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Abstract

In this paper, we propose an alternative kernel estimator for the regression operator of a scalar
response variable S given a functional random variable 7 that takes values in a semi-metric space.
The new estimator is constructed through the minimization of the least absolute relative error (LARE).
The latter is characterized by its ability to provide a more balanced and scale-invariant measure
of prediction accuracy compared to traditional standard absolute or squared error criterion. The
LARE is an appropriate tool for reducing the influence of extremely large or small response values,
enhancing robustness against heteroscedasticity or/and outliers. This feature makes LARE suitable for
functional or high-dimensional data, where variations in scale are common. The high feasibility and
strong performance of the proposed estimator is theoretically supported by establishing its stochastic
consistency. The latter is derived with precision of the converge rate under mild regularity conditions.
The ease implementation and the stability of the estimator are justified by simulation studies and an
empirical application to near-infrared (NIR) spectrometry data. Of course the to explore the functional
architecture of this data, we employ random matrix theory (RMT) which is a principal analytical tool
of econophysics.

Keywords: functional data; nonparametric regression; stochastic consistency; least absolute deviation;
relative error; kernel method; Bandwidth parameter

1. Introduction

Examining how a functional predictor co-varies with a scalar response variable is a fundamental
issue in functional statistics. This relationship is commonly evaluated through regression models,
which is estimated using the least squares loss function. In this paper, we adopt another smoothing
approach based on the Least Absolute Relative Error (LARE). Undoubtedly, the LARE criterion
improves the robustness and the accuracy of the standard regression approaches.

The general framework of this paper is the nonparametric prediction in functional statistics,
which has attracted considerable interest due to numerous valuable contributions in recent years.
The foundational work in this field was introduced by [1], who established the almost complete
pointwise consistency of the kernel-type regression estimator under the assumption of independent
and identically distributed (i.i.d.) observations. [2] proved the convergence of this estimator in the L?
norm. [3] derived the exact asymptotic expression for the corresponding L? errors. The asymptotic
normality of the same estimator in the strong mixing case was later demonstrated by [4]. In [5], the
authors established a uniform version of the almost complete convergence rate in the i.i.d. framework.
In addition to these classical kernel-based approaches, recent research has explored M-estimation
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techniques and/or local linear smoothing methods. Significant results in this field of nonparametric
functional prediction were presented by [6-9]., which provide comprehensive references on this topics.

Alternatively, in this paper, we focus on relative error regression (RE-regression), a methodology
in which the the relative error is used. The latter constitutes a performance measure in many practical
applications. Despite its utility, the literature on nonparametric RE-regression remains limited. The
most existing studies adopting parametric approaches. In this context, [9] were among the first to
investigate the use of relative squared error in estimation. From a practical point of view, RE-regression
has been applied in diverse fields, including medicine [10] and finance [11]. In [12], authors studied
estimation via RE-regression in multiplicative regression models, while [13] extended this framework
to nonparametric estimation, establishing the convergence of the local linear estimator derived from
relative error loss.

In last decade, RE-regression has been explored extensively for dependent data. For instance, [14]
considered quasi-associated time series, and [15] studied spatial processes. The functional nonpara-
metric RE-regression was first introduced by [16], who established strong consistency and derived the
asymptotic distribution of the RE-regression estimator. [17] extended the method to incomplete func-
tional data, examining kernel smoothing techniques for truncated observations. The quasi-associated
functional time series case was investigated by[18]. For a comprehensive overview of the latest
progress on this topic, see [19,20].

