian approach. As a result, in the Abelian theory, the mentioned decomposition is
absolutely natural and there is no doubt of its validity at all.

In the non-Abelian SU(3) gauge theory, both the transverse and longitudinal components are
gauge-transforming. Hence, the mentioned decomposition is actually questioned regarding the
definition of the physical components. In particular, the use of covariant-type gauge conditions should
inevitably lead to the inability to separate the spin and orbital AMs in the gauge-invariant manner
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because the coordinate dependence of gluon configurations cannot be independently determined for
every of components, see for example [45]. Meanwhile, the decomposition plays a role of keystone in
many discussions devoted to the gauge-invariant separation of spin AM from orbital AM.

In the review, we propose to consider the gluon decomposition as a statement which must be
proven, if it is possible, within the non-Abelian theory. It turns out that the proof can be implemented
and elucidated only with the help of the contour gauge conception (cf. [46,47]). It is necessary to
remind that the contour gauge can be readily understood in the frame of the Hamiltonian formalism
where the contour gauge condition defines the manifold surface crossing over a group orbit of the fiber
uniquely (see [48] for further details). Also, it is demonstrated that even in the contour gauge one can
deal with a special kind of the residual gauge freedom. However, this residual gauge is located in the
nontrivial boundary pure gauge configurations defined at infinity.

Notice that the physical quantities do not depend on the choice of gauges, as it must be. The axial
type of gauges is related to the certain fixed direction in a space. In this particular case, the gauge
independency should be treated as an independency with respect to the chosen direction which is
ensured by additional requirements [49].

2. The Contour Gauge in Use: The General Principles

2.1. The Lagrangian and Hamiltonian Systems with the Dynamical Constraints

The local axial gauge, A" = 0, suffers from the residual gauge freedom. Hence, it demands the
additional requirements to fix the remained gauge freedom. In the most of cases, the formulation of
additional requirements is not a trivial task within the Lagrangian system. Indeed, if one demands
simultaneously A" = A~ = 0, the maximal gauge fixing is available only in a classical theory. In a
quantum theory, the simultaneous conditions A™ = 0 and A~ = 0 as delta-function arguments in
the corresponding functional integration (which lead to the effective Lagrangian with 1/&;(n - A)?
and 1/&(n* - A)?) result in the absence of the well-defined gauge propagator. It happens because the
corresponding kinematical operator cannot be inverted. In this connection, it is necessary to develop
an alternative method of gauge fixing compared to the “classical” approaches with the effective
Lagrangian including both (1 - A)? and (n* - A)2. The contour gauge conception gives us such an
alternative and effective method.

In order to understand all subtleties of the contour gauge, we remind the main stages of the
Lagrangian (L-system) and Hamiltonian (H-system) approaches to the quantization of gauge fields
(see, for example, [50]). In this section, our efforts are concentrated on the demonstration that the
H-system is the most adequate approach for our purposes. At the same time, due to the special role of
a time-space in H-system, the L-system is more suitable for a practical use. In other words, we need
the H-system as a convenient intermediate instrument to see how the contour gauge fixes uniquely
the total gauge freedom. However, the main computation procedure has been formulated in terms of
L-system related, of course, with the corresponding H-system.

Let us consider the H-system, defined by H(p;, g;), where the phase space I is formed by the
generalized momenta p; and coordinates g;. In addition, we have 2m constraints on p; and q; which
have been imposed on the system. Traditionally, these 2m constraints are denoted by ¢, (p;, 9;) and
Xa(pir4i)-

We suppose that the H-system has an equivalence orbit which is nothing but the gauge group
orbit in the gauge theory. Since the phase space I' is overfilled by unphysical degrees, in the ideal case,
we have to resolve all kinds of constraints. The additional constraints x,(p;, q;) are necessary to fix
uniquely the orbit representative. It is needed to quantize the H-system. From the pure theoretical
viewpoint, after resolving all constraints we deal with the quantized H-system where the physical
phase space I'* of dimension 2(n — m) is a subspace of the initial space I' of dimension 2n. It is a
fundament for H-system in terms of physical configurations, H*(p}, g} ).
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In the functional method of quantization, the amplitude between the initial |g/", ..., ¢i"; ") and

the final (q{ J e qj,i ; tf] states takes the form of (modulo the unimportant normalization factors) [1,50]

(0l s £7) =
N [ Dpi(tDai(t) 8(90)3(xa) det{gu 0} %

eXP{i/t: dt[pidogi — H(pi, q:)] }, @

where {.., ..} denotes the Poisson brackets.
The delta-function d(¢,) of Eqn. (1) can be presented through the integration over the Lagrange
factor A, as

5(¢a)zzh/dea)€Mﬂ¢Aph%)- b))
It gives the generalized Hamiltonian of system which reads

H'(pi,qi) = H(pi,q:) + Y, Aa 9a(pis 9i)- 3)

If we suppose that the constraint conditions (see the delta-function arguments) have somehow
been resolved, the amplitude is given by

(@l st/ 198 s di2567) = N[ Dp; (51D (1) x
. tf * * * * *
exp{l/tl dt[pi dog; —H (Pi/%‘)]}’ @)

where only the physical generalized momenta and coordinates are forming the integration measure
together with the Hamiltonian. The generating functional of (4) corresponds to the H-system with the
dynamical constraints which have been resolved. Therefore, there is no a (gauge) freedom associated
with the arbitrary Lagrange factor A,. It would be an ideal situation which cannot be realized practically
in the most of cases. However, the contour gauge, as a class of nonlocal gauges, gives a possibility
to realize the mentioned ideal situation. It is so because the contour gauge condition has a unique
solution by construction, see below.

It is instructive to illustrate the difference between the H-system with unresolved and resolved
constraint conditions. It can be done with the help of a trivial mechanical example, see Figure 1.
Consider the homogenous flat “ball” which moves from the point A to the point B. The ball has a
spherical symmetry under the rotation around the inertia center. For the sake of simplicity, we focus
on the ball rotation in a two-dimensional plane. Since the flat ball surface is homogenous, we do not
have a chance to observe the rotation of the moving ball unless we mark some point on the surface.
The invisible ball rotation around its center of inertia corresponds to the inner (gauge) transformations
of the H-system. It does not affect much the trajectory provided the angle velocity is constant, see
the left panel of Figure 1. In this case, the inertia center plays a role of “physical” configurations of
the H-system, while the moving of different sites on the flat ball surface is invisible and relates to the
“unphysical” configurations.

If we mark the site on the flat ball surface by a dash, we break down the rotation symmetry. It
means that we choose, so to say, the preferable site of the ball surface and the ball rotation becomes
visible. In this case, we can describe the moving dash together with the inertia center as “physical”
configurations of the H-system when the ball position varies from A to B, see the right panel of
Figure 1.
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In the context of the contour gauge conception, the marked dash on the flat ball corresponds to
the certain gauge function 0 of the gauge transformations which has been fixed by the contour gauge
condition. If we focus on the above mentioned ideal case of resolved constraints, we would merely
deal with the gauge fields considered as a massless vector fields (transforming as a spinor of 2-rank
under the Lorentz group) that are described by the Hamiltonian without the gauge transforms.

In both the Abelian and non-Abelian gauge theory, the correspondences between the canonical
variables and the dynamical constraints (cf. Eqn. (1)) can be expressed as

(pl/ ’71/) = (Eo, (A(),A), )/
5(9a) = 0(0iEi) 0 (Eo),
0(xa) = 0(9;4:) 6(Ao),
det{gs, xa} = @(A). (5)
(7 Yy
B
B
A A ¢
/@/@ /@,66566‘@
v 5

Figure 1. The H-system with unresolved and resolved constrains. The left panel represents the system
with the inner (gauge) symmetry; the right panel corresponds to the system with the fixed (preferable)
site ¢ on the ball surface.

In the typical gauge theories, resolving the additional (or gauge) conditions is not a simple task.
The gauge conditions, leading to the equation system for the gauge function 6(x), would have an
unique solution 6. In fact, it might be practically impossible.

Within the frame of L-system, Faddeev and Popov have proposed the method (FP-method) to
avoid the needs for finding the unique solution . In FT-method, the infinite group orbit volume can
be factorized out to the insubstantial normalization factor. It becomes thanks to the gauge invariance
of the corresponding Lagrangian (or Hamiltonian) of theory [1].

For the simplicity, let us dwell on U(1) gauge theory. The H-system can be readily stemmed from
the Lagrangian formalism of first order. The Lagrangian of first order is defined by

1 1
Ly = =5 [0uAv(x) =3 Ay = 3Ew| Fuvs ©)

where Ay, and F,,, are supposed to be independent field configurations. The Lagrangian of Eqn. (6)
can be written in 3-dimensional form. We have

1 1 1
E(l) = E;dpA; + Agd;E; + §E2 + ZLBI' €ikeOx Ay + EBZ’ (7)

where E; = F and A; imply the generalized momenta and coordinates, respectively. Besides, B; =
1/2€;jxFjy. are the implicit variables in the integration measure, see below. From the Euler-Lagrange
equations we can get the equations which do not include dy. These equations give the constraint
conditions written in the forms of

Ey = 0 —the primary condition,

0;E; = 0 — the secondary condition. (8)
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The gauge theory can be considered as the theory with the constraints which are applied on the
field configurations. The constraint conditions of Eqn. (8) have to be completed by the additional (or
gauge) conditions. For example, they read

AO =0 and a,‘Ai =0. (9)

The full set of conditions defined by Eqns, (8) and (9) should eliminate all unphysical degrees of
freedom for the correct quantization of H- (or L-) system.

Using the FP-method, we begin with the functional integration written for the L-system [50]. We
have

/DG(x) /DAH 5 (E[A]) @(A) S, (10)

where the infinite group orbit volume given by D6(x) has been factorized out in the integration
measure due to the gauge invariant action S[A] and functional ®(A).
The exact magnitude of the group volume prefactor, i.e.

ng/DG(x) :/]:[[de(x)] = {0, 0}, (11)

is irrelevant because the prefactor should be cancelled by the corresponding normalization of Green
functions. In Eqn. (11), the infinite group volume corresponds to the standard case of unresolved
gauge conditions. The zero group volume appears in the case of resolved gauge conditions. Indeed,
the integration measure [d6(x)] can be defined on the group manifold as an invariant measure,

[ae1fe) ~ ¥ £@). (12)
0eG

[1.[46(x)] denotes the product of the invariant measures defined on the structure group G of fiber over
each point of the Minkowski space. If the gauge function 6 is not fixed, we have the infinite integration
over the group invariant measure, otherwise (that is, if the gauge function 6 is somehow fixed) the
integration is equal zero for each point of the Minkowski space but the value of fixed 6; can vary from
one point to another.

Returning to Eqn. (10), it can be identically rewritten as

/ DA, DF,, 5 (F[A]) ®(A) 'SIAT), (13)

where the functional of action S[A, F| is given by the Lagrangian of Eqn. (6). In the three-dimensional
forms, we obtain that

/ DA;DAyDB;DE; § (F|A]) D(A) e/SAEB], (14)

where S[A, E, B] is now defined by Eqn. (7). Integrations over B; and Ap in Eqn. (14) lead to the
functional integral which is given by

/DAl- DE; 6 (F[A]) ®(A)S (3iE;)
exp{i / dz[E;d0A; + H(E;, A7)}, (15)
where the Hamiltonian is

1., 1 2
H(E, Aj) = 5B — 5 (e,-]-kajAk) . (16)
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In Eqn. (15), the gauge condition is chosen to be F(A) = 0, A;.
On the other hand, Eqn. (15) can be presented in the equivalent form. It reads
/DAiDAO DE;DEy 6 (9;A;) ®(A)d (9;E;) 6 (Ag) 6 (Ep) X
exp{i [ dz[Eid04; + EodoAo + H(E, Aii Eo Ao) |}, (17)

where the primary and secondary constraints together with the gauge conditions of Eqn. (9) have been
explicitly shown in the functional integrand. This representation of H-system resembles the functional
integration presented by Eqn. (1).

Notice that, in H-system, there are no problems to write all constraints through the delta functions.
It is true because, in contrast to L-system which is forming the Feynman rules, we have no needs to
invert the kinematical-like operator. At the same time, the H-system approach is not convenient for
the practical computation in QFT.

This section is basically written in the textbook style. The basic reason for the usage of this
style is that the section is preparing a reader for the main features of contour gauge uses. Indeed,
we have reminded the differences between the H-systems with and without resolved additional
dynamical constraints presenting the mechanical illustration in Figure 1. Within the FP-method of L-
and H-systems there is no need to find a unique solution of the additional (gauge) condition system
with respect to the gauge function 6(x). Thanks for the gauge invariance of Lagrangian (Hamiltonian)
and functional ®(A), the infinite group orbit volume defined by [d6] has been factorized out in the
corresponding functional integration measure giving a possibility to quantize the gauge theory modulo
the residual gauge problems. However, if we resolve the additional (gauge) condition with respect
to 6, the group representative on each of orbits can be fixed uniquely. The factorized group integral
defined through the Riemann summations should be equal to zero. Since the group volume has been
cancelled by the corresponding normalization, it does not mean that the functional integration of
Eqn. (10) disappears. This case takes place if we use the contour gauge conception.

