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Abstract

The Shapley value stands as the predominant point-valued solution concept in cooperative game
theory and has recently become a foundational method in interpretable machine learning. In that
domain, a prevailing strategy to circumvent the computational intractability of exact Shapley values is
to approximate them by reframing their computation as a weighted least squares optimization problem.
We investigate an algorithmic framework by Benati et al. (2019), discuss its feasibility for feature
attribution and explore a set of methodological and theoretical refinements, including an approach for
sample reuse across strata and a relation to Unbiased KernelSHAP. We conclude with an empirical
evaluation of the presented algorithms, assessing their performance on several cooperative games
including practical problems from interpretable machine learning.

Keywords: cooperative game theory; importance sampling; stratified sampling; Shapley value; inter-
pretable machine learning

1. Introduction

The original KernelSHAP paper by Lundberg and Lee [1] from 2017 was a landmark success
for interpretable machine learning. Its primary achievement was making the Shapley value [2] —a
theoretically optimal but computationally intractable [3-5] concept from cooperative game theory
[6] — practical for explaining machine learning models. Lundberg and Lee [1] discovered that the
exact Shapley values for a prediction could be recovered as the solution to a specially weighted least
squares regression problem. By sampling a manageable number of coalitional inputs and solving this
approximate regression, KernelSHAP provided a single, consistent metric for feature importance. The
accompanying open-source shap library SHAP [1] fueled its widespread use, making it a predominant
standard for model interpretation, particularly in the model-agnostic setting.

The follow-up work on Unbiased KernelSHAP by Covert and Lee [7] represents a success in
methodological rigor. It addresses the problem that the original KernelSHAP algorithm has not been
proven to be unbiased and does not provide uncertainty estimates. While not as publicly visible as the
initial breakthrough, this refinement solidified SHAP’s foundation as a robust, statistically sound tool.

According to Lundberg and Lee [1], KernelSHAP was developed without knowledge of prior
articles on cooperative game theory like Charnes et al. [8] and Ruiz et al. [9], who decades earlier
had already derived the precise weighting scheme that makes a least-squares regression yield the
Shapley value when complete data is available. This outlines a fascinating case of parallel innovation
across disciplines. Cooperative game theory, with the Shapley value [2] as its most important solution
concept, had long been a mature and applied field providing rigorous solutions to real-world problems
of fair division and coalitional analysis, from allocating airport landing fees among airlines based
on runway use [10] to measuring the voting power of political blocs in a legislature [11-13]. Yet, the
field of machine learning, increasingly reliant on inscrutable black-box models, had not seen its own
predictions as precisely such a system — where input features act as cooperating agents whose joint
effort produces a model’s output. Lundberg and Lee’s pivotal contribution [1] was to bridge this
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conceptual gap. They recognized that the abstract "game" defined by a model’s prediction function
was a natural domain for Shapley’s theory. By doing so, they inadvertently reinvented a specific
computational tool — the weighted least-squares approximation — from the game theory literature,
but with a transformative new purpose: not to analyze economic coalitions, but to explain the inner
logic of artificial intelligence.

Whereas KernelSHAP [1] and its unbiased variant [7] are very widely used, the methods from
Benati et al. [14] — which are equally based on the least squares formulation of the Shapley value
— have received comparatively little attention. This article represents, to our knowledge, their first
application in explainable artificial intelligence. We adapt the ideas from Benati et al. [14] as general
TU game approximation algorithms, terming their weighted sampling strategy LSS (Least Squares
Sampling). Regarding their proposal for stratification, we differentiate S-LSS, an algorithm without
sample reuse across strata, from SRS-LSS, an algorithm with sample reuse across strata suggested in
Benati et al. [14].

The objective of this paper is neither to introduce a novel Shapley value estimator nor to perform
a broad comparison of approximation algorithms. Instead, the contribution of this work is a detailed
structural, theoretical, and algorithmic analysis of the methods LSS, S-LSS and SRS-LSS from Benati et
al. [14]. We compare the variances of the LSS and S-LSS estimators in detail. We point out how sample
reuse across strata may introduce non-zero covariance terms between strata for SRS-LSS. We prove
that LSS and UKS approximate the same underlying problem, thereby only differing in their respective
sampling strategies. Finally, we test how the unbiased Shapley estimators LSS, S-LSS and SRS-LSS
perform in comparison to KernelSHAP and UKS for both classical cooperative games and real-world
applications from interpretable machine learning.

The remainder of this article is structured as follows. In Section 2, we summarize basic ideas from
cooperative game theory, including linear solution concepts and the Shapley value, and introduce the
BShap (Baseline Shapley) model for interpretable machine learning. Section 3 briefly reviews Monte
Carlo methods, along with stratified sampling and importance sampling for variance reduction. A
summary of results on approximating linear solution concepts by means of importance sampling on the
coalition space from our previous work [15] is presented in Section 4. The central developments of this
paper are detailed in Section 5. We formally introduce the LSS, S-LSS and SRS-LSS estimators, compare
variances of LSS and S-LSS, investigate the emergence of non-zero covariance terms between strata for
SRS-LSS and clarify the similarities and differences between LSS and UKS. The empirical performance
of the algorithms introduced in Section 5 is analyzed in Section 6 using two types of cooperative
games and three real-world explainability scenarios, thereby numerically substantiating our previous
analytical claims. The paper concludes in Section 7 with a summary and recommendations.

2. Preliminaries on Cooperative Game Theory, the Shapley Value and the BShap
Model for Interpretable Machine Learning

Following the expositions in Chakravarty et al. [6], Peters [16], and Benati et al. [14], this section
offers a concise introduction to transferable utility (TU) cooperative games and point-valued solution
concepts such as the Shapley value. Additionally, we briefly describe two representative TU games —
the airport game and the weighted voting game — and the model from interpretable machine learning
which we utilize in our analysis and our numerical experiments in Section 6.

2.1. Transferable Utility Games and Their Characteristic Functions

We investigate transferable utility games (TU games), cooperative games where a coalition’s earnings
are expressed as a scalar [6,16]. This implies that the utility can be distributed without restriction
among the players.

Following [6,16], a TU game is formally defined as a pair (N,v). Here, N = {1,...,n} is the
player set and v : 2N — R is the characteristic function, which assigns a real value to each coalition
S C N representing its total utility from cooperation. We adopt the standard normalization v(@) = 0.
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It is frequently convenient to represent a coalition S by an indicator vector z € {0,1}". We define
z(S) = [1jcg]!" ; and itsinverse S(z) = {i € N | z; = 1}. This mapping allows functions and operators
defined on 2N or {0,1}" to be used interchangeably; for instance, v(S) and v(z) denote the same value,
and |z| = |S(z)|.

2.2. Linear Solution Concepts for TU Games

Let G(N) denote the set of all TU games on player set N. A point-valued solution concept is
a function & : G(N) — R" that returns a vector «(N,v) € R" for each game (N,v) € G(N). Each
entry «; quantifies the value assigned to player i. These concepts are employed to evaluate individual
influence or to distribute a coalition’s payoff v(S) among its members S C N.

A key property of a point-valued solution concept « is linearity [14]. This requires that « can be
written as

«(N,0) = Y w(S)ov(Sv), (1)
SCN

with ® denoting the Hadamard product of vectors, w(S) = [w1(S), ..., w,(S)]" standing for weights
depending only on S and the player, and v(S,v) = [v1(S,v),...,v4(S,v)] " denoting values depending
upon S, v, and the player.

2.3. The Shapley Value

The Shapley value [2] represents the most prominent solution concept in cooperative game
theory. In recent years, it has been extensively adopted in machine learning and explainable artificial
intelligence [1,17-19]. Formally, for any player i € N, the Shapley value is the expected marginal
contribution A;(S,v) = v(SUi) — v(S), taken over all sets S of players that precede i in a uniformly
random permutation 77 of N, i.e.,

$i(N,v) = Eryi(ny) [Ai (Prei (), 0) | (2)
1
= E Z Ai(Prei(ﬂ),v)
nell(N)
_y |S|!(n—n!S|—1)!Ai(S,v), 3)
&

where U stands for a uniform distribution, II(N) denotes the set of all permutations of N, and Pre;(7)
gives the set of players preceding i in a permutation 7r € II(N).

Let ¢ = [¢1,...,¢n] " be the vector of Shapley values, and let ¢ represent any approximation,
with ¢; its i-th entry. Where no ambiguity arises, we use ¢; to mean ¢;(N, v).

It follows directly from (3) that the Shapley value belongs to the class of linear solution concepts
introduced in Subsection 2.2. The coefficients w(S) are specified by v;(S,v) = A;(S,v) and

SIS0 ie i ¢ g
w;(S) = n! 4
i(5) {o ifi cs. @

Note that the Shapley value exhibits symmetry, i.e., two players that contribute equally to each
coalition have the same Shapley value meaning there holds

if vS C N\ {i,j}, v(SU{i}) = v(SU{j}), then ¢;(N,v) = ¢;(N,v),

for any game (N, v) and any players i,j € N with i # j. It also exhibits efficiency, i.e., for all games
(N, v) there holds }_;c ¢i(N,v) = v(N).
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2.4. Airport Games

Airport games, proposed by Littlechild and Thompson [10], address the problem of distributing
runway construction costs among players whose aircrafts require different runway lengths. Costs are
encoded in a vector ¢ = ¢y, .. ., cn]T, where ¢; corresponds to player i. The characteristic function is

v(S) = max c;. (5)
i€S
Classified as line-graph maintenance problems, these games have closed-form Shapley values [20],
making them ideal benchmark instances for the numerical studies in Section 6.

2.5. Weighted Voting Games

Weighted voting games [6,16,21] represent voting bodies in which players possess different
voting weights (e.g., parliamentary seats), collected in ¢ = [cy,...,c,] . A coalition S succeeds when
Y iesci > C for a predetermined quota C. This yields a characteristic function defined by

0 ifY;cqc; <C
ZJ(S) _ if Yies ¢ ©)
1 ifY,cqc; >C.

In our theoretical and numerical investigations in Sections 5 and 6, we frequently use a family of
weighted voting games with n = 7 players and

c=101,231111", Ce{1,...,10}. 7)

There exist fast methods for computing point-valued solutions of weighted voting games for large
player numbers, for instance dynamic programming algorithms [22,23]. Hence these games serve as
excellent test games for our experiments in Section 6.

2.6. Baseline Shapley (BShap) for Interpretable Machine Learning

Our numerical experiments in Section 6 apply the Shapley value framework to attribute a model’s
prediction to its input features. Here, the prediction task is interpreted as a cooperative game with
features as players. Given a model o and an input x, the characteristic function v(S) specifies the value
of a feature subset S.

