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Wisdom World School; bha�iharjeet2012@gmail.com 

Abstract 

In this paper, we derive explicit exponential series representations for the sine function involving 

even values of the Riemann zeta function. The result is obtained via logarithmic differentiation and 

integration of the Weierstrass product. We further demonstrate that the method extends naturally to 

the cosine function, yielding an analogous representation. These results highlight a structural 

connection between trigonometric entire functions and the distribution of their zeros. 
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Introduction 

If a function and all its derivatives and integrals are absolutely uniformly bounded, then the 

function is a sine function with period 2π [1]. The Weierstrass Product of sin x is given by 

sin x = x � 1 −
x2

n2π2

∞

n�1

[3]. The sine product formula is important in mathematics because it has many applications, 

including the proofs of other problems. One such application is the calculation of the values of 

ζ(2) and ζ(4), where 

ζ(s) = �
1

ns

∞

n�1

is the Riemann zeta function [2]. 

The method is used because the properties of logarithms provide avenues to quickly simplify 

complicated functions to be differentiated. These properties can be manipulated after the taking of 

natural logarithms on both sides and before the preliminary differentiation [4]. 

Applications of the sine product formula include the calculation of certain values of the Riemann 

zeta function. The proof that ζ(2)  =  2π/6 is often called Euler’s Theorem [2]. 

The value of ζ(4) is 4π/90 [2]. 

Methods 

Weierstrass Product: 

sin x = x � 1 −
x2

n2π2

∞

n�1

Taking the logarithmic derivative, 

cot x =
1

x
+ �

1

x − nπ
+

1

x + nπ

∞

n�1

Expand the cotangent’s partial faction for x ≠ 0, 

cot x =
1

x
+ 2 �

ζ(2k)

π2k

∞

n�1

x2k�1 
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Integrating term by term, 

ln(sinx) = ln x − �
ζ(2k)

kπ2k
x2k

∞

k�1

 

Exponentiate to construct new series: 

sin x = x exp (− �
ζ(2k)

kπ2k
x2k)

∞

k�1

 

Results 

By all of these derivations we can conclude that: 

sin x = x exp (− �
ζ(2k)

kπ2k
x2k)

∞

k�1

 

Expand the exponential, 

sin x = x �1 −
1

6
x2 + �

1

72
−

1

90
� x4 − ⋯ � 

This given series is converging for sin x for x ∈ R. 

Discussion 

The key features of the new derived series are: 

1.Zeta Function Dependence 

2.Convergence Properties 

3.Hybrid Form 

Extension to ���� 

In this section, we demonstrate that the methodology developed for the sine function extends 

naturally to the cosine function. This confirms that the appearance of Riemann zeta values in the 

derived exponential series is not incidental, but rather a consequence of the underlying Weierstrass 

factorization framework. 

It is well known that the cosine function admits the following Weierstrass product 

representation: 

cos � = � �1 −
4�2

(2�−1)2�2�

∞

��1

, 

which converges uniformly on compact subsets of the complex plane. 

Taking the natural logarithm, we obtain 

log (cos �) = � log 

∞

��1

�1−
4�2

(2�−1)2�2�. 

Differentiating term by term, justified by uniform convergence away from the zeros of the cosine 

function, yields 

�

��
log (cos �) = −tan �. 

On the other hand, differentiating the logarithmic product gives 

�

��
log (cos �) = − �

8�

(2�−1)2�2−4�2

∞

��1

. 

This expression is consistent with the classical partial fraction expansion of the tangent function. 

Hence, we obtain the identity 
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tan � = �
8�

(2�−1)2�2−4�2

∞

��1

. 

For ∣ � ∣<
�

2
, the above series converges uniformly, allowing termwise integration. Integrating both 

sides with respect to �, we obtain 

log (cos �) = − � ∫

∞

��1

8�

(2�−1)2�2−4�2  ��. 

Evaluating the integral yields 

log (cos �) = − � �
22�

�(2� − 1)2��2�

∞

��1

∞

��1

�2�. 

Interchanging the order of summation (justified by absolute convergence), we obtain 

log (cos �) = − �
22�

��2�

∞

��1

��
1

(2�−1)2�

∞

��1

� �2�. 

The inner sum over odd integers can be expressed in terms of the Riemann zeta function: 

�
1

(2�−1)2�

∞

��1

= �1−2�2���(2�). 

Substituting this into the previous expression gives 

log (cos �) = − �
22��1−2�2��

��2�

∞

��1

�(2�) �2�. 

Exponentiating both sides, we arrive at the main result of this section. 

For ∣ � ∣<
�

2
 , the cosine function admits the following exponential series representation 

involving even values of the Riemann zeta function: 

cos � = exp �− �
22��1−2�2��

��2�

∞

��1

�(2�) �2��. 

1. This representation parallels the corresponding expansion obtained for the sine function, 

confirming that the underlying method applies systematically to trigonometric entire functions. 

2. The coefficients reflect the restriction of the zero set of the cosine function to odd multiples of 
�

�
, 

encoded via the factor (1−2���). 

3. The method suggests further applicability to entire functions with explicitly known zero 

distributions. 

Author Contributions: The author solely conceived the study, developed the methodology, carried out the 

mathematical analysis, and wrote the manuscript. 

Funding: The author received no external funding for this research. 

Institutional Review Board Statement: Not applicable. This study does not involve human participants or 

animals. 

Informed Consent Statement: Not applicable. 

Data Availability Statement: Not applicable. No datasets were generated or analyzed during the current study. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 March 2026 doi:10.20944/preprints202603.0069.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.0069.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 4 

 

Acknowledgments: I would like to acknowledge the unwavering support of Dr. Manjit Kaur, Mr. Harinder 

Singh, Mr. Harbhajan Singh, Ms. Satinder Kaur and my guides without their support this research project would 

be impossible for me to complete. 

Conflicts of Interest: The author declares that there are no competing interests. 

References 

1. Roe, J. “A characterization of the sine function.” Mathematical Proceedings of the Cambridge Philosophical 

Society. Vol. 87. No. 1. Cambridge University Press, 1980. 

2. Chan, E. (2006, December 12). The sine product formula and the gamma function. 

3. Chouikha, A. (n.d.). Weierstrass function (z) and infinite products. 

4. Wikipedia. (n.d.). Logarithmic differentiation. In Wikipedia. Retrieved from 

h�ps://en.wikipedia.org/wiki/Logarithmic_differentiation 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 

of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) 

disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or 

products referred to in the content. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 March 2026 doi:10.20944/preprints202603.0069.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.0069.v1
http://creativecommons.org/licenses/by/4.0/