While all the cited studies estimate the regression operator using the mean least squares relative
error loss function, in the present contribution, we employ the absolute relative error loss function.
This approach is combined with kernel-based local weighting techniques to develop a robust estimator
for the nonparametric functional regression model. This alternative estimator offers substantial gains
in robustness and accuracy compared to the earlier approach. Such an improvement is especially
important in functional statistics, where data are typically noisy and high-dimensional. Specifically, in
functional statistics, extreme values and rapid fluctuations are common, which can disproportionately
influence least squares-based estimators. Unlike the Least Squares Relative Error (LSRE), the Absolute
Relative Error (ARE) treats deviations proportionally, making it more robust to outliers. This robustness
ensures a more reliable estimation of the underlying functional relationship, making ARE particularly
suitable for high-frequency applications in many applied areas such as economics, finance, signal
processing, and environmental monitoring. From a theoretical point of view, the manipulation of the
LARE-regression model is more challenging than LSRE-regression. This difficulty is because the LSRE-
regression can be explicitly expressed as the ratio of the first and second inverted conditional moments,
whereas the LARE-regression lacks such an explicit form. Its asymptotic properties must be derived
through its Bahadur representation. Despite this additional complexity, we have established the almost
complete convergence of the proposed estimator with precision of the convergence rate. The latter is
stated under standard assumptions in nonparametric functional statistics. The assumed conditions
explore the functional nature of the model and the structure of the data. An additional advantage of the
LARE-regression model is its broader scope of applicability compared to the LSRE-regression. Indeed,
the LSRE-regression is limited to strictly positive response variables; in contrast, the LARE regression
overcomes this restriction allowing it to extend its potential applicability. Furthermre, the practical
usefulness of the proposed estimator is demonstrated through data-driven selection procedures for
tuning parameters, as well as through simulation studies and real data applications, which confirm its
robustness and superior performance in practice.

The paper is organized as follows. In Section 2, we introduce the proposed estimation algorithms.
Section 3 presents the required assumptions and the main asymptotic results. In Section 4, we discuss
methods for selecting the smoothing parameter and the metric using the random matrix theory from
econophysics. The performance of the constructed estimator on simulated and real data is evaluated
in Section 5. Finally, Section 6 is devoted to summarize some concluding remarks. The technical proofs
are provided in the appendix’s Appendix A.
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2. Functional LARE Regression and Its Estimation

As outlined in the introduction, our main objective is to evaluate the relationship between an
exogenous functional variable T and a real-valued endogenous variable S. More precisely, the variables
under consideration belong to the space X x IR. The set X is a functional space endowed with an
appropriate semi-norm N. Henceforth. we fix a point 7 in X and consider a neighborhood N7 of
7 within this functional space. In our earlier contributions ([16,18]), we modeled the underlying
relationship between T and S using the LSRE regression defined by

2
RRXT):mngE<<SgS>|T:7>.

The main feature of this loss function is its ability to provide an explicit definition of the predictor.
Indeed, by simple differentiation with respect to 6, we can show that
E[ST=T]
REG(T)) = m (1)
Clearly, such an explicit definition of the model simplifies the analysis and derivation of its mathemati-
cal properties. Nevertheless, this approach is not without limitations. While the least squares relative
error method reduces the effect of large outliers values, it can give excessive weight to large deviations
which compromised its robustness against the very small values or highly dispersed observations. To
address this limitation, we propose to proceed with the least absolute relative error (LARE) approach,
which provides a more balanced treatment of both small and large deviations in the data. Formally,
the LARE regression is defined as the estimator that minimizes

S—s
S

RER(T) = arg min [E <’

U_T) )

Evidently, this alternative loss function enhances the robustness of LSRE regression by treating all
deviations proportionally in a linear manner, rather than using the traditional quadratic form. The
LARE loss function evaluates the differences between predicted and true values more equitably,
providing a more balanced, resilient, and reliable assessment of model performance. This advantage
is particularly important in the presence of large deviations or extremely small observations, where
the LSRE approach fails to handle. Overall, the LARE rule is more robust and effective, especially in
datasets with irregular or heavy-tailed distributions.

For the estimation setup, we consider n independent and identically distributed (i.i.d.) pairs
(T1,51),.--,(Tn, Sn), sampled from the distribution of (T, S). The kernel estimator of RER(T) is then
given by

L MO IN(T, T)) 5
?:1 M(mle(T, Tl)) ’

where M is a kernel function and m := m, (to simplify the notation) is a sequence of positive real

R/E\R(T) = argmin

numbers that goes to zero as 1 goes to infinity.

The primary objective of this paper is to establish the asymptotic properties of the estimator
@(T) of RER(T), where the explanatory variable T takes values in a semi-metric space X. To the
best of our knowledge, this work is the first to employ this approach to construct an estimator of the
regression operator, even in multivariate settings. Although the finite-dimensional case can be viewed
as a special case of this framework, the infinite-dimensional case is especially interesting, both for its
theoretical challenges and the variety of practical applications it supports. For further motivation and
detailed discussions on this topic, we refer the reader to [21-23] and the references therein.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.0947.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 December 2025 d0i:10.20944/preprints202512.0947.v1

40f19

3. The Strong Consistency of the Kernel Estimator

Now, to investigate the almost complete convergence, we denote by C or C’ strictly positive
constants and put
M; =M(m IN(T,T;)), i=1,...,n.