We adopt Baseline Shapley (BShap), a method originally suggested in [1] and formalized by
Sundararajan and Najmi [24]. The value v(S) is defined deterministically relative to a single baseline
vector z', where features not in S are set to their baseline counterparts:

UBshap (S) = o([zs,z5]) — o(2) ®)

with S denoting the set of features not in S. The subtrahend o(z’) in (8) ensures the normalization
UBShap (@) = 0 as introduced in Subsection 2.1. Note that this normalization would not be needed for
the algorithms based on marginal contributions investigated in our article [15], but becomes crucial for
the algorithms based on least square formulations of the Shapley value discussed in Section 5.
Our specific baseline: In the applications in Section 6, the baseline Z’ is taken as the expected feature
vector over the training distribution:
7 =z2=E, plz.

with D representing the training data distribution. This anchors Shapley values to the prediction o(z)
of an average sample, providing a natural reference point. The resulting attributions thus explain the
deviation of o(x) from this baseline.
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3. Preliminaries on Monte Carlo Methods for Estimation

In this section, we first introduce the use of Monte Carlo methods for estimating expectations
together with two techniques for variance reduction. We draw mainly from the short overviews
provided by Rubinstein and Kroese [25] and Botev and Ridder [26] as well as from the textbook by
Rubinstein and Kroese [27].

Let X be a d-dimensional discrete (or continuous) random variable with a sample space X C R?
and a probability mass function gx (or probability density function, respectively), which may be known
or unknown. Denote a specific realization of X by x € X. For a function H : X — R, we want to
estimate the expectation

n=E[HX)]. o)

This expectation is frequently intractable in closed form, either because gx is unknown (and only
ii.d. samples are given) or because the defining sum or integral is computationally infeasible. Monte
Carlo methods circumvent this analytical hurdle through simulation.

We begin with Crude Monte Carlo as the foundational method, then present importance sampling
and stratified sampling for variance reduction which we examine in this paper. A finite variance of
H(X) is assumed throughout this manuscript.

3.1. Crude Monte Carlo Method

Crude Monte Carlo proceeds by drawing an i.i.d. sample Xy, ..., X¢ ~jq gx and averaging the
H(Xj) values. This yields the standard estimator [26]:

rﬂ»—\

L (10)

According to [26], the estimator is unbiased, i.e. E[ji] = p, and its variance is
o1
Var[fi] = ?Var[H(X)]. (11)

3.2. Stratified Sampling for Variance Reduction

Stratified sampling is a well-established Monte Carlo variance reduction technique [26]. It
separates the sample space X into ¢ disjoint strata {A}, ..., X} such that Ule & = X with A N
Xy = @ forl # I'. Suppose L is a discrete random variable taking values in {1, ..., ¢} with known
probabilities py (1) = P(L =1) = P(X € &}). We can rewrite y as

4 !
p=Ep [En[HX) | X € XL]] = ZZ{PL(Z)E[ ) [ X e x]= E 1) p,

with y; = E[H(X) | X € &}] standing for the expectation over the conditional probability distribution
of X given that X € A}. Our stratified estimator of y becomes

4
=) ()
=1
where /i) denotes the estimated value of H(X) in stratum A}, i.e.,
T
= Z (X1), (12)

with the sample Xj 1, ..., X] 5, of size 7; being drawn i.i.d. from the conditional probability distribution
of X given that X € A}. To ensure fair comparisons to other Monte Carlo techniques, we always assume
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Zle T = T (up to rounding errors), where 7 stands for the overall sample budget. The estimator is
unbiased [26], i.e.,

E[p] = u.

Assuming that the sample sizes per stratum are proportionally assigned, i.e., 7j = pr(I) T, the variance
of the crude Monte Carlo estimator (11) has been established as an upper bound [26], i.e.

Var([p*'] < Var(p],
meaning that the stratified estimator 21! never performs worse than its crude counterpart fi.

3.3. Importance Sampling for Variance Reduction

Importance sampling introduces another probability mass (or density) function px, such that
px(x) =0 = H(x) qx(x) = 0. This allows (9) to be rewritten as

_ ax(X)
=B i) HO (1)

A Monte Carlo approximation based on (13) is

. ax (X)
H= X(Xk) H(Xk)/ (14)

p

Nl

T
)
k=1

where Xy, ..., Xz ~ijiq px. As shown in [25], this estimator is unbiased, i.e. £, [f1] = u, and its variance
is analogous to the crude Monte Carlo case

Var, [f] = %Varpx {Z’;g‘(; H(X)] . (15)

With a properly selected py, the variance of the importance sampling estimator is less than or equal to
that of the crude Monte Carlo estimator. This follows from comparing (11) and (15), yielding

1 1 x(X)

- Vary, [H(X)] < min Vary, [Px(x) H(X)|,
which holds because px = gx can always be chosen as the trivial case. We apply importance sampling
in the context of TU games in Section 4.

4. Approximating Linear Solution Concepts via Importance Sampling

The exact calculation of a linear solution concept, i.e., (1), for a TU game normally requires
summing up terms whose number grows exponentially in the number of players n. Therefore,
approximation algorithms are needed to estimate these values in real-world situations, especially
in the context of applications in interpretable machine learning [1,17-19] where one can typically
not exploit any special structure of the underlying game for computing Shapley values exactly. In
this section, we briefly summarize some ideas from [14] and the general framework for importance
sampling on the coalition space for linear solution concepts which we recently proposed in [15] and
will apply in Section 5.

Benati et al. [14] consider a uniform sampling strategy on the coalition space for approximating
linear solution concepts, i.e. they simply adopt the uniform distribution g = U/(2N). Let us regard
it as the crude Monte Carlo method on the coalition space. Although sampling subsets from the
uniform distribution is both straightforward and unbiased, it is obviously not an optimal — or even
recommendable — sampling strategy for all linear solution concepts or problem settings. For example,
when approximating the Shapley value by sampling coalitions using (3), small or large coalitions
obtain larger weights resulting in a strong influence on the estimator. However, when sampling

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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uniformly from the coalition space, they may extract only a few samples resulting in a less accurate
estimator.

To enable more efficient sampling, we apply the importance sampling technique from Sub-
section 3.3. By appropriately reweighting the estimator, importance sampling allows us to draw
samples from a non-uniform, user-defined distribution while maintaining an unbiased estimate of the
underlying linear solution concept.

Theorem 1. [15] Foralli € N, let
pi:2N = [0,1] with p;i(S) =0 = w;(S)v;(S) =0

be a probability distribution and S; ~yuq p; with S; = [Si1, ... ,Si,T]T be a sample of size T generated by
sampling with replacement according to p;. Then,

1 w;(S)

&(N,v) = [#;(N,0)]ien = T & pilS)

v;i(S,v) (16)
iEN

is an importance sampling estimator of the linear solution concept a (N, v).

The following proposition connects our importance sampling estimator from Theorem 1 estab-
lished in Pollmann and Staudacher [15] to a finding from Benati et al. [14], p. 95.

Proposition 1. The importance sampling estimator from Theorem 1 has the following properties:

(a) It is unbiased, i.e.,

E[#&;(N,v)] = a;(N,v) (Vi€ N). (17)
(b)  Its variance is given by
Var[#&;(N,v)] = % ( Z 7/;1((\?;))2 Vi(S,v)z _ ai(N,v)2> (Vi € N). (18)
SCN Fi

(c) It is consistent in probability, i.e.,
&(N,v) === w;(N,v) (Vi€ N). (19)

We note that Theorem 1 and Proposition 1 subsume both the crude Monte Carlo method (setting
pi(S) = gq(S) = 27") and stratified sampling. The latter is covered because any stratum estimator for a
linear solution concept can be written in the form of (16), allowing direct application of these results.

5. Least Squares Approaches for Approximating Shapley Values

This section covers the idea of approaching the approximation of Shapley values as a least squares
problem. First, we give an introduction to the family of least square values in Section 5.1, followed
by an overview about Shapley value approximation algorithms in this setting in Section 5.2. In
Sections 5.3, 5.4, and 5.5, we compare these algorithms and put them into the overall context.

5.1. The Family of least Square Values

The family of least square values was proposed by Ruiz et al. [9] and comprises a generalization of
the formulation of the Shapley value as a least squares problem, which was already proposed earlier
by Charnes et al. [8].

Essentially, this family consists of all solution concepts that can be obtained as minimizers of a
weighted least squares problem, where the weights determine the relative importance of different
coalition sizes. These weights are given by the function m : {0, ...,n} — Rx( that assigns a weight

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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to each coalition size s € {0,...,n} with m(s) > 0 for at least one s. Clearly, per definition, m is
symmetric in a sense of assigning the same weight to coalitions of the same cardinality in order to
retrieve symmetric solutions like the Shapley value. We denote by y € R" a payoff vector for a
given game with y; being the payoff for player i. In the following, we use the shorthand notation
y(S) = Yics vi- Recall that a payoff vector is called efficient if y(N) = v(N).

With these definitions established, any solution concept belonging to the family of least square
values can be expressed as the optimizer of the following weighted least squares problem:

min 3" m(|S]) (e(5) — y(5))*

YERTscn (20)
st. y(N)=1v(N),

with m being the weight function that is specific to the particular solution concept.
The closed-form solution — again, for a fixed m — to problem (20) is

=t 1 (nal- -y a]-) (Vi € N), 1)

noon i

with

n—1
n—2
aj = Y m(|S))v(S) and = Zm(s)<5_1>. (22)
SCN s=1
jes
These expressions illustrate how the resulting allocation depends on the weight function m.

Least square values as linear solution concepts

Let us briefly point out why all members of the family of least square values are linear solution
concepts in the sense of the definition from Subsection 2.2. Benati et al. [14] showed that (21) can be
rewritten as

y=1 L(fl\]) + Y w(S)o(s), 23)
SCN
0<|S|<n

where 1 € R" is the all-ones vector and the individual elements of w(S) are given by

{<n|5|>m<|5|> fics
WilS) =\ jsimllsh @)
_BSlmlsh g s,

From (23), it follows directly that this representation satisfies the definition of linear solution
concepts provided in Subsection 2.2.

The Shapley value in the context of least square values

The family of least square values was introduced by Ruiz et al. [9] after Charnes et al. [8] had
demonstrated that the Shapley value can be expressed as a least squares optimization problem. In
detail, the vector of Shapley values ¢ is the solution to problem (20) when m is defined as

-1
m(s) = — (Z_f) , (25)

n—1

and therefore, via (22), one obtains

o0 B L IR

s=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Thus, by inserting (26) into (21) and reformulating the result, one obtains the closed-form solution

for the Shapley value as
o(N) n-1 1 .
jEN
j#i

with a; given by (22) for all j € N. We illustrate the computation of the Shapley value as a least squares
optimization problem in Figure 1.

016X b(N) = 10

v({2}) =2

player 1 10 player 2

Figure 1. Let (N,v) be a cooperative game with N = {1,2} and v(®) = 0, v({1}) = 0, v({2}) = 2, and
v({1,2}) = 10. The player 1 and player 2 axes should be interpreted in a discrete way such that 0 denotes the
exclusion and 1 specifies the inclusion of a player. The blue plane is the solution to problem (20) with m being
defined as (25) and y = 1 being obtained from (26). As a result, the coefficients defining this plane are the Shapley
values of the game (N, v), ie., ¢1 =4, and ¢ = 6.

