Pre prints.org

Article Not peer-reviewed version

Global Weak Solution in a p-Laplacian
Attraction-Repulsion Chemotaxis
System with Nonlinear Sensitivity and
Signhal Production

Hengyu Ren and Zhe Jia "

Posted Date: 22 July 2025
doi: 10.20944/preprints202507.1776.v1

Keywords: Global weak solutions; Attraction-repulsion; p-Laplacian; Nonlinear production

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4596294
https://sciprofiles.com/profile/3511291

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 July 2025 d0i:10.20944/preprints202507.1776.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Global weak solution in a p-Laplacian
attraction-repulsion chemotaxis system with nonlinear
sensitivity and signal production

Hengyu Ren and Zhe Jia

School of Mathematics and Statistics, Linyi University, Linyi 276005, China
*  Correspondence: jiazhe@lyu.edu.cn

Abstract

We consider the following p-Laplacian attraction-repulsion chemotaxis system:

up = V- (|Vul|P=2Vu) — xV - (u*Vo) + &V - (uPVw) + f(u), x€Q, t>0,
vy = Av—ov+nut, xeQ, t>0,
O:Aw—éw—l—’yukz, xeO, t>0,

where x,&,a,B,1,0,7,0,k1,kp > 0,p > 2,2 C R*(n > 2) is a smoothly bounded domain. The
logistic-type source f(u) < x — pu™ for k € R, u > 0 and m > 1. We obtain the global boundedness of

solutions if (i) m > max{2k;, % —1}, or (ii) kp > max{2k; — 8, % — B —1} withm > max{2,2«,28}.

Keywords: Global weak solutions; Attraction-repulsion; p-Laplacian; Nonlinear production

1. Introduction

In this paper, we study the following p-Laplacian chemotaxis system with
nonlinear sensitivity and signal production:

(= V- (|VulP2Vu) — xV - (u*Vo) + &V - (uPVw) + f(u), x €Q, t >0,
vy = Av—o0v+ g1(u), xeQ, t>0,
s 0=Aw—dw+ g (u), xeQ, t>0,
== dw x€d0), t>0
| u(x,0) = up(x), v(x,0)=1vp(x), w(x,0)=wp(x), x €,

(1.1)
where x, ¢, a, B,1,0,7,0,k1,ko > 0and p > 2, Q) C R"(n > 2) is a smoothly bounded
domain. u is the density of the cells, v, w denote the concentration of the chemoattrac-
tant and chemorepellant. The nonlinear diffusion Ayu = 57 - (|Vu|P~2Vu) is called
the slow and fast p—Laplacian diffusionif p > 2and 1 < p < 2, respectively. The
smooth logistic-type source f : R — R satisfies for all s>0,

f(s) <x—wus™and f(0) >0 (1.2)

with ¥ € R, 4 > 0 and m > 1. The signal production g;(i = 1,2) satisfies for all s>0,

g1(s) = 15", ga(s) = sk, (1.3)
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where 17,7, k1, ko > 0.
Considering the effect of attraction without repulsion, problem (1.1) becomes the
following Keller-Segel chemotaxis system

= Au—x-(uVo), x €O, t>0,
v =Av—v+g(u), xeQ, t>0, (1.4)
gu =% =, x €90, >0, '
u(x,0) = up(x), v(x,0)=0y(x), x € Q.

When the signal production g(u) is linear (i.e.g(#) = u), it was showed that the
solutions of (1.4) are global bounded when n = 1, or n = 2 with fQ uy < orn>3
with small initial conditions(see [1,19,23,35]), whereas when n = 2 with f qlo > 7,
or n > 3, the finite-time blow up may occur for a large class of initial date [2,34].
When the signal production g(u) is nonlinear (i.e.0 < g(u) < u), the boundedness of
(1.4) was studied in [17] if k € (0, ) with n > 2. Considering the solution of (1.4) with
nonlinear production g(u) = u(u + 1)¥~! under the condition f(u) = u — uu", it was
proved in [20,21] that the weak solution of (1.4) is bounded globally if ("H) <m<2,

0<k< % and n = 2,3. Recently, Zhuang et al. [39] got the globally bounded
classical solution of (1.4) under k < m — 1, or k = m — 1 with y > 0 sufficiently large.

