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Abstract

Understanding the success of romantic relationships remains a complex scientific challenge with
significant implications for modern Western societies. In particular, the mechanisms underlying
successful relationships —those that are both long-term and emotionally fulfilling— are still not fully
understood, especially regarding the role of psychological and environmental factors in shaping their
evolution. This gap is partly due to the limited availability of long-term data on marital quality.
In this paper, we use a differential game model to replicate the long-term dynamics of successful
relationships. We analytically characterize how variations in each partner’s subjective evaluation
of emotional rewards and costs influence key relational outcomes, such as equilibrium effort levels,
overall happiness, and relationship quality. Through numerical simulations, we further explore how
asymmetries in emotional processing between partners affect optimal effort policies and individual
happiness. Notably, our results suggest that one’s own emotional traits exert a stronger influence on
relationship satisfaction than those of one’s partner, aligning with findings from relationship science.

Keywords: romantic relationship; differential games; Nash equilibrium; differential equations;
emotions; happiness

1. Introduction

Long-term romantic relationships, especially marriage, have played an important role as a cultural
universal within social structures throughout history [1]. In the field of relationship science, a successful
relationship is generally defined as one characterized by both stability and emotional fulfillment [2]. In
contemporary Western societies, a sustained and satisfactory relationship is associated with a longer,
healthier, and happier life [3]. However, building a successful relationship is far from easy, as evidenced
by the high divorce rates in the Western world. In the United States, for example, approximately 45%
of new marriages are expected to end in divorce [4]. While lasting and fulfilling unions certainly exist,
the factors that make them successful remain not fully understood in relationship science [5].

Research in recent decades has identified several elements that contribute to the success of
romantic relationships [2]. In this paper, we explore the role of partner subjectivity, which is considered
a significant factor influencing the evolution of a relationship. Subjectivity can be defined as the
"tendency to experience one’s own perceptions as indicators of objective reality” [2]. This implies
that the state of a relationship —measured, for example, by marital quality or by each partner’s
level of dedication— may be interpreted differently by each individual, depending on their unique
psychological constructs. Here, we analyze how differences in subjective emotional processing of
rewards and costs of the relationship affect key indicators such as relationship quality, happiness, and
partners’ efforts to nurture the relationship.

Romantic relationships must be understood as processes that evolve over time. In this context,
the mathematics of dynamical systems offers a suitable framework for modeling and analyzing the
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temporal evolution of a relationship —particularly in the long term. This is especially relevant given
the practical challenges of monitoring real-life relationships over extended periods. In fact, large-scale
longitudinal data on marital quality remain scarce in the literature [6].

Since the first attempt to model interaction dynamics in dyadic romantic relationships [7], this
mathematical approach has been further developed to study both real [5] and fictional couples [8].
The concept of modeling a romantic relationship as an optimal control problem was introduced in
[9]. In this context, a successful relationship may be conceptualized as a dynamic equilibrium —one
that is sufficiently rewarding— of the system governing the evolution of the relationship’s state. A
comprehensive review of mathematical models of love dynamics is provided in [10].

The optimal control approach was extended in [11,12] to formulate a romantic relationship as a
differential game, which is the framework considered in this paper. In this scheme, the quality of the
relationship —or "feeling"— is governed by the level of dedication —or "effort"— that each partner
invests. The idea that partners must actively work to counteract the natural decay of the feeling is
well established in relationship science [2,5]. The differential game formulation seeks to determine the
optimal levels of effort that both partners must exert to sustain a happy, long-term relationship. These
efforts correspond to the pair of control variables that jointly maximize the overall well-being of each
individual, that is, they form a Nash equilibrium of the game -see [13].

The well-being integrals represent the total discounted net emotional balance over time, defined as
the difference between the emotional reward derived from the feeling and the emotional cost incurred
by the exerted effort. Personality traits -in particular emotional processing- are linked to satisfaction in
romantic relationships -see e.g. [14]. In our analysis, we consider parameterizations of both emotional
reward and cost, and explore how key relationship variables respond to changes in these parameters.
Specifically, we analyze —formally and numerically— how each partner’s subjective interpretation
of emotional rewards and costs influences relationship quality, effort levels, and happiness in the
long-term equilibrium of the relationship. We address the question of whether one’s own traits (the
actor effect) or those of one’s partner (the partner effect) exert a stronger influence on relationship
quality and individual satisfaction—an issue of particular relevance in this context -see, e.g., [15].

In the following section, we present the fundamentals of our differential game model of romantic
relationships, along with its mathematical treatment, building on the approach introduced in [11].
We then present the results of our analysis. We begin by formally deriving the qualitative behavior
of the model’s outputs in response to variations in the partners’ subjective processing of emotional
rewards and costs. We then explore the quantitative behavior of the model by numerically solving the
Hamilton-Jacobi-Bellman equations for a computational version of the game, employing the RaBVIt-G
algorithm introduced ad hoc in [11].

2. Methods

In this section, we outline the theoretical model of the love differential game, along with its
computational counterpart, which we use throughout the paper to analyze romantic relationships.
Both the theoretical and computational aspects are discussed in detail in [11]. As in that work,
computational solutions are obtained using the RaBVIt-G algorithm, designed to solve Feedback-Nash
differential games (see [16]).

Differential Love Games: Theoretical Model

Let x : [0,00) — RT be a differentiable function monitoring the state of a romantic relationship
at time t > 0. The variable x(t), referred to as the feeling, quantifies the quality or satisfaction of the
relationship at time ¢. The initial value x(0) = xq is typically high, accounting for the strong emotional
bond at the beginning of the relationship.