5.2. Shapley Value Approximation Algorithms

In this subsection, we provide an introduction to Shapley value approximation algorithms that
are based on the formulation of the Shapley value as a least squares problem. The algorithms discussed
below are not meant to be an exhaustive list, but rather represent those algorithms we will analyse and
test in the rest of the article. Specifically, the first three algorithms have been proposed by Benati et al.
[14] in the context of stochastic approximations of cooperative games and are based on the family of
least square values defined in Subsection 5.1, while the latter two have their origins in the machine
learning world.

Additionally, we would like to draw attention to the absence of the projection method proposed
by Benati et al. [14], which ensures efficiency and symmetry of the obtained estimators. Although this
approach potentially improves the accuracy of the estimators (or at least never makes their accuracy
worse), it is not agnostic to the underlying characteristic function, as it requires prior knowledge about
symmetric players, which is an information that we assume to be unavailable — in particular, in the
context of interpretable machine learning. Nevertheless, one could still achieve estimator efficiency
through a single evaluation of v(N), similar to Castro et al. [28], who proposed filling the “efficiency
gap” post hoc. However, since such additional considerations lie outside the scope of this work, we
exclude them equally from all algorithms.

Least Squares Sampling (LSS)

This paragraph deals with an algorithm proposed by Benati et al. [14] that approximates (23) by
using importance sampling as defined in Theorem 1. Specifically, we refer to the estimator in equation
(22) on p. 97 in the paper [14] combined with their weighted sampling strategy. In the following, we
name this algorithm LSS.
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The idea of LSS is to sample coalitions with replacement according to
1 .
=y if0 < |S| <m
p(s) = § " . (28)
0 else,
such that, by combining (24), (25), (26), and (28), one obtains
n-1 ifi
w;(S) _ ) ifie$ 29)
PS) | ey i eSS

Then, based on Theorem 1 as well as (23) and (29), an approximation of the Shapley value of

player i is given by
¢Z n +T‘5%P(S) 'U( ) ( )
o(N) 1 n—1 n—1
= - S) — ——=0(S) |, 31
et £t - ) oy
icS i¢S

where S is obtained by sampling T times with replacement according to p.
Equation (31) serves as the basis for Algorithm 1. Note that one evaluation of v can be used to
update all players, reducing the number of evaluations of v and increasing convergence speed.

Algorithm 1 LSS

D o(N)
1 17
2: for T times do

3: Draw & ~ p

4: Us U(SP

5: Win %

6: Wout < rlri;|(19|

7: foralli € N do

8: if i € S then

9: ([A)l' <—<f>i+%winvg
10: else

11: (]51‘ — (ﬁi - %wout vs
12: end if

13: end for

14: end for

Since (31) is an importance sampling estimator of a linear solution concept in the sense of
Theorem 1, which can easily be obtained via (23) and (30), LSS inherits the properties stated in
Proposition 1. Thus, the estimator is unbiased, and we can use (18) to calculate its variance:

Proposition 2. The variance of the LSS estimator is given by

2 1 n—|S| 2 S| 2 2
Var[¢;] = ( ——0(S)*+ ) ——0(5)* — a? (32)
ST\ e nIsI(E) s n(n—1SD(53) l
0<|S|<n 0<|S|<n
i€s i¢S
with )
0
i = (Pi - n
foralli e N.
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Proof. Using (18) and setting v; = v results in
2 1 w;(S)* 2 2
Var|$;] = — . v(S)* —as |, (33)
M=z & e l
0<|S|<n

%

where o; = ¢; — i\] ), Here, the term @ is excluded from the variance calculation since it is added

once at the beginning of the LSS algorithm, but it is not part of the sampling procedure and thus,

there is no randomness to it, and it does not influence the variance of 43,'. As a result, we construct a
o(N)

temporary solution concept of the game, a;, that does not contain the constant term —=.

With that given, one obtains (32) by calculating

ISl a1 .

wi(S)* _ nn|‘ss|‘ (\5\le) ifies
- 2 -1 L.

p(S) s (83 ifies,

and inserting the result into (33). O

Stratified Least Squares Sampling (S-LSS)

This paragraph discusses another algorithm proposed by Benati et al. [14], which approximates
the Shapley value through what the authors introduce as their stratification strategy. Specifically, we
refer to equations (23) and (24) on p. 97 in the paper [14] without any reuse of samples across strata. In
the following, we refer to this method as S-LSS.

The stratification according to [14] comes into play when approximating the individual addends
aj in (21), where a reformulation of (22) results in

n—1
aj=Y_ Y m(s)v(S). (34)
s=1 SCN

s=|S]

jES

[

uj,s

Based on that formulation, approximations of 4;s, denoted by 4; ;, are obtained as

s = ! Y m(s) 0(8)2¥ Y o(S), (35)

Ts se8,, Pis(S) Ts (1 —5) se5,

with S; ¢ being an i.i.d. sample of size 7 from {S C N | (s = [S|) A (j € S)} according to the uniform

K . . . — 71
probability distribution p;(S) = )

Then, based on (27), one obtains an estimator of ¢; as

. o(N) n—-1"=1 1 — =l
="My Ly Y,
n n n J
s=1 jeEN s=1
j#i

forming the basis for Algorithm 2.
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Algorithm 2 S-LSS

1: fori € N do

2 fors=1ton—1do

3 ﬁi,s 0

4 for 7; ; times do

5: Draw S ~ Pis

6 ﬁi,s — ﬁi,s + E ) U(S)

7 end for

8 end for

9: end for

10: §; = 2N 4t Yol bis — £ Yjen:jzi oy 8js (Vi€ N)

Clearly, by using the formulation given in (35), the estimators ;s can be seen as estimators of
individual solution concepts 4;; in the sense of Theorem 1 by setting

m(s) if(s=|S|)A(j€S)

wiS) =1, -
as well as

pis) = {15 =i GEs)
ande=v.

Therefore, the individual stratum estimators are unbiased, and (18) can be used to calculate their
variances:

Proposition 3. In the context of the S-LSS algorithm, the variance of 4; s is given by

51— L 1 2_p2
Var[ajls] = = ((n Y 1)(2:%) sng v(S) “;,s) (36)
S]':EE‘

forallj € Nands € {1,...,n—1}.

Proof. By using the fact that

= : = (37)

-1

m(s)z (S 2 _ (;;71) Z U(s)z
SCN pjs(S) (n—1)2("72) SCN
s=|$| s=[$|
jes jes

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2308.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2026 d0i:10.20944/preprints202601.2308.v1

13 of 41

Inserting this result back into (18) results in (36). O

Based on the individual stratum estimator variances given by Proposition 3, Benati et al. [14]
stated the overall variance of the estimated Shapley value of player i as

W o(N n—1n=
varlg) = var [0 4 L L 7 B,
n n =
s=1 ]ENs
j#i

(”_1) ZVar +—ZZVar i) (38)

JEN s=
j#i

Perhaps surprisingly and contrary to what might be expected from the definition of stratified
sampling in Subsection 3.2, S-LSS does not guarantee a smaller variance compared to LSS, as we
discuss in Subsection 5.3 and show empirically in Section 6.

Sample Reuse Stratified Least Squares Sampling (SRS-LSS)

Benati et al. [14] proposed a third algorithm, which is based on the S-LSS algorithm and reuses
samples across strata. Specifically, we refer to the final three sentences in subsection 4.2 on p. 97 in the
paper [14]. In the following, we refer to this method as SRS-LSS.

The central idea is to reuse one evaluation v(S) in (35) to update all stratum estimators ajs
where s = |S| and j € S, hence the name. To achieve that, samples S; of size 7; are drawn from
{S € N | s = |S|} with probabilities p;(S) = (2‘)71. Based on the elements of S € S;, all stratum
estimators 4, with j € S are updated with a single evaluation v(S). As a side effect, the number of
evaluations of v that are used to update player j’s stratum, i.e., 7; 5, are dependent on the generated
samples, which is why, in Algorithm 3, we need to keep track of their values as well. This essentially
means that all 7; s become estimators themselves, which is why we denote them by 7;;. Additionally,

we use d; s to denote unnormalized estimators of a; ; before dividing by % (n — s).

Algorithm 3 SRS-LSS

1: fors=1ton —1do

2 s 0 (VieN)

3 djs <0 (VieN)

4 for 7, times do

5: Draw S ~ p;s

6 vs + v(S)

7 foralli € S do

8 Gis < dis+0s

9: fi,s — ﬁ,s +1

10: end for

11: end for

12: LAll‘,s — m Gjg (Vl S N)
13: end for

=W pnctynlg Ly LY 8 (Yie N)

One needs to guarantee that f;; > O forall j € Nand s € {1,...,n — 1} in order for SRS-LSS
to function properly and avoid divisions by zero. One straightforward approach is to repeatedly
generate samples until this condition is satisfied, or alternatively, to employ a conditional probability
distribution that accounts for which elements have not yet been sampled. In the remainder of this
work, we rely on the results from the following proposition, and therefore, we do not incorporate
additional safeguards into Algorithm 3.
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Proposition 4. Let 7, — oo as T — oo forall s € {1,...,n — 1}. Then, with probability approaching one
asymptotically, each stratum estimator receives at least one sample, i.e.,

Th_r)roloIP’(EI] ENsse{l,...,n—-1}:%,=0) =0.

Proof. The probability of a player j € N belonging to a random coalition of sizes € {1,...,n — 1} is
given by & > 0. Thus, we have

Ts 0o
(g =0)=(1-7)" = o. (39)

Since

PEjeNse(l,...,n—1}: £, =0) :1@( U Ut :0}),

jEN s=1

we can use the union bound [29] and (39) to derive

n—1 n—1
P(U U{ﬁ,s—0}> <Y Y Pt =0) — 0,

jEN s=1 jeN s=1
which holds as long as 7, — co with T — co. [

Since Benati et al. [14] did not include a variance analysis of the SRS-LSS estimator in their work,
we refer to Subsection 5.4 for a detailed discussion of the variance of the obtained estimator.

KernelSHAP (KS)

Let us now introduce the KernelSHAP algorithm, one of the predominant Shapley approximation
algorithms in the machine learning world. It was developed by Lundberg and Lee [1], without
knowledge of prior works like [8] and [9]. The optimization objective is

¢=agmin Y p(z) (y(2) —0(z))?
cR" VA n
Y kA (40)

st. y(N)=109(N)

to calculate the Shapley values for the cooperative game (N, v) [7]. Here, p « w denotes a probability
mass function satisfying p(0) = 0 and p(1) = 0 such that

-1 .
o) - {Q w(z) if0<|z| <n .
0 else,
where v—1
_ 42
&) = 1) )
is the Shapley kernel and
n—1 1
Q:("—l)gm (43)

is a normalization constant [7]. As noted in Subsection 2.1, all functions defined on {0,1}" are implicitly
also defined on N.
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Since solving (40) requires optimizing over the elements in {0, 1}", a set that grows exponentially
in n, KernelSHAP approximates Shapley values by generating a sample S ~;;4 p of size T and solving
the approximate optimization problem defined over the sampled subsets only, i.e.,

$—argmin L Y (¥(S) —o(S))’
yER? T Ses (44)

st. y(N)=09(N).
Following [7], the Lagrangian of the approximate problem given by (44) with multiplier A € R is
4 1 1
Lo =y (1L a)2) y-2" (1 L as)e())

Ses SeS
\_\,_/
b

A

+ 1 Z v(S)? +2A (y(N) —o(N)).
TSGS

(45)

Based on the Lagrangian, Covert and Lee [7] derived the closed-form solution

o it (pal Ay
1TA-11

The resulting estimator is consistent in probability, but assessing its unbiasedness or variance is
challenging due to terms like A~'h. While the unbiasedness or variance of A or b can be analyzed
individually [7], their interaction complicates the analysis of the final Shapley value estimator.