2.2. The Contour Gauge Conception

We now concentrate on the description of the contour gauge conception. It implies that the
corresponding gauge condition can be formally resolved in order to find the unique gauge orbit
representative. A few decades ago, the contour gauge had intensively been studied due to the fact that
the quantum gauge theory should not suffer from the Gribov ambiguities (see, for example, [46,47,51]).

It states that the gauge function can be completely fix (in the H-system, see Eqn. (1)). In other
words, the unphysical gluons can be eliminated (in the L-system, see Eqn. (10)) if we demand the path
dependent functional (Wilson path functional) to be equal to unity, i.e.

g(x|A)) = Pexp{ig /P(XO,X) dwyAy(w)} =1 (18)

P(xq,%)
where the path P(x, x) between the points x( and x is fixed.

In QCD, the axial light-cone gauge, A" = 0, is a particular case of the reduced nonlocal contour
gauge, see below, determined by Eqn. (18) if the fixed path is given by the straightforward line
connecting oo with x. By construction, the contour gauge does not possess the residual gauge
freedom in the finite space. In [2], it is shown that the possible residual gauge can be located at the
corresponding boundary only. In what follows the boundary gluon configurations have assumed to be
equal to zero. So, from the technical point of view, the contour gauge provides the simplest way to fix
the gauge function completely.

The contour gauge conception is inspired by the path group formalism [52,53]. Also, it can be
traced from the Mandelstam approach [54]. For better understanding, it is worth to give a short
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introduction to the geometry of gluons where the gluon field has been treated as a connection on the
principle fiber bundle P (X, | G).

The principle fiber bundle P (X, 7t | G) is one of main ingredients that forms a differential geometry
basic. By definition, it is a combination of two sets, P and X" together with the given transformations
7T between them. Moreover, the group structure G is determined on the set P (strictly speaking, on
each of fibers). The set X is named by a base of the fiber bundle. The base usually coincides with the
Minkowski space. In the principle fiber bundle, we are able to define two directions. One direction is
determined in the base X’ as the tangent vector of a curve going through the point x € X'. The other
direction is defined in the fiber and can be uniquely determined as the tangent subspace related to the
parallel transport [52,53]. These two directions allow us to introduce the horizontal vector defined by

H, = % —igAl(x) D%, Di=D". gaag, (19)
where D? denotes the corresponding shift generator along the group fiber written in the differential
form. The vector coefficients (connection of the principle fiber bundle), A% (x), defines the algebraic
vertical (tangent) vector field on the fiber [52,53]. The horizontal vector H, is invariant under the
structure group G acting on the given representation of the fiber by construction.

In P(X, | G), the functional g(x|A) of Eqn. (18) is a solution of the parallel transport equation
given by

dxy(s)
ds

Hy,(A)g(x(s)|A) =0, (20)

where the fiber point p(s) = (x(s), g(x(s))) with the curve x(s) € X parametrized by s. Eqn. (20)
being a differential equation takes place even if g is fixed on the group. it is true because, in this case,
D“g = 0 while A (x) # 0. In this connection, the condition presented by Eqn. (18) implies that the full
curve-linear integration goes to zero rather than the integrand itself.

It can be shown [52,53] that every of points belonging to the fiber bundle, P(X, 7t | G), has one
and only one horizontal vector corresponding to the given tangent vector at x € X. We remind that
the tangent vector at the point x is uniquely determined by the given path passing through x. In the
frame of H-system based on the geometry of gluons the condition of Eqn. (18) corresponds to the
determining of the surface on P (X, 7t | G) that is parallel to the base plane with the path. Moreover, it
singles out the identity element, g = 1, in every fibers of P(X, 7t | G), see Figure 2. This choice can be
traced to the Lagrange factor A, which is formally fixed in H-system, see Sec. 2.1. Roughly speaking,
once the group (any) element of fiber is fixed, we deal with the Lagrange factor A, of H-system which
is also uniquely fixed. On the other hand, if we fix the group element of fiber we fix the function theta
of gauge transforms as well. In this sense, we do not have the local gauge transforms (or the gauge
freedom) anymore.

The path dependent functional given by the Lh.s. of (18) can be also gauge transformed. We have

Pexp{ig s dw;,Afl(a))} -
w@Pexplig [, dopy(w) jo (), @1
where the local gauge function defined by
w(x) = ) = (T (x) (22)

with the corresponding generator T?. From this, one can see if the Minkowski space has been realized
as a loop space, the path dependent functional becomes invariant under the local gauge transforms.
In the general case of arbitrary paths, imposing the condition (18) on the r./.s. of (21), we are able to
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get the different contour gauge g(x|A) = C with C = w(x)w!(xp), see (22). From the theoretical
point of view, this new contour gauge has the same status as the gauge of (18). It would correspond to
the different plane g = C in Figure 2 which also transects the principle fiber bundle and, therefore, it
generates the different contour gauge condition which, generally speaking, is related to the previous
contour gauge by the local transform. However, from the practical point of view, the contour gauge
given by g(x|A) = C is not convenient to use for calculations because the representation of transverse
gluon field through the strength tensor has a more complicated form compared to, for example, (53).
Of course, the physical quantities are independent on the contour gauge choice.

Notice that since the gauge condition given by Eqn. (18) selects only the identity element of
group G on each fiber, it means that the gauge transforms have been reduced to the “global” gauge
transforms. That is, the gauge function 6(x) becomes the coordinate independent and is fixed 6. This
situation is identical to that one can see in Figure 1 of Sec. 2.1. Namely, the red dash on the ball surface
corresponds to one particular choice of the group element fixed by the given contour gauge. However,
if we mark the line on the ball surface by the other dash, it would mean that we choose the other group
element fixed by the different contour gauge. In both cases, we deal with the same description of
H-system.

Since the functional g(x|A) depends on the whole path in X, the contour gauge refers to the
non-local class of gauges and generalises naturally the familiar local axial-type of gauges. It is also
worth to notice that two different contour gauges can correspond to the same local (axial) gauge
with the different fixing of residual gauges [16,17]. If we would consider the local gauge without the
connection with the non-local gauge, the residual gauge freedom would require the extra conditions
to fix the given freedom. This statement reflects the fact that, in contrast to the local axial gauge, the
contour gauge does not possess the residual gauge freedom in the finite region of a space where the
boundary gluon fields are absent [2].

P(X,7|G)
' =

PpE=

SARYI

Figure 2. The contour gauge: the plane of g = 1 in the principle fiber bundle P(X, 7|G).

2.3. Comparison of Local and Nonlocal Gauge

The contour gauge as a nonlocal kind of gauges generalizes or extends the standard local gauge of
axial type. Therefore, it is worth to discuss shortly the correspondence between the local and nonlocal
gauge transforms.

Let us begin with the axial local gauge defined by A™(x) = 0. The nonlocal gauge is given by
Eqgn. (18) and the local gauge can be obtained from Eqn. (18) if, as above-mentioned, the starting point
is xp = —oo and the path is fixed to be a straightforward line, P = [—oo, x]. The differences between
the local and nonlocal gauges can symbolically be demonstrated by the following trivial example.
Consider two different vectors A and B. We stress that they are different by construction. We now
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assume that these vectors have the same projection on the certain direction given by another vector N.
It is clear that if the vectors have the same projections on the vector N, it does not mean the equivalence
of vectors A and B, i.e.

{if (A-N):(B-N)} #{A:B} (23)

In this example, the different vectors A and B can be associated with two different contour nonlocal
gauges,

As {g(x|A)‘P:[70°,x] = 1} and B {g(x|A)’P:[+m,x] = 1}. (24)

While the local axial gauge plays a role of the projections on N,

{ta-N) = (B-N)} & {a*(x) = 0}. (25)

On the other hand, focusing on only the N vector projection, there is no additional information to see
from which vectors A or B the given projection has been performed.

We are coming back to the local axial gauge. The local axial gauge suffers from the residual gauge
transformations which can lead to the spurious pole uncertainties. However, the preponderance of
nonlocal (contour) gauge is that it fixes all the gauge freedom in the finite space (see for instance [2]).
To demonstrate it in the simplest way, we consider the local axial gauge as an equation on the gauge
function 6(x). We have

AF0(x) = w(x) At w L (x) + giw(x)aml(x) —0, (26)

where x = (x~, %) with ¥ = (x*,x ). We can readily find a solution of this equation which takes the
form of the undetermined integration given by

wo(x) = CPexp{ — ig/dx—A+(x)}. 27)
At the same time, the solution wy(x) can be rewritten via the determined integration, it reads
wo(x—, %) =C(X)w(x,X),
-
w(x,%) = Pexp{ — ig/_ dz*A+(z*,J?)}. (28)
Yo
Here, x,, is fixed and C(%) is an arbitrary function which does not depend on x~. C(%) is given by
wo(xy, %) = C(%). (29)

The arbitrariness of C-function also reflects the fact that we deal with an arbitrary fixed starting point
X0-

Let us study the residual gauge freedom requiring both A*%(x) = 0 and A*(x) = 0, we then
have

= W™ (%) = C(x) = ¢, (30)

One can see that the function C determines the residual gauge transforms. This situation takes place in
the local axial gauge defined by the only condition A* = 0 applied for (28).

We go over to the nonlocal gauge which actually gives more information on the gauge fixing. The
nonlocal (contour) gauge extends the local axial-type gauge and it demands that the full (curve-linear)


https://doi.org/10.20944/preprints202310.1124.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 October 2023 doi:10.20944/preprints202310.1124.v1

12 of 48

integral in the exponential of Eqn. (18) has to go to zero. We stress that in contrast to the local gauge
where the corresponding exponential disappears thanks to that the integrand A" goes to zero. One
can demonstrate it on the example of solutions (27) or (28). Indeed, in the contour gauge the residual
gauge function 8(%) can be related to the path dependent functionals with A~ and A’ which are also
disappeared eliminating the gauge freedom and giving the physical gluon representation in the form
of (134) (see [18,55] for details). That is, if we restore the full path in the path dependent functional for
a given process, we can get that

C(x) = C(x§,xy, %)
XL . .
xIP’exp{ig/ dwlAl(xJ,xO*,aJL)}
Xy
xt
><]P’exp{ — ig/ dw*A*(er,xO*,xl)}. (31)
Xy

Then, requiring the conditions as

A_((U+, XO_,XL) =0, (32)
x-
/x dwl AL (xg x5 w1) =0, (33)
0
we get that
C(x)|  =Clxg, x5, x0)- (34)
cg.

In the contour gauge, Eqn. (34) means that no the gauge freedom has left at all. We emphasize that
the condition of (32) demands that the integrand is zero, while the condition of (33) is imposed on the
integration which leads to the corresponding representation for the transverse gluon field, see (53),
(54) and (134). Besides, the exact value of the fixed starting point xy depends on the process under our
consideration [18].

The path dependent functional also defines the path dependent gauge transformation in the form

of
ALS(x) = g7 (xlA)|  Au(wg(xla)| +
i P(JCQ,X) " P(XO,X)
Lo
- x|A d,g(x|A , 35
o8 WA, auglela)], (35)

where the starting point x( is now fixed. Hence, having calculated the derivative of g in (35), we get
that (here, for the simplicity, A, (—c0) = 0)

X 975 4 -1
Af@ = [ dasle G, G s G|, (36)

where xg = —co. If we are now focusing on the case of x = (07,x7,0,), we readily obtain that the
gluon representation reads

Ay = [ dr e G (e A) oo e, 7)

—00—

where the traditional notations

[z2; z1]a = g(22|A) (38)
P(z1,22)
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have been introduced. The representation given by (37) is an important result for our further
considerations.

So, in this section, we have demonstrated that the contour gauge gives a possibility to illuminate
the unphysical gluon components, meanwhile the local axial gauge fixes the gauge partially leaving
room for the residual gauge freedom.

2.4. The Advantages of the Contour Gauge Use

In the subsection, we concentrate our attention on the certain examples which, first, relate to the
practical use of the contour gauge and, second, demonstrate the preponderance of the nonlocal gauges
compared to the local gauges.

As discussed in [16,17,55], the Drell-Yan-like processes with the polarized hadrons give the unique
example where the contour gauge use shows the definite advantage from the practical point of view.
In particular, the contour gauge use allows to find the new contributions to the Drell-Yan-like hadron
tensor which restore and ensure the gauge invariance of the corresponding hadron tensors [16,17,55].
It is important, however, to stress that the mentioned new contributions are invisible if we would work
within the frame in the local gauge.