We define the closed ball of radius r centered at T as
B(T,r)={Z2€X:N(Z,T)<r},

and set
Uy(s, T) =E[|S| Ms<s | T=T], .Ux(s,T)=E[S| x5 | T =T]

The following assumptions are imposed:
(HM1) The small-ball probability satisfies P(X € B(T,r)) =: Gy (r) > 0 for all r > 0, with

lim Gr(r) = 0.

r—0

(HM2) For all 71, T, € V7, the functions U, are of class C! (with respect to s ) and satisfy
Uy (s, T1) — Uy (s, T2)| < Cd" (T, T2), by >0.

(HM3) The kernel M is measurable, supported on (0,1), and bounded: 0 < C; < M(-) < C3 < o0.
(HM4) The small-ball probability satisfies

M%oo asn — oo,
logn

(HM5) The response variable is bounded by inverse moments:
Vp>2, E[SP|T=T]<C<oco.

These assumptions are generally mild and consistent with those commonly adopted in the literature on
functional mode estimation. The functional component is typically described by two main conditions.
The first, (HM1), concerns the small-ball probability function, which captures the concentration of
the probability measure of the functional regressor. The second, (HM2), addresses the time-series
structure of the functional data, quantifying the local dependence among functional observations. Both
of these conditions are standard in functional time series analysis (see [24] for detailed discussions
and examples of functional data satisfying these assumptions). The nonparametric component is
characterized by (Hy3), which is commonly used in nonparametric functional statistics and has
appeared in several previous studies. Finally, assumptions (HM3)-(HM5) impose technical conditions
that facilitate the proofs and ensure the validity of the asymptotic results.

Theorem 1. Given assumptions (HM1)-(HMb5), we obtain

[RER(T) — RER(T))| = O(m®) + O(m") + Opeo. [ | —28"_ ). 3)
nGr(m)

The proof of this Theorem employs the Bahadur representation of the RER estimator. This
representation is established through the following auxiliary results.
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Lemma 1. Let {U, } be a sequence of decreasing real-valued random functions and { Dy, } a real random sequence
satisfying

Dy = 04.c0. (1)/

sup |Un(d) + .Bd - Dn| = Oa.co.(l)/
4| <A

for some constants B, A > 0. Then, for any real random sequence d,, such that Uy, (dy) = 04.c0.(1), we have

i]P’(|dn| > A) < 0.

n=1

4. Smoothing Parameter Selection and Random Matrix Theory
for Metric Approximation

The practical performance of the estimator R depends crucially on the choice of parameters
involved in its construction. In particular, the bandwidth parameter m plays a central role in the
implementation of this regression method. Various strategies have been proposed in the nonparametric
regression literature to address this issue. In this study, we adopt two widely used approaches from
classical regression: the cross-validation rule and the bootstrap algorithm.

4.1. Leave-One-Out Cross-Validation Principle

In regression analysis, the leave-one-out cross-validation (LOOCYV) criterion is based on minimiz-
ing the mean squared error. This criterion is highly effective for bandwidth selection because it directly
optimizes for predictive accuracy. The LOOCYV algorithm was successfully extended to the domain
of functional statistics by [25] who demonstrated its particular efficacy and suitability for functional
data. The main advantage of this approach is its flexibility; for instance, it can be readily adapted to
our model for functional LARE regression as

i
mopt — arg min 5 (Si — RER (Ti)) , 4)
meM i Sl'
where RER (T;) and RER ' (T;) denote the leave-one-out estimators of RER, respectively, computed
without the i-th observation (T;, S;). The efficiency of these estimators depends on the choice of the
subset M, which determines the optimization of (4).

Concerning the subset M, we point out that there are two primary strategies for choosing
it. The local approach and the global one. In the local case, M is determined by the number of
neighborhoods around the location point. In the global case, M is derived from the quantiles of the
distance distribution between the functional regressors.

4.2. Bootstrap Approach

The bootstrap procedure is an alternative popular method to the cross-validation rule. Its principal
feature is its data-driven nature, as it empirically approximates the sampling distribution of the
estimator without external assumptions. This automatism analysis makes it particularly valuable
in complex modeling scenarios, where asymptotic theory may be intractable or slow to converge.
Furthermore, the bootstrap provides a direct and computationally feasible means to minimize a
targeted loss function. This allows for a more adaptive for many loss functions. For the LARE-
regression, we state the following algorithm :

Step 1: Choose an arbitrary bandwidth my and compute EE\RmO (7).

