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Abstract: The k-Fibonacci sequence is a generalization of the classic Fibonacci sequence with some
fixed integer k > 2. In this paper, we identify all k-Fibonacci numbers which can be represented as
concatenation of three repdigits. This work builds upon and extends the previous research by Erduvan
and Keskin, who identified all the Fibonacci numbers with this property. The computations were
carried out with the help of a simple computer program in Mathematica.
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1. Introduction

One characteristic of a palindromic number is that it doesn’t alter when its digits are switched. A
repdigit is a particular kind of palindromic number that is made up of a single digit that is repeated
several times in base 10. The mathematical expression for a repdigit is a(10™ — 1) /9 for some m > 1
and 1 < a < 9. Interestingly, in the trivial situation of a repdigit, m = 1, the outcome is just the digit
itself.

The Fibonacci sequence (F,) is defined recursively by

F,=F,_1+F,_», forn>2

with initial terms 0 and 1, and each subsequent term is the sum of the two preceding terms. An explicit
formula for the n-th Fibonacci number, known as the Binet formula, is given by

Dc"—,B”
Fp=—F7r-,
! V5

where

1++5 11—
5 and = 5

are the roots of the characteristic equation x> — x — 1 = 0.

S

K =

The k-generalized Fibonacci sequence or simply the k-Fibonacci sequence denoted as (Fr(lk) Yn>2—ks
for an integer k > 2. The first k terms are equal to 0, and subsequent term is 1. The sum of the preceding
k phrases determines each next term in the series. More specifically, for every n > 2, the recurrence
relation for the k-generalized Fibonacci sequence is

The initial values are given by ng()kfz) = Fﬁk()ki 5 == Fék)

k = 2, the sequence corresponds to the standard Fibonacci numbers. When k = 3, the sequence is

=0and Fl(k) = 1. For instance, when

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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known as the Tribonacci numbers, and for k = 4, it is referred to as the Tetranacci numbers. This
pattern continues as k increases.

In recent years, diophantine equations with repdigits and terms from binary recurrence sequences
have attracted a lot of interest. Specifically, research on Fibonacci numbers and how they relate
to repdigits has produced a number of significant findings. According to Luca [12], the Fibonacci
sequence’s biggest repdigit is 55. A hypothesis by Marques [13] was later confirmed by Bravo and Luca
[3], who showed that no repdigit with two or more digits exists in any k-Fibonacci sequence for k > 3.
Fibonacci numbers, which may be represented as the concatenation of two repdigits, were studied
by Alahmadi et al. [1]. This study was later expanded to include k-Fibonacci numbers in [2]. In 2023,
Erduvan and Keskin [10] found all Fibonacci numbers which are concatenation of three repdigits. In
this paper, we investigate the representation of k-Fibonacci numbers as concatenation of three repdigits.
In 2023, Erduvan and Keskin [10] found all Fibonacci numbers which are concatenation of three
repdigits. In this paper, we investigate the representation of k-Fibonacci numbers as concatenation of
three repdigits. Specifically, we focus on expressing k-Fibonacci numbers in the form

F,Sk): a...a b...b c...c, (1.1)

N
mq times my times m3 times

extending the work of Erduvan and Keskin [10]. More specifically, we present the following result.

Theorem 1.1. For k > 2 and n > k + 2, the Diophantine equation

k
F,(l):a...a b...b c...c = a- ax10m2+m3+b b x10™ + ¢¢
N N N~ \\,-/ \\,./

myq times my times ms times my times My tzmes mg times (1‘2)

= %(a10m1+m2+m3 — (a—b)10""" — (b —¢)10™ —¢),

has exactly 28 positive integer solutions (n,k, my, my, mz,a,b,c) with1 < d; < 9,0 < dp,d3 <9, and
my, mp, mz > 1.

2 2 2 3
FP =610 | FP =987 | K2 = 17711 | F{) = 149
F —o7a | FY =504 | FY =927 | EY =108
FY =208 | FY =401 | F =553 | EY =120
FY =236 | E®) —a64 |ES) =912 | E® =125
Fi¥ =248 | F¥ =402 |9 =976 |F) =127
F7) =253 | F7) =504 | FY7) = 1004 F( ) — 24888
9
Fl(l) =509 | F\y) = 8144 F1(4 ) = 4088 Fl(g ) = 65533

Furthermore, for n < k + 2, F,gk) is a power of 2, and the only solutions toEquation (1.2)are

FP =128, (for k> 8), E{¥) = 256, (for k > 9),and ¥ = 512, (for k > 10).

2. Auxiliary Results

Matveev’s finding on lower bounds for nonzero linear forms of logarithms of algebraic numbers
will be used frequently to solve the Diophantine equations. These bounds are crucial for effectively
resolving these equations. We will start by going over the main ideas and significant findings from
algebraic number theory.

Consider J is an an algebraic number with minimal polynomial

g(X) =ro(X 01 - (X — W) € Z[x].
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The conjugates of & are §()’s and ry > 0. Consequently, the absolute logarithmic height of & is given by
1 k .
h(o) = ¢ <logro + Y max{0,log ,5(,)”)_
j=1

If6 = g, (s # 0) is a rational number with ged(r,s) = 1, then h(d) = log(max{|r|,s}).
The following are some properties of the absolute logarithmic height, with their proofs available
in [4] [Theorem B5]. Let p and ¢ be two algebraic numbers, then

(i) h(p+6) < ( ) h(6) +log2,
(ii) h(ps*") < h(p) +h(o),
(iii) h(p*) = [k|n (P)-

Expanding on the previous notations, we present a theorem that improves upon a result by
Matveev [14], as further developed by Bugeaud et al. [5]. This theorem establishes a precise upper
bound for the variables in Equation (1.2).

