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Abstract

In the field of parallel robots, traditional rigid joints compromise motion accuracy owing to inherent
friction and backlash, thus driving the demand for high-performance compliant joints. This paper
proposes a parametric design method for a two-axis compliant joint that employs flexure leaf springs
(FLSs) as rigid joint alternatives. The joint configuration consists of four FLSs arranged in a revolute-
revolute (RR) layout. Based on Euler-Bernoulli beam theory and the deformation superposition
principle, linear analytical models for the compliance and stress characteristics of both the flexure
leaf spring (FLS) and the compliant joint are derived. These models are validated through finite
element analysis (FEA) and rotational motion experiments. The results indicate that the relative
errors between the analytical model (AM) and finite element model (FEM) are below 8%, while the
relative errors between the AM and experimental data are within 12%. The proposed parametric
design method enables rapid preliminary design and performance evaluation of compliant joints,
which highlights its potential for practical engineering application.

Keywords: compliant joint; flexure leaf spring; analytical model; compliance matrix

1. Introduction

In the field of parallel robots, traditional rigid joints commonly suffer friction and backlash
problems during force and motion transmission because they rely on relative rotation against
supporting structures. The inevitable gaps between components require regular lubrication, which
shortens joint service life and raises long-term maintenance costs. Persistent friction and wear also
degrade hinge performance over time and reduce transmission accuracy, a critical concern for high-
precision robotics. To address these limitations, compliant mechanisms with flexure hinges have seen
extensive development in recent years [1]. These mechanisms produce partial or complete motion
through controlled elastic deformation of flexible units. Compared with rigid joints, compliant
mechanisms offer integrated structural designs and adjustable stiffness, which minimize friction,
eliminate mechanical clearances, and reduce component wear while removing the need for routine
lubrication and complex assembly [2—4]. Because of these advantages, compliant mechanisms are
now widely used in high-precision devices such as sensor systems [5,6], optical component
positioning mechanisms [7,8], robotic grippers [9,10], precise positioning stages [11,12], and
piezoelectric actuators [13,14].

As a fundamental elastic unit of compliant joints, the FLS [15,16] reproduces the functions of
rigid kinematic pairs when arranged in specific configurations. Examples include the double-flexure
leaf spring [17] for translational motion, the cross-flexure leaf spring [18-20] for rotational motion,
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the two-axis flexure hinge [21] for a universal hinge, and the compliant spherical (CS) hinge [22] for
spherical motion, as illustrated in Figure 1. Fillets are commonly added at FLS ends to reduce stress
concentrations and improve fatigue life. The fillet geometry strongly influences hinge performance
metrics, including compliance, motion accuracy, and stress distribution [23]. Compliance quantifies
the relationship between applied load and deformation. Motion accuracy measures deviations of the
motion center, Stress levels define the FLS safe operating load range and provide the basis for
estimating fatigue life [24].

Single axis

Double axis Multiple axis
| _Universal Spherical

Figure 1. Flexure hinges constructed with FLS units to fulfill diverse functional requirements.

Notched flexure hinges, which are hinges composed of the FLSs, have been a central research
focus for decades. In 1965, Paros and Weisbord [25] derived stiffness formulas for circular-arc flexure
hinges and obtained accurate solutions for multi-directional flexibility, thereby establishing a
theoretical foundation for subsequent work. Building on this, Wu et al. [26] developed compliance
equations for rectangular single-axis hinges, which simplify analysis and design of compliant
mechanisms in engineering practice. Lobontiu et al. [27] later derived closed-form compliance
expressions for parabolic and hyperbolic flexure hinges and analyzed their motion accuracy and
stress behavior. More recently, Chen et al. [28] introduced a novel single-axis geometry, the Right-
Circular Corner-Filleted (RCCF) flexure hinge, which integrates features of a right-circular hinge and
a corner-filleted hinge. For optimization, Tian et al. [29] derived dimensionless empirical relations for
filleted V-shaped, cycloidal, and circular flexure hinges, employing adaptive Simpson integration
and polynomial approximation to improve the accuracy and efficiency of compliance estimates. More
recently, Li et al. [30] proposed a power-function—shaped flexure hinge, obtained closed-form
compliance expressions via the unit-load method, and examined its motion accuracy to validate the
structural benefits of the design.

Beyond single-axis flexure hinges, several studies have established design equations for two-
axis flexure hinges, expanding the theoretical basis for multi-axis compliant transmission structures.
Lobontiu et al. [31] derived closed-form compliance equations for two-axis hinges with two
nonidentical parabolic profiles, providing a precise tool for evaluating asymmetric designs. Wei et al.
[32] designed and analyzed a two-axis hinge with a variable elliptical transverse cross-section, and
proposed a general formulation that incorporates the axially symmetric circular cross-section hinge
as a special case. Li et al. [33] proposed a broadly applicable two-axis elliptical-arc-filleted hinge
formed by two distinct elliptical-arc-filleted cutouts and derived analytical compliance expressions
for each half-segment, thus establishing a comprehensive theoretical basis for performance analysis
and engineering application.

This study presents a systematic structural design and theoretical analysis of a two-axis
compliant joint for parallel robots. FLSs with adjustable geometric parameters serve as the primary
elastic units. A series—parallel hybrid arrangement realizes the two-axis compliant joint and enables
rapid parametric design. Analytical models for the compliance and stress of straight-beam filleted
FLSs, and for the two-axis compliant joint, are developed. Model accuracy is validated by comparison
with finite element analysis and experimental results. The proposed design method supports
preliminary performance prediction during the joint design stage of parallel robots.

This paper is organized as follows: Section 2 describes the design of the FLSs-based two-axis
compliant joint, specifies its RR configuration with four FLSs, and defines the key geometric
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parameters. Section 3 develops linear analytical models for the joint: it derives the compliance model
of a single FLS and then extends that model to obtain the overall compliance and stress equations.
Section 4 validates the analytical models using FEA for both the single FLS and the compliant joint.
Section 5 presents a parametric analysis that evaluates the FLS and the compliant joint performance
and examines how structural parameters affect compliance and the maximum allowable deformation.

