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Abstract

In this paper, we consider a general quadratic problem (P) with linear constraints that are not
necessarily linear independent. To resolve this problem, we use a new algorithm based on the Inertia-
Controlling method while replacing the condition of Lagrange multiplier vector p by resolution of
linear system obtained thanks to the Kuruch-Kuhn -Tuker matrix (KKT-matrix) in order to determine
the minimize direction of (P) and so calculate the steep length in general case: indefinite, concave and
convex cases. Moreover, the results presented here mark the end of the approximate methods to
quadratic programming as well as the linear complementarity methods of the problems to be studied.

Keywords: global solution; descent direction; direction of negative curvature; K KT-matrix; interior
point; inertia controlling

1. Introduction

Currently, the domain of optimization is attracting considerable interest from the academic and
industrial communities, see, for instances [1-3]. The various studies existing for solving a given
problem in this domain and the efficient algorithmics implementations open up many perspectives
and diverse applications. By many researchers in this field and whose objective is formed by several
numerical methods [5,6,9] used in two ways; the first way is the essential principal of such a generally
method consists of enumerating, often of implicitly manner the set of solutions of the optimization
problem as well as has the techniques to detect the possible failures and the second way concerning
the large size.

The quadratic programming problem in continuous time and the theory of the characterizations
of its global solutions seem appropriate to the questions where the objective function is of the general
form either convex, concave or indefinite form. However, the quadratic problem can be written in
several forms equivalents, normally, which help us to simplify and find the good optimality
conditions for this type of problems in the general case, but now, it’s only found for the general
quadratic programming of optimization with equality constraints [10].

According to our long scientific research on the manner for solving our problem denoted in
below, we have not found an effective method that will allow us to find the globally minimum in
reasonable time and avoiding the numerical difficulties linked to the bad conditioning of the Hessian
of problem.

With the new global sufficiently conditions that we propose, we can apply any iterative method
converging towards the local solution of the problem (P) whose the goal is to compute the global
solutions of the optimization problems (P). As in the indefinite case, the (PP) problem, may had more
than one global solution, this on the one hand, on the other hand, we avoid writing the equivalent
forms to the optimization problem (P) which helps us to take directly the original problem. The
analytic solution is computationally intense and numerical issues my occur, knowing, this solution
exists especially when the domain is bounded, However it's not the case with the not indefinite
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Hessian reduced matrix and the question is stay also posed about the globally solution which is noted
by variable x;.

In this study, we are interested on the global sufficiently conditions to solve the general
quadratic problem of optimization, where the set of his constraints are linear:

Min ¢(x) = (%xtHx+ ctx+e) for x €A

(P)
where A=4{x €IR" : Ax<b

Such as A is an (m#n) matrix not necessarily full rank; H is a Hessian matrix of order n (not
necessarily convex). The b and ¢ are two given vectors, and e is a scalar.

Actually, the conditions which we help to solve the problem (P) are not found. By these
conditions we can apply any iterative method converging to the local solution of problem (P), whose
goal is to compute the global solution of the optimization problem of (P).

This analytic solution is computationally intense and numerical issues my occur, knowing, this
solution exists especially when the domain of constraints is bonded, or not bonded with the reduced
Hessian is not indefinite, but the question is stay also posed about the global solution in other cases,
for example, in case of indefinite reduced Hessian matrix.

2. Notation and Glossary

We present in this paragraph the designation of the different symbols and variables used in our
work:

Table 1. Notation and Glossary.

Ak The active matrix at iteration k
m,ni Number of rows in matrix A respectively A«
X Stationary point
X Active point
G Globally solution
q Direction of minimization
u Lagrange Multiplier vector’s
denotes respectively the steep length in convex case c and in
OCq cand OCq i . o s .
’ ’ indefinite case i
Zk Kernel matrix of Ax
1k Number of columns in Zk
@ (x) The objective function
H The Hessian matrix
L. CM Denotes the initials letters of Inertia Controlling Method
Ik The gradient of objective function in point x i at iteration k
A The domain of linear constraints of problem (P)
Fr(A) denotes the domain border of A
P.D Denotes the initials letters of Positive Defined matrix

3. Existence of Global Solution xg

We consider the general quadratic problem (P) under the linear constraints A.
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( Min 1
p(x) = (;xtHx + ctx + e) for x €A

(P) J

| where A=4{x €IR™ : Ax<b

To show the existence of the global solution, we are stating and implementing two lemmas. The
first concerns the determination of minimization direction q (negative direction of curvature, or
direction of descent). The second concerns the steep of length o;,which makes finite our algorithm.

