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1 Introduction

Our main purpose of this paper is to compute solution of nonlinear operator equation of
the form

F(z) =0, (1.1)

where F': D C X — Y is a nonlinear operator defined on an open convex subset D of a
Banach space X with values into a Banach space Y.

A lot of challenging problems in physics, numerical analysis, engineering and applied
mathematics are formulated in terms of finding roots of the equation of the form (1.1).
In order to solve such problems, we often use iterative methods. There are many iterative
methods available in literature. One of the central method for solving such problems is
the Newton method [5, 6] defined by

Tpi1 = Ty — Fy ' F(,) (1.2)

for each n > 0, where F! denotes the Fréchet derivative of F' at point x € D.

The Newton method and the Newton-like methods are attractive because it converges
rapidly from any sufficient initial guess. A number of researchers [7,10-25] have general-
ized and established local as well as semilocal convergence analysis of the Newton method
(1.2) under the following conditions:

(a) Lipschitz condition: || F, — F,|| < K||z — y|| for all z,y € D and for some K > 0;

(b) Hélder Lipschitz condition: ||F), — F)|| < K|l — y||P for all z,y € D and for some
p € (0,1] and K > 0;

(¢) w-continuity condition: |[F, — F,|| < w(||[z — y|) for all 2,y € D and for some
function w : R — R*.

On the other hand, many mathematical problems such as differential equations, inte-
gral equations, economics theory, game theory and variational inequalities can be formu-
lated into the fixed point problem [3,30]:

Find z € C such that x = G(x), (1.3)

where G : ' — X is a nonlinear operator defined on a nonempty subset C' of a Banach
space X. The easiest iterative method for constructing a sequence is Picard iterative
method [27] which is given by

Tpy1 = G(2n) (1.4)
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for each n > 0. The Banach contraction principle (see [3-5,30]) provides sufficient con-
ditions for the convergence of the iterative method (1.4) to the fixed point of G. More
details for approximation of fixed points of nonlinear operators can be found in [31,33,34].

The Newton method and its variant [8,9] are also used to solve the fixed point problem
of the form:

(I - G)(x> =0, (15)

where [ is the identity operator defined on X and G : D C X — X is a nonlinear
Fréchet differentiable operator defined on an open convex subset D of a Banach space X.
For finding approximate solution of the equation (1.5), Bartle [28] used the Newton-like
iterative method of the form

Tnr =2 — (I = G )7 (I — G(,)) (1.6)

for each n > 0, where G/, is Fréchet derivative of G at point x € D and {y,} is the
sequence of arbitrary points in D which are sufficiently closed to the desired solution of
the equation (1.5). Bartle [28] has discussed the convergence analysis of the form (1.6)
under the assumption that G is Fréchet differentiable at least at desired points and a
modulus of continuity is known for G’ as a function of . The Newton method (1.2) and
the modified Newton method are the special cases of the form (1.6).

Following the idea of Bartle [28], Rall [29] introduced the following Stirling’s method
for finding a solution of the fixed point problem (1.5):

Yn = G(ﬂ?n),

for each n > 0.
Recently, Parhi and Gupta [1,2] have discussed the semilocal convergence analysis of
the following Stirling-like iterative method for computing a solution of the equation (1.5):

zn = G(x,),

Yn = Tn — (I — Glzn)_l(xn — G(1y)), (1.8)
Tpi1 = Yo — (I = G )" (yn — G(yn))

for each n > 0.

The purpose of this paper is to introduce the Newton-like method for solving the
operator equation (1.1) and discuss its convergence analysis under the w—continuity con-
dition in the sense of Parhi and Gupta [1,2]. Note that the w—continuity condition in
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the sense of Parhi and Gupta [1,2] is weaker than the Holder and Lipschitz continuity
conditions. Our iterative method covers a wide variety of iterative methods and so our
results generalize the results of Parhi and Gupta [1,2]. Finally, we apply our approach to
solve the Fredholm integral equation, where the first derivative of involved operator not
necessarily satisfy the Holder and Lipschitz continuity conditions.

2 Preliminary

In this section, we discuss some technical results. Throughout the paper, we denote
B(X,Y) a collection of bounded linear operators from a Banach space X into a Banach
space Y and B(X) = B(X, X). For some r > 0, B,[z] and B,(z) are the closed and open
balls with center x and radius r, respectively, Ny = NU {0} and ® denote the collection
of nonnegative, nondecreasing, continuous real valued functions defined on [0, o).

Lemma 2.1 (Rall [26], Page 50) Let L be a bounded linear operator on a Banach space
X. Then L7 exists if and only if there is a bounded linear operator M in X such that
M1 exists and

1

IM = L] < =7
[P

If £L71 exists, then

1M 1M1
<

1
170 = =3 S Tome =

1 1
Lemma 2.2 Let 0 < k < 3 be a real number. Assume that q = m+k” for any p € (0,1]
and the scalar equation

1 — kP(1 tptp+1_ ﬁ kpppt2p:0
( (1+qt)"t) o q

has a minimum positive root cc. Then we have the following:
(1) g > k for all p € (0,1].
(2) a€(0,1).
Proof. (1) This part is obvious. Indeed, we have

1 1 2-p
4k =—L k>0
p+1 3 3(1+p)

4
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forall p e (0,1] and 0 < k <
(2) Set

1
3

DD p
g(t) = (1 —kP(1+ qt)%)p+1 — (p—q+ 1 + kp) g, (2.1)

It is clear from the definition of g(¢) that g(0) > 0,¢(1) < 0 and ¢'(t) < 0 in (0, 1).
Therefore, g(t) is decreasing in (0, 1) and hence the equation (2.1) has a minimum positive
root a € (0,1). This completes the proof.