Step 2: Compute the residual é = S — ﬁE\RmO (7).

Step 3: Generate a bootstrap residual €* using the distribution. G* = ((v/5+1)/2V5)d,(, VA2~
((1- \/5)/2\/5)dé(\/§+1)/2, (d is dirac measure ).
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Step 4: Construct a bootstrap sample (S}, T;"); = (€* — R/E\Rm0 (Ty)

Step 5: Compute the estimators @m(T) using the sample (S}, T;");.

Step 6: Repeat the steps 3-6 Np times and we put ﬁE\R,rn (T) the estimator at the replication r.
Step 7: Choose the optimal bandwidth m according to the following criterion

NB n —_— —_—
Mypp00 = arg min Y Y IRERu,(T;) — RERw(T;)|-
r=1i=1

4.3. Random Matrix Metric

The principal task of functional data analysis is to move from comparing two curves directly to
comparing them within the context of a larger, noisy system. In this context, Random Matrix Theory
(RMT) is used to define a stable distance (without noise ) between any two curves by eliminating
the noise of the entire system. The main idea is based on the use of RMT to clean the covariance
matrix estimated from the data. The eigenvalues and eigenvectors of the noisy covariance matrix are a
mixture of true signal and random noise. RMT provides a null model to identify which parts of the
spectrum are likely to be signal and which are noise. To do that, we follow the following algorithm:

e Step 1:

Create the sample covariance matrix
1

=-T'T
n

C

Here T is assumed to have been column-centered. This matrix C gives the observed covariances
between all pairs of sampling points.

e Step 2

The Marcenko-Pastur law describes the eigenvalue distribution for a random matrix. We compare
the eigenvalue spectrum of our empirical C to the spectrum predicted by the Maréenko-Pastur
distribution for a random matrix with the same dimensions and variance.

1. Perform the eigen-decomposition: C = VAV, where A is the diagonal matrix of eigenval-
ues A;.

2. Identify the eigenvalues that are outside the support of the random distribution. These are
considered as signal eigenvalues. The eigenvalues within the random bounds are considered
noise.

e Step 3

Create a cleaned covariance matrix Cgean by retaining only the signal components. A common
method is to replace the noise eigenvalues with a constant value:

Adean = diag( max()\ll Znoise)r max(/\ZI )_\noise)/ cee )

t
Cclean = VAgeanV '

Where Ayise is a representative value for the noise eigenvalues .

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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o Step 4:

With the cleaned covariance matrix, we can define a stable metric. The Mahalanobis distance is a
natural choice. For two curves represented as vectors 7 and 7, the RMT-metric is:

drumr(T,T7) = \/(7'— T CoL (T —T7)

clean
This metric is more stable and reliable than one calculated from the noisy covariance matrix C~?,
which is highly distorted by spurious correlations.
In conclusion, RMT acts as a filter to denoise the covariance structure of the dataset. This cleaned
structure increases the accurate metric for comparing any two individual curves within that
dataset.

5. Data-Driven Analysis
5.1. A Simulated Data Case

This section is devoted to demonstrate the practical implementation of the proposed estimator
through two illustrative examples. First, we assess the feasibility of both selection methods (LOOCV
and Bootstrap selectors). Second, we illustrate the superior efficiency of the LARE regression over the
LSRE approach. For this purpose, we generate two types of functional variables:

Smooth functional regessor T;(t) = 2b; cos(rtt) + 3b; sin® (27tt) + 4b;t> forall t € (—1/2,1/2)
Rough functional regessor  T;(t) = 2b; cos(7tt) + 3b; sin®(7tt) + 4b;t + 1;(t) forallt € (—1/2,1/2)

where b; is generated from a N (0, 1) distribution and #;(t) is drown from N(t,1 + ) distribution. The
curves are then discretized over a grid of points given by 100 equispaced measurements in (0,1). A
visual comparison of the two functional samples is provided in (cf. Figure 1).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(b) A sample of 150 of rough curves.
Figure 1. A sample of 150 curves.
We model the scalar response Y using the following non-parametric regression
s=3f i 6)
=3[ e fori= 1,150, 5
' —05 1+ T2(t) '

where the errors (¢;) are assumed to be independent of (T;). For the simulation study, we consider
four error types of white noise generated from a normal mixture distribution, as follows:

Standard normal distribution (S.N.D.) N(0,1)
Skewed unimodal distribution (S.U.D.) %N(O, 1)+ %N(%, % + %N(%, %)
Skewed bimodal distribution (C.B.D.) 3N(0,1) + IN(G, D)

Claw distribution (C.D.) 3N(0,1) + Ty NG — 1 17p)

Further details on normal mixture distributions can be found in [26]. Now, in order to compare the
LOOCYV to the Bootstrap selector, we optimize both rules over M, the set of m such that the ball
centered at 7 with radius m contains exactly k neighbors of 7. Specifically, the number k is selected
from the subset {5,15,25,...,75}. Observe that the Bootstrap selector requires a pilot bandwidth m
which is chosen using the R- routine h.default from the R-package fda.usc . The two selection procedures
performance are tested by comparing their averaged absolute errors ASE, where

150

1
ASE= —
5 1502

S; — RER(T;)|.
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https://doi.org/10.20944/preprints202512.0947.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 December 2025 d0i:10.20944/preprints202512.0947.v1

90f19

The model performance also depends critically on using a metric N that is appropriate for the data
type. The latter is related to the smoothness of the curves. Here, the shape of the curves (cf. Figures 1)
confirms that the metric defined by the derivatives is adequate for the smooth curves,

/
N(T,T') = ( /O (O T’(i)(t))zdt>l 2,

where 7)) denotes the ith derivative of the curve 7. While for the rough curves we employ the PCA
semi metric associated to the g-greatest eigenvalues.

While the simulation study investigated numerous values of i, g, and 1, we report here only the results
fori =2,q =1, and n = 150 for brevity. A quadratic kernel on (0,1) was used for this empirical
analysis . Table 1 summarizes the obtained ASE-results for both selectors.

Table 1. ASE results.

Method Distribution | LOOCV  Bootstrap
Smooth curves selector S.N.D. 0.83 0.97
S.U.D. 0.98 1.23
S.B.D. 1.12 137
C.D. 1.18 1.23
Rough curves S.N.D. 1.17 1.84
S.U.D. 1.26 1.74
S.B.D. 1.29 2.18
C.D. 1.52 1.57

We observe that the LOOCYV strategy yields superior results compared to the Bootstrap method.
This advantage is pronounced in the case of Skewed Bimodal Distributions (S.B.D.), whereas for
Contaminated Distributions (C.D.), the two methods perform nearly equivalently. Furthermore, both
bandwidth selectors demonstrate relatively strong efficiency across the tested scenarios.

In the second part of this illustration, we examine the robustness of the proposed estimator by
comparing it to the LSER-regression defined by

1S M(mTIN(T, T)))|

RER — L S MO
iy M(m~IN(T,T;))S;

It is important to note that robustness can be assessed through various metrics, including the in-
fluence function, gross-error sensitivity, breakdown point, local shift sensitivity or bias/variance
under contamination, among others (see [27] for a comprehensive overview). While some of these
metrics are challenging to apply in the context of functional statistics, they all share the common goal
of evaluating the stability of a statistical method and quantifying its sensitivity to deviations from
model assumptions. In this experiment, we assess robustness by analyzing the variance under the
contaminated data-generating process. Specifically, we construct a contamination model by taking it
as a white noise, where
gj =teg, + (1 —t)ey, te€(0,1), i=12,

where ¢y, is generated from S.N.D and ¢, is drown from C.D. Under this contamination, the empirical
variance is defined by
V(t) = Var(RER(T;))? .

In Figures 2 and 3, we plot the function V (t) for both estimators in both cases (smooth and rough case).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. Smooth case: The variability of the function V() over 50 point in (0,1) .

LARE-regression LSRE-regression

130
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24

12
|

100
|

0.00 0.04 0.08 0.00 0.04 0.0o8

t t
Figure 3. Rough case: The variability of the function V (t) over 50 point in (0,1) .

Without surprising Figures 2 and 3 confirm the robustness of RER compared to RER. It shows
that the function V (f) of RER has a small variation compared to the variation in RER. This conclusion
is confirmed by computing the range of V (t), defined as

RG = max V(t) —min V(t),

which serves as a measure of the function’s variability. This benchmark is computed over 50 discretized
points in the interval (0,1). Specifically, in the smooth case, we obtained 0.6 for the LARE-regression
compared to 1.9 for the LSRE-regression. The same statement for the rough case was observed, and
RG =0.3 for the LARE-regressions against RG = 1.45 for the LSRE-regression case.