In the similar manner, due to the contour gauge conception the ¢-process of DVCS-amplitude
which clarifies the gauge invariance of the non-forward processes takes the closed form again
[56]. From the practical point of view, it is instructive to consider the appearance of standard and
non-standard diagrams contributing to the well-known deeply virtual Compton scattering (DVCS)
amplitude in the frame of the factorization procedure. The gluons radiated from the internal quark of
the hard subprocess generate the standard diagrams, while the non-standard diagrams are formed by
the gluon radiations from the external quark of the hard subprocess (see [56] for details).

In the most cases, it is sufficient to exponentiate only the longitudinal components of gluon field,
A~ and AT, which are related to the unphysical degrees. Indeed, the standard diagram contributions
give the gauge invariant quark string operator which reads

FE0(0%,07,0, A7) {4} ¥ (0F,27,0,|AT), (39)
where

0 (07,07,0,|AY) =

$(07,07,0,)[0%,07,0,; 0%, +007,0, ] 4+, (40)
Y0t 27,0, |AT) =
[0, +007,0,;0",27,0,]4:9(0",27,0)) (41)

and { v} stands for y-matrices the exact form of which is now irrelevant.
The non-standard diagram contributions result in the string operator defined as

g (non—st) (0+, 07,0,]|A7) {'7}  (non—st) (O+,Z_, 0,|A7), (42)
where

q;(nonfst) (OJF/Oi/OL‘Ai) —
$(07,07,0,)[~c0t,07,0,;07,07,0,],, (43)
T(non—st) (0+,Z_,OL|A_) _
[07,z7,0,; —c0T, 27,0, ]4-9(07,27,0,). (44)
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Hence, using the contour gauge conception, we eliminate all the Wilson lines with the longitudinal
gluon fields A" and A~ demanding that

[07,07,0,; 0", +007,0, |4+ =1,
[0, +007,0,;07,27,0 |4+ =1 (45)

and

[700—"_/ O_IOJ_; 0+r0_10J_]A* = 1/

[0+’Z*’ OJ_/ —OO+127,0J_]A7 = 1 (46)

Eqgns. (45) and (46) give rise to the local gauge conditions givenby A" =0and A~ = 0.

With respect to the Wilson line with the transverse gluons A’ , we remind that we work here
within the factorization procedure applied for DVCS-amplitude. In this case, the Wilson lines with the
transverse gluon fields are considered in the form of an expansion due to the fixed twist-order, and the
transverse gluons correspond to the physical configurations of L-system.

Thus, the DVCS process gives us the example how the unphysical gluon degrees can be
illuminated from the consideration with the help of contour gauge.

We are now going over to the Drell-Yan (DY) process with one transversely polarized hadron [16]

N (p1) + N(p2) = €(h) + U(l2) + X(Px), (47)

where the virtual photon producing the lepton pair (I; + I, = g) has a large offshelness, i.e. > = Q* —
oo, while all the transverse momenta are small and integrated out in the corresponding cross-sections
do. Here, the contour gauge use results in the gauge invariant hadron tensor and provides the new
contributions to single spin asymmetries. Having considered this hadron tensor in the asymptotical
regime associated with the very large Q?, the factorization theorem can be applied for the given hadron
tensor as well as for the DVCS process. As a result, the DY hadron tensor takes a form of convolution
as

Hadron tensor = {Hard part (pQCD)} ® {Soft part (npQCD)}, (48)

where both the hard and soft parts should be independent of each other and are in agreement with
the ultraviolet and infrared renormalizations. Moreover, the relevant single spin asymmetries (SSAs),
which is a subject of experimental studies, can be presented as

do(N) —do(NW) ~ L, Hyy, (49)

where £HV and Hyy are the lepton and hadron tensors, respectively. The hadron tensor Hy,, includes
the the polarized hadron matrix element which takes a form of

(p1, ST 1H(Mit) 7+ gAY (Aaft) 9(0)|p1, S1) £

i€ (p1p2) B(x1, x2), (50)
where Z stands for the Fourier transform between the coordinate space, formed by positions A;#i, and
the momentum space, realized by fractions x;; the light-cone vector 7 is a dimensionful analog of n. In
Eqn. (50), the parametrizing function B describes the corresponding parton distribution.

In the studies, see for example [7,57-59], where the local light-cone gauge A" = 0 has been used,
B-function of Eqn. (50) is given by a purely real function. That is, we have

B(x1,x2) = T(x1,x2) (51)

X1 — X2
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where the function T(x1, x2) € e parametrizes the corresponding projection of (§ G4 ¢) and obeys
T(x,x) # 0.

In Eqn. (51), the pole at x; = x; is treated as a principle value and it obviously leads to B(x1, xp) €
Re. Indeed, within the local gauge A* = 0, the statement on that B is the real function stems actually
from the ambiguity in the solutions of the trivial differential equation, which is equivalent to the
definition of Gy,

ot A =GI*. (52)

The formal resolving of Eqn. (52) leads to two representations written as

Al (2) = /; dw™ G (™) + A (—o0), (53)
Aty @) = = [ dwo G @) + A (eo), 64

We stress that within the approaches backed on the local axial gauge use, there are no evidences to
think that Eqns. (53) and (54) are not equivalent each other. That is, the local gauge A" = 0 inevitably
leads to the following logical scheme (see [17] for details)

AV ll);g. A‘u — B(xlle) :PT(xllxz)

) @ prampwal L, (55)

This equation demonstrates that the equivalence of Eqns. (53) and (54) causes the representation of
B-function as in Eqn. (51). The discussion on the boundary configurations can be found in [17].

Regarding the DY process, the physical consequences of the use of B presented by Eqn. (51) are
the problem with the photon gauge invariance of DY-like hadron tensors and the losing of significant
contributions to SSAs [16,17]. Besides, based on the local gauge A* = 0, the representation of gluon
field as a linear combination of Eqns. (53) and (54) has been used in the different studies, see [38,45,60].

In contrast to the local gauge AT = 0, as discussed in Sec. 2.2, we can infer that the path dependent
non-local gauge (see Eqn. (18)) fixes unambiguously the representation of gluon field which is given
by either Eqn. (53) or Eqn. (54). Indeed, fixing the path P(xy, x), a solution of Eqn. (18) takes the form
of (see [16,17,61] for details)

0z
g _ B
A (x) = /P o 3 Cap(E14), (56)

where the boundary configuration A;’g "(xp) has assumed to be zero. By direct calculation, we can show
that the non-local gauge g(P(—o0,x)|A) = 1 leads to the gluon filed representation of Eqn. (53), while
the non-local gauge g(P(x, +00)|A) = 1 corresponds to the gluon field representation of Eqn. (54).
Moreover, we can readily check that [16,17]

Eq. (53) = | By (x1,%2) | #| B (x1,72) | ¢ Eq. (54), (57)

where
Bo(rm) = e 58)
B (x1,xy) = —LCU%2) (59)

X1 — Xp — i€
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Notice that both the non-local contour gauges, i.e. g(P(—oco, x)|A) = 1and g(P(x,+)|A) =1,
can be projected into the same local gauge A* = 0. As mentioned, the projection given by AT =0
does not give a possibility to understand which of the non-local gauges generates the local gauge.

To conclude, we can state that, considering DY-like processes, the corresponding non-local gauge
gives rise to the correct representation of B-functions, see Eqn. (58), which has the non-zero imaginary
part. This enables us to find the new significant contributions to the hadron tensors that ensure
ultimately the gauge invariance [16,17]. In a similar manner, with the help of Eqn. (58) we can fix the
prescriptions for the spurious singularities in the gluon propagators [55].

3. Drell-Yan Hadron Tensor: Contour Gauge and Gluon Propagator

3.1. Kinematics

We begin with the kinematics of Drell-Yan process. We study the Drell-Yan process with the
transversely polarized hadron:

N (p1) +N(p2) — 7*(q) + X(Px)
— f(ll)—l-Z(lz)—FX(Px), (60)

where the virtual photon producing the lepton pair (I; + I, = q) has a large mass squared (4° = Q?)
while the transverse momenta are small and integrated out. This kinematics (anticipating the collinear
factorization procedure) suggests a convenient frame with fixed dominant light-cone directions:

Q
~ , ~——"—n, 61
p1 XB\/§11 p2 yB\/irl (61)
1 1
= 710 T =) = 1 /0_10 s
= (0 ) = ( 1)
1 -1 .
#= 710 y T =) — 0+11_10 7
= (500 \@) ( 1)
nten=n*tn =1

It is also instructive to introduce the dimensionful analogs of 1, n* as

— +
L R 62)
P1ip2 pPip2
With the above vectors as a basis, an arbitrary vector can be (Sudakov) decomposed as
a' =atn*t +ant +d),
bt C gty gre gy (63)

In what follows we will not be so precise about writing the covariant and contravariant vectors in any
kinds of summations over the four-dimensional vectors, except the cases where this trick may lead to
misunderstanding.

3.2. Drell-Yan Hadron Tensor: Derivation of Wilson Lines

The polarized DY process is very convenient process to study the role of twist three by exploring
of different kinds of SSAs. For example, one can study the left-right asymmetry which means the
transverse momenta of the leptons are correlated with the direction S x e, where S, implies the
transverse polarization vector of the nucleon and e; is a beam direction [63].
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Generally speaking, any single spin asymmetries can be presented in the symbolical form as
A~ doeD — doe®) ~ L Wi, (64)

where L, is an unpolarized leptonic tensor and W, stands for the hadronic tensor. At the moment,
we do not specify the phase space in Eqn. (64) because the exact expression for SSA is irrelevant for
our discussion. Instead, we mainly pay our attention on the hadron tensor which can be presented as

Wi = Wi+ Wi (314) + Wid) (314) + (g"-terms|n > 2)
(0
= Wi (4%) + Wit (g]a%) + Wi (gla*) + -+, (65)

where g denotes the strong interaction coupling constant and
—(0 —
Wi (4%) = Wi+ Wi (614" + Wi (gl )+ (66

The hadron tensor representations can be found below. In our case, the single transverse spin
asymmetry is only generated by the hadron tensors W,S},) (g|A+) and W}(,%) (g|A+) where the twist three
contributions related to (¢y " A1) have been extracted. As shown below, the (7" A*)-correlators
in the hadron tensors Wﬁ’z) (g]A) participate in forming of the corresponding Wilson lines which
appear in the quark-antiquark correlators of the hadron tensor W,(PV)
gauge (AT = 0), this kind of contributions can be discarded. However, we work in the contour gauge

(A%). In the frame of usual axial

which is, first, a non-local generalization of the well-know axial gauge. Second, the contour gauge
contains the important and unique additional information (needed to fix the prescription in the gluon
poles) which is invisible in the case of usual (local) axial gauge. From this point of view, before we
discard the terms with A*, we have to determine the relevant fixed path in the restored Wilson line
with AT which eventually leads to the certain prescriptions in the gluon poles.

In this section, we analyse the part of the DY hadron tensor which is generated by the diagram in
Figure 3, the left panel. This is the standard hadron tensor which can be written in non-factorized form
as

Wil (gA) = / Ay A%k 6@ (ky + ko — ) B ) (ky)

.
/ oM (kg 0) 1 {wv’vw*w X

(¢ =k )y + (0 —ky)yt — (0 — Eu)’h}

((— ko) +ie 7

where
Mk, 0) 2 (1, STIH (1)1 g Au (2)9(0)[ST, 1), (68)
(k) 2 (palF(n2)7 9 (0)|pa). (69)

In Eqns. (68) and (69), F; and F, denote the Fourier transformation with the measures defined as
d*pp e and d*iyy dtze—tim—itz, (70)

respectively. For the sake of shortness, we will omit ST in the hadron states that indicates the transverse
polarization of hadron.
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Figure 3. The Feynman diagrams which contribute to the polarized Drell-Yan hadron tensor: the
standard (the left panel) and non-standard diagrams (the right panel).

We now analyze the tensor structure of the trace in Eqn. (67). We can see that the first term of
the quark propagator, £ — k; )™, singles out only the transverse components of gluon field in the
quark-gluon correlator, see Eqn. (68). At the same time, the second term of the quark propagator,
(£~ — k5 )y, separates out only the longitudinal component A™ in the quark-gluon correlator. This
second term is very important for derivation of the corresponding Wilson line which defines in our
approach the contour gauge. And, the third term of the quark propagator give us the quark-gluon
correlator with both indices &« = (4, L).