Lemma 2.3 Let by € (0,) be a number such that kP(1 + qby)Pby < 1, where k,p,a and
q are same as in Lemma 2.2. Define the real sequences {b,}, {6,,} and {y,} by
PpP p
(% +kp> b )
(1= kP(1 + by )Pb, )"

(2.2)

anrl =
PV 1 o) b2
prl TR0, 1

TT— R+ gbaby " T— k(1 + gba)hy
for each n € Ny. Then we have the following:

qpbg P 2p
(m*’“” 7"by

(1) (1—kP (1+qbg)Pbo)PT?

O (2.3)

< 1.

(2) The sequence {b,} is decreasing, that is b,+1 < b, for all n € Ny.
(3) kP(1+ gb,)?b, <1 for alln € Ny.

(4) boyp1 < ECPV"B, for all n € N,

@p+1)"—1

(5) 0, <& 70 for alln € Ny, where 0y = 6 and £ = v,6P.

Proof. (1) Since the scalar equation g(t) = 0 defined by (2.1) has a minimum positive
root a € (0,1) and g(t) is decreasing in (0,1) with ¢(0) > 0 and ¢g(1) < 0. Therefore,
g(t) > 0 in the interval (0, ) and hence

D pP p 2
(it + i) oo
1 <1
(1 — kr(1 4+ gbo)Pbo)

(2) From (1) and (2.2), we have by < by. This shows that (2) is true for n = 0. Let
J > 0 be a fixed positive integer. Assume that (2) is true forn = 0,1,2,--- 5. Now, using
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(2.2), we have

qpbp p 2 qpbl? p D)
(ew)on, | (e

< b
(1= k(L gbysn)bysn )T (L= k(14 gby)?b,)"

bjyo = =bjq1.

Thus (2) holds for n = j 4+ 1. Therefore, by induction, (2) holds for all n € Ny.
(3) Since b, < b,_; for each n =1,2,3,--- and kP(1 + ¢by)Pby < 1 for all p € (0, 1], it
follows that
kP (1 + ¢b,)Pby, < EP(1 + qbo)Pby < 1.

(4) From (3), one can easily prove that the sequences {,} and {6,,} are well defined.
Using (2.2) and (2.3), one can easily observe that

b1 = Y000, (2.4)
for each n € Nyo. Put n =0 and n =1 in (2.4), we have
b1 = 100"bo = §(2p+1)obo

and

P
(‘II:%) + kp) i

b
(1 — kp(1+ gby)pb )P
PHP p
(}% + ’fp) q" (Ebo)?
= (1= kP(1+ gbo)rbo)P
qPbP p 2
52;0 (1’_"'(1) + kp) qpbop b
(1 — kr(1 + qbo)Pbo)"
= PPyfPby = D,

IN
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Hence (4) holds for n = 0 and n = 1. Let j > 1 be a fixed integer. Assume that (4) holds
for each n =0,1,2--- | j. From (2.3) and (2.4), we have

ppP p
<(];)ij + kp) @b
-

(1= kP(1 + gbj1)Pbjpr )P

<% + kp>pqp(§(2p+1)jbj)2p

bjyo =

ol
(1 — kP(1 + gbjer)Pbypr )7

q’by L
A (— + k”) qb?
< () ptl !

b.
l (1 kn(1 -+ gbo)"
< €2p(2p+1)j£2p(2p+1)j_1 .. _§2p(2p+1)§(2p+1)bj+1

bj+1

6(2p+1)j+1bj+1.

Thus (4) holds for n = j + 1. Therefore, by induction, (4) holds for all n € Ny.
(5) From (2.3) and (4), one can easily observe that

P 117 pbp
o — (Zfl + kp) abi < (;197(1) * kp) 1(&bo)’ < pemiay
P T k(L + b — 1= k(1 + qbo)Phy

Hence (5) holds for n = 1. Let j > 1 be a fixed integer. Assume that (5) holds for each
n=20,1,2--- 4. From (2.3), we have
(qpbg?Jrl + kp) b2
Pl 20541
= (1 + gy

P (2p+1)i 11 2
(% + ’f”) q (5 T bo)

<
= 1 — k»(1 + gbo)Pby

(2p+1)itl 1
= 6 P

011

Thus (5) holds for n = j + 1. Therefore, by induction, (v) holds for all n € Ny. This
completes the proof. [J
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3 Computation of a solution of the operator equation
(1.1)

Let X and Y be Banach spaces and D be a nonempty open convex subset of X. Let
F : D C X — Y be a nonlinear operator such that F' is Fréchet differentiable at each
point of D and let L € B(Y, X) such that (I — LF)(D) C D. Starting with 2o € D and
after z,, € D is defined, we define the next iterate x,,, as follows:

= (I = LF)(zn),
= (I = FTF)(an), (3.1)

o = (I - FL ) (yn)

for each n € Nj.
If wetake X =Y, F=1—Gand L =1 € B(X) in (3.1), then the iteration process
(3.1) reduces to the Stirling-like iteration process (1.8).