Theorem 2.1. [14]. Let 7y1,...,7; € LL be positive real numbers in an algebraic number field 1L of degree dy,
!
and let eq, . . ., e; be nonzero integers. Consider I = ] 'y? —1.IfT 0, then
i=1

log |T| > —1.4-30""3 - 1*5-df (1+logd} )(1+log(D)) A1 Az - - - Ay,

where D > max{le1|,...,|e|} and Ay,---,A; are positive integers such that A; > W(vy;) =
max{dyh(v;),|log7|,0.16}, for j =1,...,1L

Another approach employed in our proofs is the Baker-Davenport reduction method, introduced
by Dujella and Peth6 [9]. This method will be utilized to refine the upper bounds on the variables
involved.

Lemma 2.1. [9]Assume that M is the upper bound of u and q > 6M represents the n-th convergent of the
continued fraction corresponding to an irrational number T. Consider some real numbers A, B, u where A > 0
and B > 1. Using ||.|| to indicate the distance to the nearest integer, define € = ||uq|| — M||tq||. Then, as long

as € > 0 with
S log(Ag/e€)
~— logB

the inequality 0 < |ut — v+ u| < AB~" has no solution, where u,v,w € Z.

The previously stated lemma is not applicable for y = 0, since € < 0. Rather, in these cases, we
use the following well-known continuing fraction characteristic.

Lemma 2.2. [15]. Let r/s = p;/q; represent the convergences of the continued fraction expansion [ap, ay, . . .|
of the irrational number T. Define

ay =max{a; | 0<i < N-+1},
where M, N € N such that qy < M < gn41. Then, the inequality
sl ™ (ap +2)r?

holds for all ¥ < M and any pair of positive integers (r,s) with s > 0.
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Lemma 2.3. [11] Assume that z > 1 and T > 0 make T > (4z%)? and T > P/(log P)?. It follows that
P < 2*T(log T)=.

2.3.1. k-Generalized FIBONACCI Numbers

The initial k 4 1 nonzero terms of F,Sk) can be explicitly identified as powers of 2, specifically:

FM =1, EM=1, EY=2 FM=4.. FY =21

The subsequent term is given by Fk(fr)z =2k 1.
The characteristic polynomial of the k-generalized Fibonacci sequence, denoted by FK) =
{P,(lk) bn>— (k—2), is defined as

Ye(x) =aF 21— o x 1

This polynomial has an unique real root greater than 1, « = a(k), which is located inside the range
(2(1 —27%),2) and is irreducible over Q|[x] (see [8]). Often known as the dominant root of F(X), the
root & will now be simply represented as &, with its reliance on k removed for convenience. The roots
of ¥i(x) are denoted by a® a@  ak) where we adopt the convention

« = alb).

The function fi(z) for every integer k > 2 is defined as

fie) = 4 (k4 1) -2), forzeC, @.1)

Using these notations, Dresden and Du introduced in [8] a "Binet-like" formula for the terms of
Fk).

k
rb - y Fe(a®y (a1, (2.2)
i=1

They also showed that the influence of the roots within the unit circle in (2.2) is minimal. Their
approximation, which holds for all n > —(k — 2), is as follows:

k _ 1
B — fi(a)a" 1| < 5 2.3)
Moreover, Bravo and Luca concluded in [3] that F,(lk) meets the inequality
"< F,Sk) <a* 1 forn>1landk > 2. (2.4)

Lemma 2.4. [3] Let k > 2, and let a represent the dominant root of the sequence {Frgk) bn>— (k—2), With fi(2)
defined as in (2.1). Then

(i)  The inequalities
% < frla) < Z, and |fi(a?)] <1, 2<i<Kk,

are satisfied.
(ii)  The logarithmic height of fi(«) is bounded above by

h(fx(x)) < 3logk.
Lemma 2.5. [6] For1 < n < 2¥/2 gnd k > 10, we have

EW —2n2(147), where|Z| < 2.5)

5
272
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Lemma 2.6. All solutions of Equation (1.2)satisfy
(my +my +m3)log10 —2 < nloga < (my + my + m3)log10+ 2.
Proof. The result follows directly from the fact that a2 < Fygk) < &1, The estimate in (2.4) can
be used to determine that
[xn—z < F;gk) < 10m1+m2+m3'
After rearranging and applying the logarithm to both sides, we get

nloga < (mq 4 my + m3)log10 + 2loga.

Under the condition loga < 1 for k > 2, this expression further simplifies to nloga < (my + my +
m3) log 10 + 2. For the lower bound, the inequality 10" +m2Fms=1 < Fr(lk) < a"!is employed. We
obtain

(mq +my+m3 —1)log10 < (n —1)loga,

by taking logarithms on both sides and its rearrangement leads to
nloga > (my + my + m3)log 10 — 2.
The ultimate boundaries are determined by combining these findings:
(mq +my +m3)log10 —2 < nloga < (my + my + m3)log10+ 2.

Lemma 2.7. There are no powers of two in F,Ek) with more than three digits which are concatenation of three
repdigits.