Now, recall a more general attraction-repulsion chemotaxis system

(up =V - (Dw)Vu) —xV - (uVo)+&V - (uVw) + f(u), x€Q,t>0,
T = Av —0ov + g1(u), xeQ,t>0,
Hwr = Aw — dw + g (u), xeQ, t>0,
=9 x€30, t>0

| u(x,0) =up(x), v(x,0)=1vo(x), w(x,0)=wp(x), x €Q),

(1.5)

where 7; = {0,1}(i = 1,2). For the case f(u) =0,91(u) =nu, go(u) =qyu. If g =1,
T, = 0 and D(u) satisfying D(u) = Dou? ,there exists a global weak solution under
the case 8 > 1 — % [14]. Later, [8] optimized the condition of § into 6 > 1 — +2
but added §y — xy > 0. If 1 = ©» = 0, and considering p—Laplacian diffusion
(i.e. D(u) = |Vu|P=2), it was showed in [12] that the system (1.5) exists a global
bounded weak solution under the case (i) ¢y — xn < 0, or case (ii) {y — xy > 0

with p > - +1, orl <p< = +1 and [|uol|, ;- G- is small. More results on attraction-

repulsion chemotaxis system can be found in [1,6,7,9-11,24,26,29,31,36,38]. For the
case f(u) = x — pu™, g1(u) = nuk1, go(u) = yuk2. If 7 = 1, ©, = 0, it was shown
that when (i) m > max{2k;, %’fﬁz + %}, or case (ii) ko > max{2k; — 1, %IE:Z Zp
with m > 2, the problem (1.5) possesses a global bounded weak solution [32]. If
71 = T, = 1, Jia [3] proved that when max{ky,k;} < m —1 or max{ky, ko} =m—1
with large u > 0, there exists a global bounded weak solution. More results on
p-Laplacian chemotaxis models can be found in [4,12,15,16,18,27,28,37,40].

We now formulate the principal result .
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Theorem 1.1. Let p > 2 and Q) C R"(n > 2) be a bounded domain with smooth
boundary. Assume that (1.2), (1.3) hold withk; > 0,0 < k < 1and m > 1. Then
for any non-negative initial data ug, vg,wg € W-*(Q), problem (1.1) has a glob-
ally bounded weak solution (u v,w) € L®(Q) x Wh°(Q) x W1°°(Q) under the
assumption (i) m > max{2ky, 2= = — 1}, or (ii) kp > max{2k; — p“ — B —1} with
m > max{2,2«,2p}.

Remark 1.1. When &« = B = 1 for (1.1), we optimized the assumption (i)

m > max{2kq, %’i—lz + ﬁ}, or (ii) k; > max{2k; — 1, ?:EZ %} with m > 2 of

reference [32] into (i) m > max{2k;, ﬁ} or (ii) kp > max{2k; — 1, %} with m > 2.

This paper is organized as follows. In Sec. 2, we will introduce a regularized
problem (2.1) and preliminary lemmas. In Sec. 3, we prove the boundedness of weak
solutions of (2.1). Finally, we prove Theorem 1.1 by an approximation procedure in
Sec. 4.

2. Preliminaries

Due to the p-Laplacian diffusion, we begin with the definition of weak solution
to (1.1).