3.1.
Lemma 1. Let x.a stationary point obtained at iteration k. Then the following linear system (1)

obtained thanks KKT-matrix has a single solution in X

(@)= )

Note that this solution exists and unique if and only if Z{HZis a D.P.matrix, with Zxis a kernel
matrix of Axsuch that AgZy; = 0., xn,,

This single solution is a minimize direction of ¢ in the following cases:

Casel q*Hq <0 with gig<0

Case2 q*Hqg >0 with gLq <0

Proof

Given that ZfHZ,is D.P. matrix, then it is non-singular matrix and according to the expression
referred to in [1], it comes to us that the K-matrix

(H Atk) is also nonsingular
A, O '

Consequently, the linear system (1) has a single solution (g, u)".

Now, let’s distinguish the cases where the vector q represents the minimization direction of
problem (P).

Let us recall that, among the important properties in general quadratic programming problem

2
and iterates at the point x, we have @1 = @) + %thq +apghq  [1] (2)

In casel: Ifg'Hq < 0 with giq < 0. We have directly ¢,1 < @p.
This fits the negative curvature direction which is a minimization direction
In case2: if q*Hq > 0 with ggq < 0. It fits a descent direction at point x,
and positive curvature. Here it results also ¢y < @y
t
— “914

0= g ( convex case) 3)

3.2.

Lemma 2. We take the same data of lemmal with the satisfaction once situation of these two following
cases:

Casel q*Hq = 0 with gtq =0

Case2 q'Hq < 0 with giq > 0 such that o¢<ocy;

-2gkq
Where o, ;= — 4)

qtHq
Min (—” = “f"")
and o= aia )

alq>0 ,fori=1,..,m
Then x, is a globally solution of our problem (P).

Proof
Take the expression used in the proof of Lemma 1,
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In casel: According the expression that we have considered in proof of lemma 1, it results that

Pr+1 = Pi
In case 2: As «; <, ;where
_ —24gkq
Xq,i= t
q*Hq

We multiply the expression (4) by «, it means
~o. 2 q'Hq < ghq.o
o2t t
and involve that —=<k919 % ., , it results
2

Xk
— 4"Ha > —argiq
This expression is always positive.
2
That is % q'Hq + axgkq > 0 and according the expression that we have considered in proof of
lemma 1

2
(Pr+1 = @i + %quq + a, gkq) it results that

Pr+1 = Pr
and we can say that x, is a globally solution of problem (P).

4. New Sufficient Conditions Globally Solution of (P)

The new sufficient conditions globally solutions of the problem (P) that we propose are shown
in the following steps:

L g, =4
2 Z{HZ, is a positive defined matrix
3. In this third condition we propose the new following step. We replace the condition of

Lagrange Multiplier p >0 by the following linear system obtained thanks to KKT-Matrix

H A\ (@y_(0
(Ak 0 ) (u) - (—1)
Which has the only increasing direction g with the steep length o, <,
on all cases i.e. in convex casex; <, . such that

t
—9r4q
OCQ.C: tH
q-rq
And in indefinite casex; <o, ;such that
t
—29x4
q-rq
Where
t
min b; — a;xy
Xp= i=1,m t )
” atq
afg>o0 t
Proof

Before showing this result, we will recall the sufficient conditions of the local solutions of the
problems of type (P) which is given in the following theorem and use his results to find the globally
solution:

Theorem [10]

We consider the quadratic problem (P), and let x"eA be the point obtained by minimizing the
objective function ¢ after performing k iterations starting from the initial point x,. We are given two
matrices, Ay and Z, , such that the columns of the latter constitute a basis for the kernel of the
former. If there is a positive vector y; > 0 such that Vo(x*) — Aiy; =0, ,
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and if more the expression Z tHZ is positive for all Z # 0:

ApZy = Omkxnk

Then x” is a local solution of the problem (P).

Now, we return to show the proof of the our original result by considering q # 0, (because the
case of q = 0, isevidently q'g, = q*Hq =0)

We have g, = Aku

We multiply by g% we obtain:

q‘gi = — 2, 1P (6)

(who can be positive for a global solution)

We distinguish her two following cases:

Casel. If g'g, < 0 then we obtain a decreasing direction q from the linear system (1), so the
point x; is not a global solution of problem (P) we therefore continue the calculation until find the
best solution.