Before proving the main results, we establish the following:

Proposition 3.1 Let D be a nonempty open convex subset of a Banach space X, F : D C
X — Y be a Fréchet differentiable at each point of D with values in a Banach space Y
and L € B(Y, X) such that (I —LF)(D) C D. Letw : [0,00) — [0,00) be a nondecreasing

and continuous real-valued function. Assume that F' satisfies the following conditions:
(1) 1 = )l < w(llz —yll) for all z,y € D;
(2) |[I = LEL|| < c for all x € D and for some c € (0, 00).
Define a mapping T : D — D by
T(z)= (I — LF)(x) (3.2)

forall x € D. Then
11 = Fr,' Fr, | < | F2 lw(cllz = yl))

for all xz,y € D.
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Proof. For any x,y € D, we have

I = Fr, Fr,ll < 1 Fp, 17, — Fryl
< |Fp (T2 = Tyl)
1F lw(lle =y = L(F(2) = F(y))ll)

1
1E (ux y=L [ Fppe- y)dtn)

I ([ 10 = LBl — o)

< |Fr, lw(ellz = yl)-

IN

This completes the proof. [

Now, we are ready to prove our main results for solving the problem (1.1) in the
framework of Banach spaces.

Theorem 3.2 Let D be a nonempty open convex subset of a Banach space X, F : D C
X =Y a Fréchet differentiable at each point of D with values in a Banach space Y and
L € B(Y, X) such that (I — LF)(D) C D. Let xq € D be such that zy = vo — LF (o) and
FI-' € B(Y,X) exist. Let w € ® and let o be the solution of the equation (2.1). Assume
that the following conditions hold:

(C1) |2 — FI|| < w(lle — yll) for all 2,y € D;

(C2) I = LF.|| <k for all z € D and for some k € (0, 3];

(C3) [|[FLH < B for some 3> 0;

(C4) [|[FL F(xo)|| < m for some n > 0;

(C5) w(ts) < tPw(s), s € [0,00),t € [0,1] and p € (9, 1];

L0 kP ) gb2
p+1 0
<C6) b() = BW(T]) < o, ¢ = p+1 + kp 0 = % and BT[.TO] - D, where
r= 1"

Then we have the following:
(1) The sequence {z,} generated by (3.1) is well defined, remains in B,[x¢] and sat-
i1sfies the following estimates:

( ”yn—l - Zn—1|| < k||yn—1 - xn—1”7

”xn - ynflu < qbnfluynfl - xnflua

[0 = @nall < (14 gbo1)l[yn-1 — Tn-all,

F;;l exists and ||FZ’;1|| < Yna||FL 11||

[y — Zall < Onallyn—1 — Tnall < 0"[lyo — 2ol
L L Hlwo(lyn — 2all) < Dy

N\

9
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for all n € N, where z,,y, € B.[xo], the sequences {b,}, {0,,} and {v,} are defined by
(2.2) and (2.3), respectively.
(2) The sequence {x,} converges to the solution x* € B,[x¢] of the equation (1.1).
(3) The priory error bounds on x* is given by:

[ — ™[] <

(1+ qbo)n (51/2;72) (2p+1)"
@ep+nr 1 n
s (1 —E ) %"

for each n € Ny.
(4) The sequence {x,} has R-order of convergence at least 2p + 1.

Proof. (1) First, we show that (3.3) is true for n = 1.
Since x9 € D, yo = xo — F.;'F(x0) is well defined. Note that

lyo = ol = [[F2y ' Fao) | < <7

Hence yo € B,[zo]. Using (3.1), we have

| = Fi  F(w0) + LF (20)]|
o — z0 — L, (yo — o)
||I - LF,QOHH?JO - 96‘0||

kllyo — ol

190 = ol

IAIA

10
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By Proposition 3.1 and (C2), we have

loy = woll = 11F5 " (Fyo) = F(x0) = F%, (yo — x0)) |

/wﬂlmmm)ﬂﬁ%fﬂmm—mw

IN

< /n ! it @MW+W&—@MHm—%H
=z3A (1 = Ol = ol + (o — 01D 3o =
= 5[ [ = t7ulive— sulhat-+otblvo — o] o ol
= 5[ [ = t7ulive = sulhdt-+ Rullvo = )] oo -
< 8| 47wl = o) o — ol

< qBwM)|lyo — xo|l < qbollyo — xol|-

Thus we have

ey —zoll <l — woll + llyo — woll < gbollyo — zoll + [lyo — ol
< (1+4qbo)llyo — woll <, (3.4)

which shows that x; € B,[zg]. Note that z; = (I — LF)(x1) € D. Using Proposition 3.1
and (C3)-(C5), we have

11— F 2 F 1F Hw (Kl — o)
Buw(k(1 + gbo)llyo — wol|)
BEP(1 + qbo)’w([lyo — wol|)
KP(1 4 qbo)? Bw(n)

(k(1 4+ gbo))Pby < 1.