Definition 2.1. Let
0<uell ([0,T),L*Q)),
0<w,well ([0,T)W"2Q))
We call (1, v, w) a weak solution of (1.1) if the following equalities hold:

—fOTfQu(pt—fQuo(x)(p(x 0) fo fQ|Vu|P 2Vu - Vgo—i—xfo fQ u*Vo - Ve
Cfo JouPVw- v‘/""fo Ja f(

_fonQU‘Pf_fQUO(x)(P(x 0) = _fo JaVo-Vo— Ufo fnvq’"‘fo Jog1(w)
and
0=— foT JoVw-Vo-— 5f0T Jawe + foT Jag(u)g
forall ¢ € C(Q x [0,T)).

In order to construct weak solutions of (1.1), we consider the regularized problem

e = V- ((|Vuel? +e)pT_2Vug) —xV - (u4Vv) + ¢V - (u ﬁvwe) + f(ue),

Vet = ANV — 00 + §1(Ue), xeQ, t>0,

0 = Awe — dwe + Qo (1te), xeQ, t>0, (2.1)
due __ 0ve __ dwe __

Yo — Pe — L — () x€d), t>0

ue(x,0) = up(x), ve(x,0) =0vp(x), we(x,0)=wp(x), x €Q,
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for each e € (0,1). System (2.1) is locally solvable in the classical sense by using a

tixed point theorem similar to [27,29].
Lemma 2.1. Let p > 2 and Q) C R"(n > 2) be a smooth bounded domain, and

that the initial data value uo, vy, wg € W*(Q). Then for any ¢ € (0, 1), there exists
Tmaxe € (0,00] and a local-in-time classical solution (e, v, we) € C(Q X [0, Tmaxe)) N

c21 (5 X [0, Tmax,)) that satisfies (2.1). Moreover, if Taxe < 00, then
1imt—>Tmax,e ||u€(" t) ||L°°(Q) = .

Lemma 2.2. Assume (1.2) holds, then there exists a positive constant M :=
(2.2)

M(ug, |Q|) such that
Jo ue(x, t)dx < M for t € (0, Tiax,e)-
(2.3)

Proof. Integrating the first functions of (2.1), we have by using (1.2) that
te (0/ Tmax,s)

% Jo uedx < x|Qf — p| Q' ( [y uedx)™,
which implies (2.2). U
Lemma 2.3. For any ¢1,¢&, > 0 and g > 0, there exists constants C;, C; > 0 such
that the solution z of the problem
~Az+6z=~ufin Q, ¥ = 0onQ, (2.4)
(2.5)

fQ Z9+1 < g1 fQ ukz(q—i-l) +C; < e fQ pit+1 + C,.

satisfies

foru e L1(Q)and 0 < kp < 1.
Proof. The proof closely resembles that of Lemma 2.2 in [30]; therefore, we will

omit it. []
Next, we present the Gagliardo-Nirenberg inequality, which will be frequently

utilized in the subsequent analysis [13,22].
Lemma 2.4. Assume that 1 < p,q < oo satisfying (n — q)p < ng. Lets > 0 and

0 < r < p < . Then for any ¢ € W1 (Q) N L"(Q), there exists a constant Cgy > 0
(2.6)

such that
191lre2) < Can IVl 10117 + 191l ()
27)

where

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Regularity Estimates to Regularized Problem

In the section, we study the global boundedness to the regularized problem
(2.1), we pay attention to the following lemma.

Lemma 3.1. Assume that (1.2), (1.3) hold withk; > 0,0 <k <landm > 1. If

m > 2kq or ko > 2ki — B with m > max{2,2a,2}, there exists a constant C; > 0 such
that

Jo IVve|?dx < C1 on t € (0, Tmax)- (3.1)

forany ¢ € (0,1).