Proof. We begin with the expression

2"=ga...a b...b ¢...c where a,b,ce{0,1,...,9}, a#0.
o o N~

my times my times ms3 times
Substituting the mathematical expression of repdigits, this expression can be reformulated as
9 x 2" = a(10™ — 1)10™2" 4+ p(10™2 — 1)10™ + ¢(10™ — 1)

If c =0, then 5 | 9 x 2", a contradiction. Consequently, c is a member of the set {1,...,9}. Specifically,
v2(c) < 3, where 1,(z) denotes the exponent of 2 in the factorization of an integer z. Analyzing the
2—adic evaluation on both sides of the equation

9 x 2" —a(10™ —1)10™21" — p(10™2 — 1)10™ — c10™ =,
it is deduced that m3 < 3 for n > 4. Next, consider the expression:
9 x 2" — glQ™ M2t (p — q)10™2 "M = (¢ — b)10™3 —c.

The term (c — b)10™ — ¢ # 0, (otherwise 5 | 9 x 2"), and it’s absolute value is at most 9 x 10% +9 < 214,
For n > 14, we examine the 2—adic valuations of both sides of the inequality

9 x 2" — glQ™ M2t (p — g)10™2t"M = (¢ — b)10™ — ¢
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and deduce that my + m3 < 13. Consequently, the absolute value of (b — a)10™2%"3 + (¢ — b)10™ — ¢
isat most 9 x 10" +9 x 103 +9 < 2%. For n > 47, further comparison of the 2—adic valuations in the
inequality

9 x 2" — g10™ M2 M3 — (h — g)10"21" 4 (¢ — b)10™ — ¢

yields my + my 4+ m3 < 46. Under these constraints, it follows that
2" < 10% + 108 +10% + 1 < 213,
Therefore, n < 153, and a numerical verification concludes the proof.

3. The Proof of Theorem 1.1

We begin by assuming that the Diophantine Equation (1.2) holds. The repdigit casesa = b = c,
a=b=0,b=c=0,anda = 0,b = c are excluded from consideration, as they have been thoroughly
addressed in [3]. The scenario n < 1000 is then examined. It is sufficient to assume that k < 1000
since, if k > 1000, then n < k, therefore F,Sk) is a power of 2. In this case, Lemma 2.7 establishes that
Equation (1.2)) has no solutions with m; 4 my + m3 > 4. Furthermore, F,Sk) < on=1 <0999 implying
that F,gk) has at most 300 digits. The list of all F,gk) for 2 < k,n < 1000 and the list of all numbers that are
concatenation of three repdigits with a total of at most 300 digits were created in order to address this
situation. These two lists were combined to provide the solutions given in Theorem 1.1. We assume
that n > 1000 from this point on.

3.1. An Upper Bound on n in Terms of k

As explained below, we will now analyse Equation (1.2) in three different scenarios.
Case 1: From equations (1.2), (2.2), and (2.3),

9fi()a" 1 — g10"™ T = 97, — (2 — b)10™2T" — (b — )10™ —c), |fu] <1/2

is obtained.
Taking the absolute value on both sides of the equation yields

9fk (Dé)lxn_] _ a10m1+m2+m3

=19Cu — ((a —b)10"2*" — (b — ¢)10™ —¢) |
<9/2+(9-10M1" 49.10™ +9)

<9/2410™(9-10™ +9 +0.9) 3.1)
<9/2410™7"2(9 + 0.9 +0.09)

< 10.035 x 10™21M3,

Dividing both sides of (3.1) by a10™1""2%5 regults in

9fk(“) n—1qn—mp—my—m 10.035
‘(a 14 10 1 2 3 —1 <107m1 (32)

Define

1"1 — <9fka(“)>an110m1m2m3 _ 1

Notably, I'1 # 0, as the vanishing of I' would imply that

9fk(a) 10m1+m2+m3
a 0‘7’1—1 :
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For some i € {2,...,k}, applying a non-trivial Galois automorphism ¢ of Q[a] that maps a to a(?)
results in

9fx (tx(i)) 10 +ma+mg

<1fori=2,...,k and taking absolute

Using the estimate from Lemma 2.4 (i) and the fact that ‘a(i)
values on both sides, we arrive at

oo ‘9fk(¢x(i))‘ B 10 +matm3

> 10M1+7ﬂ2+ﬂ13/
a ’“(i) |1’l—1

which leads to a contradiction.
Adopting the notation from Theorem 2.1, we choose t = 3 and define the following parameters:

9fi(«)

M= m=ar= 10,e1 =1,ep =n—1,e3 = —my —my — ms.

As 10™Mtmetms=1 F,(lk) < a1, it follows that my + my + m3 < n. So, we set D = n. Additionally,
since L = Q(#1,12,73) = Q(a), we can figure out that d, = k. h(y2) = (loga)/k < 1/k and
h(y3) = log 10 are obtained by using the properties of absolute logarithmic height. Furthermore, using
Lemma 2.4 (ii), we establish that

h(v1) <h(9/a)+ h(fy(x)) <log9+3logk < 7logk forall k> 2.

Accordingly, we define
Ay =7klogk, Ay =1, Asz=klogl0.