The collinear factorization procedure for the process under consideration can be introduced by
the following steps (for the details see, e.g., Refs. [49,64]):

(a) the decomposition of loop integration momenta around the corresponding dominant direction:

ki = xjp+ (ki - p)n + kg

within the certain light cone basis formed by the vectors p and 7 (in our case, n* and n);
(b) the replacement:
d*k; = d*k; dx;6(x; — k; - n)

that introduces the fractions with the appropriated spectral properties;

(c) the decomposition of the corresponding propagator products, which will finally form the hard part,
around the dominant direction. It is necessary to notice that in the DY process case the corresponding
d-functions appeared in the hadron tensor and expressed the momentum conservation law should
be also referred to the hard parts. This statement was argued in [65] in the context of the so-called
factorization links;

(d) the use of the collinear Ward identity if it is necessary within the given of accuracy level;

(e) performing of the Fierz decomposition for ¢, (z) 5 (0) in the corresponding space up to the needed
projections.

Let us first dwell on the second term, (£~ — ky )y, contribution. This term is responsible for
forming of the Wilson line in the gauge-invariant quark-antiquark string operator. Indeed, making
used the collinear factorization ({~ ~ 0, ({ — ky)? &~ —2("k; ), the above-mentioned term contributes
in the hadron tensor as

1) [y = [y 1 _
Wi B (g1a") = [ authkiv,y) 0 k)5 [dz
B B e—iltz” L ik
o[y ] /df+ o /d e
(Prl () 7™ gAT(07,27,0.) (0)|p1), (71)
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where the integration measure reads
dy(ki-xl y) = dx1d4k15(x1 _ E) dyd4k25<y B E) «
24 Py

The prescription —ie in the denominator of (71) directly follows from the standard causal prescription
for the massless quark propagator in (67) (cf. [66]).
Integration over ¢* in (71), using the well-known integral representation

—+o0

+ e ikx
0(dx) = / ak (73)
leads to the following expression:
1) [ky
w1l (gla®) = [ antkin,y) x 79

tr hﬂ_%“fr} 7 I(ky) /d4771 e~
N
(prl§Om) vhig [ dzm A0z, 8)p(0)lp),

—00—

where we use
1 _
ST =0t (75)

It is important to stress that the leading order hadron tensor W]Sg) (g°) differs from the hadron tensor
(67) by overall sign: the leading hadron tensor has a pre-factor i> due to two photon vertices, while the
hadron tensor (67) is accompanying by a pre-factor i* thanks for two photon and one gluon vertices
together with the pre-factor from the massless quark propagator (—1)/i (we use the convention as in
[67]).

Thus, if we include all gluon emissions from the antiquark going from the upper blob in Figure 3,
the left panel, (the so-called initial state interactions), we are able to get the corresponding P-exponential

in CD,gA) bl (k1,€). The latter is now represented by the following matrix element:

/d4’71 e KV (py [ (1) T [—00 5 074+ 9(0)|p1), (76)
where

[0 07 |4+ = [0, —007,0,;0%,07,0, |4+ =
[P’exp{ig / dr A+(0+,z_,6l)}- (77)
N

The collinear twist (t = d — s,) of AT is equal to zero, therefore the Wilson line which is summing up
all these components does not affect the twist expansion within the collinear factorization.

If now we include in our consideration the gluon emission from the incoming antiquark (the
mirror contributions), we will obtain the Wilson line [17;", —co™] which will ultimately give us, together
with (77), the Wilson line connecting the points 0 and #; in (76) contributing to WL?,). This is exactly
what happens, say, in the spin-averaged DY process [68]. However, for the SSA, these two diagrams

doi:10.20944/preprints202310.1124.v1
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should be considered individually. Indeed, their contributions to SSAs, contrary to spin-averaged case,
differ in sign and the dependence on the boundary point at —co™ does not cancel.

For the pedagogical reason, we want to show the exponentiation of the transverse gluon field
(here, we mainly follow to [18]), although we are restricted by the twist three case and the inclusion
of all degrees of the transverse gluon field exceeds our accuracy. Let us consider the third term,
(Z L= Ez 1 )71, contribution which helps us to demonstrate the exponentiation of the transverse gluon
fields. The corresponding hadron tensor part takes the following form

W;S}/) [KL](g|AJ‘) — (78)
/dy(ki;xl,y) @hi}(kz)tr [7y77’yv7+75¢_’?%} x

yAREARY
/d4€ %Qgﬁﬂhﬂ (ky, ©)
207k, + Ei — i€

[ antkixa,y) @7 )t [0 10 7 e

where we assume that 752 1 ~ 0. In Eqn. (74) let us focus on the /-integration, we have

. -
g = / Aot de—d2i i 2 79
" T otky 402 —ie 79)

[tz I ) g A ) (O) ).

We now use the a-representation for the denominator that stems from the quark propagator:

)
1 _ — l/dﬂ( e—iw[2€+kg+2i—i€]' (80)
2k, +12 —ie

Next, in Eqn. (79) we perform the integrations over d¢~ and d¢* which give 6(z") and 6(z~ + 2ak; ),

respectively. We remind that the variables « in (80) are dimensionful and dimp[a] = —2.
Therefore, the integral £ takes the following form (cf. [18])

Sa=i / P20, Tt / duc ool ~ie] / dy d2Z, x (81)
0
eI Oy gAY (07, —00™ Z)p(0) ).
In Eqn. (81) the transverse gluon field operator can be presented as
_
AL (0, —00,2,) = azaL ! deog AL (07, —co™, @), (82)

where we fix the arbitrary constant C to be —% . By making use of the representation (82), after
integration over & we arrive at

N K 448, 2
21‘,0& — l/dzel _‘21 rx. /d41’]1 dZZLeflklilerlZLzL %
0] —ie
1

(Prl§0m)7* [ dwfAF(OF,—e0",@4)9(0) o). )

—ool
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We insert the obtained expression for £; ,, see Eqn. (83), into the expression for hadron tensor (74).
After integration over d*/| and, then, after integration over d?Z| we get the following expression for
the £ | -term of the hadron tensor:

Wi Pg1at) = [ dutkisx,y) 7 k)t [ 7] %

/d4171 e~k % (84)
OL
(pl9p(m)rTig / dwg Ag (0%, =00, &) 9(0)|p1) -

ool

As well as for the case of longitudinal gluons, if we now include all gluon emissions from the antiquark
going from the upper blob in Figure 3, left panel, we reproduce the corresponding P-exponential with

the transverse gluons in <I>,£¢A) bl (kq, £). Together with the result obtained above for the A™-fields, we

finally have
[ ey §0" 1y, B 7t x (55)
(07, —00™,0,;07,07,0, ] 4+ x
[0+/ _Ooir _0_6L /0+/ _007’ EL]AJ—IIJ(O) |pl> 4

where

[0+r —OO_, _O_éj_ ;0+r —OO_, ()‘J_]Al =

— oot

Pexp{ig / dwéAé(OJ“,—oo_,ﬂ)}. (86)
ol
The transverse components of gluon fields, A*, have the collinear twist which equals to 1. Therefore,
the Wilson line in Eqn. (86) represents the infinite amount of the sub-dominant contributions. Within
our frame, it is enough to be limited by the collinear twist three contributions only. In other words, we
leave only the terms which include the first order of A+.
The next step of our consideration is the contribution of the non-standard diagram, depicted

in Figure 3, the right panel. The DY hadron tensor receives the contribution from the non-standard
diagram as (before factorization)

Wi (g14) = [ dkid*ke ok + k2 — q) x 7)
tr [y F (k) 1 ®(k2) ],

where the function F (k) reads

Fki) = S(k1)7a / e (88)
(p11¥ (1) gA«(0) p(0)|p1) -
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Performing the above-described factorization procedure, the non-standard hadron tensor takes the
following form:

Wi (g14) = [ dxidy [o(x1 — xa)o(y — yo)] (0) x

| ([ 1 dap — KDF () )72 =

[ axidy 61— x)o(y — ya)] ay) p; Wi (1) (39)
We now consider the integral over k; in (89), we write

N, = / ey 6(x1pt — k) x (90)

kKfy~ + kot =Ky,
tr[ n =
2k ky — k3 +ie

/ a4 e N (py [§ (1) 7 T g AR (0)9(0)|p1).

'er')/_'Yv'Y-i_} X

Technically, derivation of the longitudinal Wilson line for this case differs from the derivation we
implemented for the standard hadron tensor. We notice that for the non-standard hadron tensor the
quark propagator has been included in the soft part.

Let us consider the first term, k{7, in the quark propagator, see Eqn. (90). Thanks for the
v-structure, this term singles out the A~ -field in the corresponding correlator. Moreover, the Fourier
image of the quark-gluon correlator can be presented in the equivalent form as

[ i e ) o)

Z+
0 _ -
gaz—Jr / dwtA™ (w*,07,0,)

— oot

¥(0)|p1),

z=0

where the derivative with respect to z* can be shifted to the exponential function =1 z* Asaresult,

we have

iky / dy e x (92)

ot
(pilfOm)rg [ deot A (@",07,8.)9(0) ).

— oot

Using Eqn. (92), the tensor 9, takes the form of (Elz | ~0)

U‘(’fv = /d4k1 S(xapf — kD) tr[vuy ey X

/ e~ (93)
ot
(prlfm)r*ig [ dwt AT (@",07,89(0)lp).

—oot
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Thus, the first term finally contributes to the non-standard part of the hadron tensor as

Wi (A7) = [ dxidy [5(n = x8)8(y — y8)] 4(0)
/ 'k 5Cap! — k) e[y '] / dip e x (94)
(1 lp0) 7 [=e07,07,81,307,07, 81 4- 9(0) )

The exponentiation of A~ has been presented in Appendix A.

Despite the minus component, A~, has formally the collinear twist 2 (the so-called
sub-sub-dominant component), the Wilson line with A~ in Eqn. (94) will play the substantial role for
the residual gauge fixing, see discussion in the next section.

To conclude the section, we restore all the longitudinal Wilson lines which emanate from both the
standard and non-standard hadron tensors, see Figure 4.

Figure 4. The longitudinal Wilson lines related to the standard (red lines, the exponentials with A™)
and non-standard (blue lines, the exponentials with A™) Drell-Yan hadron tensor. The circles single
out the interception points which the continuity conditions are defined for.

3.3. Contour Gauge: Elimination of Longitudinal Wilson Lines

The axial gauge A* = 0 (as well as the Fock-Schwinger gauges) is in fact a particular case of
the most general non-local contour gauge determined by a Wilson line with a fixed path. Indeed, the
straightforward line in the Wilson exponential which connects oo with x gives us the axial gauge,
while the straightforward line connecting xo with x leads to the Fock-Schwinger gauge. Notice that
two different contour gauges can correspond to the same local axial gauge. Meanwhile, to distinguish
different contour gauge is very crucial to fix the prescriptions in the gluon poles.

In the past, the contour gauge was very popular subject of intense studies (see, for example,
[46,47]). One of the advantages of using the contour gauge is that the quantum gauge theory becomes
free from the Gribov ambiguities. On the other hand, the contour gauge gives the simplest way to fix
the gauge including the residual gauge freedom. In contrast to the usual axial gauge, in the contour
gauge we first fix an arbitrary point (x¢, g(xo)) in the fiber. Then, we define two directions: one of them
in the base, the other in the fiber. The direction in the base R? is nothing else than the tangent vector of
a curve which goes through the given point x(. The fiber direction can be uniquely determined as the
tangent subspace related to the parallel transport. Finally, we are able to define uniquely the point in
the fiber bundle.
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We continue to work with the Drell-Yan hadron tensor. As shown the standard (direct and mirror)
diagrams lead to the following Wilson lines in the quark-antiquark nonlocal operator which forms the
hadron tensor, see Figure 4:

[07,77,0,;0", —00",0,]4+, and (95)
[0+/ —OO_, 6J_/ 0+10_16L]A+/ (96)

i.e. the gauge invariant quark string operator takes the form of

lP(OJr/ 777/ GL) [OJFI 777/ 6L; 0+/ —007,6L]A+r X
(07, —c0™,0,;07,07,0,]4+(0%,07,0,). (97)

Here I' implies a relevant combination of y-matrices. The Wilson line (95) is a result of summation in
the mirror diagram and the Wilson line (96) appears in the direct diagram.

The sum of direct and mirror diagram contributions takes place if we study the spin-average
DY hadron tensor. While, for the single transverse spin asymmetry, we deal individually with only
the direct (or mirror) diagram contribution because the direct and mirror diagrams differ in sign to
construct the corresponding SSA. For our further considerations in the context of contour gauge, it is
not so crucial what kind of hadron tensors we work with.

The non-standard (direct and mirror) diagrams give us the contributions with the Wilson lines

[_ooJrlﬂilal; O+/’7716L]A*/ and
[07,07,0,; —0",07,0,]4-, (98)

and, therefore, we have the string operator

P(0F, 77,0, )[—o0",57,0,;0",77,0,],4-T x
[07,07,0,; —c0™,07,0,]4-9(07,07,0,). (99)

According to the contour gauge conception, we eliminate all the Wilson lines with the longitudinal
(unphysical) gluon fields A" and A~. We note that the ideologically similar approach can be found in
[18].