Section 6 offers a practical application case study of the designed compliant joint to demonstrate its
engineering feasibility.

2. Design of the Two-Axis Compliant Joint

This section describes a two-axis compliant joint designed for parallel robots to replace
conventional Hooker hinges. The joint uses four identical FLSs as elastic units arranged in an RR
configuration. It allows rotation about two orthogonal axes, X and Y, and the intersection of those
axes defines the joint’s virtual rotation center.

To achieve two-axis rotation, the compliant joint must be flexible along the intended motion axes
while remaining stiff in the orthogonal directions. Accordingly, FLSs serve as the primary elastic
units in the spatial compliant joint. An integrated two-axis joint is produced by machining slots into
a cylindrical metal workpiece with wire electrical discharge machining, which forms series and
parallel networks of FLSs. The machined edge profiles function as mechanical stops that limit joint
rotation and ensure a safe maximum rotation angle. The joint’s upper and lower bases incorporate
positioning stop notches and assembly holes and act as movable interfaces to the drive outriggers,
the moving platform, and the fixed platform of the parallel robot.

Define the O, —X,Y,Z, coordinate system at the virtual rotation center of the compliant joint.

Two FLSs aligned along the X, -axis are labeled Spring 1 and Spring 2, and two aligned along the
Y, -axis are labeled Spring 3 and Spring 4. Springs 1 and 2 form the parallel pair Segment 1, while

Springs 3 and 4 form the parallel pair Segment 2. Segment 1 and Segment 2 are arranged orthogonally
and connected in series. The two-axis compliant joint configuration is shown in Figure 2. Each FLS
haslength L, width w, and thickness ¢t.

parallel
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Figure 2. Compliant joint constructed with the FLS units to fulfill diverse functional requirements.

3. Linear Analytical Model of the Compliant Joint

This section derives the general flexibility equation for the FLS with arc notches and develops
corresponding compliance and stress models. Using Euler-Bernoulli beam theory and deformation
superposition theory, and incorporating the springs’ spatial geometry, we then derive the general
flexibility equation for the two-axis compliant joint.
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3.1. Compliance Model of the Flexure Leaf Spring
3.1.1. Definition of the Cross-Section

Before developing a comprehensive compliance model for a two-axis compliant joint, it is
essential to first establish a numerical model of the joint's fundamental elastic element and analyze
its stiffness properties to inform the joint's stiffness design. In precision compliant mechanisms,
curved notches, including circular, elliptical, and arc-shaped profiles, are commonly utilized due to
their advantageous mechanical behavior. However, addressing every potential FLS geometry and
the corresponding design equations at the outset significantly complicates the design process and
extends the development cycle. Experimental findings demonstrate that, for equal leaf-spring length
and width, right-circular notches provide the highest motion precision, elliptical notches offer
superior stress distribution and thus longer fatigue life, while circular-arc notches present a viable
compromise between motion accuracy and stress performance [34]. Consequently, this paper selects
the elliptical curve from the conic sections as the geometric foundation for arc-shaped notch contours
and conducts parametric modeling of the resulting FLS.

The basic elastic unit of the compliant joint is a straight-beam fillet-FLS, comprising a central
straight segment and two curved end segments, as shown in Figure 3a. The coordinate origin O is
located at the fixed end of the FLS; the Z -axis follows the longitudinal direction, the X -axis follows
the thickness, and the Y -axis follows the width. The FLS is partitioned into three segments:
Segments 1 and 3 are curved elliptical arcs, and Segment 2 is a straight beam. Segment 1 is
characterized by semi-major axis a4, , semi-minor axes b, , and arc length ¢, . Segment 3 is

characterized by semi-major axis a,, semi-minor axis b,, and arc length c,. Segment 2 has length

I and thickness t. The arc length of each elliptical segment is related to the ellipse eccentric angle
[34], as expressed in Equation (1), ¢, and ¢ , denote the maximum eccentric angles and range

from 0 to 7 /2 .The total length L_of the FLS can be expressed as: L =c, +I+c, .

" Elliptical

L.\'
(@) (b)

Figure 3. Analysis of the cross-section profile of the FLS.

{cl =a, sing )

¢, =a,smeo, ,

The FLS is partitioned into infinitesimal segments along the Z -axis by differentiation, as shown
in Figure 3b. The infinitesimal segment dz and its coordinate z are given by Equation (2) and

Equation (3). The infinitesimal thickness t(z) at coordinate z is given by Equation (4).

a, cospdp,, z<[0,c]
dz=1{dz, zelc,c +1] 2)
a,cosp,dp,, zelc,+1,L]
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¢, +a, sin(g,), z€[0,c,]
z=4z, zelc,,c, +1] 3)
c, +l+a,sin(p,), ze[c,+I,L]

t+2b(1-cosg,), ze<[0,c,]
t(Z) = t, zZE€ [Cl/c1 +l] (4)
t+2b,(1-cosg,), ze[c,+I,L]

3.1.2. Compliance of the FLS

The compliance equation for the FLS is derived under the following assumptions: 1. The
minimum thickness ¢ of the FLS is much smaller than the notch length, so the FLS can be modeled
as an Euler-Bernoulli beam; 2. Deformations of the FLS in all directions are sufficiently small to
permit linear superposition when multiple loads are applied.