IA A CIA CIA A

Therefore, by Lemma 2.1, F/! exists and

£l

iy = I (35

F/l
IR <

11
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Subsequently, we have

|y — 21l = HF’_lF(l'l)II
= ||FL N (F(21) — Fyo) — Fl (1 — w0))|
< E / IEhy e~ FadE+ 15, = F 1| e = 3ol
< E| m w(||z1 — yo||)+w(k||yo—woll)} lz1 — ol
1
< ||F/ 1|| mw(qboﬂwo—yoﬂ)+/€pw(||yo—$0||)} qb0||$0—y0||
< F/ 1 -qpbp o kp o b o
< |FL P} w(llyo — zol|) + KPw(|lyo — zoll) | gbollyo — o]
q°by
< 0| L 4] Bataatuln -l
B K L
=T k(1 + qbo))eby "0 O
< Olyo — wol|- (3.6)

From (3.4) and (3.6), we have

ly1 — 2ol <y — 21| + [|21 — 20|
< 0lyo — wol| + (1 + gbo)llyo — ol
< (14 qbo)f|lyo — woll + (1 + gbo)|lyo — wol|
< (IT+gb)(14+0)np<r

and
|21 —wo| < lzr —wall + lyr — 21| + |21 — 20|

< (1+E)lyr — 1l + (1 + gbo) ||yo — o]
< (1+q)n+1+q)n

(14+q)(1+6)n <

12
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This shows that z1,y; € B,[xo]. From (3.5) and (3.6), we get

IE, Hw(llyr — zall) < ollF2 Hiw(@llyo — 2ol|)
< Y0P Bw(n)
<

’}/Oepbo = bl'

Thus we see that (3.3) holds for n = 1.
Let 57 > 1 be a fixed integer. Assume that (3.3) is true for n = 1,2,---,j. Since
x; € B,[xg], it follows z; = (I — LF)(z;) € D. Using (C3),(C4), (3.1) and (3.3), we have

ly; =zl = |ILF(x;) = FLF(a5)| = (L — ) F(ay)|
= (L= FoYF (25— )
11— LF, |llly; —

<
< klly; — ;]| (3.7)

Using (3.1) and (3.7), we have

1F2 F ()
1EZH N E (ys) = F ) — F2(y; — )

HF'w./|r%H%mﬂ F@Mﬂuw—xm

< £ /0 1E iy — Fy i+ (1, —Fz’j\l] ly; = 5|

[E 1|

IN

IN

r 1
= I /0 w(z; +ty; — ) — yy)dt + w(lly; — Zjﬂ)] ly; — ;]

rrl
< Nt = Ol = e bl = )| - )
- 1
S L A e (e I [
1
< N |y + 4]l = Dl - )
= Gl ol — 2Dl 1
= qbjlly; — ;. (3.8)

13
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From (3.8), we have

Nzj1 — yill + lly; — 25
abjilly; — x5 + lly; — ;]|
(1 +qbj)lly; — ;]| (3.9)

241 — 5]

VAR VAN VAN

Using (3.8), (3.9) and the triangular inequality, we have

J
i1 —zoll < D s — ]
s=0
J
< D (14 gby)lys — x|
s=0
J
< 371+ gbo)®lyo — woll
s=0
1 —@itl
< (1+ qbo)—eﬂ
(1+q)n
— 1 _ 9 r’
which implies that xy 1 € B,[x]. Again, by using Proposition 3.1, (C2), (C5) and (3.9),
we have
11— FVFL 172 e (Rlaj0 — 25])

<
< IEHIRP (L + gbg)Pw(lly; — )
< KLt gy < 1
Therefore, by Lemma 2.1, ! exists and
/—1
1F2

— F/ 1
H ZJ+1” — 1 kp(]. +qu)pb] fYJH H

14


http://dx.doi.org/10.20944/preprints201810.0165.v1
http://dx.doi.org/10.3390/math7010031

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2018 d0i:10.20944/preprints201810.0165.v1

Using (3.1), (C2) and (3.9), we have

[y =zl = NFLF(x)l
= |FL (F(xi) = Fyy) — FL (201 — y5)|

1
< FL /0 IIF;J.H(%_%)—F{,jlldHIIF;].—Féjll} 241 — ys ]
1
< F2L /0 w(tllmm—yjll)de(llyj—Zjll)} 241 — ;|
- 1
< |F2L /0w(tqullyj—lel)de(kHyj—%ll)] qb;lly; — ;]|
bp Y4
< ylIF. || rw(llys = 25l + Ky — 250 | abslly; — 5]
q”bp _
= [p +Jl +k”] IEZ H lwo(llyy — 51D abs lly; — ;)
e
< kP | qb? :
< o | L2ty - o)
< Oilly; — a5l < 07 |yo — o,

[g500 = 2ol < Myser = 2l + 25500 = 20

J
< 0 lyo — woll + D lwsr — |
s=0

J
< 07 Mo — oll £+ D (1 + gbo)?"llyo — ol

s=0
j+1
< (1+qbo) Y 6
=0
o U+gn _
= 1-0
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and
lzi1 —oll < lzje1 =yl + lyjer — 2jgal] + 2541 — 20|
i
< (HR)yj =zl + Z(l +qbo)0°n
s=0
| j
< L+ n+ ) (1+9)0%
s=0

1
< Z(l +q)0n<r

s=0

which implies that zj.1,y;41 € Br(x0). Also, we have

WL wO;lly; = 51)
WO NEL wlly; = 51)
%bej = bj+1.

IEZ ) e (llysn = i)

VANVAN VAN

Hence we conclude that (3.3) is true for n = j + 1. Therefore, by induction, (3.3) is true
for all n € Ny.