Proof. Case (i): m > 2k;. Multiplying (2.1), by —2Awv,, integrating by parts, we
obtain

& Jo IVoel? = =2 [ |80 = 20 [ [Voe2 =2 [ ud Ao
2
< =2 [ |02 =20 [ |VOe2+2 [ | Dve 2+ T [y ud (3.2)
2
= =20 [, Vo2 + 5 [ ue™

Together with (3.2) and the first equation of (2.1), there exists a constant C, > 0 such
that

2
%(fﬂ e + [q [Ve|?) < x[Q — ufqul =20 [ Vo> + % Ja U2 (3.3)

< =20 [o|Voe|* + Co,

which used m > 2k; and Young’s inequality. Collecting Lemma 2.2 and (3.3), we
have

L([que+ [ |V0el?) +20([que + [ |VVe[?) <20 [que +Co < G, (3.4)

Case (ii): kp > 2k; — B with m > max{2,2«,2}. Multiplying the first equation
of (2.1) by 1 + Inu, and using Young’s inequality, we get

p—1
% fQ uglnu, < _(%)Pfa |VM€T‘P +XfQ ug‘_IVug -V,
~& [ uf Ve - Ve + x[Q) +x [y Inue (35)
— Joul' = JquiInu
<X JqudVue - Vo = ¢ [, usﬁ_que Vwe — 5 [qul" + Cy,

which used [, Inu, < [ ueand —ueInue < el
Multiplying (2.1), by —Av,, integrating by part, we have

%% fQ |V?J£|2 = - fQ |AU£|2 - UfQ |VUS|2 /| fQ u%Avs
— [ |80 2 =0 [ V02 + 172 [ ue + 1 [ | A (3.6)

<
k
< —% o | Ave|? -0 /4 |Voe|? + 12 fQuz 1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for all t € (0, Tmax). According to the Young's inequality, we estimate

2
X Jout Ve - Vo = =X [ ut Ave <& [ u2* 4§ [ [Avel?, (3.7)
as well as

_Cfg us vus Vw, = ﬁfQ Aw‘g
_ fg ue w, — 18 fQ JotP
52 2 ko+
< Jou + 5 fQ — % Jqutt?
<fQ +Ufﬂ yéfﬂ 2+ﬁ+c

(3.8)

which used Lemma 2.3 and for all t € (0, Tnax). Since 20 [ ueInue < 20 [ u?, and
collecting (3.5)—(3.8),we have

£ fQ uglnug \Vv€| +20f0uglnu€+UfQ|Vv€|2

3.9
<30 [qu? +a2f0“2“+f0 +1? [ u Zkl_%fﬂ k2+ﬁ_%f0“?+c6- (39)

It follows from ky > 2k; — B, m > max{2,2«,2B} and Young's inequality that
30 fou + 5 foud + [oui + 2 fquit = [quet—§ [qu < G (3:0)
Lety(t) = [o(uelnue + %|Vv£ |2), together with (3.9) and (3.10), this indicates
y'(t) + 20y(t) < Cs. (3.11)
So we have for all t € (0, Tiax) that
Jquelnue + 3 [ [Voe|* < Co. (3.12)
Then we derive
2 oI Voe|? < = [uelnue +Co < e Q| + Co (3.13)

for all t € (0, Tmax) and the desired results are proved. [J

Lemma 3.2. Let p > 2 and assume that (1.2)(1.3) hold with m > 1,k; > 0 and
0<k <1 Ifm> max{Zkl,% — 1} or ky > max{2k; — ,3,% — B — 1} with
m > max{2,2a,2B}, then for any g > 1, one can find a constant Cjy > 0 such that for
any t € (0, Tmax)

Joud(x,t)dx < Cyg (3.14)
forany e € (0,1).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Multiply (2.1); by qugfl integrate over () ,we can find that

dt f0u8+q(q_1 fQuS |vus|2+€) - |Vl/lg|2
< xq(g—1) fQ ul ™72V - Vo, + S0 I A, (3.15)

+m—1 LH—ﬁ !
g [yul ™ — g foul

forall t € (0, Tmax)- Note that for p > 2 and t € (0, Tmax),
(IVite]? + )2 | Ve |2 > | Ve P (3.16)