Based on these assumptions, the mechanical model of the FLS is established in Figure 4. One end
of the FLS is clamped and the other end is free. A local coordinate system is centered at the geometric
center of the free end, and the external loads M , M ) M, , F, Fy and F are applied at the

origin of this local system. Here M , M, and M. denote bending moments about the X, Y,

and Z -axes, respectively, while F_, Fy ,and F, denote forces along the X, Y, and Z -axes,

respectively. These loads together form the generalized force Q acting on the FLS, and the
corresponding generalized displacements are U. E denotes Young's modulus, G is the shear
modulus, and v is the Poisson ratio. Under the small-deformation assumption, so that material
response is approximately linear for small strains, and applying Euler-Bernoulli beam theory [34],
the relationship between the generalized displacements U and generalized forces Q at the free

end of the FLS can be expressed as:

U=C.Q )
v=[0,6,0.5,5,5.] ©)
Q=[M, M, M_E,E,E] @

The compliance matrix C_ of the FLS can be expressed as:
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where 0 is the bending angular deflection about the X -axis under the action of moment M_,

and the coefficient C,, represents the rotational compliance, given by:

oM M
c, A LM, 12
M, M, 7EI(2) Ew

(N, +N,+N;) )

where I (z) denotes the moment of inertia of the cross-section about the X -axis, which is defined

as:
w’t(z) _ w3[t+2b1(1—cosgol)], zel0c ]
12 12
w’t
I(2)= BT zelc,, ¢, +1] (10)
3 [t+2b,(1-
w’t(z) _w [t+2b,( cosgoz)], zele,+1,L]
12 12

Substituting Equations (2)-(4) and (10) into Equation (9), the expressions for N,, N,,and N,

are derived as follows:

_J-o a,cos @,
b ent+2b (1-cosp,)

cl+11
N,=[" (1)

_ J-w,,,z a, cos g,
° J0 t42b,(1-cosp,)

2

where ByM” is the bending angular deflection about the Y -axis under the action of moment M, ,
and the coefficient C,, represents the rotational compliance, given by:
Ml
e, 1 .M, 12

2 M, M, B £ (Na+Ns+N,) (12)

where [ ,(2) denotes the moment of inertia of the cross-section about the Y -axis, which is defined

as:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3 t+2b (1- 3
wtl(zz) :w[ + l(12 cos )]  zeloc]
wt®
Iy(z): ETX zelc,,c, +I] (13)
3 t+2b (1- 3
wtl(zz) — w[ + 2(12 COS(PZ)] , ZE[ClJf‘l,LS]

Substituting Equations (2)-(4) and (13) into Equation (12), the expressions for N,, N_,and N,

are derived as follows:

~ IO a, cos ¢,
om t +2b,(1-cos (pl)}3

Ny=[" e 1 (14)

_J*wmz a, cos @,
[t+2b (1- COS(pZ)]

P

where 0 is the twisting angular deflection about the Z -axis under the action of torsion M_, and

the coefficient C,, represents the torsional compliance, given by:

e 1, M 3
C.=—2-=—|—=2(dr=="(N_+N,+N 15
R TR VR e RE e G )

where I (z) denotes the torsional inertia moment of the cross-section about the Z -axis, which is
defined as [35]:

I(z)= %(1 —0.63% +0.0525 ’*%Zsm(zf (16)

Substituting Equations (2)-(4) and (16) into Equation (15), the expressions for N,, N,,and N,

are derived as follows:

a, cos g,
N, j de,
g”"1w[t+2b (1- COS¢1):| -0. 63[t+2b 1- COS¢1):| +0. 0525[t+2b (I-cose,) ] [ w*
o+l 1
N, = dz 17
’ J wt® —0.63t" +0.0525t" / w' 7)
a, cos @,
- I dp,
w[t+2b (1- COS(02):| -0. 63[t+2b (1- cosq)z)] +0. O525[t+2b (1-cosg,) ] [w*

where 9;-‘ is the bending angular deflection about the Y -axis under the action of moment M,

generated by force F_,leading to the following expression:

F (L, —(c, +a, sing,)), z€[0,¢,]
MFX (z)=1F.(L, ~2), zele,, ¢, +I] (18)
F (L ~(c, +1+a,sing,)), ze[c,+I,L]

The coefficient C,, represents the rotational compliance about the Y -axis under the action of

force F_, which can be expressed as:

C

RACE IM @, _12

®»F EI (2) Ew(N Ny +N) 1)
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Substituting Equations (2)-(4),(13) and (18)into Equation (19), the expressions for N,,, N,,,and
N,, are derived as follows:

c, +
J-o —(c, +a,sing,) 4, cosp,dg,
[t+2b (1- cosgol)]
o+l L —Z
N, =] (20)
2 +1+
N, J'w"' L, (C e Sm%; a, cos @,dg

0 [t+2b (1- cosgoz)J

The coefficient C,, represents the combined effect of bending and shear deformations along the

X -axis induced by force F,.The deflection &.* caused by this force is expressed as:
5 (2)=0[(2)+5,(2) 1)

where & is the bending deflection, and &’ is the shear deflection, they are respectively expressed
as follows:

M L LMy
9(2) = 0] (= [I e dz}z - o, ~Jaid) =0 ), [ o
y Y

(22)
12F
[L (N +N,,+N,)=(N,;+N,, +N)]
()j = k(N+N+N) (23)
th(z) G
where G is the shear modulus, and k_ is the shear factor [36].
_12+1lv (24)
* 10+10v
Substituting Equations (2)-(4) into Equations (22) and (23), so the coefficient C,, is expressed
as:
sh(z) 12 k.

C, = 3 = 2oL Ny + Ny +Np) = (N +N,, +le)]+@(1\11 +N,+N,) (25)

The expressions for N,,, N,,,and N,  are derived as follows:

o (c,+a,sing )L, —(c, +4a,sing,))

N..= a, cos @, d
B, [t+2b,(1-cosp,) 1 COSPh
C]+ L -
N14 = o l Z( S3 Z) dz (26)
0.2 (C, +1+a,sing,)(L, —(c, +1+a, sing,))
le _ 1 2 2 1 2 2 a, COS%d%

0 [t+2b,(1-cos,)I’

where ny is the bending angular deflection about the X -axis under the action of moment M,

generated by force F ,leading to the following expression:

—Py(Ls —(c, +a,sing,)), z€[0,c,]
MFy (z)=4-F (L —2), zele,, ¢, +1] (27)
—F (L, —(¢c, +1+a,sing,)), ze[c,+],L]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The coefficient C,, represents the rotational compliance about the X -axis under the action of

force F , which can be expressed as:

0" (z) 1 M2 12
== =— —dz = N,,+N,, +N, 28
"F J- EI (2) Ew’ (N ‘) @)
Substituting Equations (2)-(4),(10) and (27)into Equation (28), the expressions for N,,, N,,,and
N,, are derived as follows:
o L —(c,+a,sing,)
= 5 a,cos,d
10 Lﬂm t+2b,(1-cosgp,) P
o+l L —Z
N, :Il s " dz (29)

e t
. L —(c, +1+a, sin
I (@ 2 %)az cos @,dp,
0 t+2b,(1-cosp,)

The coefficient C; represents the combined effect of bending and shear deformations along the

Y -axis induced by force F, . The deflection éfy caused by this force is expressed as:
8 (2)=5"(2)+5:(2) (30)

where 5: is the bending deflection, and &, is the shear deflection, they are respectively expressed

as follow:
M, (2) (2)
b _ F,/ _ Fy
(@)= [0" (2)z= [ [ [ e dszz 20" (z)‘ [z6] (2)= 26" (z)‘ e
’ 31
12F
21
i N,+N,+N 32
= +N, +
( )= J‘G t(z) Gw( ) (32)
Substituting Equations (2)-(4) into Equation (31) and (32), so the coefficient C; is expressed as:

5,(z) 12 Ek,

% F :Ew3[Ls(N16+N17+N18)_(N19+N +N2l)]+ (N +N,+N, ) (33)

y

The expressions for N N,,,and N, are derived as follows:

197

o (c,+a;sing )(L, —(c, +4a,sing,))

O t+2b,(1-cosg,)

a+ z(L, —z)
t

Cp

Ny =

a, cos p,do,

N,,

dz (34)

N, j(pmz (c, +1+a,sing,)(L, —(c, +1+a,sing,))

a, cos @,d
t+2b,(1-cosg,) 2 COSPEP

It can be easily verified that 6’;* /F. = 5:@ / My, and ny / Fy =0 yM * | M_, therefore, the coefficient
C, isequalto C,,and C,, isequalto C,.Consequently, the compliance matrix is symmetric.
The coefficient C,, represents the translational deformation along the Z -axis induced by force

F,, and the deflection 5. is expressed as:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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F
5 (z) = = —dz
Y@= i (35)
Substituting Equations (2)-(4) into Equation (35), so the coefficient C,, is expressed as:
1 0 a, Cos @ | O a, cos o, 1
C =— —1 1 dp +| —dz+ : 2 dp, |=— (N, +N,+N
% Ew[j-wn,1t+2b1(1—cos¢l) i Ll t IO t+2b,(1-cosp,) %J Ew( b 3) (36)

3.1.3. Stress analysis of the FLS

FLSs provide kinematic motion by elastic deformation under load. Those deformations produce
internal stresses that can shorten the service life of the springs and their compliant joints, which
constrains practical use. Thus, reliable strength assessment— particularly early-stage prediction of
stress magnitudes—is essential to improve performance and ensure structural reliability. When an
axial force F , a tangential force F_, and a bending moment M , acton the free end of a FLS, the

maximum stress is given by [37]:

FZ

M, +LF,
6k, |

O-max = kt (37)

2

wt

where k, is the stress concentration coefficient under axial loading, and &k, is the stress
concentration coefficient under bending. When the fillet of the FLS is symmetric, k, and k, canbe
expressed as:

_ 40371 £+0253
L +0.0977" £+40.097

(38)

where ¢ is the dimensionless coefficient that depends on the structural size of the elliptical notch:
C=a*/th.
In addition, the bending moment M , tangential force F, and axial force F have the

following relationship with the rotation angle ¢, and deflection &, 4. :

My K, K, ©0 Hy
F x| = K, K, © 5)( (39)
F 0 0 K| o,

Each stiffness coefficient can be expressed as:
K11 = C44 /(C22C44 - C24C42)
K12 = K21 = _C24 /(C22C44 - Cz4c42)
Kzz = sz / (C22C44 - C24C42)
K, =1 / Cy

(40)

Substituting the Equation (40) into the Equation (37) yields the maximum stress of the FLS under
predefined deformation conditions as follows:

K335Z +6kb I[Kll +(l+C2)K21]Hy +2[K12 +(Z+C2)Kzz:|5x| (41)

O-max = k'

wt wt

3.2. Compliance Model of the Compliant Joint

The two-axis compliant joint serves as the parallel robot's movable connector; its compliance sets
the joint's rotational range and affects the system dynamics. Thus, modeling and analyzing the joint's
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flexibility is essential. Applying the previously described FLS compliance model and deformation
superposition theory, we derived the joint compliance matrix.

For the compliant joint, the moving platform and external load application point are defined at
the top central position, which is also designated as the origin of the global coordinate system, as
illustrated in Figure 5. The four FLS units are denoted as Spring 1, Spring 2, Spring 3, and Spring 4,

with a local coordinate system assigned to each unit. The rotation matrix R’ transforming each local
coordinate system O, —-X_Y,Z . to the global coordinate system O, —X,Y,Z, is given by Equation
(42):

Figure 5. Coordinate system of the two-axis compliant joint.

R' =R(z,,a)R(y,, B)R(x,,7,)

cosq, —-sina; 0| cosf, 0 sing |1 0 0 0
=|sina; cosa, 0 0 1 0 0 cosy, -siny, (42)
0 0 1||-sing, 0 cosB [|0 siny, cosy,

Where «;, f, and y, are the Euler angles describing the rotation from the local coordinate

system to the global coordinate system.
The displacement vector from the local to the global coordinate system is expressed as:

T
d' = [xsi ;Y ZSJ .The antisymmetric matrix of the displacement vector is given by:
O _Zsi y si
Di=lz, 0 - (43)
_ysi xsi 0

Therefore, the adjoint matrix of the coordinate transformation can be expressed as:

R 0
Adshzzl: si 3><3:| (44)
i lox6

For two-axis compliant joint, the coordinate transformation of the FLS satisfies the following
relation:
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T
T . |w+d L -L
R =R(z,,-2)R(y,, 0)R(x,,0),d} =| —, 0, -
2 2 2
T
7 \ w+d L, —L,
R =R(z,,~)R(y,,0)R(x,,0),d’, =| - Lo,
2 2 2 )
T
w+d L +L
Rsh3 = R(Zh’O)R(yh/ﬂ-)R(xh/O)/dshg :|:0/ 2 - /A L 2 s:|
T
w+d L +L
Rsh4:R(zh,O)R(yh,O)R(xh,zr),dsh‘l:[0, s L ”2 s}

The two-axis compliant joint is constructed from four FLS units arranged in a parallel-then-series
configuration. Based on the series-parallel combination principle of elastic units, its overall
compliance matrix is expressed as:

& ~((caar) sancans) | sfaiead) (e a)'|

s177s s s4 s
) et 0 0 0 oo
Chll O O 0 ChlS 0 ' M F, '
0 C, 0 C, 0 o2 G 0 G 00
|0 0 C, O 0 0| 0 0 Cf:z 0 0 0 (46)
0 C, 0 C4u O 0 0 Ci/j" 0 CZ 0 0
ChSl 0 0 0 ChSS 0 Ci/l* 0 0 0 Ciy 0
| 0 0 0 0 0 Cu v v
o 0 o0 0 0 Cp

4. Finite Element Analysis Verification
4.1. Flexure Leaf Spring

To validate the analytical models for the FLSs and compliant joints, nine finite element models
(FEMs) of the FLS with varied cross-sectional configurations were developed for verification and
comparative analysis. The primary FLS designs comprise straight beam leaf springs and straight
beam fillet leaf springs, the latter incorporating chamfers with elliptical notches and circular notches.
The different FLS types are shown in Figure 6, and detailed structural parameters appear in Table 1.
The FLS material is 17-4PH martensitic precipitation-hardening stainless steel, with a Young’s
modulus of 196,000 MPa and a Poisson’s ratio of 0.34. Figure 7 shows one representative FLS finite
element model, which uses ten-node hexahedral mesh elements. Boundary conditions fixed all six
degrees of freedom at the leaf spring’s fixed end. To evaluate flexibility and stress distribution, three
unit forces F, =F =F =1IN, and three unitmoments M =M, =M, =1N-mm wereapplied at the

center of the free end.

@, =020} @, 70,020 L @, 20,=0 |

c=a=b=0§c=a>b c=a<b c=a=b c<a=h a>b a=b
Straight | Elliptical-fillet  Right-circular- Circular-fillet}; Elliptical-Arc Circular-Arc

L FLS ] FLS fillet FLS FLS & FLS . FLS |

Figure 6. The FLSs with different fillet geometries.

Table 1. Structure parameters of the FLSs with different fillet geometries.
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No. Type @, (deg)  a (mm) b (mm) ¢ (mm) L (mm)
1 Elliptical-Fillet 90 2 1.5 2 24
2 Elliptical-Fillet 90 1.5 2 1.5 23
3 Elliptical-Arc-Fillet 45 2 1.5 1.414 22.828
4  Elliptical-Arc-Fillet 60 2 1.5 1.732 23.464
5 Circular-Arc-Fillet 45 2 2 1414 22.828
6 Circular-Arc-Fillet 60 2 2 1.732 23.464
7 Right-Circular-Fillet 90 2 2 2 24
8  Right-Circular-Fillet 90 15 1.5 15 23
9 Straight 90 2 0 2 24

Figure 7. The FEM of the FLS and compliant joint with elliptical fillet.

Table 2 and Figure 8 present the direct comparison and the relative error between the FEM
results and those from the AM. Using the FEM results as reference, the relative error was computed
by Equation (47):

Error = 100% (47)

FEM - AM N
FEM

Table 2. Comparison of compliance between the AM and the FEM for the FLSs.

N Resu C,/10° C_/10° C,/10° «¢C, /10° C, /10" C_ /107 C_/10° C,/10°
o. It (rad / N-mm)rad /N-mm)rad /N -mnfJad/N) (mm/N) (rad/N) (mm/N) (mm/N)

AM 2.068 5.250 3.662 6.300 9.807 -2.482 9.641 1.820

1 FEM 2.169 4.949 3.433 5.988 9.449 -2.625 9.938 1.892
Error 4.66% 6.08% 6.67% 521%  3.79%  545%  299%  3.81%

AM 1.986 5.075 3.539 5.836 8.738 -2.284 8.955 1.748

2 FEM 2.064 4.767 3.321 5.53 8.382 -2.395 9.132 1.793
Error 3.78% 6.46% 6.56% 553%  425%  4.63% 1.94%  2.51%

AM 2.008 5.195 3.622 5.929 8.937 -2.292 9.030 1.767

3 FEM 2.146 5.062 3.485 5.829 9.044 -2.471 9.413 1.844
Error 6.43% 2.63% 3.93% 1.72% 1.18%  7.24%  4.07%  4.18%

AM 2.044 5.233 3.650 6.140 9.426 -2.398 9.376 1.799

4 FEM 2172 5.024 3.474 5.944 9.331 -2.57 9.75 1.866
Error 5.89% 4.16% 5.07% 3.30% 1.02%  6.69%  3.84%  3.59%

5 AM 2.001 5.158 3.597 5.888 8.847 -2.284 8.993 1.761
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FEM 2.141 5.007 3.455 5.765 8.902 -2.465 9.390 1.839
Error 6.54% 3.02% 411% 213%  0.62%  7.34%  423%  4.24%