(2) First, we show that the sequence {z,} is a Cauchy sequence. For this, letting

16
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m,n € Ny and using Lemma 2.3, we have

m+4n—1
||xm+n_l'nH < Z ||:Cj+1_x]'H
j=n
m+n—1
< Y (L4 gby)lly; — 4l
j=n
m+n—17—1
< (44gbo) > [T 06illvo — woll
j=n =0
min i 1o
< (g S JL€5F 0l — wol
j=n =0
min-17-1 (2p+1)
< (1+gbo) Z ¢ % ||y0—x0||
=n =0
j—1 .
(2p+1)
m+n—1

_1
% " lIgo — ol

,j
190 — ol

= (1+qbo) Z g P

2p+1) i1

m+4n—1
< (14 gbo) <Z§ 2p?

By Bernoulli’s inequality, for each j > 0 and y > —1, we have (1 + y)? > 1 + jy. Hence

we have

IN

IN

||$m+n - an

(1+qbo)& 27 ¥

@pt)"(2pl) 1 @pr)"@pry™ Tl _(mol)

(m=1)
S R e ] 2’ Y% )n

p+H)"(1+2p) _ 1L @p+1)"(A+2(m-1)p) _m=1)

_ﬂ (m—1)
(1+C]b0)f 2pfy (5 2p2 +§ 2p2 ’Yop+"'+§ 2p2 Y D )77

n n _1 n— _(m-1
+£(2p+1) (%%4*%)70 - +__._i_éh(2p+1) (ﬁJr pl)% - )77

2p+1)"—-1 _n

(14 gbg)¢ 2°

(2p+1)"—1 _n 1—

(I4qbo)§ 2 7y 7

(3.10)

reprints201810.0165.v1
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Since the sequence {z,} is a Cauchy sequence and hence it converges to some point
x* € By[xo]. From (3.1), (C2) and (3.3), we have

[LE ()] 120 = nll + [lyn — ]

<
< Kllyn — 2l + [lyn — 24|
< (14 k)0™n.

Taking the limit as n — oo and using the continuity of F' and the linearity of L, we have
F(z*) =0.

(3) Taking the limit as m — oo in (3.10), we have

1 b (2p+1)"
||:L‘* . xn” < ( _;q 1(;)77 (51/2172) (3.11)
ptn -1
gy (1—5 v %ﬁ%f”’

for each n € Ng.
(4) Here, we prove

fonsn = o]
fon — 2T =

for all n € Ny and for some K > 0. One can easily observe that there exists ng > 0 such
that
|z, — ¥ < 1 (3.12)

whenever n > ngy. Using (3.1) and (3.12), we have

lzn — ™[] = [lon — 2" = LF(z,)]|
=l = 2" = L(F () — F(z))]

1
= |z, —2* — L/O N A 4|

1
< A|M—L@wmfw>mn—fmu

< Kz, =27
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and

lyn — 2"l = N2 — 2" = FL 7 F(@n)|
= | FE (0 — 27) — Fla)]l

< NECIF () — 2 — B (a0 — o)

= / (Flessorary — FL ) (0 — o) |t

< N [ WE ey = ol = 2l

< B / (2 '~ F |l — 2t
< |EY / (tllzn — 1) + (|20 — 2 )| — 2°

< |EY / (1 — 2 [P(L) + (bl — 27| — 27t
< 17 (—+k) (D) — o[

= |F lgw(D) 2y — 2" [P (3.13)
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Using (3.1), (3.12) and (3.13), we have

|‘$n+1_x*||
= yn — FL ' F(yn) — 27|
IEL I E (yn) = Fa™) = FL (yn — 27)|

E [ sy = FL) =)

IN

< [ By = FL
= [ e -

< [1F 1H/ (tllyn = 2™[|) + wlkllzn = 2"))llyn — 2™|dt

e = L D llyn — 27| dt

Y / (tpw HF’;quw(muxn—:v*up“)+w<k||xn—x*n>)dt

< EL H qw (1)l — 277

1
< N [ (P = PO (1 (1) + R P )
0
xqu(1)||z, — z*|P*
" p? F/ 1
— ||F/ 1”2(“1' - || (” ||qw( )) +kp>qw(1)||xn—x*||2p+1
p+1
= Kplla, — |,
where , ( . )
n— 2P w ([[F7 ] qw(1)
K, = F/12(||x il + kP Jqw(1).
7 - (1)
Let || F}x (0)7!, where o > 0. Then, for all z € B,(z*), we have

I — F | < || Fe

', —Fl| <dw(o) <1

and so, by Lemma 2.1, we have

d
Frl< — =X\
177 < o)
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Since x,, — x* and z,, — 2* as n — 00, there exists a positive integer Ny such that

d
F/—l < -
170 S =g

for all n > Ny. Thus, for all n > Ny, one can easily observe that

o” w (Aqw(1))

K, <\
p+1

+ kp) qw(l) = K.
This shows that the R-order of convergence at least (2p + 1).
This completes the proof. [J

4 Applications

4.1 Fixed points of smooth operators

For the choice of X =Y and F' = I — G, Theorem 3.2 reduces to the following:

Theorem 4.1 Let D be a nonempty open convex subset of a Banach space X, G : D — X
be a Fréchet differentiable at each point of D with values into itself. Let L € B(X) be
such that (I — L(I — G))(D) € D. Let xy € D be such that zy = xy — L(xg — G(z9))
and let (I —G',)""' € B(X) exist. Let w € ® and a be a solution of the equation (2.1).
Assume that the conditions (C5)-(C6) and the following conditions hold:

(C7) (I = Gy) M| < B for some > O;

(C8) I = G%)~ (w0 — G(wo))l| < n for some n > 0;

(C9) |G, = Gyl < wlllz —yl) for all x,y € D;

(C10) |[I — L(I = G,)|| <k for all x € D and for some k € (0, 5].