According to [5], the variable x(t) naturally decays over time unless counteracted by the efforts of
both partners —an idea referred to as the second law of thermodynamics for sentimental relationships.
The dynamics of the feeling variable is thus described by the ordinary differential equation
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x(t) = —rx(t) +a1c1(t) + axea(t), t>0, (1)

where r > 0 is the decay rate, and ¢1(t) and c;(t) are piecewise continuous and non-negative functions
which measure the levels of effort of partners 1 and 2, respectively. The parameters a1, 4, > 0 measure
the efficiency of each partner’s effort. The additive structure of the effort terms aligns with principles
for successful relationships [17]. The linear decay is a natural assumption -see [9]- though more
general models are discussed in [18]. A minimum level of relationship satisfaction, x(t) > xXpin >
0, t > 0, is necessary to sustain the relationship. Without effort (c1(t) = cp(t) = 0), the feeling decays
exponentially at rate 7, making the relationship unsustainable in the long term.

Each partner i optimally determines their effort path, ¢;(t), by maximizing their total well-being
W;, defined as

Wilei) = [ P UGx(0) - Difei())dt, i=1,2 @

For each partner i, p; > 0 denotes the temporal discount rate, U;(x(t)) represents the utility -or
reward- derived from the feeling level x(t), and D;(c;(t)) is the disutility -or cost- associated with
effort c;(t). The optimization problems above are interdependent, as both partners’ efforts influence
the feeling x(t), which in turn affects their total well-being.

The functions U; and D; define the utility/disutility (UD) structure of the problem. They are
typically C? functions defined on [0, +o0) and satisfy the following properties: for x > 0, U/(x) > 0,
U!(x) = 0asx — ooand U/ (x) < 0; and for x > 0, D/ (¢;) > 0, Dj(c;) — o0 as ¢; — oo, with a unique
¢ > 0such that D!(cf) = 0. Note that ¢} > 0 is the absolute minimum of D; and thus represents the
preferred effort level of partner i. These assumptions, consistent with principles of human psychology,
imply that the reward derived from feeling always increases but at a decreasing rate, while the cost
associated with effort is beneficial up to a certain critical point, beyond which it becomes increasingly
burdensome.

The problem consists of determining optimal effort trajectories c1(t) and c(t) that simultaneously
maximize each partner’s well-being integrals, W; and W, as defined by (2), subject to the feeling
dynamics given by (1) and the initial condition x(0) = xo. This setup constitutes a two-person
differential game with an infinite time horizon [13].

In the special case where U; = Uy, D1 = Dy, p1 = p2, and a1 = ay, the partners share identical
emotional preferences and efficiency. Such couples are termed homogamous, consistent with terminology
in marital psychology [19]. More generally, the relationship of heterogamous couples can be modeled
by assigning different parameters or UD-structure to each partner. In this paper, we focus on the role
of the asymmetry in the UD-structure of the problem, which arises from the fact that partners may
process rewards and costs differently. We therefore consider below parametric families U; = U;(x, a;)
and D; = D;(c;, Bi), i = 1,2, where the parameters «; and p; capture differences in reward and cost
evaluations of feeling and effort levels.

The solution to the problem is a pair of effort trajectories (c?(t),c?(t)) that simultaneously
solve the optimization problems of both partners, given the initial feeling x(0) = x¢. This solution
corresponds to a Nash equilibrium of the differential game [13]. Of particular interest are stationary
solutions, where the feeling and effort levels remain constant over time, providing long-term viability
as long as x(t) > Xmim-

The solution can be expressed in two forms. Open-loop solutions refer to effort paths c;(t) that
depend solely on time t and the initial state x(. In this case, each partner commits to a predetermined
effort trajectory, independent of how the relationship actually evolves over time. Open-loop strategies
can be characterized via control-theoretical methods -see e.g. [13]. For all t > 0, the optimal effort

¥ (+) must maximize the (current-value) Hamiltonian function H;(x(t), ¢;(t), A;(t)), that is,

value op

¢; (t) = argmax,, ) Hi(x(t), ci(t), Ai(t)), 3)
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where
Hi(x(8), ¢i(t), Ai(8)) = Ui(x(t)) = Di(ei(£)) + Ai(t) (=rx(t) + are1(t) + azea(t)),
and A;(f) is an absolutely continuous function satisfying the (adjoint) differential equation
Ailt) = —HL(x(8),i(8), (D) + pidi(t), i=1,2 @

Feedback or closed-loop solutions, on the other hand, define each effort as a function ¢;(t) =
Si(x(t),t), which depends on the current state of the relationship x(¢) and time ¢t. The function
ci(t) = Si(x(t),t) is called a feedback strategy. This approach enables partners to adjust their efforts
dynamically in response to the ongoing state of the relationship. Feedback solutions are especially
appropriate in our setting, as they provide a mechanism for partners to adjust optimally to exogenous
shocks and unanticipated deviations in the feeling trajectory.

Since it is reasonable to assume that the state of the relationship x(t) is observable by both partners
when making effort decisions at time ¢, feedback analysis is particularly appropriate here.