Case2.If gqg, = 0 then as we have @y, = @) + %.gtq + % «xz q*Hq and

qtHqg <0
two situations appear:
The first: If o <oxg, then x; point is a global solution of our (P) problem, where
i=1..,mmin (
with afq >0

bi— afxy ) _ -gka _ -2gkq

= and o, ;= .
afq T qtHg

[o—]
ke 4.C™ gtHg

The second: If ¢, > o, then we continue to do the same technical of minimization at the x,point,
until find the global solution x; .

5. Inertia Controlling Method (I.C.M)

We note that the researchers have abandoned this method, which I believe could be improved
and applied to help us solve our problem by introducing some changes (see section 4 in above) to
obtain better results, especially since it relies on second-order conditions, whether related to the
nature of the reduced Hessian matrix or the nature of the minimization direction.

Definition 1. (Stationary Point) [1]

We say the point x, = x_is stationary point of problem (P) if we have these two followings
conditions are hold:

L g = Agp
2. ZLHZ, is D.P. (Positive Defined matrix)

Definition 2. (Minimization Direction)[1]

We say vector g € IR"is the minimization direction of problem (P) in the pointx;, if we have
once of these followings conditions is hold:

1.gkq <0

2.q"Hq < 0 (Direction of negative curvature)

Now, we give some important assumptions of .C.M [1] technique’s used in our work.

Al. The objective function ¢ is bounded from bellow in the feasible region.

A2. All active constraints in x point are in the working set.

A3. The working-set matrix A has full row rank.

A4. The point x satisfies the first-order necessarily conditions for optimality.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem. Let x;, 1is a point of kt iteration defined by x,.; = x; + a,q then the estimation
o
2
solving the following linear system

(4 )= @)

And «;, is a steep length of function ¢ at point x;

q'Hq + <, gt(—q) is always decreasing in all cases, where q is a direction which is resulted by

Proof.
We distinguish three cases to show the decreasing of the objective function at the x;,,; point
as follows:

1. Convex case

When we have gLq is a positive value, we can change a direction g by (-q) which is given a
negative valuegy (—q), therefore we compute the value of «; by using the following formula:
b. — a?x —_al(—
ax < Min | Min—-—-X , M. 1 ®)
a; (@) 4tqyso0 q*Hq

Thus we have% q'Hq + gk(—q) < 0. Multiply by «; both terms, we obtain the result

2
“Eq'Hq + o gi(—q) < 0.

Now, when we have gLq is a negative value, we repeat the same process changing only the
direction (-g) by direction (q) and we will have the same result.

2. Indefinite case

When we have gfLq is a positive value with o # 0 (if it is zero we can add a constraint
associated to this o, ) we change the direction g by direction (-q) which is given a negative value
gi(—q) therefore we compute the value of ; by using the following formula:

b; — ajxy 2g,ﬁ(—q)>

— ; 9
alt(_q) a%(_q)>0 thq

ap < Min <Min

Thus we have
(o8
~q*Hq + gi(—q) <0.
Multiply by a;, both terms, we obtain the result
2
(o8
S q*Hq + . gi(—q) <0.

Now, when we have gLq is a negative value, we repeat the same process changing only the
direction (-q) by direction (q) and we will have the same result.

3-singular case

When we have giq is a positive value with o, # 0 (if it is zero we add a constraint associated
to this o ) we change the direction q by direction (-q) which is given a negative value gg(—q)
therefore we compute the value of «; by using the following formula:

t
b; — a;x;

ay < Mln(w

such that af(—q)) >0

Thus we have

91(=9) < 0.
Multiply by a, this directly implies the following result

2
“EqtHq + o gf(—q) < 0.
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Now, when we have giq is negative value, we repeat the same process changing only the
direction (-q) by direction (q) and we will have the same result.

6. Algorithm

Algorithm for Finding Global Solution

Step 1: Choose an arbitrary initial solution x, in IR™.

Step 2: Use the algorithm of the active point [*1] which returns several results: the associated
matrix A4, to the active point x, at iteration k with its kernel matrix Z, and that satisfies the linear
system:

AgZp = Omoxnoa
and the gradient g,
Step 3: Call the “subroutine in below” to find a stationary point x; that satisfies:

o AZs= Omsxns
e ZLHZ; is a positive definite matrix,
o x,€Fr(A) (see Definition 5.1.).