Together with (3.15) (3.16), and Young’s inequality, it follows that for p > 2

2
4 [qul+q(g—1) [qul | VuelP

<xq(q—1) fQ ul "V Voo + S0 [P

+rq [oul ™t — g foul™ (3.17)
qu —1) fud™ ZVug-va—i-gqq Yo ul P A,

q+m 1 AL
B [ 1 +Cn

for all t € (0, Tmax), where Cy; is a positive constant. As a consequence of Young's
inequality, we have

2
Xq(q - 1 fQ ul ™ Vi - Vo
(p=1)(g=2)+pa

2(g-1) B = o (3.18)
< ngue |vus‘p+C12 fQuE |VZJ£|P*1,

where Cy; is a positive constant. Quoting Lemma 2.3 and applying Young’s inequality
to get constants Cy3, C14 > 0 such that

qulf q+ﬁ1
ol

q+/3 1
_ 609(q-1) f q+ﬁ L. — &ra(q=l)  a+ptke—1

g+p—1 ol We — g1 Qﬂ%k

q 2~

grg9(q—1) q+l3+k 1 K ¢rq(g=1)  ,a+P+ka—1

< 4rpT) f‘} P G fowe B - SHE TR G9)
qt+ptky—
. Tk 3y 1) q+ﬁ+k 1
= Cy3 fQZUe 2 —ngig 1 fQ 2
grq(g—1) LITRt

S T3Ggp) Flanl T 4 o

for all t € (0, Tmax)- Together with (3.17) (3.18) and (3.19), we have

d q , q(-1) 4—2
g Jaue + T [que T VuelP
(p—1)(g—2)+pa

< Cp fQ u, 7 V0|7 T CW q-1) fQ IRk =1 (3.20)

+m—1 2etp=1)
m—
5[4 uf +Ci1+Cuy

forall t € (0, Tmax)-

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Due to the fact that
P+q 2
1 1)p?
6] ) fQ uﬁ |vu€|p = %;q—i—l g PHV ”ip(Q) (3'21)
forall t € (0, Tmax). From (3.20) and (3.21), we conclude that
ptq-2
d q 1)p?
i Joul u;af’;pnv ")
(p=1)(9=2)+pa
T 1) +B+ky—1 3.22
< Cia [ he p—1 |vv€|p1_é‘7qi731f0 yTHBthke— (3.22)

+m—1
B fqul™ +Cii 4+ Cua

for all t+ € (0, Tmax). Analogous to Lemma 3.11 in [25],we can choose a positive
constant Cy5 for any ¢’ > 2 such that the following inequality holds

4 oIV + 2 [ 9|V |7 2 < Crs [ u Vo2 +Ci5. (3.23)

From the combination of (3.22) and (3.23), it follows that

pta-2
/ 1)pP 2(g' — /
L(foud+ fo [VeP) + 9 Ve 7 (1] + 25 [ [V Vo7 2
(pfl)(qff)ﬂnx p ,
< Cip2 fQ u, |VUg|7” T+ Cys fQ leg 1|Vv€|2‘7 —2
~ &rq(g—1) q+,3+k 1 g g+m—1
2(q+p— 1 ol o fQ + Cie
(3.24)
forall t € (0, Tmax)-
Case (i): m > max{2k1, — —1}. Letq': % and takeg > m + 3 —
;p =P% and m > 5 2 —1,we have q' > 2. Useing Holder inequality, we obtain

(p=1)(q-2)+pa ‘1 2)+

(p— )(
Ci2 [ Ue e er|” U< Crp( fq e ul ™" 1)‘ *’“ ) T (Jq IVve ]P 1) (3.25)

for all t € (0, Tmax)- Similarly,

C15f0u€ Vo, |2q 2 < Cys (Joy 1! L arm=1 q+m T ([ |V (29'-2) )%, (3.26)
where A = % > 1. Then by means of the Gagliardo—Nirenberg inequality,
we deduce
L 1 f
(Sl Vo P17 = 9ol Lq
H(0) (3.27)
1161 1-60; ! L/
< (Corl| VIVl || o 11V T[S + Curll[Voel 7| 5 )=
L‘7 Q) LT (Q)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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forall t € (0, Tiax), where 6; = f . Since p > 2, selecting g > [(P—l)(igﬂ)—r)od
4+l