The KernelSHAP algorithm will not be further analyzed theoretically in this work. Due to its
setup, it is unclear how the obtained estimator fits the framework defined by Theorem 1 or Monte
Carlo estimators introduced in Section 3 in general. To the best of our knowledge, no analytic
solution for its variance or a proof of its unbiasedness has been derived up today, which is why
the unbiased KernelSHAP algorithm was introduced, guaranteeing unbiasedness and facilitating the
variance analysis of the obtained Shapley value estimator.

Unbiased KernelSHAP (UKS)

The UKS algorithm [7] is a continued development of the KernelSHAP algorithm from the
previous paragraph, where we pointed out that it is unclear if the KernelSHAP estimator is unbiased
due to the interactions between A and b.

Considering the original optimization problem defined in (40), its Lagrangian with multiplier
A € Ris given by

L(y,A) =y E[zZ']y -2y  E[Zv(Z)] +E[0(2)*] +2A (1Ty — o(N)),
T T

whereby Z is a random variable taking values from {0,1}" and being distributed according to p
defined by (41). With that formulation given, the closed-form solution of the original problem can be
derived as —
_ 1'"A7'b —v(N)
=A b1 ).
o= (1)

Clearly, b cannot be computed exactly for large n, since it depends on v, and thus, needs 2" — 2
evaluations of v in order to be exact. Nevertheless, since A does not depend on v and the probabil-
ity distribution p is known, A can be pre-computed and is exact, which is the main improvement
introduced by UKS in contrast to the original KernelSHAP algorithm.
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Thus, UKS estimates all players’ Shapley values via
R ~ _1TA7 b —o(N)
=AM b1t 4
b=t (b1, (46)
where b is defined in (45) as for the KernelSHAP algorithm, i.e., b = 1 Y5 z(S) v(S), and A € R"*" is
given by
20 P
e )
P
with et
1 Y
P = n(n—1) nilz nl ’ (48)
Es:l s (n—s)

Following the results provided in [7], the resulting Shapley value estimator is unbiased and
consistent in probability. Furthermore, its covariance is given by

T4 =EZ;ET (49)
with
Y; = Cov([Zv(Z)]
and
Fe a1 A*lllTAfl.
1TA 11

5.3. Comparison of LSS and S-LSS

In this subsection, we first clarify the relationship between the two algorithms LSS and S-LSS
which we introduced at the beginning of Subsection 5.2, followed by a detailed comparison of variances.

Algorithm Comparison

For comparing the algorithms LSS and S-LSS, we start with the following proposition:

Proposition 5. In the sense of the definition of stratified sampling provided in Section 3.2, S-LSS is not a valid
stratification scheme of LSS.

Proof. As stated in Section 3.2, stratification divides the sample space X into strata { X}, ..., Xy}, such
that X; N Xy =@ forl,l' € {1,...,¢}and ] #1.
By observing the strata definitions given in (34), one obtains that their sample spaces have the
intersection
{SCN|(=[ShDAGEeS)A( €S} (Vji#] €N).

Clearly, for any coalition size s € {2,...,n — 1}, this set is nonempty, since it contains at least one
element of the form {j,f, ...}, whereby the dots indicate the presence of s — 2 distinct players other
than j and j’. Therefore, S-LSS does not form a valid partition of the sample space as required by our
definition in Subsection 3.2. O

We note in passing that the structure of the overlap between strata is such that it does not introduce
a bias in the Shapley estimator defined by S-LSS.
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In order to generate a deeper understanding regarding the relationship between LSS and S-LSS,
we explain how Benati et al. [14] derived the LSS algorithm from the initial formulation given by (21).
Via (21) and (22), one directly obtains

w—fﬁ+l@2mwwm—zzme@> 50
T\ scN JEN SCN
ieS ’ _ jeSs
1 ﬂ]'
_o(N) nlics _ 1
== +£%—;TWNBDMS %%%%Vnmﬁbdﬁ
jeS
Tscn S m(|S) o(S)
o U(N) Tl]].l' S_|S|
_T+S§\]€77nm(|5|)v(5), (51)

w;(S)

which matches the formulation proposed in (23) with weights given by (24). Therefore, one evaluation
of v for a given § in (51) corresponds to updating all a; where j € S in (50). This implicit update of all
aj where j € S is encapsulated by the weight function w;.

As aresult, stratifying by s and j, as done in the case of S-LSS, cannot be derived from LSS in the
same way as defined in Section 3.2, since LSS is an algorithm that simultaneously updates multiple
strata of S-LSS with a single sampled element, i.e., with one evaluation of v.

We conclude that the statement from Subsection 3.2, which points out that stratified sampling
always yields a variance less than or equal to that of the crude Monte Carlo method, does not apply
here, since S-LSS is not a valid stratification scheme of LSS. Therefore, in order to understand how
their variances compare, we calculate both algorithms’ variances on two selected examples.

Variance Comparison in the Absence of Variance Within Strata

First, let us compare the variances of the LSS and S-LSS estimator in the context of an example
game characterized by large variance between strata and no variance within strata. In particular, we
consider a cardinality game with n > 2 players and the characteristic function

(8) = |S|. (52)

Lemma 1. On the game defined by (52) with n > 2, the variance of the LSS estimator is greater zero for all
players, i.e.,

Var[pF55] > 0 (Vi € N).
Proof. First, we obtain that the Shapley values of the game are given by @ foralli € N, since all i

are symmetric. Without loss of generality, we fix one player i € N in order to simplify notations. Then,
by using Proposition 2, we derive

= (") o

n

Inserting a7 into (32), multiplying by 7, and using the identities defined by (37) as well as

"N (-1 (-1 n-s—1)1_ -1
("2 " sin—s—1)!  (n—2)! ’

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2308.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2026

18 of 41

results in
2 n—|S| 2 S| 2
Varlpts = Y P s+ Y —o(S)
l SCN n|5|(|’§|_21) SCN ”(”—|S|)(\g|_21)
0<|S|<n 0<|S|<n
ieS i¢S
n—1
n—s s 2
= Z — -+ Z — .o |S
= (m sn(l77)  schn(n—s)(i7 )
s=|S| s=|S|
€S i¢S

S (0D ()

(n—ln—s+n—1 S ) 2 >0

S \n—s sn s n(n—s)
—— N

S @
—_ =

4

>0 >0 >0 >0 >0
Dividing by T, we obtain

Var[¢F] >0 (Vi€ N). O

Lemma 2. On the game defined by (52) with n > 2, the variance of the S-LSS estimator is zero for all players,
ie.,
Var[$7155] =0 (Vi € N),

i
aslong as Tjs > 0 forallj € Nands € {1,...,n—1}.
Proof. Without loss of generality, we fix j € Nand s € {1,...,n — 1} in order to simplify notations.

To calculate the variances of the individual stratum estimators via (36), the exact values of the
stratum estimators 4; ; are required. By using the identity (37), these are given by

1 1 n—1
= L) = ey 5O s ()
szelss\ szelss\
n—1 s

:(n—l)(n—s)szn—s’ ©3)

Furthermore, by using (37), the sum of squared evaluations of v in (36) is given by

1 1 n—1
S 2 — 82
-0 &7 T e ( - 1>
Sj:elg\
1’1—1 2 52

SR " =2 )

Inserting (53) and (54) into (36) results in

1 s? > 1 s? s?
V a: = — _ — A~ = — f— :O,
arldjsl = o ((n—s>2 ]) z ((n—s)z <n—s>2)

as long as 75 > 0. Then, one can easily verify via (38) that

Var[¢PT5) =0 (Vie N). O
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Corollary 1. There exist games for which the variances of all players” S-LSS estimators are smaller than those
the corresponding LSS estimators, i.e.,

Var[$7 5] < Var[pFS] (Vi e N),

i i
as long as the sample allocation scheme of S-LSS satisfies Tjs > O forallj € Nands € {1,...,n —1}.
Proof. The proof is straightforward and follows directly from Lemmas 1 and 2. [

Variance comparison in the presence of variance within strata

Let us now consider a weighted voting game as defined in (6) with
¢=[1,23]" and C=5 (55)

as a second example. Here, we use concrete numbers in order to simplify calculations. In detail, we are
interested in the variances of the Shapley value estimators of player 2 with Shapley value ¢, = %

To simplify our later reasoning, we first calculate the population and estimator variances for all
strata of the S-LSS estimator in Table 1.

s j elements population var. estimator var.

1 1 v({1}) =0 0 0

1 2 v({2}) =0 0 0

1 3 v({3}) =0 0 0
v({1,2}) =

2 ! 0,0({1,3}) =0 0 0
v({1,2}) =

2 2 0,()({2,3}) -1 1/4 1/(41’2[2)

2 3 v({1,3}) = 1/4 1/(4132)

0,0({2,3}) =1

Table 1. Population and estimator variances for all strata of the S-LSS estimator.

Lemma 3. On the game defined by (55), the variance of player 2's LSS estimator is given by

Var[§5>] = 36T

Proof. The proof is straightforward by inserting (55) into (32). O

Lemma 4. On the game defined by (55), the variance of player 2’s S-LSS estimator with equal sample allocation
is given by
N 5
Var[¢SLss] — 2

ar[¢p3] =
Proof. The proof is straightforward and is done by calculating (36), first, to obtain values for all
Var[d; s]. Note that these Var[d;s] are given in the “estimator variances” column from Table 1. Then,

one obtains the final estimator’s variance by inserting all Var [ﬁj,s] into (38). O

Corollary 2. There exist games for which the variance of a player’s S-LSS estimator with equal sample allocation
is larger than that of the LSS estimator, i.e., Var[¢>55] > Var[p-5)] for some i € N.

Proof. The proof is straightforward and directly follows from Lemmas 3 and 4. O

Although an equal sample allocation scheme might be a reasonable choice, especially when
calculating all players’ Shapley values, one might still ask whether alternative allocation procedures
could further reduce the variance of the S-LSS estimator. While our goal is to treat characteristic
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functions — and, in the context of explainable machine learning, the machine learning models behind
them — as black boxes without relying on internal knowledge, let us examine a sample allocation
strategy that makes use of a priori information about the variances within strata. Interestingly, we will
see that even this variance-informed allocation performs worse than the LSS method on the weighted
voting game defined by (55).