We begin with the Wilson lines shown in Eqns. (95)-(96), we write the following gauge fixing
conditions:

[O+r U_/aj_; 0+/ _oo_raj_]AJr = ]l/

(0%, —007,0,;07,07,0,]4+ =1 (100)

explicit solutions of which read
A+ (O+I]LO*,—00*16J_) - Or (101)
AT (0%, L - -,0,) = 0. (102)
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Here I, , denotes the straightforward line in the Minkowski space connecting point x with point .
In the contour gauge (100)-(102), the remaining gluon field components can be represented as (with

]’l: 71J—)

-
82;;
_ dz. P «p Al‘
c.5.(18)—(102) / Z“axyG (z]Acg)
— 7 / dse G (x~ — i 5| Aly) (103)
0

with the boundary condition

Al (07, x" —71700,0) T (104)
In Eqn. (103), we use the parametrization of I._,- ,~ as
z(s) = (07, x~ — 7~ lim - e_es,al), (105)
e—0 €
dz, ;oo = figdse” €° ;o

We now dwell on the gauge conditions for A~ gluon component. We put the Wilson lines (98) to
be equal to 1 too, i.e.

[_oo+/ n_raJ_; 0+r 77_'6J_]A* =1,

[07,07,0,; —00™,07,0,]4 = 1. (106)

These conditions yield
A_(]IJ0+’_°0+,17_,6J_) =0, (107)
A" (L_q++,07,0,) =0. (108)

As above, in the contour gauge (106)-(108), the remaining gluon fields have the integral representations
which read (here y = +, 1)

AL (x*,n7,0))

0z
= B GoB (5| AF
- dzo=— A
c:(106)—(108) / W, FHAcg)

— / dte=etGH (x+ — i t| AL ) (109)
0

with the boundary condition

Al (xT —iitoo, 57,0 = 110
be (X7 00,7 ) ¢.8.(106)—(108) (110)
In Eqn. (109) the path parametrization of Ly _ is given by
T e ~
— —ati - 111
z(s) = (x* -1 lim ——— ,01), (111)

e + et «©
= —1 ) dte”
& 0
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Further, the gluon field A ; of Eqn. (103) has to be compatible with the gluon field A~ of Eqn. (107).
Also, the same inference has to be valid for the gluon fields AE of Eqn. (109) and A™ of Eqn. (102). We
thus require the analytical continuity for these gluon fields at the interception points, see Figure 4, and
we finally arrive at the following conditions (here we omit the subscript G)

(112)
respectively. Having used these conditions, we stay with the physical gluon fields A+ only.

3.4. Gluon Propagator

We now go over to consideration of the gluon propagator. In the case of local axial gauge AT = 0,
the gluon propagator is still not a well-defined object because of the spurious singularity related to
the residual gauge transformations. In other words, the axial gauge cannot fix completely the unique
element of each orbit defined on the gauge group. In Appendix C, we present the handbook material
regarding the gauge and residual gauge fixing. It is clear that if, in the local axial gauge AT = 0, we
fix the residual gauge by requiring 6§ (k~, k) = 0 (see, Eqns. (C.69)-(C.74)) we immediately get that
A~ = 0 as well. The same inference can be reached by the simplest way if we use the contour gauge
conception (see, Eqn. (112)). Notice that the maximal gauge fixing which is based on the contour gauge
conception does not relate technically to the problem of finding the inverse kinematical operator (see,
Eqgns. (C.82)-(C.87)). The contour gauge approach is, therefore, an alternative method of gauge fixing
compared to the “classical” approaches based on the corresponding effective Lagrangian (see, for
example, [19]).

So, we perform our calculation in the contour gauge defined by Eqns. (18) and/or (106) together
with the conditions of Eqn. (112) where the only physical gluons are presented. In the framework
of collinear factorization under our consideration, the gluon momentum has the plus dominant
components.

Having used the Wilson lines from the standard and non-standard diagrams, we calculate the
gluon propagator which reads

(0]TA" (07, x7,0,)A% (0%,07,0,)[0) = D" (x7). (113)

Using the integral representation (103), the gluon propagator takes the form of
DM'(x7) = n“nﬁ/dsds’efes*esl X
0
(0|]TGH(x~ —i~s)G"P(0~ — 7i7§')|0) =

ity 1 (1) ()
/ N s N GETSIGETS) (114)

In Eqn. (114), we have explicitly performed the integration over ds(ds’):

wis(ttie) _ i
/ dse — (115)
0
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which emanates from the path parametrization. It is worth to emphasize the gluon pole prescription
can be traced from this kind of integrations. The transverse tensor d'" has been constructed as

OtV 4 vtk

d;iv(g) — gﬂv _ [£+]reg (116)

where the spurious singularity [(*]reg has to be regularized.
We consider the combination

(e+)?

13%
T rie i) O s

The first term of Eqn. (117) includes the combination

o+
nv p+
A RS | ey (118)
which has to be treated only as
il 1 1 w gt P v
§ 7(£++ie+£+—ie):g CE=g (119)

On the other hand, for x~ > 0 (see, the momentum integral (114)), the integration contour has to
be closed in the lower semi-plane, SmlT < 0. Hence, for the guv-term, we obtain the integrand

o+
{+ +ie

g (120)
where the denominator /™ — ie has been cancelled by one of ¢* in the numerator. It is clear that the
remaining combination in Eqn. (120) yields g,y (cf. Eqn. (119)).

Regarding the second term of Eqn. (117), we propose two ways of reasoning.
The first way: We don’t specify explicitly the tensor structure of this term. The second term of Eqn. (117)
can be written in the following form (here the momentum flux direction is not fixed):

(+)? Lm(t,n) _
L+ +ie)(¢+ —ie) [€+]reg o
P L (L, n)
A, A (121)
I [EJr]reg
where we use
+
B = ¢ (122)

o T ([ rie)(tt —ie)

To well-define the product of two generalized functions the pole 1/[¢*];eg must be treated only as

1 P
[£+]reg - F (123)
Indeed, we have
PuP _P (124)
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On the other hand, if we let 1/[{"].eg be equal to 1/ (£" £ ie), we will face on the wrong-defined
product of two generalized functions [69]:

P 1 PP
e - wt (FFime)
= %6*5(«?*) - wrong-defined product. (125)

The second way: We take into account that the tensor structure includes the plus component of the gluon
momentum. Hence, the second term of of Eqn. (117) reads

(£+)?2 Ot 4 gV

- - 126
@ Tie) (0" —ie) [ lreg (126)

Here, as shown above, for the first factor, we can again use that
(er)? = e*z =1 (127)

(0 +ie)(0+ —ie) £+
and, for the second factor, we have
Oty 4 vtk s

= n**nY +n*Vnh). 128
[€+]reg [€+]reg ( ) ( )

Based on this expression, it is clear that the only possibility is to define 1/ [("];eg through the principle
value, see Eqn. (123).

Thus, in the contour gauge generated by both the standard and non-standard diagrams, the gluon
propagator reads

D' (x) = (129)

4y it 1 w_ Pt v gy
/(dﬁ)e £2+i0{g €+(£ n' 4+ ¢ n)}

or, using Eqn. (127), we obtain

iy
D"(x7) = / (d40)e it gzgi = (130)
where gﬁv =gt —n*FnY —n*Vnk.

We notice that the gluon propagator presented in Eqn. (130) takes place for the very specific case
of the polarized DY hadron tensor under our consideration. In the case of deep-inelastic scattering
process, where the corresponding Wilson lines are different, the gluon propagator derived in the
contour gauge frame has the form similar to Eqn. (132), see below. We also stress that, in Eqns. (129)
and (130), the gluon momentum flux is not important and is not specified.

We now consider a particular case wherein only the standard diagram exists. For example, this
can be achieved if we neglect the higher twist correlators (A~ ¢) which appear in the non-standard
diagram. Moreover, the gluon field co-ordinates are not necessarily on the minus direction and the
gluon momentum flux is fixed in the positive direction from the v-vertex to p-vertex. In this case, the
gluon propagator reads

stand. dia.

DM (x

; 1
_ 4 —ilx
fixed flux - /(d g)e 02 +i0 % (131)

{guv _ g (eﬂn“()(ﬁ) + E”n“f?(—ﬁ)) }
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where the corresponding 6-functions specify the momentum flux. Using the Cauchy theorem in
Eqn. (131), we finally arrive at

stand. dia. Y e ilx 132
fixed flux /( )52 + 10 % (132)

MY LVt
Hv _ _
{g i+t —ie 0T+ ie}

DM (x

which coincides with the results in [18], [19]. This expression is sensitive to the definition of the positive
(negative) flux direction (see, Eqn. (131)). Hence, the symmetry over y <+ v takes place only together
with the simultaneous replacement /" <> —¢* in the second and third terms of Eqn. (132).

4. Contour Gauge and the Decomposition Theorem for Gluons

In this section, we present the other practical example where the usage of contour gauge plays a
significant role. We now concentrate on a reexamination of the gluon decomposition given by

Au(x) = AP (x) + APMY® (). (133)

We want to make a clarification of the conditions which provide the decomposition validity. We intend
to consider Eqn. (133) as a statement which must be proven at least within the gauge condition that is
more suitable for a demonstration of Eqn. (133). To this end, we adhere the contour gauge conception.

At the beginning, we remind that, within the Hamiltonian formulation of gauge theory [1], the
extended functional integration measure over the generalized momenta, E;, and coordinates, A;,
includes two kinds of the functional delta-functions. The first kind of delta-functions reflects the
primary (secondary etc) constraints on E; and A;, while the second kind of delta-functions refers
to the so-called additional constraints (or gauge conditions) the exact forms of which have been
dictated by the gauge freedom. If the primary (secondary etc) constraints are needed to exclude the
unphysical gauge field components, the gauge conditions would allow, in the most ideal case, to fix
the corresponding Lagrange factor related to the gauge orbit. Focusing on the Lagrangian formulation,
since the infinite volume of gauge orbit is factorized out in the functional measure over the gauge field
components, the gauge conditions work for the elimination of unphysical gluon components.

In this connection, the contour gauge implies that in order to fix completely the gauge function
(orbit representative) or to eliminate the unphysical gluons, one can demand the Wilson path functional
between the starting point xp and the final destination point x, P(xp, x), to be equal to unity, i.e.
g(x|A) = [x; xo]a = L, see Eqn. (18). We remind that the path P(x, x) is now fixed and xq is a very
special starting point that might depend on the destination point x, see also [70].

In fact, the well-known axial gauge, like A" = 0, is a particular case of the most general non-local
contour gauge determined by the condition of Eqn. (18) if the fixed path is the straightforward line
connecting oo with x.

We remind that, by construction, the contour gauge does not suffer from the residual gauge
freedom. It gives, from the technical point of view, the simplest way to fix totally the gauge in the
finite space. We can thus uniquely define the point in the fiber bundle, P(X, 7t | G), which has the
unique horizontal vector corresponding to the given tangent vector at x € X'. The tangent vector at
the point x is uniquely determined by the given path passing through x. That is, within the Hamilton
formalism based on the geometry of gluons the condition of Eqn. (18) corresponds to the determining
of the surface on P(X, 7| G). This surface is parallel to the base plane with the path and singles out
the identity element, g = 1, in every fiber of P(X, 7t | G) [48].

As above-mentioned, the contour gauge naturally generalises the familiar local axial-type of
gauges. In contrast to the local axial gauge, the contour gauge does not possess the residual gauge
freedom in the finite region of a space. However, as shown below, the boundary gluon configurations
can generate the special class of the residual gauges.
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We are going over to the discussion of the contour gauge defined by the condition of Eqn. (18).
Having used the path-dependent gauge transformations for gluons (see Eqn. (B.36)), and having
calculated the derivation of the Wilson line [61], we readily derive that in the gauge [x; —oo]4 = I the
gluon field can be presented as the following decomposition

X
AE (x) = /_ AW Gagy (@A) + AF (x —n o), (134)
where Gy is the gluon strength tensor; the starting point is now equal to —oco and the path

parametrization is given by

—00 1 _ e—SE S=00
=x—nlim .
x e—0 € s=0

w

(135)

This path parametrization includes the vector 1 defined a given fixed direction. As usual, the vector n
becomes a minus light-cone basis vector, n = (0",n~,0, ), within the approaches where the light-cone
quantization formalism has been applied.

Notice that the decomposition of Eqn. (134) differs substantially from [60] by the absence of
e-function. Indeed, the given contour gauge chooses either one f-function or the other, see [17] for
details.