Since the time horizon is infinite and the input functions are time-invariant, it is natural to consider
stationary feedback solutions —those in which control actions depend solely on the current observed
state x. A pair of strategies

S? : Rt — R7,, i = 1,2, constitutes a stationary feedback Nash equilibrium of the differential game
if S?(x(t)) is an optimal effort control for partner i, i.e. S? (x(t)) solves the optimization problem

max [ (W () — D ()

subject to x(t) = —rx(t) +ajc1(t) + aZS?(x(t)), x(0) = xp, and S?(x(t)) solves

" e (Uy(x()) — Dalca(t))) dit,
_max [ (Ua(x() ~ Dafea(t)
subject to ¥() = —rx(t) + a1 Sy (x(t)) + azca(t), x(0) = xo.

Given a stationary feedback Nash equilibrium (S?, S;Q ), the well-being functions v? : RT - R
are defined as the value functions of the problem, given by

o) (x0) = Wi(s7 (x(1)), i=12, 5)

where S?(x(t)) is the feedback solution of the control problem of partner i with initial state x(0) = xo.
For any initial feeling level xy, the value v? (xp) represents the maximal attainable well-being for
partner i. Under suitable conditions [20], the value functions satisfy the Hamilton-Jacobi-Bellman

(HJB) equations
p101(x) = max, cg+ {Ul(x) — Di(c1) + 0} (x)(—rx +aycq + azsg(x))}, ©
0205(x) = maxe,eqs { Un(x) — Da(c2) +04(x)(—rx + a8y (x) + aac2) }.

The feedback strategies S? (x) are thus defined by
S?(x) € argmax,, cg+\ Ui (x) — Dy(c1) + v (x)(—rx 4+ aic1 + azsg(x))}, -
53 (x) € argmax,, e+ { Uz (x) = Da(ca) + 5(x)(=rx + a1 Y (x) + a2c2) |-

In the case that S?(x) is a singleton for all x, i = 1,2, the optimal feeling evolution is obtained by
substituting S? (x) into (1):

(1) = —rx(t) + m Sy (x(£)) + 2285 (x(t)), x(0) = xo. 8)
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Within the feedback framework, the couple’s effort problem is characterized by the value functions
vi@ (x) and the associated feedback strategies S? (x), which together constitute its primary analytical

outputs.

A Computational Feedback Model of Differential Love Games

Differential games are generally not analytically tractable, and numerical methods are required
to obtain approximate feedback solutions. To solve the HJB system (6), we adopt a computational
methodology based on time and space discretization, as introduced in [11]. The approach consists
of two main components. First, we construct a Semi-Lagrangian discrete approximation of the HJB
system (6) using a time-space discretization scheme, following the methods developed in [21,22].
Second, we implement a mesh-free numerical scheme that combines radial basis function interpolation
with a nested iteration procedure over the value functions and strategic responses, adapting techniques
from [23]. This algorithm allows us to compute approximate well-being functions U? (x) and feedback
strategies Si@(x), i = 1,2, for the differential love game efficiently and with high accuracy. The
approach can be summarized as follows. For ease of exposition, the superscript in S?( -) and U? (+)is
omitted in what follows.

Define t; = kh for k € NU {0}, where h > 0 is the time step. Let c! = {ciktrenuqo) be a
sequence of feasible control values for partner i, which defines a piecewise constant control function
h

Ci

Euler discretization of (1), expressed as

(T) =cikx, T € [tk, tk11)- The corresponding state sequence x; = x(t;) is obtained via a first-order

Xep1 = Xg +hf (X, c1p 02k), K >0, )
where f(x,c1,c2) = —rx + ajcy + axcy. Given x(0) = y, a discrete formulation of (2) using rectangle
quadrature is given by

Wl (c?) — Y e Pl (U (x¢) — Dy(cip)), i = 1,2. (10)
k=0

The discrete formulation of the well-being function (5) is

heoy n( h
v (y) = HZ?XWi (Q‘)- (11)

Following [22], a first-order discrete-time HJB approximation of (6) is expressed as

vi(y) = maxe e { (U (y) = Die)) + (1 = pah)o} (v + 1f (.01, 5)) ) | W
vh(y) = maxger s {h(Ua(y) — Dale2)) + (1= pah)oh (y + 1f (.S} (w).c2) ) |
where the corresponding discrete representations of (7) are
Si(y) € argmax,, i+ { (U (y) = Da(er) + (1= pi)o (y + f (y,e1, S0 ) )}, )

S(y) € argmaxg,ens {A(Ua(y) — Da(e2) + (1 p2h)2h (y + hf (v, ST (v 2) ) }-

h
i
of the state space combined with a mesh-free collocation algorithm based on scattered nodes -see

Numerical approximations of the values v?(-) in (12) are computed through spatial discretization
[24]. The RaBVit-G algorithm, used to solve the (12)-(13), employs a nested loop involving two
iterative procedures: game iteration and value iteration. These iterative processes generate sequences
of control arrays and value functions that converge to approximate feedback solutions when a suitable
convergence criterion is satisfied. A detailed description of the algorithm is provided in [11,12].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Results and Discussion

In this section, we analyze the equilibrium solution of the couple problem for different families of
utility and disutility functions U; and D;, i = 1, 2, that is, for different specifications of the UD-structure
of the problem. As discussed in Section 2, these functions capture varying emotional sensitivities in
how each partner processes the rewards and costs associated with relationship quality x and individual
effort levels ¢;, i =1, 2.