A lower bound for log |T'; | can be determined by using Theorem 2.1 as follows:

log|Ty| > —1.4-30°3*°k*(1 4 log k) (1 4 log n) (7k log k) (k 1og 10)

3.3
> —5.8 x 10'2k*(log k)?(1 + log n). 83)

In this derivation, we use the relation 1 4 logk < 2.5log k valid for all k > 2. A comparison of Equation
(3.3) with Equation (3.2) leads to

m1 log 10 — log 10.035 < 5.8 - 10%k*(log k)?(1 + log 1),

which simplifies to
mylog10 < 5.9 -10'%k*(log k)?(1 + log n). (3.4)

Case 2: Proceeding with the second rearrangement of Equation (1.2) as

al0™ — (a b—c)10™ ¢

ot = (RO gt g, =T L (5)

we get

Ife(a)a™ 1 — (a10™ — (a — b))10"2H"| = |9, — (b—)10™ — | < 10.35-10"5.  (3.6)

Dividing both sides of (3.6) by (a10™ — (a — b))10™2""3, we arrive at

1_ m9f(“) W10~ ms3
(o)

1.16

< om

(3.7)
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Let us introduce the following parameters:
9f (&)
= 1
(71,72, ’Ys) <a10m1 y b)’a’ 0>

(e1,e2,e3) = (1,n — 1, —my — m3).

and

With these definitions, we proceed to apply Theorem 2.1. In this scenario, dy, = k since (y1,v2,73) €

L = Q(#). We define
1 _ 9f(“) n—1qn—my—ms
r,=1 (aloml—(a—b)>”‘ 10 .

Following the same reasoning used previously for I';, we conclude that I'; # 0. Using properties of
the absolute logarithmic height, we derive

_ 9f (=)

hm) = h(ulOml —(a— b))
< 3log9 +1log2+5.9-10"2 - k*(logk)?(1 + logn) + 3logk
< 6-10'2 - k*(logk)%(1 + log n).

h(72) = h(a) = 282

h(73) = h(10) = log 10 < 2.31.

So, we can assign A; = 6-10'2 - k*(logk)?(1 + logn), Ay = 1, and A3 = klog 10. Since m, + m3 < n
and D > max{|1|,|n — 1|, |—-my — m3|}, we set D = n.
By using Theorem 2.1 and inequality (3.7), we arrive at

IT2| > exp(—C- (1+1logn) - (1+logk)-klog10-A;- Ay - Ajz),

where C = 1.4-30° - 3*5 . k2. Thus, mplog 10 < 6.1 -10%* - k(1 + log ) (log k)2 is obtained. We may
approximate 6.1(1 + logn)? by 7(logn)? for n > 10'° and by substituting this estimate, we obtain

mylog10 < 7-10%* - k8(logn)?(log k)°. (3.8)
Case 3: The third rearrangement of Equation (1.2) yields
9f (@)a" 1 — (al0™ ™2 — (a — b)10™ — (b —))10™ = — <9Z25" + c). 3.9)
We get the following by taking the absolute values of Equation (3.9)’s both sides:

’9f(a)a"*1 — (a10™7M2 — (g — b)10™2 — (b —¢))10™3| < 9y + ¢ < g +9 <135

This brings us to the key inequality:

‘9 F(a)a" ™ — (a10™F™ — (g — b)10™ — (b — c))10™| < 135. (3.10)
Upon dividing both sides of (3.10) by 9f(a)a” !, we obtain
(a10™M7™M2 — (2 —5)10™2 — (b =)\ _(n_1);yms 3
_ < . .
'1 ( o) « 107 < = (3.11)
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90f19
Define (a10m+ (a— b)10 (b o))
alQ™™m — (g — "2 —(b—c
=1— —(n=1)1gms
;=1 < 5F(a) )oc 10™s.
IfT'3 =0, then
a1/ (al0™Fm2 — (g —b)10™ — (b —c))
= ( o ) (3.12)

So, T3 # 0. By applying an automorphism of L that maps « to a(), where i > 2, and subsequently
implementing the absolute value operation, we derive

a1 ((a10m1+mz —(a—1b)10" — (b —c)) ) (3.13)

10 9 (at)

Taking the ratio of Equations (3.12) and (3.13), and applying Lemma 2.4 (i), leads to

n—1
1> a1 = fiwart > 3 (1 : ﬁ) :

2 2

a contradiction since n > 1000. Next, we apply Theorem 2.1 with

_ (@10 — (a— 010" — (b—c)
(71/61) = ( 9f(a) ,]_ ,
(72,€2) = (&, —=(n — 1)), and
(73,3) = (10, m3).
In the field mathbbL = mathbbQ(alpha), the parameters gammay, gamma,, and gammas are all positive

real values, suggesting that d,,athbbL = k. Using the absolute logarithmic height’s characteristics, we
get

. ((al0™*™2 — (g —b)10™2 — (b —c))
e =i 9F(a) )
< h(9f(a)) + h(al0™T™2) + h((a — b)10™2) + h((b — ¢) 4 2log2
< 10.9 + (my + my) log 10 + m; log 10

loga
hr2) = 2%

h(y3) =1log10 < 2.31.

We derive h(y1) < 12.3-10%* - k8(logk)3(1 + logn)? using (3.4) and (3.8). Consequently, we set
Ay = 12.3-10% - K% (logk)*(1 + logn)?, A, = 1, and A3 = klog 10 instead. This leads us to choose
D = nsince D > max{|1|,| — (n — 1)|, |m3|}. Therefore, using Theorem 2.1, we get

3.0~ > 15| > exp(—4.1 -10% - K2 (1 +logk) (logk)® - (1 + logn)3)

or
(n—1)loga —log3 < 4.1-10% - k2. (14 logk)(logk)® - (14 logn)>.
This implies n < 8.9 - 103 - k'2 . (1 +logk) (logk)? - (1 + log ). As we have assumed n > 10'%, so we
have 8.9(1 + logn)® < 11(log n)3. this implies
n < 11-10% k2. (1 +logk)(logk)® - (logn)3. (3.14)

Now by applying Lemma 2.3, with (1 4 logk) < 2.5logk, we have

n
(logn)3

< 2.8 x 10¥k?(logk)* = T.
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10 of 19

We therefore obtain

<23.T(logT)

< 23-10%%k'2(logk)* - (log(2.8) +3710g 10 + 12 log k + 4(log log k) )°
< 2.3-10%k'2(logk)* - (134.3logk)®

< 5.8-10* - k2(logk)”.