5.2. Real Data Application

This section presents a predictive analysis using the LARE-model. Specifically, we conduct a
comparative study of several regression predictors. More precisely, we focus in this empirical analysis
on prediction of the sulfone content in onion diets using Near-Infrared (NIR) spectral curves. Sulfones
is organic compounds highly beneficial for human health. Their biomedical significance is well-
documented in the literature, with studies indicating efficacy in treating conditions such as mucous-
membrane inflammation and gastrointestinal disorders. Furthermore, research has highlighted their
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potential to suppress tumor initiation (see [28]). Our objective is to use the NIR spectrometry to
quantify the relationship between onion consumption in a rodent model and subsequent sulfone
levels in urine. The functional NIR data utilized in this analysis are available in the website http:
/ /www.models life.ku.dk (accessed on 20 October 2025). The sample preparation involved a two-step
chemical process: initial spectrometry processing, followed by spectral acquisition in the wavelength
region of 9.6 to 0.3 ppm. The resulting dataset comprises 32 observations, which were recolored with
sufficient replication. The spectral curves for these observations are plotted in Figure 4. Further details
on this dataset are available in [28].

500 1000 1500
I

0
I

o 500 1000 1500 2000

Time

Figure 4. The spectral curves of the NIR data.

For the prediction task, we compare the performance of three regression estimators:

M IN(T, T) | S
- M(m=IN(T, )
RN A )]

@(T) = argmin (LARE-Regression ),
S

RER(T) = LSRE-Regression ),
(T) M IN(T, T5))3. 2 ( egression )
n . -1 .
RE(T) = Lizy SiM(m™ N(7, T;))| (NW-Regression ).

i1 M(m~IN(T,T;))

To ensure a fair comparison, common computational strategies were employed for the three estimators.
This includes the use of the RMT-metric, an identical kernel function M and the application of the rule
specified in Equation (4) for selecting the bandwidth parameter for the three methods.

To evaluate the robustness of these estimators, we introduced contamination by multiplying a
subset of observations by a factor of 10. The impact of this contamination was assessed by controlling
the variation in the Mean Absolute Error (MAE). Specifically, for a given contamination proportion
t € [0,1], we multiplied [tn] observations (where [.] denotes the integer part) and computed the
variability of the prediction error function using

1 3 )
AME(t) = 2= ];(Sk — Pred(Ty)),

where Pred denotes one of the three compared estimators. The resulting prediction errors are displayed
in Figure 5.
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Figure 5. Comparison of prediction errors across the three regression estimators under increasing data contamina-
tion.

The results indicate that while all three predictors have satisfactory performance under uncontam-
inated conditions(t = 0), the LARE approaches demonstrates a significant advantage. This advantage
is particularly evident in the stability of the LARE estimator (EE\R), which exhibits lower variability in
its MAE under contamination. The superior stability of the LARE method is quantitatively confirmed
by examining the range of its error function. The range of the LARE-regression was observed to be
between 0.02 and 0.15, compared to a range of [0.02, 0.6] for the LSRE regression and [0.05, 1.4] for the
standard nonparametric regression. This empirical finding aligns with the theoretical expectation that
estimators based on absolute relative error (LARE) are more robust than those based on squared error
(LSRE), due to the reduced influence of large residuals.

6. Conclusions and Prospects

This work introduces a robust framework for functional regression estimation by employing the

least absolute relative error loss function. We construct a novel estimator and establish its asymptotic
properties, specifically, proving its complete consistency. The functional structure is modeled using
the small ball probability function that relates the topological structure of the probability measure
of the functional explanatory variable. Furthermore, the employment of the LARE rule significantly
increases the robustness of the model. The derived asymptotic results are obtained under general
assumptions, ensuring their applicability to a broad class of functional data and continuous-time
processes. Empirical analyses demonstrate the straightforward implementation of our estimator and
confirm its superior robustness and predictive accuracy compared to alternative methods.
This contribution opens several promising questions for future research. A natural extension would be
to develop a local linear version of this robust modal regression estimator. It is well-known that local
linear modeling can improve the asymptotic convergence rate by reducing boundary bias. Establishing
the asymptotic normality of the proposed robust estimator is another critical open question, as
it is a prerequisite for constructing confidence intervals and conducting hypothesis tests. Other
important directions include exploring linear or partially linear formulations of this regression. A
particularly challenging task would be to extend these results to more complex data structures, such as
censored data or functional time series. Clearly, the treatment of these complex structures requires
new mathematical tools and developments that extend beyond the scope of the present work.
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Appendix A