From Eqn. (134), we can see that the contour gauge allows the gluon field to be naturally separated
on the G-dependent and G-independent components. That is, instead of Eqn. (134) it is instructive to
write the separation as (cf. [44])

AF(x) = Au(x|G) + A;-C(_oo), (136)

where A, (x|G) is nothing but the first term of Eqn. (134) and the boundary gluon configuration defined
as AE,'C(—oo) = A;’g’ (x — n o). It is worth to notice that (a) the G-dependent configuration A (x|G)
stems from the nontrivial deformation of a path [61]; (b) the gluon separation presented by Eqn. (136)
resembles the equation of [44] but differs slightly by meaning.

In the contour gauge, see Eqn. (18), the boundary gluon configurations have to fulfil the condition
as

Pexp{igAb<(~oo) /7 xoo dy ) = 1. (137)

Therefore, since the integral over dw;, in Eqn. (137) is divergent as 1/ € at € goes to zero, the combination
ny AB‘C(—OO) should behave as €2. Indeed, the exponential function of Eqn. (137) reads (here, we deal
with the space where the dimension is D = 4)

X X
A';'C(—oo) /700dwy EA}}C(x—oon) Kmdwy =

{ lim (1) - }A}}C(n) ny{ lim 1} =0. (138)

e—0 \ € 500

Hence, the boundary gluon configurations obey the transversity condition as

(65, @) AYC(n(6;, 9)) = 0. (139)

Here, since the vector n defines the fixed direction it is more convenient to use the spherical co-ordinates
in the Euclidean space (or the pseudo-spherical system in the Minkowski space) where the vector
n depends on the angle co-ordinates (6;, ¢) only, see below. If the space dimension is D > 4, the
transversity condition of Eqn. (139) is not necessary to fulfil the contour gauge condition.

doi:10.20944/preprints202310.1124.v1
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We are in position to show that in the contour gauge the boundary gluon configurations have the
only form of the pure gauge configurations. First of all, the starting point x plays the special role in
the considered formalism because all the paths originate from this point and the base X touches the
principle fiber bundle P only at this point in the general path-dependent gauge by construction.

Let us consider the point xo where, say, two different paths are started, see Figure 5. This starting
point has two tangent vectors associated with P(xp, x1) and P(xp, x2). In its turn, every of tangent
(i)

vectors has the unique horizontal vector H;,” defined in the fiber. Then, making use of Eqn. (18) we

can obtain that

Pexp{ig [ dwuAu(w)} =T and 140
exp{zg Lao) wy y(w)} an (140)

Pexp{ig /Q deop N deo, Gy (@) } =T, (141)
where L(x() implies the loop with a basepoint xyp = —oo0 and Q) is the corresponding surface related to

the loop L(xg), see Figure 5.

"/

Figure 5. The holonomy: H,(j) with i = 1,2 denote the corresponding horizontal vectors defined on the

given fiber of P.

Hence, we directly get that
Ay(w) = = U(w)o, U w) (142)

from Eqn. (140), and G, (w) = 0 from Eqn. (141) after the Stocks theorem has been used.
In the path group theory it states that any loop as a element of the loop subgroup can

homotopically be transformed to the "null element" which is, in our case, the basepoint xg = —c0. As a
result, the pure gauge representation of Eqn. (142) is valid for the boundary configurations as well, i.e.
we have
i
A (xo) = 2 U (x0)0, U (xo). (143)

Finally, combining Eqns. (136) and (143), we have proved that in the contour gauge the gluon field can
indeed be presented as the following decomposition

AGE (x) = Au(x|G) + gu<xo>ay Y(x0) , (144)

Xp=—00

where both terms are perpendicular to the chosen direction vector 1.
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Eqn. (144) shows that the residual gauge of contour gauge is entirely located at the boundary.
Indeed, in order to understand the nature of the residual gauge associated with the boundary gluon
configurations within the contour gauge, we consider the simplest and illustrative example of R?
where A and B have the same starting point O, see Figure 6. It is more convenient to work with the
spherical system, i.e. A(Ra,¢4) = (Racos@a, Rasing4) etc. If the radius vectors of both A and B
differ from zero even infinitesimally, we can distinguish these two vectors. However, if R4 = Rp =0,
the starting point O loses information on the vectors A and B because of O = (0 - cos ¢4,0-sing4) =
(0-cos @, 0 - sin ¢p). Notice that in general case the angles can be arbitrary ones. In this sense, we say
that the starting point O is the angle independent point.

Since xo = limg_,0 X(R, 61, 62, ¢), we have

Ab< (en(6;,9)) = ; U(en(6i, )0l (en(6;, 9)), =

where é - —oo and 6; and ¢ are not fixed ensuring the residual gauge freedom in the similar way as
demonstrated in Figure 6.

0 T

Figure 6. The angle independence of the starting point O: A = (R4, ¢4) and B = (Rp, ¢p);
limg, 0 A = limg,_,0 B = O where O = (0- cos ¢;,0 - sin ¢;) withi = A, B.

The most convenient way to fix the residual gauge freedom is to assume that (see for instance
[16,17])

Aje (en(0i,9)) = AR (en(6:,9)) = 0. (146)

In this case, the decomposition presented by Eqn. (133) becomes a trivial one.

Thus, we have demonstrated that the contour gauge use gives the most natural decomposition of
gluon fields on the G-dependent gluon component, which can be called as the physical one, and the
unphysical gluon component related to the pure gauge configuration. Moreover, in the finite domain
of space the contour gauge does not suffer from the residual gauge, while the remaining (possible)
residual gauge has entirely been isolated on the infinite boundary of a given space.

4.1. Non-Zero Boundary Gluon Configurations

Let us study the influence of non-zero boundary gluon configurations on the definitions of
different parton distributions. We first emphasize that our decomposition of Eqns. (134) and (136)
relates in the meaning to the decomposition of [44]. Indeed, we are able to rewrite Eqn. (136) as (here,
we use the limit of &€ — —o0)

A (k5 %) = G (kT %) + 6(kT) Ay (en™ (7/4,0,0); %), (147)
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where the light-cone gluon field Al}f' is the Fourier image of Al}f' with respect to x~ only, i.e.
— N F F .
AL (x;%) = AjS (kY5 %), (148)
and, therefore, we have
Fo[ - -
GH(k+;x) Z / dw GTH(w™, 7| A%8)
o — .\ £ s
S(kT) AYe (en™;x) = AYS(en™; %). (149)

Here, we underline that Eqns. (147), as well as Eqn. (136), has been derived by direct solution of the
contour gauge requirement, see Eqn. (18). As mentioned, the important finding of the present paper is
that despite the contour gauge fixes the whole gauge freedom in the finite domain of space, it is still
possible to deal with the residual gauge which is, however, located at the boundary field configurations
only. The non-trivial topological effects due to the boundary field configurations are forthcoming in
the further our studies.

In [44], the representation that is similar to our Eqn. (147) has rather been guessed in the local
axial gauge, AT = 0, where the corresponding residual gauge freedom is incorporated into the
inhomogeneous term with (k™). In turn, the gauge A™ = 0 with the fixed residual gauge freedom in
the finite domain of space is actually identical to the unique contour gauge [17].

In the frame of the path group formalism, we have the following path-dependent transformation,
which generates the usual translation transformation,

[UP(x,xﬂ/)lP] (x) = [x+y; x]zl W(x+y), (150)

where 1(x) belongs to the spinor fundamental representation and has defined on the Minkowski space
M = P/L (P denotes the corresponding path group, L stands for the loop subgroup of P) as a invariant
function of the conjugacy classes, i.e. P(x) = g(p)¥(p) with p = (x,g) € P [52]. Besides, in Eqn. (150)
the operator U which acts on the spinor manifold has the form of

x+y
UPE ) = Pexp{ —ig /x dwy Dy }. (151)

In the contour gauge where the Wilson line of Eqn. (150) is fixed to be equal to unity, the transport
operator Uy (y) takes the trivial form of

x+y
UPes)|  —Pexp{ ~ ig /X deoydy |- (152)

cg

This operator does not include any information on the boundary configurations even if, say, y — £oo
because the boundary field configurations obey Eqn. (18) too. Moreover, in our case, the Wilson line of
Eqn. (150) is set to unity due to the nullified integrand, A" = A~ = 0, and the nullified integral over
Al

Hence, if we introduce the quark-gluon operators, forming the spin and orbital AM, as the
residual-gauge invariant operators, we have to use the covariant derivative as iD}j’C' = idy +
gAB'C' (—o0). In this sense, our results and the results of [44] are not much at variance . For example,
we readily obtain that

+o0 . oo
fr, (%) :N/_oo dzexP'z /_oo d’y | (153)

< (PlPpy )y D] _w(y, +27)|P),

doi:10.20944/preprints202310.1124.v1
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where the antisymmetric combination [ij] has been introduced with i,j = 1,2 and N is the
normalization factor defined as in [44].

As above-mentioned, fi,(x) as the physical quantity does not depend on the gauge choice.
At the same time, the axial-type (local or non-local) gauges are correlated with the fixed direction
which is also necessary for the factorization procedure [49]. Therefore, we are able to treat the gauge
independency in the meaning of an independency on the chosen direction as well. In the frame of
the Hamiltonian formalism, we assume that the gauge condition (or an additional condition) can be
completely resolved regarding the gauge function excluding the gauge transforms in the finite region.
In a sense, the physical quark-gluon operators, considered in the contour gauge, are “gauge invariant”
by construction because we do not deal with any gauge transforms in the finite region due to the fixed
gauge function 05, (as above discussed, due to g = 1 in the fiber for the whole base X'), see [48] for
details.

5. Conclusions

In the paper, we have made public the important subtleties based on the mathematical technique
adjusted to the physical language. We have presented the important explanations and analysis hidden
in the preceding publications which should help to clarify the main advantages of the use of non-local
contour gauges. To this goal, the combination of the Hamilton and Lagrangian approaches to the
gauge theory has been exploited in our consideration. Since the contour gauge is mainly backed on
the geometrical interpretation of gluon fields as a connection on the principle fiber bundle, we have
provided the illustrative demonstration of geometry of the contour gauge. In this connection, the
Hamiltonian formalism is supposed to be more convenient for understanding the subtleties of contour
gauges. Indeed, the Lagrange factor A, fixation has a direct treatment in terms of the orbit group
element which has been uniquely chosen by the corresponding plan transecting the principle fiber
bundle, see Figure 2. While, as shown, the Lagrangian formalism is very well designed for the practical
uses to the eliminate the unphysical gluon degree of freedom from the corresponding amplitudes.

Also, we have reminded the details of that studies where the local axial-type gauge can lead to the
certain ambiguities in the gluon field representation. These ambiguities may finally produce incorrect
results. Meanwhile, as demonstrated in the paper, the non-local contour gauge can fix this kind of
problems and, for example, can provide not only the correct (gauge invariant) final result but also
find the new contributions to the hadron tensors of DY-like processes [16,17]. Thus, the use of contour
gauge conception gives a possibility (i) to find a solution of the gauge-invariance problem, discovered
in the Drell-Yan hadron tensor, by the correct description of the gluon pole that is appearing in the
corresponding parton distributions; (ii) to discover the new sizeable contributions to the single-spin
asymmetries which are under intensive experimental studies.

In the context of the contour gauge use, the recent progress is mainly related to the studies of
the so-called gluon pole contributions to the Drell-Yan-like processes [16,17]. However, the practical
profit of the non-local contour gauge is not limited by the study of gluon poles which manifest in the
different hard processes. With the help of non-local gauges, we plan to adopt the method based on the
geometric quantization [62] to the investigation of different asymptotical (hard) regimes in QFT.

In the contour gauge, from the technical viewpoint, the maximal gauge fixing are not associated
with the problem of finding the inverse kinematical operator. Hence, the contour gauge approach
has to be considered as the alternative method of gauge fixing in comparison with the “classical”
approaches based on the corresponding effective Lagrangians. It is necessary to stress that the contour
gauge contains the important and unique additional information (needed to fix the prescription in the
gluon poles) which is invisible in the case of usual (local) axial gauge. From this point of view, before
we discard the terms with A", we have to determine the relevant fixed path in the corresponding
Wilson line with A* which finally leads to the certain prescriptions in the gluon poles. Moreover, the
corresponding Wilson line with A™ in the non-standard diagram, which contributes to the polarized
DY hadron tensor, prompts the way of residual gauge fixing.
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We thus advocate the preponderance of the contour gauge use which allows to fix completely
the gauge freedom by the most illustrative and simplest way. We demonstrate that the non-standard
diagram plays the important role in forming of the relevant contour in the corresponding Wilson line.
Hence, from the viewpoint of contour gauge, there is no way to neglect the additional non-standard
diagram.

To conclude, we have expounded the useful correspondence between local and non-local gauges
which is extremely important to avoid the substantially wrong conclusions appeared in the literature.