AM 2.033 5.186 3.617 6.084 9.302 -2.385 9.316 1.790

6 FEM 2.164 4.955 3.434 5.862 9.145 -2.56 9.713 1.872
Error 6.05% 4.66% 5.33% 3.79% 1.72%  6.84%  4.09%  4.38%

AM 2.054 5.197 3.625 6.236 9.663 -2.465 9.562 1.808

7 FEM 2139 4.887 3.395 5.913 9.276 -2.589 9.806 1.863
Error 3.97% 6.34% 6.77% 546%  417%  479%  249%  2.95%

AM 1.977 5.115 3.567 5.882 8.839 -2.297 9.012 1.758

8 FEM 2.093 4.855 3.370 5.632 8.605 -2.428 9.263 1.839
Error 5.54% 5.36% 5.85% 444%  2.72%  540% @ 2.71%  4.40%

AM 2.140 5.651 3.939 6.782 10.91 -2.568 10.04 1.884

9 FEM 2.221 5.511 3.741 6.669 11.03 -2.688 10.20 1.911

Error 3.65% 2.54% 5.29% 1.69% 1.09%  4.46% 1.57% 1.41%

Table 2 and Figure 8 show that the relative errors between the AM and the FEM remain within
7.34%. These discrepancies arise from several sources. First, when deriving the FLS rotational
stiffness, we simplified the FLS stress—strain model, and the actual deformation is more complex,
which introduces modeling error. Second, mesh type and element size in the FEM substantially affect
result accuracy and thus produce discretization error. Third, numerical methods themselves
converge toward the true solution and therefore retain a residual approximation error. The maximum
deviation between AM and FEM thus falls within an acceptable range, supporting the analytical
model’s use as an input for the structural design and stiffness calculation of the two-axis compliant
joint.

To validate the FLS strength model, distinct force levels and moments were applied to the
symmetrically configured FLS 1, FLS 7, and FLS 9 to characterize their von Mises stress distributions.
Figure 9 shows the stress fields of these components under maximum load. Table 3 presents a
quantitative comparison between FEM results and those from the AM; the relative errors between
AM and FEM remained within 5.86%.

- —m- - 'y Error - —¢- - Cyy Error

= =@ = O f10°F (rad/(N-mm})) = =4+ = Ci/10" (mm/N) e @ (g Brror Ci5 Brror

e @ /107 (rad/(N-mm)) Ci5/1077 (rad/N) Cy3 Brror = =p = Oy Error

Cyyf10°% (rad/(N-mm)) = =»- = Cg5/10 ¢ (mm/Ny W 4 Error Cgs Error

oo Cag /1078 (rad /N) Ciys/ 1077 (o /N C;; Compliance Error Curves
C;; Compliance Curves 10 S r

Compliance Value
Error Value (%)

Number

(a) (b)

Figure 8. Compliance and relative error curves of FLSs with different fillet geometries: (a) Compliance curves;
(b) Compliance relative error curves.
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(a) (b) ()

Figure 9. Stress distributions under maximum load condition: (a) FLS 1; (b) FLS 7; (c) FLS 9.

Table 3. Stress distributions under different load conditions.

F(N-mm,N) Results FLS 1 (MPa) FLS 7 (MPa) FLS 9 (MPa)
AM 0.0512 0.0527 0.0462
[0,1,0,0,0,0] FEM 0.052 0.053 0.047
Error 1.56% 1.28% 2.63%
AM 1.1261 1.1598 1.0154
[0,0,0,1,0,0] FEM 1.140 1.180 1.030
Error 1.23% 1.74% 1.44%
AM 0.0183 0.0192 0.0154
[0,0,0,0,0, 1] FEM 0.017 0.018 0.015
Error 5.08% 5.86% 5.75%
AM 1.1956 1.2317 1.0769
[0,1,0,1,0,1] FEM 1.210 1.250 1.080
Error 1.20% 1.48% 0.29%

4.2. Compliant Joint

Based on the structural types and dimensions of the nine FLSs, finite element models (FEM) of
the compliant joints were constructed. The joint axial dimension was determined by the FLS width
w and the central-hole diameter d, of the compliantjoint, with the relationship (D, =2w+d, ). The

joint length L, was set to 74 mm, based on the design space of the parallel robot. Figure 7 shows one

of the compliant joint FEMs, which uses ten-node hexahedral elements. Boundary conditions fixed
all six degrees of freedom at the joint’s fixed end. To evaluate flexibility and stress distribution, unit
forces and unit moments were applied at the center of the free end. Direct comparisons and relative
errors between FEM and the AM of the compliant joints are presented in Table 4 and Figure 10.

Table 4. Comparison of compliance between the AM and the FEM for two-axis compliant joints.

N Resu C,/10° C,/10° C,/10°7 C,/10° C,/10° C,/10° C,/10° C,/10°
0. It (rad /N-mm)rad /N -mm)rad /N-mm)rad /N) (mm/N) (rad/N) (mm/N) (mm/N)

AM 2.627 2.627 5.441 9.720 3.712 -9.720 3.712 1.820

1 FEM 2.492 2.492 5.106 9.116 3.451 -9.326 3.606 1.730
Error 5.42% 5.42% 6.56% 6.63%  7.56%  422%  294%  5.20%

AM 2.539 2.539 4.958 9.396 3.581 -9.396 3.581 1.748

2 FEM 2.402 2.402 4.645 8.799 3.327 -8.979 3.460 1.660
Error 5.70% 5.70% 6.74% 6.78%  7.63%  4.64%  350%  5.30%

3 AM 2.599 2.599 5.274 9.617 3.670 -9.617 3.670 1.767
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FEM 2.517 2.517 4.948 9.150 3.444 -9.479 3.688 1.673
Error 3.26% 3.26% 6.59% 5.10% 6.56% 1.46% 0.49% 5.62%
AM 2.619 2.619 5.389 9.689 3.699 -9.689 3.699 1.799