Proof of Lemma 1. The proof of this lemma adapts techniques employed by [29]. For an arbitrary
positive constant # > 0, we decompose the probability by

P(ldn| = A) = P(|dn| > A, [Un(dn)| < 1) +P(Un(dn)| = 1),
and implying

P(ldn| > A) <P( inf [Uy(d)| <7 | +P(|Un(dn)| = 7).
[d|>A

Since Uy, (dy) = 04.¢0.(1), it remains to establish that

ZIP’( inf |Uy,(d)] < 17) < 0.

n |d|>A
Utilizing the monotonicity of Uy, we observe that

|di|ng [Un(d)| = min(—Uy(A), Un(—A)).

Thus, it suffices to demonstrate that

Y P(—Uy(A) <y7) <oo and Y P(U,(—A) <1n) < oco.

For the first term, we proceed with the following estimation,
;M—un(A) <n) < ;P(—un(A) <1, ABp—21 = Dy)

+ ) P(AB—27 < Dy)

n
< ZP(Z/{”(M) > =1, AB—"Dy > 21)
n
+ ) P(AB —2y < Dy)
< ;P(Wn(M) +BM —Dy| > 1)

+ L P(|Du| = M — 277)

< ZIP’( sup |Uu(d1) + Bd1 — Dyl > ’7)

n |d|<A
+ Y B(D,| > M - 27).
n
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The second term is bounded analogously by
;P(Un(—A) <)< ;P(Un(—A) <1, 21— Ap < Dy)

+Y By - 45 > D,)

<Y P(~Un(=A) = —1, Du+ AB > 21)

n
+) P(AB—2y < —Dy)
n
< ;IP(W”(—A) +B(=A) = Dul 2 1)

+ Y P(|Du| = pM — 277)

< ZIP’( sup |Uy(dy) + pd1 — Dy| > 17)

n ldi|<A
LR, > pA ).
n

Finally, selecting 17 > BA and invoking condition (ii) yields
Y, &1 ~> = g y

Y P(|da| > A) < oo,

Proof of Theorem 1. First, observe that through straightforward differentiation, we establish that
RER satisfies the estimating equation,

n
Z; 1S;]71(0.5 - L )M =0. (A1)
1=

The desired result follows from an application of Lemma 1 with the following identifications.

1

_ - -1 .
Un(d) = HE[My] &= 1S; |<0.5 - ][Sig(d+RER(T))>Ml/

d, = RER(T) — RER(T), and D, = Uy(0).

This gives the required Bahadur representation. From Equation (A1), we have U, (d,) = 0. Thus,
it remains to verify the conditions of Lemma. 1:

Dy = Ou.co.(l)/ (A2)

sup |Un(d) + pd — Dy| = 04.c0.(1), for some M, > 0. (A3)
|d|<A

The claimed results are presented in the following Lemmas

Lemma A1l. Given assumptions (HM1)-(HMSb), we obtain

_ b b logn

Proof. Define the centered random variables,

V=S (0-5 - ][[SiSRER(T)])Mi -E [|5f1| (0-5 - I[SigRER(T)])Mi]-
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Then, the centered version of D,, becomes

1 n

Dy —E[Dn] = WE[M;]

V.
i=1

The proof of this lemma relies on the exponential inequality established in Corollary A.8(ii) of [24],
which requires a bounding of the quantity E |Vip |. First, for any j < m, we observe that

E’s;fol" - E[M{EHS{”‘ | T1”

~ CE|[M]]
< C'Gr(m),
which implies
s 157w =00 14, s

Moreover, we have
1

WE[|51_1|M1] <cC

Applying the binomial theorem yields

P 1 .
EpPI<CcY ———E|S;'M]
= Gy S
< C max Gr(m)~ It
j=0,....p
< CGr(m) 7+,

Consequently,
EPY| = O(Gr(m) =), (AS)

We now apply the aforementioned exponential inequality with a = G7(m)~1/2. For all 5 > 0,

1
]P’<|Dn —ED,| >4 %) < C'p—Cr’,

Selecting 7 sufficiently large yields

_ logn
;IP’(HD” EDy| > U’/—ngf(m)> < oo.

Finally, we obtain

Further, we have

1 .