Lemma 2.6 and the fact that « < 2 imply that
(mq +my +m3)log10 < nloga + 2.
This results in

my + my + my < log110 ((5.8 104 . k2(log k)7 (log 2)) + 2) < 2 x 1042 (log k)"

The conclusions derived up to this point are summarized in the following lemma.
Lemma 3.2. The solutions to Equation (1.2) are constrained by the inequalities
my +my 4+ mz < 2 x 104k12(log k) and n < 5.8 x 10%k*2(logk)”.

3.3. An Upper Bound on n in the Case of Large k

In order to apply Lemma 2.5, n < 2¥/2 must be ensured. By applying Lemma 3.2, this condition is
satisfied if
5.8 x 104k (log k)7 < 2k/2

and for k > 554, this inequality is valid. Assuming k > 554, we may write:
k _ 5
B =220+, < 55 (3.15)

In case of k, we have |{| < 1/2, which leads to 272 € [(Z/S)Fr(lk)/Z, 2F,£k)] This yields 2" 2 >
(2/ 3)F,5k) > (2/3)10mMFm2tms=1 Gubstituting Equation (3.15) into Equation (1.2) produces

2" (14 () = £ (alo™ M2t (g — p)10M2 s — b).

O | =

This can be rewritten as

|a = b[10"2"5 + |b — ¢[10™3 + ¢ _ 5 x 22

2"72 — (a/9)10"™FMMS | < 2127 4 9 S o 1999 10M2tms |
Hence,
(a/sytomimsmg-(ro2_q| < 5, 999 107
B 2’<5/ 2t 9'f§m>1<—11'5 (3.16)
< 155max{2k1/2, 1()1"11}
Assign

Ty = (a/9)10™M+mtmap=(n=2) _q,
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It is clear that Ty # 0, because if it were zero, the equation 10™1 "2 135 = 9 . 2"=2 would arise. This is
not possible as 5 | 10" 42435 but 519 - 2"~2, Here, we have set the parameters

(Y1, 72, 73, €1,€2,e3,t) = (a/9,10,2,1,my + my + m3, —(n — 2),3).

It can be observed that L(7y1, 72, 73) = Q,sodp, = 1. A; =1log9 > h(vy1), Az =1og 10, and Az = log?2.
Since my + my + m3 < n, we have D = n > max{1,my + mp + m3,| — (n — 2)|}. By virtue of Theorem
2.1, we derive

log|Ty| > —6 x 101 (1 +logn),

which simplifies to
min{(k/2)log2,m;log10} < 6 x 10! (1 4 logn) + log 155 < 102 log 1.
This inequality is valid for n > 1000. Assume that
(k/2)log2 = min{(k/2)log2, m;log10}.

This assumption results in the inequality

2 12 12
k< fog2 (10 logn) <3 x10*“logn.

Substituting this result into the bound of n from Lemma 3.2, and taking into account that n > k
(because otherwise, Fygk) would be a power of 2, which contradicts Lemma 2.7), we obtain

n < 5.8 x 104k (log k)’
< 5.8 x 10*(3 x 10'2)2(log )"
< 3.1 x 10 (logn)".

Applying Lemma 2.3, we get
n < 2YT(og )Y < 4 x 102, (3.17)

where T = 3.1 x 10'%*. Assume
min{(k/2)log2, mjlog10} = m log10.

As a result, we have
my log 10 < 101 log n. (3.18)

Equation (3.5) can be rewritten as

> _(al0™ —(a—b)\ | iy (c—D)10™ ¢
2" (140) <9 10 =g g
Rearranging this equation, we get
mp _ — — 13
21172 _ alo (ﬂ b) 10m2+m3 — _21’!72@ o (b 6)10 o E ) (319)
9 9 9
Dividing by 2”2 and implementing Lemma 2.5, we get
10" = (@ = 0) \ ymytms . p=(n-2) _ q| < | 4 L2 Cl1O™ ¢
9 9.on-2 9.on—2
(3.20)

1 1
< 22max{2k/2,10ml+mz}.
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Let

Is — (“10"” —9(ﬂ —b) ) 10ma+ms  p=(n1-2) _q,

Here also I's # 0. If I's = 0, then the equation becomes

—b)10"s ¢
27’1—2 — (C - .
¢ 9 9
This leads to
F}’(lk) — 27’1—2 + 21’1—2@’
_ 27!*2 + (C B b)10m3 _ E

9 9

Since Fr(lk) is an integer, it follows that b,c¢ € {0,9} and b # c.
The case (b,c) = (9,0) leads to

mq __ my __
21’172 — 10" = P;Ek) — 61(1()91) 10m2+m3 +9(1091> 10"

=a (10ml_1> 10M2tms | qMmatis _ 1M,
9

This implies 10273 | 272, which is a contradiction.