UD-structure. We consider parametric UD-structures of the form U; = U;(x,a;) and D; =
Dj(c;, Bi) fori = 1,2, where a;, B; > 0 are parameters that represent each partner’s emotional sensitivity
to perceived relationship quality and the subjective cost of effort, respectively. As functions of x and
ci, U; and D; are assumed to be C? and satisfy the regularity conditions required by the differential
love game model introduced in Section 2. Specifically, for x > 0, we assume (U;), > 0, (U;)7, < 0,
and (Ui); — 0asx — +oo, fori = 1,2. Likewise, for ¢; > 0, we assume (Di)gci >0, (Di)éi — 400 as
c; — +oo, and (Di)él_ (cf) = 0, where c; is the unique minimizer of D;. We further assume that U; and
D; are C? in the parameters «; and f3;, respectively, and satisfy (Ui);i > 0 forall x > 0, and (Di)%]_ >0
forall ¢; > 0.

Consequently, U; (x, «;) forms an ordered family with respect to «;: the emotional reward associ-
ated with any feeling level x increases with &;. The parameter a; thus captures how much partner i
values emotional closeness. We refer to this trait as emotional reward sensitivity. Individuals with higher
values of «; are more attuned to emotional experiences or more "platonic’, in a broad psychological
sense.

Similarly, D;(c;, B;) increases monotonically with respect to ;, meaning that the perceived burden
of any given level of effort ¢; grows as B; increases. The parameter B; represents how each partner
perceives the cost associated with their effort deviation from the preferred level, ¢}, as f; rises, the
discomfort experienced when straying from c; intensifies. We refer to B; as emotional cost sensitivity.

An example of the types of UD-structures considered in this study is illustrated in Figure 3

Emotional Parameter Sensitivity at Equilibrium: A Control-Theoretic Analysis.

A control-theoretic approach allows us to determine the marginal response of the feeling and
effort policies at equilibrium as the parameters «; and §; vary.

It follows from Equations (3) and (4) in optimal control theory that the optimal feeling and effort
trajectories must satisfy (see [9] or [25])

¢1 = ((D1)¢ ¢, (c1,B1)) " H(r +p1)(D1), (c1, B1) — an (W) (x, 4)],
&2 = ((D2)2, ¢, (2, B2)) M (r + p2)(D2)L, (€2, B2) — a2 (U2} (x, 42)], (14)
X = —rx 4+ ajc1 + axcs.

Given a1, a2, p1, 02, %1, %2, B1, B2 > 0, an equilibrium solution E = (E? ,E;? ,Y@> satisfies

0= (r+p1) (D), (1) —ar(Uh) (37,0 ),
0= (r+p02)(D2),, (E?rﬁz) - az(Uz)x(Y@,wz), (15)
0=—rx" + alf? + azﬁg.

(1),048, (1), ﬁg > 0, suppose that

Assume that the parameters aj,ap,p1, 02 are fixed. Given a
(ESO, Eg o7 Yé? ) is the corresponding equilibrium defined by system (15). The differentiability assump-
tions on the UD-structure imply that system (15) defines an equilibrium (E? , E;? ,%V) as differentiable
functions of (a1, ap, B1, B2) in a neighborhood of ((x?, ocg, ?, ,Bg) This follows from differentiating (15)

and observing that the matrix of the linearized system
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" lly) no(_Q
(r+ 1) (D1, (S0 89) 0 o (U ) (%508
— _Q " _Q
A= 0 (r+02)(D2)the, (S50, BY)  —a2(Uz)y (%53 16)
a ar —r

satisfies det(A) # 0, because of the properties of the UD-structure of the problem.
The marginal response of the equilibrium values (E?,E;? , ) with respect to variations in the
sensitivity parameters a; is determined by the sign of the cross-derivative (UZ-);Z «; > 0. Specifically, we

have

Proposition 1. Assume that the parametric UD-structure of the differential love game satisfies the differen-
0 70

tiability properties specified above. Let (a1, a2, B1, B2) — (C?, c2 ,X) be the equilibrium solution defined by
system (15) in a neighborhood of a solution (C?O, c? o7 xf)? ,a8, a9, ,32) of the system. We have:
D If (l,Il)m1 (x(?,al) > 0, then W >0, BCZ <0, and > 0 at (al,az,ﬁl,ﬁZ)

=0
(In If (Z,IZ)M2 (x(?,zxg) > 0, then 3% <0, aCZ > 0, and a" >0 at (al,ucz,,Bl,[Sz)

Remark 1. Note that, regarding the parameter dependence of the U D-structure, assumption (U,-);’,ai > 0in

L - . , acy  acy 97 s L , .
Proposition 1is sufficient to determine the signs of -, 5i-, and G—. This condition has a natural interpretation
in terms of emotional reward: as a; increases, a small improvement in relationship quality (as measured by x)
becomes more valuable.

Statement (I) follows from the properties of the UD-structure by differentiating system (15) at the

point (c1 07 c? 0r xf)? , zx(f, oy, /30) setting day = dB; = dBy = 0, and noting that det(A) < 0, where A
is defined in (16):
df? 1 1111’(1’—|—p2)(D )cz,cz(ul)xal Illﬂz(UZ) (ul)xocl
dE;; =~ det(A) Bay(Uy), Sul)ml ) da. (17)
dx a%(r—i—pfl)( 2)c2,c2(ul)x,v¢1

All derivatives in the above expression are evaluated at (c1 o c? or x(? , zx(f, ay, ,BO) Statement (II)
follows by a similar argument, mutatis mutandis.

According to Proposition 1, the response of the equilibrium values (c1 , cg , ) to small variations
daq > 0,day > 0 (with df; = dB2 = 0) can be qualitatively described by the diagrams in Figure 1.