Then the sequence {x,} generated by

Zn = (I - L(I - G))(xn>v
Yo =1 = (I =G, )" = G))(n), (4.1)
=(I-(I-G.)I-G)(yn)

xn+1

for each n € Ny is well defined, remains in B.[xo] and converges to the fized point x* €
B,[xo] of the operator G and the sequence {x,} has R-order of convergence at least 2p+1.

If we put L = I, Theorem 4.1 reduces to the following:
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Corollary 4.2 [2, Theorem 1] Let D be a nonempty open convez subset of a Banach space
X and G : D — D be a Fréchet differentiable operator and let xy € D with zy = G(xy).
Let (I -G, )~" € B(X) exists and w € ®. Assume that the conditions (C5)-(C9) and the
following condition holds:

(C11) ||GLll < k for all x € D and for some k € (0, 3].
Then the sequence {x,} generated by (1.8) is well defined, remains in B,[zo] and converges
to the fixed point x* € B,.[xo] of the operator G with R—order of convergence at least 2p+1.

Now, we give some examples to illustrate the main results in this paper.
Example 4.3 Let X =Y =R, and D = (—1,1) C X. Define a mapping G : D — R by
-

6

for all z € D. Clearly, G is Fréchet differentiable on D and its Fréchet derivative at x € D
is G!, = % and G/, is bounded with ||G,|| < 5 =k for all z € D and G’ satisfies the
Lipschitz condition

G(z) =

1G = Gyl < Kllx —yll

for all z,y € D, where K = 1. For z¢y = 0.3, we have
20 = G(x9) = —0.04550, ||(I — G’ZO)*IH < 0.857904032495689 = £,

I -G ) Hmog— G(x0))|| < 0.296405843227261 = 1.

(
For p=1, ¢ =2 and w(t) = Kt for all ¢ > 0, we have

by = SKn = 0.254287768159952 < 1,

P pP
(£ + k) at3

= = 0.006362942974610 < 1
1-— k(l + Qbo)bo

7

and
r = 0.546890545940483.

Hence all the conditions of Theorem 4.1 with L = I are satisfied. Therefore, the sequence
{z,} generated by (1.8) is in B,[x¢] and it converges to the fixed point x* = 0 € B,[x(]
of G.

Example 4.4 Let X =Y =R and D = (—6,6) C X. Define a mapping G : D — R by

sin x

G(x)=2+e¢€ 5
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forallz € D. It is obviqus that G is Fréchet differentiable on D and its Fréchet derivative
at x € D is G, = “$%e7s" . Clearly, G, is bounded with ||G,]] < 0.22 < 1 =k and

1G5, = Gl < Kz =y
for all z,y € D, where K = 0.245. For xq = 0, we have
-1
20 =G(x9) =3, |(I—- G’ZO) || < 0.834725586524139 = 3

and
|

(I —G.) (o — G(m))| < 2.504176759572418 = 7).
For p=1, ¢ =2 and w(t) = Kt for all ¢ > 0, we have

by = BKn = 0.512123601526580 < 1,

) (fTb? + kp> qb?

= = 0.073280601270728 < 1
1-— k(l + Qbo)bo

and
r = 5.147038576039456.

Hence all the conditions of Theorem 4.1 with L = I are satisfied. Therefore, the se-
quence {z,} generated by (1.8) is in B,[zo] and it converges to the fixed point x* =
3.023785446275295 € B,.[z¢] of G.

[z, — 2|
3.0237854462752
1.7795738211156x 102
6.216484249588206 x 10~
2.335501569916687x 10~
8.775202786637237x 1013
4.440892098500626 x 10~ 6

Gl W N~ OB

Table 1: A priori error bounds

4.2 Fredholm integral equations

Let X be a Banach space over the field F (R or C) with the norm || - || and D be an open
convex subset of X. Further, let B(X) be the Banach space of bounded linear operators
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from X into itself. Let S € B(X), u € X and A € F. We investigate a solution x € X of
the nonlinear Fredholm-type operator equation:

r—ASQ(z) = u, (4.2)

where () : D — X is continuously Fréchet differentiable on D. The operator equation
(4.2) has been discussed in [16], [32] and [35]. Define an operator F': D — X by

F(x) =2 —ASQ(x) —u (4.3)

for all x € D. Then solving the operator equation (4.3) is equivalent to solving the
operator equation (1.1). From (4.3), we have

Fi(h) = h = ASQ,(h) (4.4)

for all h € X. Now, we apply Theorem 3.2 to solve the operator equation (4.2).