If (b,c) = (0,9), then

10m — 1 10m — 1
2"—2+10m31=1?,5k):a<0 5 >10m2+m3+9x (0 5 >

= (10m1 -1 ) 10M2FMs 4 10™ — 1
9 7

and so, 10213 | 272, 3 contradiction. Therefore, I's # 0. Now we can proceed to apply Theorem 2.1.
Here we have

al0™ — (a—D
(’Yl/ Y2,7Y3,€1,€2,€3, t) - (9()/ 10/ 2/ 1/ my, — (Tl - 2)/ 3)

Now,
h(y1) <log9 + log(al0™) + log(a — b) + log2

< 3log9 +log2 + 102 logn
< 1.1 x 102 log n.

Furthermore, since dy, = 1, so we assign A1 = 1.1 x 1012 logn, Ay = h(7y2) =log10and Az = h(y3) =
log 2. By implementing Theorem 2.1, we get

log|T5| > —2.6 x 103(1 +logn) logn > —5 x 10 (logn)*.

This bound is compared to equation (3.20), and since the right-hand side of (3.20) has a minimum

occurs at k/2, we get
(k/2)log2 —log22 < 5 x 102 (log n)?,

which leads to

2 23 2 24 2
k< fog2 (5 x 107 (logn) +log22> < 1.5 x 105 (log n)~.
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Using Lemma 3.2 we derive
n < 5.8 x 1042 (log k)’
< 5.8 x 10%(1.5 x 10**(logn)?)'?(log n)”
< 7.6 x 1034 (log n)3!,
as k < n. Application of Lemma 2.3 yields
n <23 . T(log T) < 5.2 x 10%%, (3.21)
where T = 7.6 x 1033, Assume that
min{(k/2)log2, (my + my)log10} = (my + my) log 10.
In this scenario, we conclude
(my +m7)1log 10 < 5-10%(log 1) (3.22)
Next, by rewriting Equation (3.9), we obtain
ez (@0 (@ 0% =0 =0)) gy ez E 62

Taking the absolute values on both sides and dividing through by 2""~2, Equation (3.23) becomes

(a10™+m2 — (g —p)10™2 — (b —c))

.2=(n=2) [ 1oms
9

1—

C
<K+ 52|

< 1 1
< 6 max /2 3 [

On the right-hand side, k/2 is the least power of 2. Assume the reverse, that the minimal exponent
exceeds k/2. In this case, k/2 > n — 2, resulting in n < k. Yet, when n < k, we have Fr(lk) = 2n2,
and by Lemma 2.7, this cannot be a concatenation of two repdigits because n > 1000. Therefore, the

(3.24)

minimum exponent of 2 must be k/2. Let

(a10™+m2 — (g — p)10™2 — (b —c))
9

I¢e=1-— Lo—=(n=2) [ 10ms.

Here T # 0. In fact, if [ = 0, we then get 2" 27 = —c/9. Consequently, F,gk) =22 4 on2r =
2"=2 _ /9 and since this expression is an integer, it follows that c is either 0 or 9. The case ¢ = 0 leads

to P,Sk) = 2"~2 which we have seen that it is impossible. Thus, if c = 9 and P,Sk) =2""2 _1, then

my ma _ 107 — 1
2 _1=pF = a(lo 1)10’”2+’”3 + b<1o 1)10’”3 +9x ()

9 9 9
mp my __
—a (1091)10"12+m3 4 b<1091)10m3 +10™ —1,

which implies 10™3 | 2”2, a contradiction.
So, I's # 0. So, Here we have

my+my _ (5 my _ (h _
)= ((1110 (a—b)10 (b

5 C)),2,10,1,—(n—2),m3>.

(71,72, 73, €1,€2,€3
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An analogous calculation to the one carried out for I'; in Subsection 3.1 reveals that

h(71) <log9 +log(a10™""2) +log((a — b)10™2) + log(b — c) + log 2
< 4log9+2log2 + (my + my)log 10 + m; log 10
< 4log9 +2log2+5-10%(logn)* + 102 logn < 1.2 x 10® logn,

as (logn)? < 23.5logn for n > 10'0. Further, d|, = 1, so we assign A; = 1.2 x 10® logn, Ay = h(7y2) =
log 10 and A3 = h(7y3) = log2. By virtue of Theorem 2.1,

log|Ts| > —2.8 x 10°(1 +logn) logn > —5.1 x 10%®(logn)?.

By analyzing the derived bound in relation to Equation (3.24) and noting that the minimum value on
the right-hand side of (3.24) occurs at k/2, we obtain

(k/2)1og2 —log6 < 5.1 x 10°°(log n)?,

which can be further simplified to

2 37 2 37 2
k< 052 (5.1 x 10°" (logn) +log6) < 1.5 x10% (logn)~.

Using Lemma 3.2 and the condition k < 1, we may deduce:

n < 5.8 x 1042 (log k)’
< 5.8 x 10%(1.5 x 10¥ (log n)?)'2(log n)”
< 7.6 x 10*°(log )3,

Now, by applying Lemma 2.3, we get
n < 221T(log T)* < 7.3 x 10°#, where T = 7.6 x 10*°. (3.25)

After comparing the estimates in (3.25) and (3.21), we may conclude that the bound in (3.25) is valid,
with specific confirmation for k > 554. The lemma 3.2 provides an instantaneous constraint on n for
k < 554, with the condition n < 9.4 x 10¥! < 7.3 x 10°%4. Consequently, in all scenarios, the estimate
in (3.25) remains valid. We formalize this as a lemma.