We have proposed the proof of the following statement which is valid in the non-Abelian theory:
in the contour gauge the gluon field can be presented in the form of decomposition on the gluon
configuration A, (x|G) being the physical degree of freedom and the pure gauge gluon configuration
Af,ure(xo) that is totally isolated on the boundary and includes the special type of residual gauge
freedom. We have demonstrated that the contour gauge condition cannot finally eliminate this,
new-found, special residual gauge the nature of which has been illustrated in detail.

In the case of the trivial boundary conditions, i.e. AIE'C’ = 0, in the contour gauge the decomposition
of Eqn. (133) does not make a sense in the non-Abelian theory because only the boundary gluon
configurations can be presented as the pure gauge gluon configurations. Moreover, if the boundary
configurations have been nullified, there is no the gauge freedom at all and, therefore, we deal with
the gauge invariant operators by construction modulo the global gauge transformations that are not
essential for the bilinear forms.

As a last point, we want to mention that the gluon decomposition of [31], which is formally
similar to Eqn. (133), has a status of the ansatz rather then a strong inference formulated and proven
in our studies. Moreover, it has a distinguished feature that the gluon fields are separated into the
physical and pure gauge gluon configurations before the gauge condition has been fixed. Hence, in
this case, in order to formulate the ansatz they should demand to impose an addition requirement
to extract AL (x) which is finally defined by Gl,"(x) = 0. In its turn, this requirement appears
naturally working within contour gauge conception, see Eqn. (144). Eqn. (153), is formally not at odds
with [31,44] but, in a sense, we are in contradiction with [30,41].

Acknowledgments: We thank I. Cherednikov, Y. Hatta, C. Lorce, A.V. Pimikov, L. Szymanowski, O.V. Teryaev,
A.S. Zhevlakov for useful and stimulating discussions.

Appendix A. Exponentiation of Component A~

In this Appendix, we demonstrate the method of the A~ component exponentiation. In fact,
there are several methods how to exponentiate the gluon fields, see e.g. [71-73]. Here, we present an
alternative frame-independent and most efficient method mainly based on the approach described in
[67], see §46.

Some Conventional Notations

Before going further, we remind several conventions regarding how the gauge transformations
match the Wilson lines. Taking, for the sake of simplicity, the Abelian gauge theory (in the case of
interest the distinction between Abelian and non-Abelian groups is irrelevant), let us assume that the
fermion and gauge fields are transformed as

P (x) = e y(x), (A.1)
Ay (x) = Ay(x) £0,0(x) (A2)

where w stands here for the gauge transformation. Generally speaking, the signs at the gauge function
g in Eqns. (B.30) and (B.31) are conventional. If we fix the transformations as in Eqns. (B.30) and (B.31),
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i.e. the same sings in both expressions, then we can readily see that the covariant derivative and the
gauge-invariant fermion string operator become

iDy = id, + gAu(x),
08 IV:(x, ) = (1) [y; x| a9 (x), (A3)

where the Wilson line is given by

Y
ly; ¥)a & Pexp{ +ig / dzy A (z) } = (A4)

li ; SN A X =
nglo[y’ xnla [xn; xn—1]a-[x1; x]a

I\ljiinoo [1+igA(xN) - (y — xn)] .. [1+igA(x) - (x1 — x)].

In Eqn. (A .4), the starting point x and final point y are connected by the certain path P € R* which
allows the arrangement by pounding {xy}’.
However, if the signs in both fermion and gauge boson transformations differ from each other, i.e.

P (x) = e (), (A5)
A (x) = Ap(x) F 0,0(x), (A.6)

the covariant derivative takes the form of
iDy = idy — gAu(x), (A7)
while the gauge-invariant fermion string operator, in this case, reads (see, for example, [18])

05 (x,y) = H(y)[x; ylap(x) (A-8)

or

@8-‘1“V'(x,y) =9y)ly; x]lel’(x) (42

with the Wilson line defined as in Eqn. (A .4).
In our paper, we adhere the conventions as in Eqn. (B.32).

Description of the Method

We begin with the most illustrative subject which is the Green function in the external field. The
gluon radiation from the proper spinor line as shown in Figure 3, the right panel, is actually relevant
to the Green function in the external field.

Consider the differential equation for the Green function

[0+ gA(x)]S(x,y) = —6W(x —y), (A.10)

where the wide hat denotes the convolution with y-matrices as A = 7 - A etc.

We emphasize that the Green function defined by Eqn. (A.10) is not gauge-invariant subject (see,
for example, [71,72]). As one can see below, namely the gauge-noninvariant Green function ensures the
appearance of the gauge-invariant fermion string operator in the corresponding hadron matrix element.
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For the sake of simplicity and without the loss of generality, we assume that 0¥ = (0%,07, 0 1),

Al = (0%, A~,0,) and we, therefore, study the tensor combination as 17"/ (x, ) et ¥*S(x,y). That
is, instead Eqn. (A.10) we deal with the following differential equation

[~ +gA™ (x)]S I (x,y) = —6W(x — ). (A.11)
Hence, in the operator forms, the Green function takes the form of

1

RIS S
ST ny) = [0~ +gA—(v)]

s (x —y) (A.12)

where the small hat now denotes the corresponding operators. From the mathematical point of view,
the inverse operator is defined via the integral representation as

# —lim [ dvetv [ +gA" () ie] (A.13)
[i0~ +gA~(x)] =0 /
Hence, we can write the Green function as
S[,},‘F] (x,y) _ i/dveiv [i§*+gA’(x)+ie} 5(4) (x . y)
0
= / Al (v). (A.14)
0

Here and in what follows the limit symbol has been omitted. In the momentum representation, U (v)
takes the form of

U) = / (d*p)e—ipmy)HivpiK (x)—ev (A.15)

where the integration measure (d*p) includes all needed normalization constants and we use
e~V pmip(x—y) _ p—ip(x—y),ivp~ (A.16)

which defines how the operator acts. In Eqn. (A.15), the function IC(x, v) is an unknown function
which we have to derive.
Since the function U/ (v) obeys (we can check that by straightforward calculations)

~

UW) _ a4 gA~(x) +ielUw), (A17)

ov

—i

the function IC(x, v) has to satisfy the following differential equation

W =—0 K(x,v)+gA (x) (A.18)

provided KC(x,v = 0) = 0. A solution of Eqn. (A.18) can be easily found (see, [67]), it reads
v
Kx,v) =g / ds / (d*)e~ =) A= (k)
0

:g/%wa_ﬂﬂ. (A.19)
0
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Using Eqn. (A.19), the corresponding Green function takes the form of
strl(x,y) = i/dve*a’é(‘l) (x —y—vitT) x
0
Y
exp{ —ig / dzt A (z")) (A.20)
X
where the standard integral representation for J-function has been used,
W (x —y—wvitt) = /(d4p)e_i7’("_y)+im+p, (A.21)

and we trade x — vitt (see, the upper integral limit in integration over dz™) for y thanks for the
argument of J-function.
The final stage is to write the integration of /-function as

l7d1/€ s (x — y—vitt) =
0
0T —ev§(4) (v _ 1) —
lo/dve W (x —y)
= —MW (x—y) = s (x—y). (A.22)
Thus, we derive that
ST y) = 57 (x — y) [x; yla- (A.23)

where S¢(x — y) is defined through (0|Ty(x)¢(y)|0) and we use the obvious property [x; yja =
[y; x],"

The extension to the non-Abelian gauge group is straightforward.

From Eqn. (A.23), we can conclude that the fermion field operator in the external field reads

xt

Y(xt|A) = tp(x+)exp{ig/dz+A_(z+)}, (A.24)
C

where C is, in principle, an arbitrary point which however we choose to be equal to —co™.

We stress that the fermion in the external field differs from the gauge-invariant fermion field
which appears in the string operator, see Eqn. (B.32). Indeed, as well-known (see, for example, [72,73])
in order to get the gauge-invariant string operator it is necessary to include the gauge boson (gluon)
radiations from the fermions after the interaction of them with photons (or other gauge bosons) as
shown in Figure 3, the left panel. Otherwise, we deal with the fermions in the external fields which are
not gauge-invariant (see, Figure 3, the right panel).

To illustrate the last statement, let us consider the simplest case of Compton-like amplitude (see
also [73]). We have

T = [(@e = (p TP O)lp). (A25)

doi:10.20944/preprints202310.1124.v1
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On the handbag diagram level, we have
TH = / (d*x)e % x (A.26)

(Pl : )PP P(0) : [p).

In order to include all gauge boson radiations from the fermion propagator given by the fermion
contraction, we merely make a substitution (modulo the conventional normalizations which are now
irrelevant)

1
#(x)9(0) = S°(x) = S(x,0) (A.27)

with S(x,0) being gauge-noninvariant Green function, see Eqn. (A.23). Using the relation which is
similar to Eqn. (A.23), we can obtain that

™ = / (d*x)e T x (A28)
(pl: P(x)7y"S(x) [x; 0] 47" 9(0) : [p).
After the factorization procedure, the matrix combination y# S¢ ¥ refers to the so-called hard part,

while the non-perturbative hadron matrix element involves the gauge-invariant string operator defined
as

(pl: 9 (x) [x; 0]a9(0) : [p)- (A.29)
Appendix B. Local and Nonlocal Gauge Transform Convention

Before going further, it is important to remind the convention system regarding the gauge
transformations which match the corresponding Wilson path functional (see [55] for more details). In
what follows, for the sake of shortness, we say simply the Wilson line independently on the form of a
path unless it leads to misunderstanding. For the non-Abelian gauge theory, let us now assume that
the fermion and gauge fields are transformed as

97 (x) = e () = U(x)p(x), (B.30)
_ i _
Al (x) = U(x)Ap(x)U ' (x) + gu(x)ayu L(x), (B.31)
where 0 = 6°T* with T? being the generators of corresponding representations. With the local

transformations fixed as in Eqns. (B.30) and (B.31), we can readily see that the covariant derivative and
the gauge-invariant fermion string operator take the following forms:

iDy =i +gAu(x), O™ (x,y) = p(y)ly; x]ap(x) (B.32)

with the Wilson line defined as

(e xula =Poplis [, depdulw)} =8(xl4) = g(P) (B.33)

X0,X
where P(x, x) stands for a path connecting the starting xo and destination x points in the Minkowski
space.

Inserting the point x( in the Wilson line of the gauge-invariant string operator, see Eqn. (B.32), we
get that

08 (x, ) = By)ly xolalxos 3] aw () (B:34)
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Eqn. (B.34) hints that the path-dependent non-local gauge transformation of fermions can be introduced
in the form of

¥8(x) = g (x| A)p(x), (B.35)

where 18 (x) is nothing but the Mandelstam gauge-invariant fermion field ¥ (x|A), modulo the global
gauge transforms [54,74]. This transformation leads, in turn, to (cf. Eqn. (B.31))

_ i _
Afi(x) = g7 (x| A) A (x)g(x]A) + 28 H(x|A)3,g(x|A). (B.36)
Therefore, we have the following correspondence between local and non-local gauge transformation
U(x) < g 1(x|A) (B.37)

which is extremely important for the further discussions because the wrong correspondence results in
the substantially wrong conclusions (see for example [75]).

Appendix C. Gauge and Residual Gauge Symmetries

In this Appendix, we remind some subtleties related to the residual gauge transformations in
different gauge theories.

Classical U(1)-Gauge Theory (Abelian Theory)

The U(1)-gauge theory where the gauge transformation
AR (x) = Ap(x) + 9, A(x), (C.38)

defines an orbit on the U(1)-group. In the Abelian case, the strength tensor F,, is gauge-invariant
and, therefore, only the longitudinal (unphysical) components of field, A%, can be gauge-transformed.
Indeed, in the classical gauge theory for both k? = 0 and k? # 0, the solution of the Maxwell equation
in vacuum, 9, F,, = 0, reads (modulo the complex conjugated terms), (see, e.g., [76])

Apu(x) = Af(x) + Ay (x) = (C.39)
/(d4k)eikxkyaL(k) + /(d4k)eikx5(k2)e;f (a)uf) (k),
where (d%k) stands for the corresponding integration measure with an appropriate normalization,

a = (1,2) and k - e+ () = 0. With this expression, we can easily derive the gauge transformations in
p-space (= the momentum representation)

kuaf (k) + eital) (k) = kyay (k) + ejra (k) + kuA(k), (C.40)

where the imaginary factor i is absorbed in the definition of A. In what follows summation over « and
dimensionful normalizations are not shown explicitly unless it leads to misunderstanding.
Since k - e (®) = 0, we conclude that

ar (k) = ar (k) + A(k),  al (k) = ay(k), (C41)
or, equivalently,

Ay (k) = Af (k) + Ky A(k),
Ay (k) = Ay (k). (C.42)
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Moreover, it is easy to demonstrate that

Aj(x) = —ioya(x), (C.43)

where a(x) is a scalar function which is related to ar (k) via the Fourier transformation, a(x) Lo, (k),

and ag (k) = &(k) /k* with &(k) def. AL (k) # 0 for k* # 0. Notice that if k* = 0, the Maxwell equation

takes the simplest form, k - A(k) = 0, in the p-space and, therefore, k - AL (k) = k?ar (k) = 0 or, in other
words, ay (k) = &(k)/k* ~ 0/0.