E(D,] = MEH% (05115, < reR(TY))M1]
< mE[Mﬂul(RER(T),T) — Uy (RER(T), Ty)]]
+ Eryi BV U2(RER(T), T) ~ Un(RER(T), Ty

= O(m") +O0(m").
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It follows that .
logn
|Dn| :O(mbl)+O(mb2)+oa.co.<<ﬁg(rn)) )
O
Lemma A2. Given assumptions (HM1)-(HMSb), we obtain
logn
sup |Uy(d) + Bd — Dyl = O(m") + O(m") + Opco. | | =52 |-
|d\§1::4| n(d) +pd — Dyl = O(m™) 4 O(m™?) aco( nQT(m)>
Proof. We split the proof in two parts: the dispersion term
logn
sup |Un(d) — Dy — E[Un(d) — Dyl| = Osco | | —2— (A6)
|d\§l::4| n(d) n [t (d) nl aw< ngq—(m)>
and the bias term
sup |E[Uy(d) — Dy] + U((RER(T), T)d| = O(m") + O(m"2), (A7)
ld|<A

where U(s, calT) = 2T -th(T)
7 - 9
For (A6), we exploit the compactness of the interval [—A, A], and construct a finite covering
dn
[—A,A] C U [dj —In,dj+14], withd; € [-A, Aland ], = dt=1//n.
i=1

For any d € [~ A, A], define j(d) = argmin; |d — d;|. Then, we decompose the supremum as

sup |Uy(d) — Dy — E[Un(d) — Dy]| < sup
|d|<A ld|<A

Un(d) — un(dj(d))‘

+ sup
ld|<A

+ sup )E[Un(d) —Un(dj(d))]‘-
d|<M

Un(dj(a)) — Dn — ElUn(dja)) — Dy

Using the inequality |Tjs.; — Tjs<p)| < Tjjs_p|<|a—p|), We bound the first term as

1 n
sup |Uy(d) —U,(d;)| < ———= ) Z,
Id\spA| () = Unldy)] < nE[M;] ; l

where

Zi = sup |Si_1|I[|Si7dj(d)7RER(T)\§CZ,1]Mi-
ld|<A

The random variables Z; satisfy

E(Z] = O,Gr(m)), E[Z!] = 01,6, (m)).

_ logn 1/2
w=o( () ) "

Given the condition
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we obtain

o 1/2
sup |un(d)_un(d])| :Oa.co.<< log 1 ) )

ld|<A nGr(m)

For the third term, we have

sup [EfUn(d) — Un(d)]| < —

< E[Z,] < Cly,
dl<M B[] ) =

and by (AS),

ogn 1/2
sup |E[Un(d)—un(dj)]]:0<( log ) )

d]<A ngr (m)

Now consider the middle term,

sup |[Un(d;) — Dy — E[Un(d}) — Da]l-
|d|<A

Define

Un(dj) — Dn — E[Un(dj) — Dy] = WE[M;] ;Tir

where

1,
Y= mlsi 4 (][SigRER(T) - ISide+RER(T))Mi -E [(][SiSRER(T) - ISideJrRER(T))Mi} :

The variables ¥; satisfy
E[¥?] < G- (m).

Consequently, there exists 7 > 0 such that

logn

N N logn o
S;dnmfxpoun(d]) Dy — E[Un(d;) — Dy 217@) < oo,

which completes the proof of (A6).

For the bias term (A7), we employ similar arguments. For alld € [-M, M],

E[Uy(d) — Dy] = —E[lmE [IS‘l | (I[51§d+RER(T)} ~ N5 <rer(r >1)M1}
- _E[lTl]E[(ul(d—|- RER(T), T) — Ui (RER(T), T|)) Mi]
+ mE[(uz(d +RER(T),T) — Up(RER(T), T|))Mi]
. _E[lTl]E[(ul(d +RER(T), T) — Uy (RER(T), T|)) Mi]

+ —E[}Vh] E[(Uy(d + RER(T), T) — Up(RER(T), T|)) My] + O(m) + O(m")

= —U((RER(T), T)d + O(m") + O(m"?) + o(d).

Thus,
E[Uy(d) — Dn] = U((RER(T), T)d + O(m") + O(m®) + o(d).
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Therefore, the conditions of Lemma 1 are satisfied, yielding the Bahadur representation,

1

RER(T) — RER(T) = dy = U(RER(T),T)

Dy —|—O<sup |Un(d) + Bd — Dn|>.
d|<A

O
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