Lemma 3.4. If F,Sk) is a concatenation of three repdigits, then

1000 < 1 < 7.3 x 10°%4,

3.5. Reducing the Upper Bound
We begin by considering the estimate provided in (3.16). Let

Ay = (mq +my +m3)log10 — (n — 2)log2 + log(a/9).

It is worth noting that I'y = eM —TandasTy # 0,50 Ay # 0. Assuming mj > 2, it can be observed
that the right-hand side of Equation (3.16) is bounded above by 1/2. The inequality |e* — 1| < y
guarantees that x is smaller than 2y for real values x,y. With w = min{(k/2)log?2,m;log10}, we
obtain

310

and this leads to 310
|(mq + my + m3)log10 — (n — 2)log2 +log(a/9)| < o
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We obtain
log 10 B

|(my + my + m3) log 2

(n—2)+

log(a/9) < (310/ log 2) (3.26)
5 :

log ew
by dividing each side of the aforementioned inequality by log 2. In order to implement Lemma 2.1, let
us define

_log10 log(a/9)

u=my+my+m3, v=n—2, T= X VZW/ A =448, and B = e.

We can set M = 7.3 - 10> as an upper bound of my + my + mj3. The 1187-th convergent of T, denoted
as q1187, has a denominator that exceeds 6 M. So, for 1 < d < 9, a quick computation with Mathematica
yields the inequality 0 < € = ||uq1187|| — M||Tq1187|| = 0.305954. Applying Lemma 2.1 to the inequality
(3.26), we obtain

w < 10g(Aq1187/£) < 1380.

Since (k/2)log2 > 1380 for k > 4000, we may conclude that w = mj log 10. Consequently, m; <
1380/ log 10 < 599. For a # 9, this is true since y = 0 for a = 9. In this instance, we have

n—2 < A
my + mp + ms (my + my + m3)B@’

Assuming BY > 2AM, the right-hand side of the above inequality is strictly less than 1/ (2(my + my + m3)?).
Consequently, the ratio (n — 2)/(my + my + m3) corresponds to a convergent of 7. Therefore,

it follows that (n —2)/(my + my + m3) = p;/q; for some j < 1187, where p; = (n —2)/d
and q; = (my +my +m3)/d, with d = ged(n — 2,my + my + m3). According to Lemma 2.2,
when ap; = max{a;: 0 <i <1187} = 5393, the left-hand side of the inequality is bigger than

1/ ((aM + Z)q]Z). As a result, we get

BY < 5395A(my + my + m3) < 5395AM,

which implies
w < log(5395AM) < 1384.

In both circumstances, that is, if a € {1,...,8} or if 2 = 9, we thus conclude that m; < 601 given
k > 4000. Next, consider

m _— J—
As = (ma +m3)log10 — (n —2) log2+1og<”1019(”b)>'

Observe that I's = ¢5 — 1. Since we have shown that I's # 0, it follows that A5 # 0. Referring to
inequality (3.20), the right-hand side is smaller than 1/2. Thus,

44
|As| < ke (3.27)

which leads to

log 10 log((a10™ — (a—b))/9)| _ 64
(ma + m3) log2 (n—2) og2 < (3.28)
As per notations of Lemma 2.1, here we have
_log((al10™ — (a—b))/9) _  log10

U=my+m3, 0=n—-2,u ,A=64, and B =e.

log2 a log2
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Taking the same M = 7.3 - 10°%4, we get that q1187 > 6M. A computer calculation fora,b € {0,1,...,9},
with the conditions a # 0, b # 4, and m; € [1,601] indicates that 0 < € = ||uq1187]| — M||Tq1187| =
0.30966404, implying that
log(A -1
w < o8(Amge ) o
log B

Consequently, k < 4000 for w = (k/2)log2 < 1378, which results in a contradiction. The implication
is that (mq; +my) < 1378/ 1og 10 < 598 since w = (my + my) log 10. Every u is covered by this, except
for the nine triples(a, b, my) :

(1,0,1),(1,9,1),(2,0,1),(3,9,1), (4,0,1)

(3.29)
(4,9,1),(5,0,1),(7,9,1),(8,0,1).

For these triples, it can be readily verified that

2, if (a,b,my) = (1,0,1);

3, if (a,b,my) = (1,9,1),(2,0,1);
p42=144 if (a,b,my) = (3,9,1), (4,0,1);

5, if (a,b,my) = (7,9,1),(8,0,1).

14582, if (a,b,my) = (4,9,1),(5,0,1).

Under these circumstances, inequality (3.28) becomes

As :‘u<log10> ~(n—1)

<64-B™%, fori=23,45
log?2

and log 10 log 10
_ ogl0y\ pew . log
A5—‘(u+1)<10g2> (n 1)‘<64 B, fori=1+

log2 -

Both of these inequalities lead us to the conclusion that B¥ /(64 x 5395) < 7.3 -10°%* using the
continuous fraction expansion of log 10/ log 2. The original assumption that k > 4000 is contradicted
by this finding, which suggests that k < 4000. Consequently, it must hold that w = (m; + m;y) log 10.
Therefore, we obtain the bound (m; + my) < 1382/1log10 < 600. In both scenarios—whether
a€l,...,8ora=9—weconclude that (m; + my) < 600 under the condition k > 4000.