Step 4: Find a minimization direction g and the steep length a;which corresponds to x;.
Step 5: Stopping conditions:

e If gtHq <O :
o If(gkq <0 or (e, ;<xg with giq > 0)) Return to step3
o Else( giq>0 withoag<c,; )Proceed to step6

e Elseif qtHq >0:

o If (giq 20): — Proceed to Step 6.

o ElselIf (gpq <0 with with o, <e): — Proceed to Step 7.

o Elself (gpq <0): — Take Min ( o ,, ) and return to Step 3.
e FElself q‘Hq =0:

o If (giq<0): > Return to Step 3.

o Else ( g;q20): — Proceed to Step 6.

Step 6: x; is the global solution of (P). Terminate.
Step 7: xy41 is the global solution of (P).Terminate.

Subroutine to calculate the stationary point

1-To determine the stationary point x; we solve the following linear system after verified
ZEHZ, is positive defined matrix (D.P)
(1 HEO-
A, 0/\u 0
such that

Ay, is an associated matrix to active point x; obtained at iteration k
Jx is the gradient obtained at iteration k from the active point algorithm
2- If (g=0) then the stationary point is

Xs = X
Else we change the active point k=k+1,

Xi41 = X +X, q

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and repeat End
* o« is the steep length of case2-Step5 of Algorithm. That is to say

_ 9k«
“™ q'Hq
Remarks. We note these two remarks
1-The case 3 is a singular type. So it accepts the linear constraints which has a border domain.
2- Each iteration based on the resolution of linear systems characterized by the simplicity of the
programming aspect as well as by the nature of the reduced Hessian matrix Z{HZ, and the steep
length o

7. Numerical Results and Comparative Analysis

Our work is well justified by comparing it with some more recent methods with benchmarks
used in the literature [7,13-16]. We note that the researchers left this track for a long time by used the
Inertia-Controlling method, although with a small modification of this method, we managed to find
good results.

In addition to the simplicity for verifying the global optimality conditions, the results have also
been improved. In the concave case (Table 4).

However, in the indefinite case (Table 3) and convex cases (Table 2), our results are obtained
with a minimal number of iterations and the determined solution is very better, which confirms the
originality of our solving technique.

The results have also been improved. In the convex case (Table 1: Data for Convex Case
Examples and Table 2: Results for Convex Case Examples). However, in the concave case (Table 3:
Data for Concave Case

Examples and Table 4: results for Concave Case Examples) and indefinite case (Table 5: Data for
Indefinite Case Examples and Table 6: Results for Indefinite Case Examples), our results are obtained
with a minimal number of iterations and the determined solution is very better, which confirms the
originality of our solving technique. 1-Convex case Results by using Path Method with Weight (
P.M.W. ) with depart point x,. New Results with the same initial or depart point x,.

Table 2. Data for Convex Case Examples.

Example A H B c
0
-1 0 0 0 0
6o -1 o0 o0 4 -2 0 0 0 —4
0 0 -1 o 2 4 0 0 0 -6
0 0o 0 0 -1 0 00 0 | 2 | 0
1 1 1 0 0 0 0 0 -2 0
-1 -1 -1 0 \5/
1 5 0 1 -5

-1 0 0 (8\‘
LY e ) @
[] 110 00 0 ~1 0

\t 1 1) \2)

-1 -1 -1 —2

(o5 e ()

(o 25)
0 25
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Table 3. Results for Convex Case Examples.
x¢ and @(x¢) xg and ¢(x¢)
Example Xq (PMW) Xa (New)
0.002498 1.129032
0.014725 0.774193
4377621 0.096774
0.ea82¢ 0.263271 0.000000
10 ] 0.253483 0.744762
. 0.851047
0.000000 -6.534002 0.404189 -7.16129
0.000000
After 48 S.E. After 4 iters
0.000777 1
2 ] 0.000699 0.011882 2
1.014288 0.800000
0.800000 -3.051993 -3.000000
After 50 S.E. After 3 iters
&)
0
3[ ] 0.8 (0.2)
(2.000000) ( ERROR) 0.9
0.000000 After 139 S.E. 3.38
After 7 iters
Table 4. Data for Concave Case Examples.
Example Constraints H c
0
0
1
[ ] 0
-1 0 0 O 0
—23<x, <27, 0 -1 0 0
i=1,..4 0 0 -21
0 0 1 1
0
20 ] (o)
-1 0 0
_ 0 -1 be 0 (—2 0 )
A=l , 4 28 0 -2
1 -5 5
3[ ]
-1 0
0 -1 _
A 4 7 b= (0)
0 1 -5 (_2 0 ) 0
0 0 -2
28
5
Example @(x;) (Referre) x, (New) x¢ and @(x;) (New)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2.7
L] ) =-39.58 1 ;;
(ERROR) 0 55
_—213 o(xg) =-23.435
) After 4 iters
(6.481)
0 0.296
2l 1 olxg) =-42.09 ( 1) ©(xg) =-42.0973
After 5 iters
(6.481)
0.296
(5) ©(xg) =-42.0973
311 @(xg) =-42.09 0 After 3 iters