Lemma 5. On the game defined by (55), the variance of player 2’s S-LSS estimator with an optimum sample
allocation, i.e., a sample allocation that is tailored to player 2 in order to minimize the variance of their estimator,
is given by

G 1
Vg =

Proof. By inserting the estimator variances from Table 1 into (38), we obtain

(;+4uimT>:;(i+4utw> 6)

whereby x € (0,1) is the fraction of T that is used for estimating the stratum with j = 2,s = 2 and
(1 — x) is the fraction of 7 that is used for estimating the stratum with j = 3,5 = 2.
Therefore, we get the proxy minimization problem

min L4 L
xe(01) x  4(1—x)

Let us now set

with its derivative given by

Setting f'(x) = 0, we get
442
=5

with x = % being the only solution in (0, 1). Furthermore, since

X

2 1

f”(x) = ﬁ + m >0 on (0,1),

we obtain that x = 2 indeed is a minimum with value () = §. Thus, via (56), the minimum variance
of the S-LSS estimator is given by

~S- 19 1

Corollary 3. There exist games for which the variance of a player’s S-LSS estimator with optimum sample
allocation, i.e., a sample allocation that is tailored to that specific player in order to minimize the variance of their
estimator, is larger than that of the LSS estimator, i.e., Var[¢F55] > Var[p-5] for some i € N.

Proof. The proof is straightforward and directly follows from Lemmas 3 and 5. O

Concluding Variance Comparison of LSS and S-LSS

Recapitulating the results from the previous two paragraphs, we obtain:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2308.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2026 d0i:10.20944/preprints202601.2308.v1

21 of 41

Theorem 2. Depending on the specific cooperative game, the variance of a player’s Shapley value estimator may
be smaller under either LSS or S-LSS, even when the S-LSS algorithm uses an optimal, player-specific sample
allocation.

Proof. The proof is straightforward and directly follows from Corollaries 1 and 3. O

To summarize the results in this subsection so far, Proposition 5 demonstrates that S-LSS is not
the stratified variant of LSS in a sense of the definition provided in Section 3.2, and Theorem 2 states
that neither of both algorithms is preferable over the other one on all cooperative games. Since the
proof of Theorem 2 builds on the calculation of both algorithms’ theoretical variances on two distinct
games, it does not provide an intuitive explanation why S-LSS may perform worse than LSS in some
settings. Therefore, we provide an explanation in the following.

Since Benati et al. [14] did not provide a sample allocation scheme for the S-LSS algorithm, we
first derive a proportional sample allocation similar to Subsection 3.2, which is motivated by the fact
that all coalition sizes are equally likely in the context of LSS, i.e.,

1
=-——

P(s = |S]) (Vsed{l,...,n—1}),

with S ~ p'S5, whereby p'S is the probability mass function from (28).

LSS of some size s € {1,...,n — 1} is sampled, the
probability of any player being in it is the same for all players, i.e.,

Furthermore, once a random coalition § ~ p

. S .
PjeS|s=IS)== (VjeN).

Then, the overall probability that a random coalition S ~ pS belongs to a specific stratum of the
S-LSS algorithm — which is the case when S meets a specific size s and, additionally, some specific
player j is in it — is given by

S

Pls=|SNP( €S |s=15) = oy

(VieN,Vse{l,...,n—1}). (57)
As we established at the beginning of this subsection, the statement on variance reduction for a
stratified estimator with stratum sample sizes proportional to the probabilities of sampled elements
belonging to a stratum from Subsection 3.2 does not apply in this context since S-LSS is not a valid
stratified variant of LSS. However, the proportional sample allocation will come out as a useful starting
point for our subsequent explanations. Moreover, as established in Theorem 2, the exact choice of the
applied sample allocation scheme does not alter the fact that S-LSS can perform worse than LSS, since
the increased variance of S-LSS was also observed under an optimal allocation scheme. Additionally,
as we will show later, sample allocation strategies other than the proportional sample allocation do not

change the outcome and conclusions of our following reasoning.
Hence we set all 'L'].S;LSS «P(s =|S|)P(j € S | s = |S]). Then, we obtain

LSS _ P(s =|SPP(jeS|s=15])
e i TpenB(s' = [S)P( € S [s' =1S])
- ST . ST N ST
n(n =10 Yyen ooy Loy Lyens'  n¥iys
2sT .
:m (VjeN,Vsed{l,...,n—1}). (58)
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On the other hand, let us now find out how often a sample is expected to belong to a stratum a;

of S-LSS when actually running LSS, which is denoted by E[T]LSSS] Via (57), we obtain

E[T5] = 1P(s = |S|)P(j € S | s = |S])
:% (VieN,vse{l,...,n—1}). )

Finally, by comparing (58) and (59), we observe

2sT n>2 ST

S-LSS LSS

[' - —_— ]E I'

15 n? (n — 1) < n (n — 1) [ 15 ] (60)

forallj € Nands € {1,...,n —1}. Clearly, (60) shows that the expected sample size for stratum
a;s is larger by a factor of 7 when executing LSS in comparison to the corresponding sample size of
S-LSS with a proportional sample allocation. This is due to the fact that LSS actually updates multiple
strata with one evaluation of v, see the beginning of this subsection. We conclude that S-LSS might
eliminate the variance between the estimators of different strata (similar to the definition provided in
Subsection 3.2), but taking into account the results from Proposition 3, one obtains the dependency

S-LSS

on T when quantifying the stratum estimators’ variances, which results in larger variances of the

individual stratum estimators due to smaller T]%LSS.

This underscores our observations from the previous paragraphs. Whenever the variances within
strata are small, e.g., in the context of the game defined by (52), the small sample sizes for each stratum
are enough for S-LSS to provide accurate stratum estimators, and the variance between the strata is
eliminated by algorithm design. Contrary, if the variances within strata are larger, e.g., in the context
of the game defined by (55), the reduced amount of samples available for individual strata of the S-LSS
algorithm might increase the stratum estimators’ variances more than the stratified algorithm design
reduces the overall variance.

This result does not only apply to our chosen sample allocation scheme, i.e., the proportional
sample allocation. Clearly, from (60), one obtains that there are too little samples available for the
individual stratum estimators in comparison to LSS, and any other sample allocation scheme would
also have the drawback that there exists at least one stratum for which there are fewer samples available
in comparison to LSS. Additionally, we highlight that even an optimized sample allocation cannot
account for the reduced amount of samples available, see Lemma 5 and Corollary 3.

In summary, we recommend using LSS whenever one expects large variances within the strata of
S-LSS and a small variance between the stratum estimators. On the other hand, whenever one expects
a large variance between the stratum estimators and small variances within strata, we recommend
choosing S-LSS. In the latter case, if one has information about the exact variances of individual strata
or a good approximation of them, one could distribute the sample sizes across strata similar to the
procedure from Lemma 5. Additionally, we highlight that several improvements can be made in order
to reduce the mutual shortcomings of both algorithms. One approach is the reuse of samples across
strata in order to eliminate the sample size inequality from (60), which was proposed by Benati et al.
[14] and introduced as SRS-LSS in Subsection 5.2. However, as we will point out in Subsection 5.4, this
approach adds covariance terms to the overall variances of the Shapley value estimators. Another
improvement could be some kind of two-stage algorithm, where the first stage is used to decide
whether the LSS or S-LSS algorithm should be executed in the second stage.

Finally, we visualize the behavior of LSS and S-LSS when applied to different cooperative games.
Figure 2 illustrates the previously obtained results by plotting the variances of LSS and S-LSS against
weighted voting games with different quotas. As expected, the variances show a clear dependence to
the underlying game, determining whether LSS or S-LSS performs better.
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Figure 2. Theoretical variance comparison of LSS and S-LSS evaluated on the weighted voting game defined by
(7). The sample budget is T = 10000, and the sample sizes of S-LSS are distributed according to (58) with ceiling
operations applied whenever the result is not an integer. The crosses denote the mean variance across all players’
Shapley values, while the dots specify the variance of ;.

5.4. Analysis of the Variance of SRS-LSS
Since Benati et al. [14] did not address the variance of the SRS-LSS algorithm, we derive:

Proposition 6. Forall i € N, the variance of the SRS-LSS estimator is given by

R 2 n-1
Var[¢;] = ( ) Z Var|[a
1
—2<Z ZVar ]s |+2 Z ZCOV ]s,aks>
jEN s=1 jkEN s=
j#i j<k (61)
jki
n—1 n—1 . .
-2 ” 2 ZCov[airs,ajrs],
jEN s=1
J#i
with Var|d;s| given in (36),
. 1 1 1
COV[QJ"S, ﬂk,s] = ﬁ Cov|— Z ]1]68 U(S), = 2 ]lkES 'U((S) ’ (62)
n—=s Tis seg, Tks Ses,
’f']',s = Z ]l]'eg and fk,s = Z IlkeSr
SeSs SeS;

and Ss ~jjq U({S € N | s = |S[}).

Proof. Recall the closed-form formulation of the Shapley value as a member of the family of least
square values in (27). By using the stratification scheme introduced in (34), one obtains the estimator

.~ ©o(N)

¢i = — + i— = Z aj
]EN
J#i
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with
n—1
A=) djs. (63)
s=1
With these definitions in place, the variance of the Shapley value estimator is given by
i o(N) n—-1, 1 .
Var[¢$;] = Var -t i Z a;
JEN
j#i
n—1)\° 1 n—1
— ( - ) Var|d;] + = Var ['2 a]} -2 3 Cov [ai, '2 a]}, (64)
jEN JEN
j#i j#i
where
Var[z ﬁ]} =) Var[aj]+2 ) Cov[a,a, (65)
jEN jeEN jkeN
j#i j#i j<k
jki

and

Cov [ﬁi, Y a]} =) Covla; 4]. (66)

JEN jEN
Jj#i J#i

Then, via (63), we rewrite

n—1 n—1 n—1n—1
COV[ﬁ]‘, ﬁk] = COV|:21 ﬁjrs, Z ﬁk’s/] = Z Z COV[ﬁ]‘/S,ﬁk’S/],
P

= s'=1 s=1s'=1
forall j # k € N, but since samples are independent for s # s’, the equation can be simplified to
n—1
COV[ﬁ]', ﬁk] = Z COV[ﬁj,s/ﬁk,s]-
s=1

Next, from line 12 in Algorithm 3, we derive

1
Covl|djs, drs| = Cov| ——— Tlicsv(S), —— 1 08]
[ J.s k,s] L']s (n _s) SEZSS jES ( ) s (n —s) SEZSS keS ( )
! cOv[ LY 1es0(8), 2 Y1 0(5)]
= 7 == €S e keS
(Tl - 5)2 Ts SES; 1€ Tk,s SESs €

with T = Yses, Ljes, Ts = Lses, Lkes, and Ss ~iig U({S S N | s = |S[}).
Finally, setting

n—1
Var|a;] = ) Var[aj],
s=1
since Cov(d;s, 4] = 0 for s # s’ and inserting everything back into (64) results in (61). [
Corollary 4. For S-LSS, (61) is equal to (38).