Next, define

my+my _ my __ o
Ng = m3 log 10 — (n — 2) 10g2 + 10g<ﬂ10 1 (Ll b)lO (b C) )

9

It follows that I's = e*6 — 1. Since we have established that s # 0, it necessarily follows that Ag # 0.
Turning our attention to inequality (3.24), we observe that its right-hand side is less than 1/2. This
leads us to the result

12
which indicates that
10™M+m — (g — p)10™ — (b — 12
m3log10 — (712)10g2+10g<LZ 0 (a 9b) 0 (b C))‘ Sk/2 (3.30)
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By dividing both sides of this inequality by log 2, we obtain

1 al0™+M2 — (g — b)10™2 — (b —c)
) 9810 °8 9 _ 18
3 Tog 2 log?2 2k/2°

In order to implement Lemma 2.1, let us assign

mi+my _ _ my __ —
1Og(alOl 2—(a—0)10" — (b c))

u=msz, v=n—2, T= = 9
-t ! _10g2"u_ log2 !

A =18, and B = 2.

We againset M = 7.3 - 105%¢ and utilize the same continued fraction approximation pi1g7/41187-
A computer calculation for m; € [1,602], and mj + mp < 600 showed that 0 < € = ||ugqu1s7| —
M||Tq1187|| = 0.2998877 and

log(Aqusze”")

k/2 < log B

< 1987,
implies k < 4000, a contradiction except for the three triples (a,b, c):
(1,5,9),(3,1,9),(6,3,9). (3.31)

For these triples, we have
6, if(a,b,c)=(1,59);
p+2=147 if(abc)=(319);
8, if(a,b,c) = (6,3,9).

In these cases, inequality (3.30) turns into

log 10 )
() o

<18-B7%, fori=2¢6,7,8.

Thus, by using Lemma 2.2, we have BY /(18 x 5395) < 7.3 - 10°*, which gives

_ log(53954M)

1992.
ogz <19

We have k < 3984, which violates our expectation of k > 4000. Thus, we demonstrated that if k > 554,
then k < 4000. Next, suppose k > 600. Using Lemma 3.2, we may conclude thatn < 2 - 10%3.

Using the same technique for I'y and M = 2 - 10%%, we discover that g17, > 6M. Consequently,
this implies € = 0.385393. Implementation of Lemma 2.1 results w < 201. If k > 600, then the
inequality (k/2)log2 < 201 leads to k < 580, which results in a contradiction. Thus, we must have
w = mq1og10 < 201, implying that m; < 87.

For the case a = 9, the previous argument gives B < 5395AM, which implies w < 206. Since
k > 600, this implies that m; < 90. Thus, m; < 90 applies to all a values. Moving on to I's, we apply
the same value for M with m; < 90 to give € = 0.025490933. This yields w < 202, implying k < 582.
This is again a contradiction since k > 600. So, we must have w = (my + my)log 10 < 202, which
implies (m1 + mz) < 87.

If (a,b,my) is one of the 9 triples shown at (3.29), we get BY < 5395AM. So, now w =
(k/2)log2 < 204, implies that k < 588, which is again a contradiction. We must have w =
(mq 4+ my)log10 < 88, implying that m; + mp < 88 regardless of y values. Next, we'll look at
I'¢. Using my; < 90 in T'g to calculate M yields € = 0.0017344. This indicates that w < 294, giving
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k < 588, resulting in a contradiction because k > 600. If (4, b, ¢) is one of the three triples at (3.31), then
B < 5395AM. Hence, we have the inequality w = (k/2) < 293, which implies k < 586, leading to a
contradiction because k > 600.

So, from now on, assume that k < 600. Now, by Lemma 3.2, we get the same M = 2 - 10%3 for
my + my + mas.

So, we have by (3.2),

10.035
10m -~

9f(a)

A1 = |(mq +my +m3)log10 — (n — 1) loga« + log (3.32)

Assuming mq > 2, the right-hand side of the above equation is less than 1/2. As the inequality
le* — 1| < y for real values of z and y leads to the conclusion that z < 2y, hence, we have A; <
20.07/10™. Dividing Equation (3.32) by log «, we get
9fi(a)
log [ Z2A%/
Og( a )

(my +mp + m3)log10 <
log 10m°

oga (n—1)+

By applying Lemma 2.1, we have g7, > 6M and we get € = 0.362058, which implies m; < 86. Next,
consider the expression in (3.7) with m; < 86.

o 9fk(¢x) 1.16
Ay = |(my +m3)log10 — (n 1)10(<;0c-|—10g(1110m1 Sy Py < {om" (3.33)
Assuming my > 1, the right-hand side in the above inequality is limited to a maximum of 1/2.
Therefore, by the similar argument done for Aj, we can assert |Ay| < 2.32/10™. Dividing Equation
(3.33) by log a, we get

o8 o)) s

(my +m3)log10 <
log 10m2°

Tog « (n—1)+

Now by applying Lemma?2.1, we get € = 0.021281, this implies m; < 86.
Next move to (3.11). Here we have

(3.34)

mi+my __ _ my _
A3—m3log10—(n—l)log,x_|_10g<6110 (a—b)10" — (b c)>‘<“3

9fi(w) et
Since n > 1000, the right-hand side of (3.34) is less than 1/2. So, we have

6

Dividing both sides of (3.34) by log «, we get

al0™*M — (g — b)10™2 — (b —c)
log e
m3log10 (n—1)+ al0™ — (a —b) < 13
log 9fi(w) 10m-1"

Finally, by implementing Lemma 2.1, we get € = 0.399699, this implies n — 1 < 412.
So, we have n < 413, which contradicts our assumption that n > 1000.
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