As well-known, to fix the certain representative on the group orbit we have to impose a gauge
condition F(A?) = 0 on the gauge-transformed fields in order to find a solution with respect to the
gauge parameter A. Here, we do not discuss the appearance of Gribov’s ambiguity.

The Lorentz gauge. As the first example, we consider the Lorentz (covariant) condition which
states

AuAp(x) = 9y Ay + *A(x) = 0. (C.44)
In p-space, the condition (C.44) takes the following form:
kuAy (k) +K*A(k) = 0 (C.45)

which gives us the relation ar (k) = —A(k) for the case of k> # 0. Notice that if k> = 0, then the
functions ay (k) and A (k) in the combination ay (k) 4+ A(k) are free functions and they are independent
of each other.

However, the gauge condition (C.44) (or (C.45)) can not fix the orbit representative uniquely.
Indeed, there is still the so-called residual gauge freedom defined by F(A?) = F(A) = 0. For the
Lorentz condition, two simultaneous conditions:

duAp(x) =0 and 9,A,(x) =0 (C.46)
lead to
*Ag(x) =0 (C.47)

where the gauge function (parameter) Ay defines the residual gauge freedom. That is, the residual
gauge transformation with the function Aj keeps the gauge condition, F(A) = 0, gauge-invariant.
Hence, the gauge freedom fixing means that one fixes all gauge freedom including the residual gauge.
In other words, if there is no residual gauge transformation, the given gauge condition fixes the gauge
freedom completely and we deal with one representative on a gauge orbit.

Let us consider the second gauge condition in Eqn. (C.46). In p-space, it leads to the following
possibilities (k - a; = 0 by definiton)

k2 =0, ay(k)— arbitrary

a
C.48
k2 #0, ap(k)=0. (C4)

Kap(k) =0 = {

Hence, we can see that the gauge condition (C.46) cannot eliminate the unphysical field Aﬁ for the
case of k? = 0. Working with the equation (C.47), in the same manner, we conclude that the gauge
function Ay (k) is not fixed and generates the residual gauge transformation provided k? = 0.

doi:10.20944/preprints202310.1124.v1
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It is instructive to consider the condition (C.47) in the coordinate representation (x-space).
Solutions (C.47) can be easily found and represented, for instance, the following form:

const
Ao(x) =< 1/22, for x> #0 (C49)
Coel®0=N)  with, |N|=1.

Notice that the scalar function a(x) in Eqn. (C.43) which obeys the second condition in Eqn. (C.46), i.e.
0%a(x) = 0, has formally the same form as (C.49).

For k? # 0, the scalar gauge function A gives also the longitudinal (unphysical) field Aﬁ, see
(C.45). Therefore, the first two solutions of (C.49) are irrelevant for our study. In order to get matched
with the corresponding condition (C.48) in the momentum representation, we have to put Cy be equal
to zero, Cyg = 0. However, for the case of k?> = 0, as above-mentioned, the functions & (x) and Ag(x) are
independent and arbitrary due to the different free constant pre-factors in the plane wave solution.

We can also consider the Lorentz gauge condition (C.44) as an inhomogeneous differential
equation with respect to A(x), i.e.

’A(x) = 7(x) (C.50)

where 7(x) def —0, Ay (x). Solving (C.50), we obtain that

A(x) = Ag(x) + / d*y G(x — y)n(y), (C.51)

where the Green function G(x) is defined as

G(x) = [azieg(s(‘*) (x) (C.52)

with the suitable regularization of operator stemmed from the corresponding boundary conditions,
see [67].

The Coulomb gauge. Using the condition A (x) = 0 to amplify the Lorentz condition (C.44), we
can get the Coulomb gauge condition which reads

dAM (x) = dA(x) + AA(x) = 0. (C.53)
In p-space, the condition (C.53) is transformed to (recall that 9AL =0 by construction)
K2ar (k) +K2A (k) = 0. (C.54)
Again, let us study the corresponding residual gauge freedom:

dA(x) =0 and AA(x)=0. (C.55)

For the sake of simplicity, we dwell on the case of k> = 0 which leads to k? # 0. With this, instead of
(C.54), it is enough to stop on the equation

K*A (k) = 0. (C.56)

Hence, the only solution of (C.56) is A = 0 which means that there is no any residual freedom at all.
Therefore, in the Coulomb gauge there are no the longitudinal field components and we deal with
the physical gauge field A]f only.

doi:10.20944/preprints202310.1124.v1
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The Hamilton and axial gauges. In the similar manner, we can study the residual gauge

symmetries in the Hamilton (A} = 0) and axial (A"* = 0) gauges. The residual gauge
transformations are given by the corresponding free (unfixed) gauge function A (k) provided ko = 0 or
kT =0.

Classical SU (3)-Gauge Theory (Non-Abelian Theory)

The next subject of our discussion is a non-Abelian gauge theory with SU(3) gauge group. In this
case case, the gauge transformation is given by

AYl(x) = w(x)Ay(x)w_l(x) + ;w(x)ayw_l(x) (C.57)

which gives in the infinitesimal form

1
A (x) = Af(x) + f5° AL (x)6°(x) + gayeﬂ(x), (C.58)
where w(x) = exp (i0°(x)t"). The decomposition of field components in the longitudinal and

transverse components is similar to the Abelian case, see above. In contrast to the U(1) gauge
group, the strength tensor G, is gauge-covariant. It means that all field components may change
under gauge transformations.

The Lorentz gauge. We again begin with the Lorentz gauge condition:

Ay (x) = (C59)
1
Ay Al (x) + f°0,, (AL (x)6°(x)) + gazeﬂ(x) =0.
As above-mentioned, the gauge condition is invariant under the residual gauge transformation:
Ay @ (x) =9, A(x) =0 (C.60)
or, equivalently,
Djf0,6°(x) =0, (C.61)

where Djf = 9,,6" + gf“bCAz(x).
In p-space, the condition (C.61) takes the form of

—k20% (k) + ig f**ky Al E (k)6 (k) = 0. (C.62)

If k* = 0 and, therefore, kVA}li’L (k) = 0, then the gauge function 6(x) cannot be fixed and generates the
residual gauge transformation.

The Hamilton gauge. The similar situation occurs in the Hamilton gauge, Aj’ = 0. The residual
transformation is induced by the gauge function which obeys

806”(x0, f) =0. (C63)

Hence, the solution of this equation is rather trivial: 6-function is the time-independent function, 6y(X).
In the momentum representation, the condition (C.63) gives us the equation

/ (d*k) k8% (ko, K) = 0 (C.64)
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which has a solution as
66 (k) = & (ko) 0§ (k). (C.65)
Therefore, we find in the coordinate representation
/ (d*)e™5 (ko) 02 (K) = 63(%) (C.66)

which coincides with the results of the preceding paragraph.
The axial gauge. Working in the axial gauge, A% = 0, in the similar manner we are able to find
the gauge function that is responsible for the residual gauge symmetry. We impose the condition

ATY(x) = AT (x) =0 (C.67)

or, in the equivalent form,

9T (xt,x7,%,) =0 with ot =o_ = a%. (C.68)

The solution of this trivial differential equation is the x~-independent function 6 (x*, X ) which has
the following form in p-space (cf. (C.64) and (C.65)):

0§ (k*, k™, k1) = o(kM)05(k, k) (C.69)

where 6 (k~, k,)isan arbitrary gauge function related to the residual symmetry.
It is instructive to focus on the finite gauge transformations and corresponding gauge condition,
namely

A9 (x) = | (C.70)
w(x) AT (x)w H(x) + éw(x)&*wil(x) =0.

The solution of this equation can easy be found, it reads

wo(x) = Pexp{ig/dz_AJr(xJ’,z_,il)} (C.71)
C

where, generally speaking, C is an arbitrary constant. We stress that the solution wy(x) is valid for
Vx € R*. At the same time, this function can be multiplied by an arbitrary x~-independent gauge
function to produce another solution of equation (C.70), i.e.

W(x+/x_;i'i) = a](x_'_/il)w()(x_‘_/x_/iL)/ (C72)
where @(xT,%, ) = exp (i0*(x*,X, )t*). Indeed, one can demonstrate that A" (x) = 0.
To study the residual symmetry, we have to demand that A" (x) = 0 for any x. Therefore, from
(C.72), we obtain that the function

W(x+rx_ril) = (I)(X—‘r,;(’l) (C73)

At=0

generates the residual transformation we are interested in.

Let us now return to the gauge function presented by (C.69). The case of k™ = 0 (which provides
us the residual symmetry) leads to the so-called spurious singularity in the gluon propagator in the
axial gauge, see the next subsection. If we adopt a procedure to regularize this singularity with the help

doi:10.20944/preprints202310.1124.v1
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of some well-defined procedure, [k*]mg # 0, then the existence condition for the residual symmetry,
see (C.68), has to be given by (in the momentum representation)

/ ()™ [k )rogd (k)08 (K, K L) = 0. (C.74)

Hence, the only possibility to satisfy this equation is to demand that 6§ (k~, K| ) = 0 which means that
we fix the remaining residual symmetry. Thus, we conclude that the spurious singularity is fixed if
and only if we do not have the residual gauge symmetry. On the other hand, we may say that the
residual gauge fixing is enough for the elimination of spurious singularity.

Spurious Singularity of Gluon Propagator

Let us return to the issue of the spurious singularity which appears in the gluon propagator in the
axial gauge AT = 0.
The generating functional for gluons (gluonodynamics) in the most general gauge F(A?) = 0

Z=N [ DA - (C.75)

N/DAy A[A]S(E(A)) €S,

where N involves the infinite gauge group volume, [ d6, and we use
1= / dOA[AIS(F(AY)), AJA] = A JA]. (C.76)

Instead of solving the gauge condition F(A?) = 0 with respect to the group function 8 within the
generalized Hamilton formalism, we separate out the infinite group volume, [ d6, in the generating
functional (the Faddeev-Popov approach).

The next trick is related to the exponentiation of §(F(A)). We introduce the generalized gauge
condition as F(A) = C with C/6A; = 0. The generalizing functional Z must be independent on C.
Therefore, to get the C-independent functional we have to integrate out over this parameter C. Using
the integration measure defined as

dCexp (- % / d*x C2(x)), (C.77)
we have
7= N/dCe(*ﬁ [dxC(x) /DAH A[A]5(F(A) — C) Sl
— N / DA, A[A] S5 [HF ) (C.78)
In (C.78), the effective action with the gauge-fixing term,
Sy = f% / d4xF2(A), (C.79)

is now not gauge-invariant anymore. As a result of this trick, we don’t need to solve the gauge
condition with respect to the gauge function.

doi:10.20944/preprints202310.1124.v1
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Let the gauge condition F(A) = 0 be A* = 0 with n> = 0. In this case, the determinant A.[A]
is independent on A and, therefore, we are able to include this determinant in the normalization of
functional. Thus, the effective Lagrangian reads

1

1 2
Leotf = _ZGWGVV — E (n . A) . (C.80)

This Lagrangian yields the effective action which can be written as

1
e = 5 [ 445 A4 (x) Ky (x) Au (), (81)
where
> 1
Kyuy(x) = guv0” — 0,0y — Enynv. (C.82)
In p-space, the operator K;;, has an inverse operator which, in the limit of  — 0, is given by
dyy(k,n)
-1 _ Hv 7
Ky (k) = k2 +i0 '
kuny +kyn
dyv(k’n) = Qu — % (C.83)

As we have demonstrated in the preceding subsection, when we fix/regularize the spurious singularity
[k*]req it means that we fix the residual gauge symmetry defined by the gauge function 6 (k~, k)
and vise versa.

We also remind that it is not possible to fix the residual gauge simply by means of adding of

1
28>

in Eqn. (C.80). In this case, the inverse kinematical operator (see, Eqn. (C.83)) does not exist due to
the fact that the free (without the coefficients) tensors n,n, and nyn; present in the corresponding
equation to determine the coefficients. Indeed, introducing the Lorentz parametrization (where the
coefficients have to be determined)

(n* - A)Z (C.84)

dvp (k,n, 7’1*) = 8up T+ alkvkp + bzkvnp + b3nvkp +
bakyng + bsnykp + cenvnp + crnyng, (C.85)

where
dimp[a;] = =2, dimp[b;] = —1, dimy[c;] =0, (C.86)
the contraction equation on the coefficients (or, in other words, the Green function equation)
Kywdvp = gup (C.87)

involves the tensors 1,1, and nyn; which stay without coefficients. It means that the inverse operator
cannot be derived.
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