Proof. In the case of S-LSS, sampling within each stratum is independent of sampling in all other
strata. Therefore, the covariance terms defined by (62) are zero. Consequently, setting these covariance
terms to zero in (61) results in (38). O

Theorem 3. For SRS-LSS, the covariance terms in (61) do not vanish in general.
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Proof. To simplify notations, we first obtain from (62) that the constant, non-zero term (1 —s) =2 > 0
can be ignored when demonstrating that Cov/[a; ;, 4 5] # 0 might occur. Therefore, we define

L 1 1
Covlajs, ks = Cov|— Y ljesv(S), z Y Ikesv(S)].
Tjs ses, ks S,

Now, we demonstrate by example that Cov/[a;, 4 s] may be non-zero. For this purpose, we
define a weighted voting game with ¢ = [1,0,1] and quota C = 2, such that the only winning
coalition of size 2 is {1,3}. Let us now fix s = 2, such that the corresponding sample is obtained as
Sy ~iia U ({{1,2},{1,3},{2,3}}). Without loss of generality, we set the sample size to 7, = 3.

In Proposition 4, we established that the probability of at least one value 7; s being zero converges
to zero as 7; — 0. For 7p = 3, this probability is given by

1 3
B(S; = S = &) = 3 <3) _1 (67)

where S, = [S1,8,,83]". We denote this event by B and its complement by B, such that P(B) =
P(S1 =8 =S3).

Although in this example the probability of failing to sample at least one element from each
stratum is relatively large, we proceed under the standard assumption that this probability is negligible,
which is justified for large 7,. Therefore, we calculate the conditional expectations in Table 2 based on
the assumption that B does not occur.

Table 2. All valid realizations of the sample S, (order ignored) when 7, = 3, together with their respective
probabilities as well the corresponding resulting values of a1, @3, and 4y  432. The last row shows the expected
values over all valid realizations, i.e., conditioned on B.

elements of _ _

#permutations P(Sz) P(SQ ‘ E) S, aip asp a1pasp
6/27 2/9 2/8 {1,2},{1,3},{2,3}1/2 1/2 1/4
3/27 1/9 1/8 {1,2},{1,2},{1,3}1/3 1 1/3
3/27 1/9 1/8 {1,2},{1,2}, {2,3} 0 0 0
3/27 1/9 1/8 {1,2},{1,3},{1,3)2/3 1 2/3
3/27 1/9 1/8 {1,2},{2,3},{2,3} 0 0 0
3/27 1/9 1/8 {1,3},{1,3},{2,3} 1 2/3 2/3
3/27 1/9 1/8 {1,3},{2,3},{2,3} 1 1/3 1/3

E[|§] 1/2 1/2 5/16

Based on Table 2, the conditional covariance between @ ; and a3, can be calculated as
_ = _ = _ =1 s — 5 11
Covlaz, a3z | B] = E[m2a32 | B] —E[a12 | B Elas | B] = 77 — 55 = 12 > 0.

Although conditioning on B is necessary for computing the covariance, it may slightly affect its
numerical value. The true (unconditional) covariance could differ marginally. Accounting for the
undefined cases would require specifying a particular strategy to handle such edge cases, which was
not proposed for the SRS-LSS algorithm and lies beyond the scope of this investigation. Nevertheless,
the key point remains that the covariance does not vanish. As can be observed from the 4;, and
d3» columns in Table 2, these quantities have a clear positive correlation. Since players 1 and 3
together form the only winning coalition of size 2, large realizations of a; ; necessarily coincide with
large realizations of d3. This dependence confirms that Cov|d; 5, 35| > 0, and as a result, we have
COV[ﬁLz, ﬁ312} 75 0. O
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From Theorem 3, it follows that reusing evaluations of the characteristic function introduces non-
zero covariance terms. These terms are hard to characterize, which complicates the exact computation
of the SRS-LSS estimator’s theoretical variance and its comparison to LSS and S-LSS. A detailed
analysis of (62) together with the resulting influence on (61) might be a question for further research. In
the meantime, we rely on empirical observations of the SRS-LSS estimator’s variance in the numerical
experiments in Section 6, which indicate a significantly reduced variance of SRS-LSS in comparison to
LSS and S-LSS.

5.5. Comparison of LSS and UKS

In the following, we compare LSS (Algorithm 1) with UKS (see the end of Subsection 5.2). First,
we show how UKS fits into the general importance sampling framework defined by Theorem 1 and
discuss the relationship between both algorithms within this context. Subsequently, we compare their
variances.

Before going into detail, we note that the formulation of UKS derived in the following was
already proposed by Fumagalli et al. [30]. The authors identify UKS as a special case of their SHAPley
Interaction Quantification framework, which enables a reformulation of the algorithm similar to ours.
Nevertheless, we present our derivations for several reasons. First, our derivation of UKS is, from our
perspective, more intuitive. Second, while Fumagalli et al. [30] suggest that their framework enables a
particular formulation of UKS that arises specifically from their approach, this form of UKS can also be
directly obtained by expanding the matrices and vectors in (46) without using the indirection via their
SHAPIey Interaction Quantification framework. Third, UKS has not yet been formally integrated into the
importance sampling framework defined by Theorem 1, which allows us to directly apply our results
from Proposition 1. Finally, and most importantly, to the best of our knowledge, we are the first to
demonstrate that UKS approximates the same underlying problem as LSS, establishing a novel link
between the two algorithms.

We refer to Appendix A, which shows that our following results are consistent with those of
Fumagalli et al. [30].

Algorithm Comparison

First, recall the definition of LSS given in (30) with w; being defined in (24), m in (25), ¥ = 1in
(26), and p in (28). Since we have only derived w;(S)/p(S) so far and not w;(S) directly, inserting m
into w; results in

n—|s| (=[S ASI=D!(n—|S|-=1)! _ (S[=1)!(n—|S])!
n(n— 1)(‘g|_721) nn—1)(n-2)! n!
CLstm—lsh 1
S| n! ISI(\E\)

for the casei € S, and

_ S| _ _Isidsl =Dt m=s| =1t _ _|S|'(n =S| =1)!
n(n=1)(¢73) n(n—1)(n—2)! n!
R S 1 L Ut 1) L 1
n—|8| n! (n=1S))(js5)

for the case i ¢ S. Thus, w; can be rewritten as
T ifics
wtSs(5) = { 106 (68)
— s ifi g S.
(=1 (s)

Now, let us turn our attention to the UKS algorithm:
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Proposition 7. UKS can be brought into the form
. 1 wIkS(S)
i =t+— —er o U(S)
o T Segms pUS(S)
with SUXS ~jiq pYXS being a sample according to (41),
f= a1 2N
17A-11],
being a constant, and
wIKS(8) i 1.1 1TA71Z(S)
Sus(gy = A 2O - AT e (69)
Proof. Starting from (46) and substituting b as defined in (45) results in
~ ~ _1TA7D —o(N)
= (AT h-1——————
| < 1TA-11 )]l
P 1TA71h v(N)
=|Ah-A1———+A™"1
I 1TA 11 1TA11]1.
[ 1. o(N) 1a o 1TAT
=A™ AT —AT1——b
L lTAll]i+[ 1TA-11 ],
t
[ 17A71Y .
=t+[(AT-AT1I——— b
o[ (a7 -2 )8
[ 17A71\ 1
i 1'A-11 T goguKs i
1 . 17A1
=t+ |- AT AT l——— | z(S)v(S
" SZUKS< 1TA 11 2(S)o(S) .
€S i
1 1TA 12(S)
=t+|= (Alz(S)—All) v(S)
T $e§ﬂ<5 1TA- 11 i
1 1TA 12(S)
=t+ = Az(8)], - [AT"], ———— ) 0(S). O 70
+ nggﬂ(g([ Z( ):Iz [ ]z 1TA_11 )U< ) ( )
W S(8)/pUKS ()

We now aim to show that both algorithms share the same weight function w and the same initial
LSS
i
in order to simplify the upcoming calculations. Readers only interested in the final result may skip
ahead to Theorem 4.

term, i.e., w5 (S) = wXS(S) and t = @ To prepare for this, we first carry out some reformulations

Lemma 6. The expression for Q given in (43) can be rewritten as

Q= M, (71)

n

where Hy, 1 denotes the (n — 1)-th harmonic number.

Proof. The proof is straightforward by inserting the identity y."~1 —1 2Hi1 with H,_4 being the

s=1 s(n—s) n

(n — 1)-th harmonic number [30] into (43), which results in (71). O
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Lemma 7. The inverse of A as defined in (47) is given by

2H, 1 +p P 7
| P 2Hiasp 7
7 p o 2H, 4P

with
_ZHn—l (Hn—l - 1)

S T AR

Proof. The article by Fumagalli et al. [30] shows that the off-diagonal entries of the inverse of A as

defined in (47) are given by
H, 1-1
2Hnl—1

p=—2H, =

1
5 + (7’1 - 1) 20,

Its denominator can be reformulated as

-1 H,_ —-1)(H,-1—1
1_'_(”_1)Hn1 1: nl"’(” )( n—1 )
2 2H, , 2H, ,
14 (Hy — )+ (1) (Hyy — 1)
2Hn—1
_1+n<Hn71_1)
B 2Hy 4 ’

(72)

and thus,
H, -1
2H, 4 o _ZHH,1 (anl — 1)

195 H, -1) 1)
Tn_: 1+n (Hn—l 1)

p = —2H,

For the diagonal entries, Fumagalli et al. [30] provides
2) Hy_1-1

( 2, T

n J—
H, -1’
(n—1) 57—

2Hy 1

_l’_
_l’_

NI= | N=

and similarly to (72), its numerator can be derived as

1 Hyi—1 1+(m—-1)(Hyq—1)
1.0, _ , 73
;T =2) g — 2H, ; 73)

Putting (72) and (73) together, we retrieve

1 H, 1-1 1+(n—1) (H,_1-1)
ol 7+ (n=2) 2H,11,1 o 2H, :
n—1 Hy,1—1 <=1 71 (H, -1
3H(n-1) S5 el

1+ (n—1) (Hy_g — 1)
1+4+n (Hn—l — 1)
B 14 (n—1) (Hy_q — 1)
=2t =2t (1- g )
2H, 1 (1 tn (anl — 1) —1- (l’l — 1) (anl — 1))
14+mn (Hn—l — 1)

=2H; 1

=2H, 1—2H, 1

2Hy (Hn—l - 1)

— A T T e D)

=2H, 1+p. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2308.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2026 d0i:10.20944/preprints202601.2308.v1

29 of 41

Proposition 8. The constant terms of both algorithms are equal, i.e.,

o(N)
o

b=

Proof. From (47) one directly obtains that 1 is an eigenvector of A with eigenvalue A = % +(n—1)p.
Thus, we have A~!11 = A~11. With that given, rewriting ¢ from Proposition 7 results in

- N
p— a1
1TA—11]1-
S
17(A11)

[ 1 A1 o(N)
1 — —
- _/\ 1M_1]iv(N)_M_lv(N)_ . O

— :A_ll } o(N) = [A‘ll

Lemma 8. Forany S C Nandi € N, there holds

A 1"A"2(S) _ 2|S[Hy—s
n

i 1TA—11 +‘S|{3.