Table 5. Data for Indefinite Case Examples.

Example H constraints C
-1 1 -1/2 ~1<x<1, 0
10 ] ( 1 2 =2 ) i=123 <—2>
—-1/2 -2 2 0.5
-1 —-05 —1<x <1, —4
2[ ] (—0.5 2 ) i=12 (4)
2 < X < 6,
i=12 data
(—1/5 0 ) 2 x+9 x; < 48 -t
3[ ] 0 1/30 5 x43 x; < 35 _54
9 5 -6 5 —01<x <17 1
-1 -8 1 8 i=1,.,4 4
4] ] 8 0 9 -6 ' T -8
85 6 0 8
10 0 0 —01<x, 0
50 1 0 -1 0 0 <17, 0
00 -2 1 =0 0
0 0 1 -1 e 0

Table 6. Results for Indefinite Case Examples.

xq and @(xg)

Example x; ore(x;) (Referees) Xg (New)

1 -1
<_1/ 2) xe=| 1

1 -1 1/2

1 ] xg # | —1/2 We start with this
-1 . _
This solution is not Point a_n(fl we A(gt(xGS )._ 2{_75
A globally proved it is not er 5 iterations
a globally

(1 0 1

2[ ] Xg = (_1) (0) X = (_1)
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This solution is
a globally We start with this ¢ (xg) = —2.75
point and we fined
effectively a globally After 5 iterations

data
(4—.384—6) (4.3077)
4.3590 4.4872
.= (4-3846) We start with this 20329
. 4.3590/ point and we fined ¢ (xg) = —20.
This solution is .
3[ ] effectively a After 5 iterations
globally
a globally
0 -0.1
3 1.7
0 (xg)=-86.411 0 0.8056
4 ] 0 —-0.1
We start with @ (x;) = —12.915
this point After 4 iters
0 1.7
3 1.7
5[] ©(x5)=207.071 0 ~o01
0 1.7
We start with o (xg) = 70.485
this point After 6 iters

8. Conclusion

In this article we have shown that it is possible to check the global optimization conditions to
decide that completed point of the Inertia-Controlling method (I.C.M.)is a global solution or not.

In the fact that any optimization problem is solved by the necessary and sufficiently conditions
of its solutions, when these conditions are satisfied at the point denoted in our (P) problem by, this
later becomes a solution to the considered problem.

However, if the relevant conditions are not found then we can’t obtain the exact solution.

Through these new sufficient conditions for global optimality we can apply any decreasing
method converges to a local solution of problem (P) and we can also say that any point x of the field
is a global solution of our mathematical problem or not, this is on the one hand.

On the other hand, the condition that we changed in this work depends on the solution of a
linear system that is listed before in the local solution of objective function ¢, and in our theories, the
given direction g is a best decreasing of the objective functiongatx;in terms of minimization, because
all negative Eigen values of the matrix Zj;HZare taken, as we have also shown the decrease objective
function at each active point in the convex, indefinite and singular case.

The results found provide high efficiency and reliability compared to the methods used (for
example interior points) to resolve the quadratic programming problems at point of view of Accuracy
and response times (a large number of iterations may be to find the solution).

Consequently, we recommend and ask that the method of I.C.M be seen again and used in many
academic research which encourage university researchers to resort to this mathematical method to
enrich their research in the scientific fields of applied mathematics and economics.