4 FEM 2.523 2.523 5.052 9.187 3.465 -9.485 3.685 1.707
Error 3.80% 3.80% 6.67% 5.46% 6.75%  2.15% 0.38% 5.39%

AM 2.581 2.581 5.178 9.550 3.643 -9.550 3.643 1.761

5 FEM 2.501 2.501 4.872 9.094 3.422 9416 3.661 1.668
Error 3.20% 3.20% 6.28% 5.01% 6.46% 1.42% 0.49% 5.58%

AM 2.595 2.595 5.260 9.602 3.664 -9.602 3.664 1.790

6 FEM 2.503 2.503 4942 9.116 3.437 -9.408 3.653 1.700
Error 3.68% 3.68% 6.43% 5.33% 6.60%  2.06% 0.30% 5.29%

AM 2.600 2.600 5.294 9.621 3.672 -9.621 3.672 1.808

7 FEM 2.461 2.461 4.962 9.024 3.421 -9.191 3.544 1.724
Error 5.65% 5.65% 6.69% 6.62% 7.34% 4.68% 3.61% 4.87%

AM 2.559 2.559 5.063 9.470 3.611 -9.470 3.611 1.758

8 FEM 2.440 2.440 4.762 8.926 3.374 -9.133 3.527 1.670
Error 4.88% 4.88% 6.32% 6.09% 7.02% 3.69% 2.38% 5.27%

AM 2.828 2.828 6.570 10.460 4.013 -10.460 4.013 1.884

9 FEM 2.725 2.725 6.210 9.906 3.749 -10.260 4.008 1.790

Error 3.78% 3.78% 5.80% 559%  7.04% 195% 0.12%  5.25%
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= _AM _H:M —_— l:rror g _AM _H:M —_—— l:rror
= 6 = 6
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£ 23} b Z o3t ° ;
o 4 < 14 ¢
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c 14t L= 14t 1,
= 07} =07}
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Figure 10. Compliance coefficients and relative errors of the compliant joints with different fillet geometries: (a)
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Table 4 and Figure 10 show that the relative error between the AM and the FEM for the compliant
joint does not exceed 7.63%. This agreement supports the reliability of the compliant joint’s
compliance model derived from the FLS model. The residual error primarily arises because the AM
includes only the deformable flexible units, while the FEM represents the entire structural prototype
and therefore also captures fixed surfaces and the connecting structures between flexible units.

5. Evaluation of the FLS and Compliant Joints with Different Fillets

The dimensions and fillet geometry of the FLS affect its mechanical performance and the
behavior of compliant joints by influencing stress concentration, deformation, and fatigue life. This
section examines how dimensional variations and fillet designs impact the mechanical behavior of
the FLS and the compliant joint, focusing on compliance, von Mises stress distribution, and the
optimal configuration for balancing structural flexibility and load-bearing capacity.

5.1. Performance of Compliance

To investigate the effects of FLS structural dimensions (thickness t, width w, and length 1)
on its compliance performance, the thickness ¢ was set to 1 mm, 2 mm, and 3 mm, with the width
w ranging from 20 to 40 mm and the length [ from 10 to 30 mm. For these parameter settings,
Figure 11 summarizes how the FLS structural dimensions affect its compliance coefficients.
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Figure 11. The influence of t, Wand I on compliance of the FLS: (a) Cu ; (b) Cx ; () Css ;(d) Co 5 (e) Cas ;

® (g Cw.

As illustrated in Figure 11, the effects of the FLS structural dimensions on its compliance

coefficients are summarized as follows. Taking the primary compliance direction of Car as an
example, the thickness ! exerts the strongest influence: with land @ fixed, the compliance
coefficients decrease sharply as  increases, indicating a strong negative correlation. Length I has
a secondary, positive effect: with ! and @ fixed, the compliance coefficients increase gradually as
I' increases. Width @ shows a weak negative correlation: the coefficients fall slightly as @
increases, but this effect is much smaller than those of { and I Thus, the dimensions influence the

compliance coefficients in the order {>/>w
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To examine how fillet dimensions influence the compliance coefficients of the symmetric FLSs,

we define the ratio of the semi-minor axis to the semi-major axis of the elliptic curve as A=bla ,and

denote the length of the elliptic arc fillet segment as c=asme, Relationships between compliance

coefficients and arc fillet structural parameters are derived, as shown in Figure 12.
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Figure 12. The influence of P , Aand 4 on compliance of the FLS: (a) Cu ; (b) o ; (€ 7B (d) Ca ; (e)

C44; (f) C55/. (g) C66 .

The compliance coefficient correlates positively with the elliptical semi-major axis “. For a fixed

@, the compliance coefficient increases with ?n , but exhibits a reduced growth rate as it approaches

/2 , due to the approaching elastic deformation limit of the flexible structure. In contrast,
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compliance coefficient shows a negative correlation with 4, decreasing as the semi-minor axis b
increases, which is attributed to the enhanced structural stiffness from a fuller elliptical fillet.

5.2. Maximum Deformation

The primary direction compliance of the FLS is a key metric for compliant joint design. To satisfy
structural-strength requirements and avoid fatigue, the FLS material’s yield strength limits the
maximum allowable deformation. Stress and strain in the FLS depend strongly on its detailed
geometry. To isolate the effects of fillet geometry and dimensions on the FLS maximum deformation,
all other variables that could influence the outcome were held constant. Specifically, the straight-
beam length | was fixed at 20 mm, the semi-major axis a of the elliptical arc was set to 2 mm, and
only the fillet related geometric parameters A and ¢,k were varied. From these models, the
maximum stress as a function of the FLS rotation angle in the primary direction was computed. The
material selected for this study was 17-4PH martensitic stainless steel with a yield strength of 1180
MPa, and an allowable stress of 580 MPa was adopted to prevent strength failure.

Figure 13 shows the variation of the maximum rotation angle ¢, of the FLS under different

fillet parameters. The maximum bending deformation increases with ¢ and decreases with 4. At
a given ¢, , the maximum rotation angle ¢, for 4=0.3 is significantly larger than for 1=15,
indicating that a smaller fillet size ratio enhances the spring’s deformability. As ¢ approaches

7 /2, the rate of deformation growth diminishes and sensitivity declines because the structure
approaches its elastic deformation limit. These results inform fillet optimization: a smaller A favors
larger rotation angles, while the effect of 1 get weak at large ¢, , requiring a balance between
geometric parameters and material strength.