Theorem 4.5 Let X be a Banach space and D an open convex subset of X. Let () : D —
X be a continuously Fréchet differentiable mapping at each point of D. Let L,S € B(X)
andu € X. Assume that, for any xo € D, zy = xo—L(xg—ASQ(x¢)—u) and (I-\SQ., )"
exist. Assume that the condition (C6) and the following conditions hold:

(C12) (I — L(I —ASQ))(z) —u € D for all x € D;
C13) |[(I = ASQ.,) M| < B for some 3> 0;
C14) |[(I = ASQ.,) H(zo — ASQ(xo) — w)|| < n for some n > 0;
C15) |Q, — Q, |l < wo(llx —yll) for all z,y € D, where wy € ®;
C16) wo(st) < sPwy(t),s € [0,1] and t € [0, 00);

(C17) |1 = L(I = ASQ,)|| < k,k < 5 for allz € D.
Then we have the following:

(1) The sequence {x,} generated by

o~ o~~~

Zn = Tp — Lz, — ASQ(2,) — u),
Yn =T — (I = ASQ., )7 M@ — ASQ(2,) — u), (4.5)
Tt = Yo — (L = ASQL) " (yn — ASQ(yn) — u)

for each n € Ny is well defined, remains in B,.[zo] and converges to a solution x* of the
equation (4.2).
(2) The R-order convergence of sequence {x,} is at least 2p + 1.

Proof. Let F : D — X be an operator defined by (4.3). Clearly, F' is Fréchet
differentiable at each point of D and its Fréchet derivative at x € D is given by (4.4).
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Now, from (C13) and (4.4), we have ||F/ || < 3 and so it follows that (C3) holds. From
(C14), (4.3) and (4.4), we have ||[F'(F(x0))|| < n. Hence (C4) is satisfied. For all
x,y € D, using (C15), we have

17, = Fyll = sup{[|(F; — F))z]l - z € X, ]2 = 1}

< M| sup{llQs — @Izl : 2 € X, [|2[] = 1}
< [AllISlwo(llz =yl

= w(llz =yl
where w(t) = |A|||S|lwo(t). Clearly, w € ® and, from (C16), we have
w(st) < sPw(t)

for all s € [0,1] and ¢t € (0,00]. Thus (C1) and (C5) hold. (C2) follows from (C17) for
c=ke (0, é] Hence all the conditions of Theorem 3.2 are satisfied. Therefore, Theorem
4.5 follows from Theorem 3.2. This completes the proof. 0

Let D = X =Y = Ca,b] be the space of all continuous real valued functions defined

on [a,b] C R with the norm ||z|| = sup |z(t)]. Consider, the following nonlinear integral
t€la,b]
equation:
b
z(s) = g(s) + >\/ K(s,t)(ux ()P + va(t)®)dt (4.6)

for all s € [a,b] and p € (0,1], where g,z € Cla,b] with g(s) > 0 for all s € [a,b],
K : [a,b] x [a,b] — R is a continuous nonnegative real-valued function and p,v, A € R.
Define two mappings S, Q) : D — X by

S(s) = / K (s, t)z(t)dt (A7)

for all s € [a,b] and
Qu(s) = pa(s)™*? + wa(s)? (45)

for all y,v € R and s € [a, b].
One can easily observe that K is bounded on [a, b] X [a, b], that is, there exists a number
M > 0 such that |K(s,t)| < M for all s,t € [a,b]. Clearly, S is bounded linear operator
with ||S]| < M(b— a) and @ is Fréchet differentiable and its Fréchet derivative at = € D
is given by
QuA(s) = (u(1 + p)a” + 2w)(s) (49)
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for all h € Cla,b]. For all x,y € D, we have

1€ — @y sup{[[(Q, — @y)hll : h € Cla, bl, [[n] = 1}

sup{[|(u(1 +p) (=" — y") + 2v(z —y))hl| : h € Cla, b, [|A]] = 1}
sup{ (|u[(1 + p)ll2” = P [l + 2[v(llz = yIDI[n]] - h € Cla, b, [[p]] = 1}
(X +p)lle = yllP + 2Jv|]z -yl

wo(llz —yll), (4.10)

IA A IA

where wy(t) = |p|(1 + p)t? + 2|v|t,t > 0 with
wo(st) < sPwy(t) (4.11)
for all s € [0,1] and ¢ € [0,00). For any x € D, using (4.7) and (4.9), we have

1SQ%|
= sup{[[SQ,hll : h € X, |[n] = 1}

= sup{ sup
s€la,b]

sup { [ 1K (5010l + a0 + 2betDInolar e X ] =1
< (4 )P + 2wl M (b - a) < 1. (4.12)

/ K(s,t)(u(1 4+ p)x(t)? 4+ 2va(t))h(t)dt| : h € X, ||h] = 1}

IN

We now apply Theorem 4.5 to solve the Fredholm integral equation (4.6).

Theorem 4.6 Let D = X =Y = Cla,b] and p,v,\, M € R. Let S,Q : D — X be
operators defined by (4.7) and (4.8), respectively. Let L € B(X) and xg € D be such that
20 = xg — L(zg — ASQ(x0) — g) € D. Assume that the condition (C6) and the following
conditions hold:
1 _ :
(C18) Tz nare—a = 8 for some §>0;

llzo—gll+Al(lllzoll P+ +2[v|[lxo||) M (b—a)
(C19) I=[A[(le[(1+p) [0 IP+2[¥[[[20[) M (b—a)

1
(C20) II7 = LI+ A LI Cul @ + p)ll2])” + 2lplljz )M (b — a) < 5 for allz € D.
Then the sequence generated by (4.5) with uw = g € X is well defined, remains in B,[x]

and converges to the solution x* € B[z of the equation (4.6) with R-order convergence
at least (2p + 1).