Proof. Using Lemma 7, we derive
1"A"' = [2H, 1 +np,...,2H, 1 +np] € R*",

and thus,
1A' 2(S) _ |S|(2Hy 1 +1p) _ |8

1TA-11 ~ n(2H,_1+np) n~

Furthermore, also based on Lemma 7,
[A™1], = 2H,_1 + np,

and therefore,

1"A"1z(S) 2|S|H,_1 |S|np 2|S|H,_
-1 _ n-1 L _ n—1 —
AN, =", = s O
Proposition 9. Forall S C Nwith0 < |S| <nandi€ S,
1
UKS
w; ™ (8) =
Z (j5IS|
Proof. From Proposition 7, we obtain
w5 () 5 1o 1TA 1 2(S)
leJKS(S) = [A Z(S)]i - [A L lTA—ll (74)
Using Lemma 7, we derive
[A712(S)]; = 2H, 1 + [Slp. (75)
Rewriting the Shapley kernel from (42) to follow our general notation for cooperative games
results in w1
w(S) = — . (76)
SIS
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Combining the results from Lemmas 6 and 8 as well as (41), (74), (75), and (76) results in
UKS S)
wUKS (g UKS (g wi > (
i ( ) P ) pUKS(S)
1TA712(S)
_ -1 —1 ~1
n n—1 _  2|S|Hy-1 _>
= 2H, 1+ |S|jp————— S
NW—DH@JQQBHW—BD( nr H ISl =T ISl
n 1 2|S|Hnl>
= 2H, 1 — ——
2Hn_1(\§|)|5|("—|5|) ( "l n
_n 1 2(n—|S|)Hy,—1 1 o
2H, 1 (B)IS[(i—1s) = TIED
Proposition 10. Forall S C N with0 < |S| <nandi ¢ S,
1
UKS
w3 (S) = -
S =
Proof. From Proposition 7, we have
wYKS(S) 1TA712(S)
= [AT] — (AT —— 77
pUKS(5) [A7 2(5)]; — [ l; 1TA-11 (77)
Using Lemma 7, we derive
[A712(5)], = IS[p. (78)

Combining the results from Lemmas 6 and 8 as well as (41), (76), (77), and (78) results in

UKS(S)
pUKS(s)

TaA- 1,
::Qlams)<[A.lz(5ﬂi—[A1ﬂiliézté§l)

n n—1 _  2|S|Hy1 _>
- ; Sp— 2=l g
ﬂn—mHalgpwun—ww('p e

o 1 2I8|Hu1 1
2H, 1 (B)ISI (=18 n  (E)n—15)

wUKS(S) UKS(S)

1

Theorem 4. The estimators obtained via LSS and UKS are both importance sampling estimators for the same
linear solution concept in a sense of Theorem 1, differing only in their respective sampling strategies.

Proof. Per definition given in (30), LSS has the form

b= L s )

with weights given by (68).

Proposition 7 shows that UKS can also be written in this form, sharing the same constant term
o(N)

t = =, see Proposition 8. Moreover, by combining propositions 9 and 10, one obtains

Ernat ifies
wUKS(S) _ ) IslGsp) (79)
! -l ifi¢Ss
=1SD(T)
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for 0 < |S| < n, which is identical to the weight function of LSS defined in (68).
Therefore, we conclude that both algorithms are importance sampling estimators of the same

problem
o(N
="My ws)es)
SCN
0<|S|<n

with w;(S) = wHS(S) = w9KS(S).
Finally, we highlight that both algorithms differ only in their respective sampling distributions,

since (28) and the distribution that is proportional to (76) are clearly different sampling distribu-
tions. O

We illustrate the result from Theorem 4 in Figure 3 which visualizes the different sampling
strategies of LSS and UKS for n = 9.

%102
—e— LSS
—»— UKS

2.0 4
S
=8
> 1.5 -
£
=2
)
[
1.0
o0
g
=
g
<
2 0.5

0.0 4

1 2 3 4 5 6 7 8

subset size s

Figure 3. The different sampling distributions of LSS and UKS for n = 9.

Variance Comparison

In the previous section, we showed that UKS fits the importance sampling framework introduced
by Theorem 1, see Proposition 7 and Theorem 4. Therefore, although Covert and Lee [7] already
provided (49) as the variance for the UKS estimator, we can now use a different formulation:

Proposition 11. The variance of the UKS estimator is given by

()2 2
Var[qf»i]:%( s v<s>2—<¢i—w)> (Vi€ N)

C n
0<|S|<n
with
w(s? _ | i ifies 50
p(S) %@m ifi¢s.
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Proof. First, let us analyze the case i € S. Using Lemma 8 as well as (69), (75), and (79), we derive

T O
- D (14 =)~ 14 )
= |S|g|§> (ZHH +Isfp - AUt |S|p>
_ |S|2|§> (2t - 2l ) 200 S||s(||>g fs

w(S)* _ w(S)
pE) )
1 17A1z(S)
=——— —([A'z(9)]. - [A7 1] ——
(n—1SN(E) (1 ats), - [, )
1 ( = 2|S|anl ) 2|S|Hn71
= (|Sp—————|S =
o psniey PP = ) =5t s
Combining both cases results in (80), and since UKS fits the framework introduced by Theorem 1,

o(N)

we can use (18) to compute its variance. Note that we construct a temporary solution concept ¢; — =

that excludes @, similar to the variance of LSS given by Proposition 2. [

In Figure 4, we use Proposition 11 to compute the variances of UKS and Proposition 2 for those
of LSS. As expected, neither LSS nor UKS outperforms the other, since they implement the same
algorithm while differing only in their respective sampling strategies. The effectiveness of any given
sampling strategy depends on the characteristics of the underlying problem, such as the parameters of
the weighted voting game. Obviously, there exist problems for which sampling strategies other than
the one employed in LSS or UKS achieve superior performance. More broadly, this illustrates that no
single sampling strategy is universally optimal, and selecting the most effective one requires tailoring
it to the specific problem.

x10~4
| X LSS (all players)
! ® LSS (player 1)
; X UKS (all players)
X ®  UKS (player 1)
3 X
B
[
2 *
.g 2
g X
3
X
11 ¢ .
X
X
0 %
2 4 6 8 10
quota C

Figure 4. Theoretical variance comparison of LSS and UKS evaluated the weighted voting games defined by (7).
The number of evaluations of v is T = 10000. The crosses represent the mean variance across all players’ Shapley
values, while the dots denote the variance for playeri = 1.
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6. Empirical Results

We validate our results by applying the algorithms introduced in Subsection 5.2 to approximate
Shapley values for airport games, weighted voting games, and three real-world interpretable machine
learning problems.

The algorithms introduced in Subsection 5.2 were implemented in Python. Both the implementa-
tions and test problems can be freely accessed via the first author’s GitHub repository

https:/ / github.com/tim-pollmann/shapley-least-squares (accessed on 27 January 2026).

We consistently assume that all players” Shapley values must be estimated. Although not univer-
sal, this is common in explainable machine learning, where one seeks to explain a prediction using all
features.

Before proceeding, we note that each algorithm uses different parameters to determine the number
of sampled coalitions and thus, evaluations of the characteristic function v. For fair comparisons, we
introduce a unified sample budget T, ensuring each algorithm performs T evaluations of v, up to
negligible rounding errors.

The overall sample budget T, introduced above, sets the total number of v evaluations per
algorithm. We now express the parameters of each algorithm from Subsection 5.2 in terms of T.

For LSS (Algorithm 1) and UKS (see the end of Subsection 5.2), this is a one-to-one mapping, i.e.,
T = T. Note that we ignore the single evaluation of v needed for calculating the initial term @, since
it is negligible in comparison to the rounding errors of other algorithms, especially for large T.

S-LSS (Algorithm 2) divides the sample space based on n — 1 distinct values of s, for each i € N.

We use the heuristically motivated proportional sample allocation from (58) to obtain

2sT

Tis = [nz(n—l)-‘ (Vie N, Vse{l,...,n—1}).

Finally, SRS-LSS (Algorithm 3) divides the sample space into n — 1 distinct sets. Thus, for
simplicity, noting that alternative sample allocation schemes across strata may provide better results,
we set

Ts = LlTl—‘ (Vs e {1,...,n—1}).

We conclude that the deviation from the true total sample budget T is 1 for LSS and UKS, while
the upper bounds of their deviations are given by n?> — n — 1 for S-LSS and n — 2 for SRS-LSS. We
consider these deviations to be negligible in our subsequent analysis, in particular for large T.

Note that for SRS-LSS (Algorithm 3), it is not guaranteed that the algorithm runs successfully in
the sense that every stratum receives at least one sample, compare Proposition 4. In our mean squared
error comparisons, we mandate for any 7 that at least half of all runs must be successful for the results
to be displayed in the final figure.

With these definitions established, we proceeded with our experiments.

Figure 5 confirms the theoretical variances of LSS and S-LSS presented in Propositions 2 and 3,
respectively. Moreover, it underscores our results from Theorem 2, where we demonstrated that one
or the other algorithm might achieve a smaller variance, depending on the underlying cooperative
game. Furthermore, we validate that LSS and UKS perform as expected with respect to the theoretical
variances presented in Propositions 2 and 11 as Figure 5 clearly illustrates that the derived theoretical
variances are accurate and that, depending on the specific problem, either LSS or UKS may slightly
outperform the other, as one sampling strategy might be better suited to the given task than the other
method, see Theorem 4.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://github.com/tim-pollmann/shapley-least-squares
https://doi.org/10.20944/preprints202601.2308.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2026

doi:10.20944/preprints202601.2308.v1

34 of 41

x10~4

LSS (empirical) re
S-LSS (empirical) X

UKS (empirical)

LSS (theoretical)

S-LSS (theoretical)

UKS (theoretical)

2.0 1 ‘

n
L

X

variance of ¢;

KK
)O'XXXQ o o

X

=
X

N
D%

0.5 1 ;. §

| ¢

0.0 4% > x

quota C

Figure 5. Empirical variance validation of ¢; obtained via LSS, S-LSS and UKS evaluated on the weighted voting
games defined by (7). The overall sample budget is T = 10000. The crosses represent the theoretical variances,
while the dots denote the empirical variances. The empirical variances were obtained over 5000 runs.

As for mean squared error comparisons, we first look at an airport game with 100 players specified
in Castro et al. [31] and compare the approximation methods from Subsection 5.2 in Figure 6. Note
that the graph for SRS-LSS begins only at a sample size of 50,000, as Proposition 4 fails too frequently

with smaller sample budgets. With n = 100 players, guaranteeing at least one sample per stratum
becomes more challenging.