Figure 14 shows the maximum von Mises stress of the FLS across a range of Qy , with the arc

segment length ¢ fixed at2mm (@, =7/2)and A asthe varying parameter; the red dashed line

marks the allowable stress o

s Was set at 580 MPa. A clear trend appears: for the same 6, , a
smaller 4 produces lower stress. The curve for 4 =1.5 has the steepest slope, which indicates that

its stress rises most rapidly as ¢, increases, and its absolute stress level is much higher than those

for smaller A at the same rotation angle. These results indicate that reducing A both lowers the
overall stress magnitude and reduces the rate at which stress grows with rotation angle —effects that
are important for keeping the spring within the 580 MPa allowable limit in design.
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Figure 13. The maximum rotational angle for the FLS with different fillet geometries.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0107.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 February 2026 d0i:10.20944/preprints202602.0107.v1

21 of 26

: LELLIL I LELELEL I LENLELLI I LELEELEL I LELLIL I LENLELL] I LELENL I:
e~ = e ——— v
s r bviem”
S0k dvieo.m b
2 O bviem .
SR ..9". ‘o' :
hr N Al -
< 400F .-;‘__'g"- g -
9 C '_}:4_,0;- .
2 v e ]
= 300 Hyrew — "B - A=03 3
2 - '»i,. ...... @ A=05 :
= r 79 A=08 ]

s AT | -
5200:_ . »:°1i' - —y--A=10 _:
g F A -4 - A=13 3
& 100F A=15 -

.
=R — = = Ty (580 MPa) 1
C raaad e g g gl g g a gl g g g el a gl gy by g
U

0.01 0.02 0.03 0.04 0.05 0.06
#, (rad)

Figure 14. The maximum von Mises stress of the FLSs under different rotational angles.

6. Case Study

To validate the AM for the two-axis compliant joint introduced above, we fabricated a structural
prototype of the joint using the FLS with right-circular fillets. We then assembled a rotational
compliance test system for the prototype.

6.1. Prototype Fabrication

A two-axis compliant joint was manufactured in accordance with the structural design method
described earlier, using the structural parameters listed in Table 5. The material selected for the
prototype was 17-4PH martensitic stainless steel, with a Young’s modulus of 196,000 MPa and a
Poisson’s ratio of 0.34.

Table 5. Parameters of the two-axis compliant joint for testing.

FLS geometry (mm) Arc-Fillet geometry (mm) Joint geometry (mm)
t w ! a b ¢ dh D h Lh
2 32.5 20 2 2 2 5 70 74

6.2. Test System

To investigate the bending performance of each principal bending axis of the compliant joint
under different loads, we established a rotational compliance test system for the compliant joint. This
test system mainly consists of a compliant joint prototype, an optical platform, an autocollimator, a
reflector, and several other supporting devices, as illustrated in the Figure 15.
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Figure 15. Compliance test experiment: (a) X/Y-axis test scheme; (b) Z-axis test scheme; (c) X/Y-axis test system;
(d) Z-axis test system; (e) Compliant joint prototype.

The fixed end of the compliant joint was clamped to the optical platform, and the loading plate
was attached to the free end. Gravitational loads were applied along the Z-axis using weights of unit
mass 100 g, which produced torque via the loading-plate moment arm; the weights ranged from 100
g to 1000 g. At each increment, the autocollimator measured the angular displacement of the reflector
mounted on the compliant joint. From those measurements, we determined the rotation angles about
the X/Y/Z-axes under each load and derived the flexibility coefficients for the corresponding rotation
axes. All equipment sat on an air-floating isolation platform to suppress external vibrations, and each
test was repeated three times.

6.2. Test Results

Figure 16 compares AM predictions with experimental measurements about the X/Y/Z-axes. The
results of the AM and the structural prototype are basically consistent.

For the two-axis compliant joint, the average relative error (ARE) of the rotation about the X-axis
is 11.04% with a maximum standard deviation (Max Std) of 1.6825x10-5 rad; the ARE about the Y-axis
is 7.20% with a Max Std of 1.1689x10-5 rad; and the ARE about the Z-axis is 11.93% with a Max Std of
1.2278x1075 rad. These discrepancies arise mainly because the AM is simplified and includes only the
compliance of the FLS structure, whereas the experimental prototype is a complete physical assembly
that also deforms at connecting parts. Measurement uncertainty and machining tolerances of the
components further affect the experimental results.
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Figure 16. Comparison between the AM and experimental results of the two-axis compliant joint: (a) X-axis
compliance; (b) Y-axis compliance; (¢) Z-axis compliance.

7. Conclusions

This study proposes a parametric design method for a two-axis compliant joint based on FLS,
enabling accurate prediction and optimization of joint performance at the initial design stage. The
main contributions of this work are summarized as follows:

(1) A parametric model of the straight-beam filleted FLS with chamfers is established, providing
a numerical model foundation for the parametric design of the two-axis compliant joint;

(2) Based on the structural characteristics of FLSs, a two-axis compliant joint combining series
and parallel configurations is designed, which can achieve structural functions similar to those of a
Hooke's hinge. The compliance matrix of the joint is derived using the structural matrix method and
the principle of series-parallel connection of springs;

(3) Nine different types of FLSs and corresponding two-axis compliant joints are designed to
evaluate the compliance and stress conditions of different structural types. The FEM is employed to
verify the accuracy of the proposed model, and the maximum relative errors between the calculation
results of the numerical models and the FEM models for the FLS and the compliant joint are 7.34%
and 7.63%, respectively;

(4) The effects of structural features of FLSs, such as structural dimensions and fillet shapes, on
compliance characteristics and stress conditions are investigated in depth;

(5) A test system is built for the bending characteristics of the two-axis compliant joint, and the
analytical model is verified. The test results show that the average relative error of the rotation angle
is within 11.93%.

The findings of this study demonstrate that the parametric design method for compliant joints
can be effectively applied to the rapid prediction and optimization of the bending performance of
two-axis compliant joints. This work provides design insights and technical support for the
development of compliant joints in parallel robots.
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The following abbreviations are used in this manuscript:

FLS Flexure Leaf Spring

RR Revolute-Revolute

FEA Finite Element Analysis

AM Analytical Model

FEM Finite Element Model
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