= for some n > 0;
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Proof. Note that D = X =Y = C[a,b]. Obviously, (C'12) holds. Using (C20), (4.7),
(4.9) and (4.12), we have

11 = (1 = ASQL)Il < [A(Iul (X + p)l[z0]1” + 2[wll|z0l) M (b — a) < 1.

Therefore, by Lemma 2.1, (I — ASQ’, )~" exists and

1

I—=ASQ.)™" '
I Ca) = TNl D)ol + 2T M G — a)

(4.13)

Hence (C'18) and (4.13) implies (C'13) holds. Using (C'19), (4.12) and (4.13), we have

I(1 = ASQ.,) ™ (w0 — ASQ(x0) — 9)|

< (T =XSQ%) I (llwo — gll + INSQ (o))

< o =gl + Nl llzoll”* + 2[v o] ) M (b — a)
= 1= Al +p)llzollP + 2wl 20l) M (b — a)
<

Thus the condition (C14) is satisfied. The conditions (C15) and (C'16) follow from (4.10)
and (4.11), respectively. Now, from (C20) and (4.12), we have

= LI = ASQ)I < I = LI+ [ LIASQ
< = LI+ NEAACld (U p) )]+ 2[e [l M (b = a)
< 1
=3

This implies that (C'17) holds. Hence all the conditions of Theorem 4.5 are satisfied.
Therefore, Theorem 4.6 follows from Theorem 4.5. This completes the proof.

Now, we give one example to illustrate Theorem 4.5.

Example 4.7 Let X =Y = C|0, 1] be the space of all continuous real valued functions
defined on [0,1]. Let D = {z : 2 € C[0,1], ||z < 2} € C[0,1]. Consider the following
nonlinear integral equation:

x(s) = sin(ws) + 1—10/0 cos(ms) sin(mt)x(t)dt. (4.14)
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Define two mappings S : X — X and Q : D — Y by

:/0 K(s,t)z(t)dt, Q(z)(s) = x(s)’,

where K (s,t) = cos(ms)sin(nt). For u = sin(ws), the problem (4.14) is equivalent to
the problem (4.2). Here, one can easily observe that S is bounded linear operator with
IS < 1 and Q is Fréchet differentiable with Q.h(s) = 2z(s)h(s) for all h € X and
s € [0,1]. For all z,y € D, we have

1@ — @yl < 2llz — yll = wolllz —ylD),

where wy(t) = 2t for any ¢ > 0. Clearly, wg € ®. Define a mapping F': D — X by

F(z)(s) = z(s) — 1—105'Q(x)(s) — sin(7s).

Clearly, F' is Fréchet differentiable on D. We now show that (C'12) holds for L = I €
B(X). Note that

49 3

I LT — ASQ))(x) — ul| = H—SQ 2)(s) + sinrs)|| < 20 < 3

for all z € D. Thus (I — L(I — ASQ))(x) —w € D for all z € D. For all x € D, we have

3
I —F' <— < — =k
1= Fll < gllall < 5

Therefore, by Lemma 2.1, F;_l exists and

cos(ms) fol sin(mt)x(t)U (t)dt

F,U(s)=U(s) + 5 — [ sin(rt) cos(t)z(t)dt

(4.15)

forall U €Y.
Let zo(s) = sin(7s),w(t) = $5wo(t) = £ and p = 1. Then we have the following;
(a) xo € X, F(xo(s)) = — 12 cos(ms);

(b) 20(s) = xo(s) — F(zo(s)) = sin(rws) + 15% cos(ms);

¢) [[F! 71| < 1.201086631226159 = f;
20
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(d) [|[FL, " F(xo)]| < 0.050975699850996 = 7;
(e) by = KBy = 0.012245246321686 and ¢ = 3;

(%Jrk)quQ
k(1

2 = 5.897481575495280 x 1077 and r = 01 — 0,091756313844910.

(f) 6=

Hence all the conditions of Theorem 4.5 are satisfied. Therefore, the sequence {z,}
generated by (4.5) is well defined, remains in B,[zo] and converges to a solution of the
integral equation (4.14).

Zn(s) zn(s) Yyn(s)
sin(7rs) sin(7s) + 0.042441318157839 cos(ws) | sin(mws) — 0.053779425942169 cos(ms)
~0.042505426009005 cos (s (ms) — 0.021258998682202 cos(ns) | sin(rs) — 0.063732700816574 cos(7s)
in(7s) + 0.021258012220022 cos(ws) | sin(ms) + 0.021239768415502 cos(rs)
(rs) ) (s)
(7s) ) (ms)

S

(7s) (rs) | sin
sin(7s) + 0.042457470555443 cos(ms)
sin(7s) + 0.021230223695582 cos(ws) | sin(ws) 4+ 0.021230223705270 cos(ms
(ms) (ms)

sin(ms) 4+ 0.021230223705279 cos(ms sin(ws) + 0.021230223705279 cos(7s

w0
w0

BlWwiN =IOl

sin(7s) + 0.021230223705279 cos(7s)
sin(ws) + 0.021230223705279 cos(7s)

Table 2: Convergence behavior of Newton-like iteration process (4.5)
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