References

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0706.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 September 2025 d0i:10.20944/preprints202509.0706.v1

12 of 12

1.  Gill, P. E;; Murray, W.; Saunders, M. A. ; Wright, M. H., Inertia-controlling methods for general quadratic
programming, SIAM Review, 1--36 (1991)

2. Altman, A.; Gondzio, J. Regularized symmetric indefinite systems in interior point methods for linear and
quadratic optimi- zation, Optimization Methods and Software ; 1999;11(1-4), 275--302.
https://doi.org/10.1080/10556789908805754

3. Grippo, L. ; Sciandrone, M..; Introduction to Interior Point Methods}, In Introduction to Methods for

Nonlinear Optimiza- tion; 2023; pp.~497--527. Cham: Springer International Publishing. 346

4. Gondzio, ].; Sarkissian, R.;Parallel interior-point solver for structured linear programs}, Mathematical
Programming}, 2003; 96, 561 —584

5. Fu, Y; Liu, D.; Chen, ]J.; He, L.; Secretary bird optimization algorithm: a new metaheuristic for solving
global optimization problems, Artificial Intelligence Review, 2024; 57(5), 123 .

6. Kim, S.; Kojima, M.; Equivalent sufficient conditions for global optimality of quadratically constrained
quadratic programs, 351 Mathematical Methods of Operations Research, 2025; 101(1), 73--94 .

7. Kebbiche, Z. ; Etude et extensions d’algorithmes de points intérieurs pour la programmation non linéaire,
Doctoral disser- 353 tation, Université de Sétif (2008).

8.  Azevedo, A. T.; Oliveira, A. R. L;.Soares, S.; Interior point method for long-term generation scheduling of
large-scale hydro- 355 thermal systems,Annals of Operations Research, 2009; 169(1),55--80 .

9.  Morales, J. L.; Nocedal, J. ; Wu, Y, A; sequential quadratic programming algorithm with an additional
equality constrained 357 phase,IMA Journal of Numerical Analysis, 2012; 32(2), 553--579 .

10. Jose Pierre Dusqult,” Programmation non linéaire’ ; université de sherbooke ; Département D’infor- 359
matique ; 110665970(2011)

11. Gondzio, ], ; Yildrim, E. A.; Global solutions of nonconvex standard quadratic programs via mixed integer
linear program- 361 ming reformulations, Journal of Global Optimization, 2021; {81}(2), 293--321 .
https://doi.org/10.1007/s10898-021-01017-y

12. Pedregal, P.; Introduction to Optimization, 2004; Vol. 46. New York: Springer. https://doi.org/10.4172/2168-
9679.1000346 364

13. Choufi, S.; Development of a procedure for finding active points of linear constraints, Journal of Applied
and Computational 365 Mathematics, 2017; 6(2) .

14.  Sun, W.; Yuan, Y. X,; Optimization Theory and Methods: Nonlinear Programming, 2006; (Vol. 1).New York:
Springer Sci- ence Business Media.

15. Wu, Z.Y.; Bai, F. S,; Global optimality conditions for mixed nonconvex quadratic programs,Optimization,
2009; 58(1), 39-- 369 47 .

16. Sun, X. L; Li, D. ; McKinnon, K. I. M..; On saddle points of augmented Lagrangians for constrained
nonconvex optimiza- 371 tion,SIAM Journal on Optimization, 2005; 12(4), 1128--1146 .

17. Messine, F. ; Jourdan N. ; L’optimisation globale par intervalles: de 1’étude théorique aux applications,
Habilitation a Diriger des Recherches, Institut National Polytechnique de Toulouse ,2006.

18. Morales, J. L..; Nocedal, J. ; Wu, Y., A.; sequential quadratic programming algorithm with an additional
equality constrained phase,IMA Journal of Numerical Analysis, 2012; 32(2), 553--579 .

19. Huang, W.; Zou, J,; Liu, Y.; Yang, S.. ; Zheng, ].; Global and local feasible solution search for solving
constrained multi- 377 objective optimization, Information Sciences, 2023; 649, 119467 .

20. Kim, S. ; Kojima, M.; Equivalent sufficient conditions for global optimality of quadratically constrained
quadratic programs, Mathematical Methods of Operations Research, 2025; 101(1), 73--94

21. Ouaoua, M. L. ; Khelladi, S.; Efficient Descent Direction of a Conjugate Gradient Algorithm for Nonlinear
Optimization, 381 Nonlinear Dynamics and Systems Theory, 2025; 25(1), XXX--XXX.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or

products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.1080/10556789908805754
https://doi.org/10.20944/preprints202509.0706.v1
http://creativecommons.org/licenses/by/4.0/