— LSS
—— S-LSS

—— SRS-LSS
— KS
UKS

3.0 1

mean squared error of ¢
N
&
Y

= b g
o n =)
L L L

e
n
L

0.0

30000 40000 50000 60000 70000 80000 90000 100000
overall sample budget T

Figure 6. Empirical mean squared error comparison of (f) obtained via LSS, S-LSS, SRS-LSS, KS and UKS evaluated
on an airport game with 100 players. The mean squared errors were averaged over 250 runs.

Figure 7 compares mean squared errors for our Monte Carlo estimators from Subsection 5.2 for
a weighted voting game with 50 players and normally distributed weights, which was previously
employed in the software EPIC [22,23]. It can be found on the GitHub page of the second author

via https:/ /github.com/jhstaudacher/EPIC /blob/master/test_cases/normal_sqrd /normal_sqrd.n50.
q249646.csv.
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Figure 7. Empirical mean squared error comparison of ¢ obtained via LSS, S-LSS, SRS-LSS, KS and UKS evaluated
on a weighted voting game with 50 players. The mean squared errors were averaged over 250 runs.

Figure 8 compares mean squared errors for our Monte Carlo estimators from Subsection 5.2 for
a weighted voting game with 150 players and uniformly distributed weights, which was previously
employed in the software EPIC [22,23]. It can be found on the GitHub page of the second author
via https://github.com /jhstaudacher/EPIC /blob/master/test_cases/uniform /uniform.n150.q359
51.csv. Note that the graph for SRS-LSS begins only at a sample size of 150,000, as Proposition 4 fails
too frequently with smaller sample budgets. With n = 150 players, guaranteeing at least one sample
per stratum becomes even more challenging than in the airport game from Figure 6.

%1073
74 — LSS
S-LSS
64 —— SRS-LSS
. — KS
s —— UKS

mean squared error of ¢

100000 125000 150000 175000 200000 225000 250000 275000 300000
overall sample budget T’

Figure 8. Empirical mean squared error comparison of ¢ obtained via LSS, S-LSS, SRS-LSS, KS and UKS evaluated
on a weighted voting game with 150 players. The mean squared errors were averaged over 250 runs.

Figure 9 uses the standard diabetes dataset (442 patients, 10 baseline features) where the target
is disease progression after one year. We train a Gradient Boosting Regressor and evaluate the
approximation methods from Subsection 5.2 by their mean squared error against exact reference
Shapley values.

In Figure 10, the California housing dataset (20,640 entries, 8 features) predicts median house value
in hundreds of thousands of dollars. Using an MLP Regressor, we compare approximation methods
by their mean squared error on Shapley value estimation against exact references.
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Figure 9. Empirical mean squared error comparison of ¢ obtained via LSS, S-LSS, SRS-LSS, KS and UKS evaluated
on the diabetes example. The mean squared errors were averaged over 250 runs.
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Figure 10. Empirical mean squared error comparison of qf) obtained via LSS, S-LSS, SRS-LSS, KS and UKS
evaluated on the California housing example. The mean squared errors were averaged over 250 runs.

Figure 11 uses the classic wine dataset (178 instances, 13 features, 3 wine classes). We train a
Random Forest Classifier and evaluate the approximation methods from Subsection 5.2 via mean
squared error in estimating Shapley values for predicting the probability of class 0 only.

x1073

— LSS
—— S-LSS
—— SRS-LSS
— KS
—— UKS

0.8

mean squared error of ¢
o
>
H

o
=
L

e
[

0.0 4

10000 15000 20000 25000 30000 35000 40000 45000 50000
overall sample budget T

Figure 11. Empirical mean squared error comparison of ¢ obtained via LSS, S-LSS, SRS-LSS, KS and UKS
evaluated on the wine example. The mean squared errors were averaged over 250 runs.
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Let us summarize the comparisons of mean squared errors of all algorithms for approximating the
Shapley value from Subsection 5.2 in Figures 6, 7, 8, 9, 10 and 11 succinctly. As expected, LSS and UKS
perform more or less equally for all six test problems. SRS-LSS outperforms the other three provably
unbiased algorithms LSS, S-LSS and UKS for all test problems. This observation is consistent with the
results shown in figure 1 in Benati et al. [14], where only LSS and SRS-LSS were compared. Therefore,
we conclude that the covariance terms established in Theorem 3 do not significantly affect the overall
variances of individual players” Shapley value estimators negatively. S-LSS performs worst for five
test problems with the notable exception of the airport game with 100 players in Figure 6 where S-LSS
is even faster than KernelSHAP (KS). Not surprisingly, KS is consistently faster than UKS and LSS. For
the three large cooperative games in Figures 6, 7 and 8 SRS-LSS converges faster than KS, whereas that
comparison reverses for the machine learning tasks in Figures 9, 10 and 11.

7. Summary, Conclusions and Outlook

The celebrated KernelSHAP approach by Lundberg and Lee [1] as well as its later refinement
Unbiased KernelSHAP (UKS) proposed by Covert and Lee [7] compute the Shapley value as a least
squares optimization problem. While these two algorithms are extremely well established in the
machine learning community, the methods from the paper by Benati et al. [14] — which are also
based on the least square formula for the Shapley value — have received fairly little attention. To
our knowledge, we are the first to apply them in the context of explainable artificial intelligence. We
formulate the ideas from Benati et al. [14] as approximation algorithms for general TU games. We refer
to their weighted sampling strategy as LSS (Least Square Sampling). As for their approach towards
stratification, we distinguish S-LSS with no reuse of samples across strata and SRS-LSS with sample
reuse across strata as proposed in Benati et al. [14].

As the result of our thorough and detailed analysis of LSS, S-LSS and SRS-LSS, we presented
three key findings.

First, in Proposition 5, we showed that S-LSS as proposed in [14] is not a valid stratified variant of
LSS in the sense of the definition provided Subsection 3.2,i.e., for S-LSS the strata overlap. Therefore,
we demonstrated that S-LSS might reduce the variance of the obtained estimator, but it could also lead
to an increase in comparison to LSS, see Theorem 2.

Second, in Theorem 3, we showed that the SRS-LSS approach proposed by Benati et al. [14]
introduces covariance terms between stratum estimators, making its theoretical variance difficult to
analyze. Although empirical results suggest that the variance is significantly reduced in comparison to
LSS and S-LSS, a theoretical analysis remains an open research question.

Third, in Theorem 4, we established that LSS and UKS are importance sampling estimators in
the sense of Theorem 1, addressing the same underlying problem but differing in their respective
sampling strategies. Therefore, neither LSS nor UKS is superior over the other one. Which algorithm’s
variance is smaller depends on the underlying problem and whether the respective sampling strategy
is suitable for this problem or not.

As noted in the introduction, this paper’s aim is neither to propose a new Shapley value estimator
nor to compare numerous approximation algorithms. Rather, the focus is on providing structural,
theoretical, and algorithmic insight into the methods from Benati et al. [14]. While antithetic sampling
— as discussed, for instance, in [32] — could be integrated into the SRS-LSS algorithm, this would have
vastly exceeded the scope of this study. In the future, it could be worthwhile to investigate whether
there are algorithmic approaches comparable to sophisticated stratification strategies [28,33,34] which
could be successfully incorporated to enhance the performance of SRS-LSS. Definitely, our theoretical
and numerical results suggest that the SRS-LSS estimator — which is unbiased — justifies more
attention. Another, perhaps even more pressing question, is why SRS-LSS outperforms KernelSHAP
for weighted voting games and airport games while KernelSHAP exhibits superior performance for
our test problems from interpretable machine learning. We have yet to identify the properties of the
characteristic function responsible for this phenomenon.
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Symbols

The following symbols are used in this manuscript:
u uniform distribution

© Hadamard product of vectors

~

estimator or estimated value

1 all-ones vector with dimension being clear from context
0 all-zeros vector with dimension being clear from context

T condition  indicator function, 1 if condition is satisfied, 0 otherwise

n number of players

N playerset, N = {1,...,n}

v characteristic function, v : 2N — R

S coalition, S C N

z(S) indicator vector corresponding to coalition S, z(S) = [1;c5]i 4

5(z) subset corresponding to indicator vector z, S(z) = {i € N | z; = 1}
w weight vector, w(S) = [w1(S), .. .,wn(S)]T

v value vector, v(S,0) = [11(S,0),...,va(S,0)] "

« linear solution concept, &(N,v) = Y scn w(S) ©v(S,v)

¢ Shapley value

[4 probability mass function used for sample generation, p : 2N — [0, 1]
T sample size

S sampled coalition, S C N

S sample consisting of T coalitions, S ~jiq p, S = [S1, ..., St

Appendix A. Comparison of Our Results Against the SHAPley Interaction
Quantification (SHAP-IQ) Formulation of UKS

Fumagalli et al. [30] state that choosing the probability mass function

_o2\—1 .
P(S) = o) < [S|<n
0 else

with H,_ being the (n — 1)-th harmonic number ensures that UKS is equal SHAP-IQ for the Shapley
value.
In detail, they state that the estimator obtained via UKS can be rewritten as

431‘ — M 4 ZHF:_l Z

n Ses

(1ies = B ots), (A1)

where S ~;jiq P’
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Let us now rewrite (A1) similar to (70), such that

fi = 2N

n

+1 T 2, (s - 1) o).

SeS

wi(S)/p'(S)

By comparing this formulation to (70) and Proposition 8, one obtains that it shares the same initial
o(N)
n

term with the formulation of UKS derived by us.

Next, we compare the functions w; and w/. For 0 < |S| < n, we find

1 1 [(n—2\" |S|
= - PR PR s
2Hn_1n—1(|5|—1> 2Hr 1( e n)

1 (s[=Dtn—[s[-1)! El
T on—1 (n—2)! <1i€5_7)'

Ifi € S, we obtain

wl(s) = L (Sl =10 Is| —1)! (1_ﬂ>

n—1 (n—2)! n
_ (S =Dt —|S| =1t n—|S|
(n—2)! n(n—1)
_(SI= e[St [slt(n— st _ 1
n! |S|n! 1S1(s)

which matches the case i € S in (79).
On the other hand, if i € S, we have

ey L (S[=Dt(n—|S|-1)!]S]
wi(s)__n—l (n—2)! "

_ St —Is[=1t _ _[S[t(n—1SD! _ 1

- T e C IR CE S I

which matches the case i ¢ S in (79).
Finally, we compare the sampling distributions p and p’. While Fumagalli et al. [30] define their

sampling distribution as
1

(n—=1) (52

we define this distribution as p(S) « w(S) with w being specified in (76). Reformulating w results in

p'(S) xw'(S) = (A2)

n—1 _[S|i(n—Is)!(n—1)
(G IS[Gi=1S) —  n]ST(n—IS])

_ISI(SI = 1)t (n = [S]) (n — |S] — 1)} (n — 1)

n(n—1) (n—2)![S[ (n—|S])

w(S) =

_(SI=Dtn—fs| -1t _ 1
B n(n—2)! - n(4 2y (A3)

By comparing (A2) and (A3), one directly obtains that these expressions only differ by a constant

factor, i.e.,
n—1
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which means that the corresponding sampling distributions p and p’ are equivalent.
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