X2 X3 X2
1 1 1
N N il 174
N N
0.5 0.5 0.5
N N 7 z
N N
251 a1 !
0.5 1 0.5 1 0.5 1
& g il

Figure 1. Proposition 1 implies that, for fixed values of B; and B, the gradients VE?(al, a), VE;? (a1, a2), and
Vx” (a1, a) point in the southeast, northwest, and northeast directions, respectively, at any given point (a1, ).

The following proposition characterizes the marginal effects of the parameters f; on the equilib-

0 =0 7(?)

rium values (¢, ¢,’, X" ), capturing each partner’s sensitivity to effort exertion.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 2. Assume that the parametric UD-structure of the dszerential love game satisfies the differen-
tiability properties specified above. Let (a1, a2, B1, B2) — (C?, c? , ) be the equilibrium solution defined by
system (15) in a neighborhood of a solution (C?O, czoo, x(?, a2, a9, 89, B9) of the system. We have:

70
(D) If (D), 5, (5, B) > 0, then a/sl <0, 3;2 >0, and 2 aﬁ <0at (a0l B, BY).

acl acz

(V) If (D2)cy 5, (S50, B3) > 0, then S <0, 52 >0, and 35 < 0 at (ad, a3, B3, BY).

Similarly to the proof of Proposition 1, Statement (III) follows by differentiating system (15) at the

point (E?O, E;Q o E(? , vctl), zxg, (1), ﬁg), now setting da; = day = dB = 0, and using the properties of

the UD-structure and the fact that the matrix A defined in (16) satisfies det(A) < 0:

d61 , —r(r+Pl)(7’+P2)(D2)2,2,02(D1)C1/31;’—az(r—'—pl)(Dl)Cl ﬁl(UZ)xx

i —aqa)(r + D P

dj%? det(A) _1 2(r +p1) (U ) ( 1)0151 b
a1(7+P1)(D2)c2,02<D )leﬁl

(18)
All derivatives in the above expression are evaluated at (cl o c? o x(? , le, ocZ, ,32) Statement (IV) is
obtained in a similar fashion.

Remark 2. Condition (Dl)g g; > 0 in Proposition 2 reflects increasing marginal emotional cost with respect
to B;: as effort sensitivity B; rises, the subjective burden of additional effort increases accordingly. This is a
reasonable assumption, and it is sufficient to determine the impact of B; on the equilibrium values.

The response of the equilibrium values (E?, E;y , ) to small increases in df; > 0, dB; > 0
(holding day = day = 0 fixed) is qualitatively illustrated in Figure 2.

B2 B2 B2
34 34 34
NN X 0N 7z =
24 21 24
NN XN 7z =
1 B1 1 * > B1 1 B1
1 2 3 1 2 3 1 2 3
@ @ YO
1 2

Figure 2. Under fixed values of a1 and &y, Proposition 2 implies that the gradients VE?, VE?, and Vx" point in
the northwest, southeast, and southwest directions, respectively, accross the (B1, B2)-space.

Emotional Contour Maps at Equilibrium: Computational Feedback Analysis

In this section, we use the computational feedback model introduced in Section 2 to explore
further how the equilibrium values in the love differential game respond to changes in the emotional
sensitivity parameters «; and ;. Numerical solutions are computed using the RaBVIt-G algorithm, as
previously described. While Propositions 1 and 2 establish the qualitative effects of the variation in
these parameters, the feedback approach allows for a quantitative analysis once a specific UD-structure
is defined. Additionally, it yields feedback effort maps S? (x) and value functions v (x), which are
critical tools for regulating relationship dynamics. We also analyze below how variations in the
parameters a; and p; affect these feedback outputs.

In our numerical analysis, we assume that heterogamy—i.e., asymmetry in the partners’
traits—affects only the emotional cost-benefit evaluation of the relationship, namely the UD-structure
of the problem. Accordingly, we set a1 = a4, = a and p; = p2 = p, where a and p are fixed constants.

We will consider the following specification for the U D-structure of the problem:
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lli(xi,vci) = A,’(x + 1)‘”, n; € (0,1), A; >0,
2

Dj(ci, Bi) = Bilci — ¢;)* + %: pi>0, i=1.2

This parametric UD-structure satisfies all the properties required by the model assumptions
outlined in Section 2. Graphs of both parametric families, U; and D;, are presented in Figure 3. Note
that the family U;(x, ;) is monotonic with respect to a;: for all x > 0, U;(x, &;) increases as «; increases.
As already mentioned, the parameter a; captures how each partner subjectively values the quality of
the relationship. Also, note that U;(x, a;) satisfies the assumption in Proposition 1, that is, the marginal
emotional reward, (U;)’(x, «;), increases with ;.

Similarly, for all B; > 0, the family D;(c;, ;) attains an absolute minimum at ¢; = ¢} and increases
with B; for ¢; > ¢j. Therefore, any effort level ¢; exceeding the preferred level c; is perceived as
increasingly discomforting as f3; grows. Hence, the parameter 8; quantifies the discomfort associated
with the effort gap c; — c}. Also, the family D;(c;, B;) satisfies the assumption in Proposition 2: the
marginal emotional cost, (D;)¢, (c;, B;), increases with ;.

Utility Disutility
40 |

15

a B
30 01 ,
o) 0.3 "\10 1.5
N NS
D 0.5 Q —
20 —_ 07 — 25
—_ 0.9 5 —3

10

Figure 3. Graphs of the parametric families U;(x, a;) (left) and D;(c;, B;) (right) used in the numerical analysis,
shown for selected parameter values &; € (0,1) and B; € [1,3]. Here, ¢* = 0.5.

Once the parametric UD-structure is specified, all model parameters other than «; and §;, for
i = 1,2, are held fixed for the numerical analysis. In our study, the sensitivity parameters vary within
the ranges «; € (0,1) and B; € [1,3]. All fixed parameter values and the ranges considered in the
analysis are summarized in Table 1.

Table 1. Parametric structure of the computational differential game.

i r 0i a; c; A; o; Bi X X0

Values 1,2 —2 0.1 1 0.5 8 0,1) [1,3] [0,5] 45

The computational procedure uses the RaBVIt-G algorithm, outlined in Section 2, to numerically
solve the differential love game. The implementation protocol for computing equilibrium solutions is
detailed in Algorithm 1 below'.

1 The computations were run on an Apple M4 processor (10-core CPU: 4 performance + 6 efficiency cores; second-generation

3nm process; 16-core Neural Engine, ~ 38 TOPS). This work required 775 RaBVIt-G runs (parameterizations), each using 16
CPU seconds, with a tolerance vy — vx| < € = 1074
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Algorithm 1 Equilibrium Solution Computation

Initialize a1, a € (0,1), ,Bl, ‘32 € [1,3], xg =45, = 104,
Compute feedback strategies and values: [S1, Sz, v1, V2] <— RaBVit-G(ay, a2, B1, B2)
while not converged do
Update efforts: c;x = S;(xy) fori =1,2
Evolve feeling state: xj1 = xj + h(—rx; +ajcyx + axcox)
Increment k < k+1
end while
Extract equilibrium: EO,E?,E? ,5?,5;7 .

For any given parameter set (a1, a3, B1, B2), the RaBVIt-G algorithm computes the feedback
maps S1(-) and Sy(-), as well as the well-being (value) functions U? (-) and v;? (+) associated with the
corresponding problem. The algorithmic details for computing feedback solutions using RaBVIt-G can
be found in [11].

We now present a detailed numerical sensitivity analysis. To visualize how the equilibrium
solutions respond to changes in the parameters, ; and ;, we use contour plots over the corresponding

parameter spaces. The results are discussed as they are introduced.

Emotional Reward Sensitivity

We first explore how the equilibrium varies with respect to the emotional reward parameters a4
and wy. Figures 4 and 5 summarize the analysis with respect to a;-sensitivity. In these computations,
the cost parameters are fixed at 1 = B2 = 1, and heterogeneity between partners arises solely from
variations in the parameters (1, a3) € (0,1) x (0,1).

Figure 4 displays contour maps of the partners’ equilibrium effort levels and the equilibrium
Q
i

increases with their own emotional reward parameter &;. Moreover, the equilibrium feeling level ¥

feeling level, for different values of (a1,a;). These maps show that each partner’s effort level ¢

increases as either a1 or a; increases. Since the marginal emotional reward, (U;)’, grows with ; in this
study, these effects were already established analytically in Proposition 1.

The cross-effects —i.e., the variation of E? with respect to the other partner’s parameter a;, i # j—
are less apparent in the contour maps. Nonetheless, Proposition 1 confirms that these cross-effects are
negative. This result is further illustrated in Figure 5, which shows the feedback effort maps S? ()
and the well-being functions v?() for different values of a, € (0,1), while keeping a1 = 0.5 (and
B1 = B2 =1) fixed.

Note that Figure 5 confirms three key insights previously suggested by the contour maps in Figure
4. First, the effort gap c; — ¢} persists for both individuals: across all values of a, each partner exerts
an effort level above cl’f. Second, effort decreases as feeling increases for both individuals —that is,
lower emotional closeness requires greater effort. Third, well-being increases with the initial feeling
level: greater emotional closeness at the outset is associated with higher overall happiness. These
features of the model were already revealed in earlier computational analyses, both in deterministic
[11] and stochastic [12] settings.

The plots in Figure 5 show that as a; increases, its positive effect on c;? = S;? (x) is significantly
stronger than its negative effect on C? = S? (x), for any given level of feeling x, in particular at the
equilibrium value %V. Moreover, the equilibrium feeling level itself increases with «;.

Note that the fact that an increase in «; has a stronger (positive) effect on partner i’s equilibrium
effort, E?, than the (negative) effect on partner j holds for any parametric UD-structure satisfying the
conditions stated in Section 2. This result follows as a corollary of Proposition 1 -see (17).
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Figure 4. Equilibrium effort level contours for both partners (left) and feeling level contours (center) are plotted
over the parameter space (a1,a3) € (0,1) x (0,1). On the right, a heat map of the total well-being of both partners
is shown for the same parameter space, with the initial state xg = 4.5. In these computations, the cost parameters
are fixed at B; = B2 = 1, so the effort cost functions in the UD-structure take the form D;(c;) = (c; — 0.5)? for

i=1,2.
Effort Partner 1 Effort Partner 2
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Figure 5. Effort feedback maps (top row) and well-being (value) functions (bottom row) for different values of
ay € (0,1), with a1 = 0.5 held fixed. The corresponding equilibrium feeling levels %V are also displayed (right).
The emotional cost parameters are fixed at f; = B2 = 1 for these experiments.
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Corollary 1. Under the assumptions of Proposition 1, it holds that

ey’ 95?
— > |=|, fori#£j, i,j € {1,2}.
ou; = o | Fori AT hie {12}

The well-being functions in Figure 5 show that increases in a5 lead to higher overall happiness for
both partners, although the effect is markedly stronger for partner 2. This asymmetry is confirmed
numerically across the full parameter range (a1,a2) € (0,1) x (0,1), as illustrated in the rightmost
column of Figure 4, where both partners’” well-being levels (for initial state xg = 4.5) are plotted.
Notably, an increase in the parameter of emotional sensitivity of a partner, «;, produces a greater
improvement in his (her) own well-being than an equivalent increase in the parameter of the other
partner, .

Emotional Cost Sensitivity

Next, we examine how variations in the emotional cost parameters 51 and 3, affect the equilibrium
configuration. Figures 6 and 7 summarize the analysis of sensitivity with respect to 1 and ;. The
reward parameters are fixed at a1 = ap = 0.5, and asymmetry between partners arises from differences
in the values 1 and B, both varying within the range [1, 3].

Equilibrium Effort Equilibrium Feeling Well-being

P.1

3.0

I |

1.0 15 20 25 3

1.0 15 20 25 30 1.0 15 20 25 3
B1 B4

Figure 6. Equilibrium effort level contours for both partners (left) and feeling level contours (center) are plotted
over the parameter space (81, B2) € [1,3] x [1,3]. On the right, a heat map of the total well-being of both partners is
shown for the same parameter space, with the initial state xy = 4.5. In these computations, the reward parameters
are fixed at a; = ay = 0.5, so the feeling reward functions in the UD-structure take the form U;(x) = 8(1 + x)*5
fori=1,2.
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Figure 4 displays contour maps of the equilibrium effort levels and feeling level for (81, B2) €
[1,3] x [1,3]. The plots show that each partner’s effort level, E?, decreases with their own emotional
cost parameter, ;. Additionally, the equilibrium feeling level, ¥, decreases as either f; or f increases.
As shown analytically in Proposition 2, these effects arise because the marginal emotional cost, (D;),
increases with B; for the UD-structure under study.

Figure 6 shows that the cross-effects —i.e., the variation of E? with respect to g, for i # j— are

positive. This is illustrated more clearly in Figure 7, which displays the feedback effort maps S? ()
and the well-being functions v, (-) for B, € [1,3], with B = 1 and a; = &, = 0.5 held constant.

Effort Partner 1 Effort Partner 2

1.1254®

1.1004

R
feeling . °

>
Well-being Partner 2~ 1.0751
115.0 P

i 02 3 4 5 0o 1
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£1110.0 27 — 1.0501
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107.5 /

L]
t T T T T ] 105.0 + T T T T ] —
0o 1 2 3 4 5 o 1 2 3 4 5 1.0 1.5 2.0 25 3.0
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B, BN 1 N 15 WM 175 Wm 2 2.5 275 WA 3

Figure 7. Effort feedback maps (top row) and well-being (value) functions (bottom row) for different values of
B € [1,3], with B; = 1 held fixed. The corresponding equilibrium feeling levels X are also displayed (right).
The emotional reward parameters are fixed at a; = a = 0.5 for these computations.

Figure 7 highlights several key features of the model’s behavior, already suggested by the contour
plots in Figure 6. First, the effort gaps c; — ¢} persist for both individuals across all values of B,. Second,
the effort gaps decrease as the feeling increases. Third, well-being improves with higher levels of initial
feeling. These properties of the model were previously identified through computational analyses in
[11,12].

The plots in Figure 7, however, show that as 8, increases, the negative effect on c? = S? (x)
is substantially stronger than the positive effect on c? = S?(x), for any x —in particular at the
equilibrium value X”. As a result, the equilibrium feeling level decreases with . This holds for any
UD-structure satisfying the conditions in Section 2, as a consequence of (18).

Corollary 2. Under the assumptions of Proposition 2, it holds that

| ocy
Ll L fori#j, ije{1,2}.
9pBi

i

Figure 7 shows that increases in 8, lead to lower overall happiness for both partners, and the
effect is stronger for partner 1. An increase in partner i’s emotional cost parameter, ;, lowers his or
her well-being less than that of the other partner. This asymmetry holds throughout the parameter
range (B1, B2) € [1,3] x [1, 3], as the well-being of both show in the rightmost column of Figure 6.
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Dyadic disparity assessment

We further explore how the disparities between the parameters a1 and &, influence the asymmetric
performance of the partners at equilibrium. Figure 8 compares their respective levels of effort and
well-being over the parameter range (a1, a2) € (0,1) x (0,1), with B; = B2 = 1 kept constant. The
numerical analysis reveals that the partner with the higher emotional reward parameter, «;, exerts
more effort and experiences greater well-being. As already shown in Figure 4, the equilibrium feeling
level increases when either or both of the «; parameters increase.

Difference in Efforts Difference in Well-being Equilibrium Feeling

S 0.50 S 0.50

0.25

0.25 .75 0.25 0.50 0.75
a a a

Figure 8. Dyadic disparity at equilibrium in the (&1, ap)-parameter space. The difference between equilibrium
effort levels (left) and total well-being (center) of both partners is represented using contour maps over (a1, ay) €
(0,1) x (0,1). On the right, a heat map of the feeling equilibrium is shown again to provide a whole picture of the
equilibrium configuration. The initial state for the computation of v? isxg=45,i=1,2.

The corresponding asymmetry analysis for the parameters f; and f; is presented in Figure 9. The
contour maps display disparities in the partners’ equilibrium effort levels and well-being across the
parameter domain. The computational analysis shows that the partner with the higher emotional cost
parameter, f3;, exerts less effort and experiences higher well-being. Moreover, the equilibrium feeling
level decreases as either or both of the ; parameters increase.

Difference in Efforts

Difference in Well-being Equilibrium Feeling

> oY

2.0 2.0 2.5 3.

B B: B
Figure 9. Dyadic disparity at equilibrium in the (81, B2)-parameter space. The difference in equilibrium effort
levels (left) and total well-being (center) between the two partners is illustrated using contour maps over the
domain (B1, B2) € [1,3] x [1,3]. On the right, a heat map of the equilibrium feeling level is shown to provide a
complete view of the equilibrium configuration. The initial state used for the computation of v? is xg = 4.5, for
i = 1,2. The emotional reward parameters are fixed at a; = ay = 0.5.

Our analysis shows that an increase in the emotional reward parameter «; has a greater effect
on partner i’s own effort level than on that of partner j. Similarly, an increase in the emotional cost
parameter §; influences partner i’s effort level more than partner j’s. In both cases, the resulting impact
on well-being is more favorable for partner i. These findings relate to the broader question of whether
one’s own personality traits or those of one’s partner play a greater role in determining relationship
satisfaction [15]. Prior research in experimental psychology suggests that individuals’ own traits are
more strongly associated with their own happiness [26]. Assuming that the emotional processing of
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rewards and costs reflects underlying personality traits, our model’s predictions are consistent with
this empirical evidence.

A final disparity analysis of the equilibrium configuration, focusing on the trade-off between
the two emotional sensitivity parameters, is presented in Figure 10. The analysis considers joint
variations of the parameters «; and B;, while a; = 0.5 and B, = 2 are held constant. The contour
maps show disparities in the partners’ equilibrium effort levels and well-being across the parameter
domain (a1, 1) € (0,1) x [1,3]. The results indicate that the pattern becomes more nuanced when
both parameters vary simultaneously. In this case, a partner with a higher «; or a lower j; does not
necessarily exert more effort. However, the numerical analysis suggests that a partner with higher «;
consistently achieves greater well-being, regardless of their sensitivity to effort costs. As established
in Proposition 1, the equilibrium feeling level decreases along the southeast direction of the domain.
Notably, the increase in feeling level due to a higher &; is more pronounced than the increase resulting
from a comparable decrease in ;.

Difference in Efforts Difference in Well-being Equilibrium Feeling
3.0 3.0 3.0
25 C: < c; 25 V: < V; 25
- s N o | o
Q20 o 5] y & 2.0 BE 5 o o B &H8 Q2.0
\d
15 o 4 15 15 o
3
v_ .. v ¢
¢y 7 ¢ vy > V2
1.0 { 1.0 1.0
0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
ay ay a

Figure 10. Dyadic disparity at equilibrium in the («7, f1)-parameter space. The difference in equilibrium effort
levels (left) and total well-being (center) between the two partners is shown using contour maps over the domain
(a1, B1) € (0,1] x (1,3]. On the right, a heat map of the equilibrium feeling level is displayed to provide a complete
picture of the equilibrium configuration. The initial state for the computation of v? issetto xg = 4.5, fori =1,2.
The partner’s parameters are fixed at ap = 0.5 and B = 2.

4. Conclusions

Romantic relationships are a fundamental human experience shared across cultures. They can
be understood as emotional processes that evolve over time, in which the state of the relationship is
shaped by the effort each partner invests. According to relationship science, successful relationships
are those that are both enduring and fulfilling in the long term. In this study, a successful relationship
is modeled as a stationary Nash equilibrium of a two-person differential game, in which both partners
aim to maximize their total well-being.

Life experiences and events do not carry inherent meaning; rather, they acquire significance
through the interpretations of the individuals who live them. The subjective evaluation of the trade-off
between emotional rewards and costs associated with a relationship plays a critical role in determining
its outcome —namely, the relationship quality (or feeling level), the effort exerted by each partner, and
their overall satisfaction.

Emotional rewards vary depending on individual sensitivity to relationship quality, while emo-
tional costs arise from differences in how individuals perceive the effort required to sustain that
quality. The ceteris paribus analysis in this paper explores how the sensitivity traits defined by these
two intertwined subjective processes influence relationship outcomes. Under natural psychological
assumptions about these traits, our analytical results show that relationship quality improves when
either partner is more sensitive to emotional rewards, and also when either partner is less sensitive to
emotional costs. These findings suggest that couples in which both individuals are either highly sensi-
tive to emotional rewards or less sensitive to emotional costs tend to form more satisfying relationships
and ultimately experience greater happiness.
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In relationship science, the influence of one’s own traits on one’s own relationship satisfaction is
known as the actor effect, while the influence of the partner’s traits on one’s own satisfaction is referred
to as the partner effect. With respect to reward sensitivity, our formal analysis shows that an individual’s
effort increases with their own sensitivity, but decreases with their partner’s sensitivity. Thus, the
actor effect of emotional reward sensitivity on effort is positive, while the partner effect is negative. In
contrast, for cost sensitivity, the actor effect on effort is negative, while the partner effect is positive.

The analysis also formally establishes that, in terms of effort exertion, the actor effects of sensitivity
to emotional reward and cost are stronger than the corresponding partner effects. Computational
results reinforce this finding, suggesting that the differences between actor and partner effects are
substantial in both cases. Moreover, the numerical analysis indicates that actor effects have a signifi-
cantly greater impact than partner effects on each partner’s overall well-being. Notably, these results

—derived from the mathematical analysis of the differential love game model— are consistent with
experimental evidence in social psychology: actor effects of personality traits tend to have greater
influence on relationship satisfaction than partner effects.
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