2
m+ 1, wehave 6; € (0,1). We mvoke (3 27) and Lemma 3.1 with m > 2k such that
(U IV0el P07 < Cral(fn IV V06l )57 + Cog (3.28)
with Cig > 0. Recalling the Gagliardo-Nirenberg inequality again we estimate
2(¢'-1)

/ 1 /
(Jo V020D = [[[Voel 7| 3

7

L 1 (0) 1) (3.29)
/ ’ ‘777
< (Crol| V[Ve|T || |||va|‘7 152+ Cuoll[Voel 7] 5 )
L7 (Q) L7 (Q)
g _a
with Cy9 > 0, where 6, = % Due to m > max{1,2k;},p > 2 and take g >
THi—2
max{m + 3 — %, (;(;?f)a - ”(’”;2"1) — 5}, weget 6, € (0,1). Then combining
Lemma 3.1, we have
, 1 (9'-1)65
(Joy |V0ePT="DNE < Coo(( [ V|V 2) 7 + Cap. (3.30)

Together with (3.25),(3.26), (3.28) and (3.30), we obtain

(p=1)(q=2)+pa

_r_
Cio fQ U P |VZJ£|F’*1 + Ci5 fQ u§k1|va\2‘7/_2
=1 (p=1)(q=2)+pn L/
< CiaCug(Jud ™) W Iam 1 ([, |V Vo |7 |2) 20
(p=1)(q—2)+pa
+C12Ci8( f ue ul ™" 1)(” D (3:31)

7-1)6

1 - 7
+Ci5Cao( o ul ™ - T ([ [V Vog| 72 ) ]
1 2kq
+C15Ca0( f ue ul ™) it
for p > 2and g > max{m + 3 — %’ (;(;i)f)a _ Tl(mEZkl) +2-1,
m+1}.

(=D (g=1)+1 42! I :
Next we prov(e =D (qm—1) T 3p—17 < 1.This is an obvious fact that holds

true,otherwise, if C 1))((5 - 31)+11) + 20 4 91) > 1,this leads to

2[(p=D) (m+1)—pa] _
p

g, > 2p=Dq’  (p=D(m+1)—pa

P (p=1)(g+m—1)
=2 % (3.32)
>1
which used ¢’ = % and p > 2. This means that
~1)(g-1)+1 0
et * ey < L (3.33)
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Subsequently,we prove
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2kq

2 0 et
R e
where
m(p,q) =2k [(p = 1)(q +m —1) + Z2((p = 1) (m + 1) — pa)]
—(q+m=1)((p—1)(q-2) + pa) (3.35)
(g +m =2k —1)((p —1)(q —2) + pa)
and
ha(p,q) = (@+m—1)[(p—1)(q+m—1) + 252 ((p—1)(m+1) — pa)]. (3.36)
A direct calculation yields
ha(p,q) —hm(p,q) = (g +m =2k —D[(p-1)(g+m 1)
+HEP((p = 1)(m+1) = pa)] (3.37)
g +m=1)((p—1)(q—2) + pa),
Due to g’ > 2,wehave (p—1)(g+m—1) > 2[(p —1)(m + 1) — pa].Combining
m > max{Zkl,% —1},p>2and g > 1,we have
ha(p,q) = h1(p,q) = 5(q+m — 2k = 1)((p — 1) (m +1) — pa)
g+ m—1)((p-1)(g -
> 0.
It means

2) + pa)

(3.38)
2k,

q+m 1_|_(q 1)92 <1

(p—1

(3.39)
Together with (3.31), (3.33), (3.39) and by the Young's inequality twice, we deduce
)(q:12)+w
Cio Jque 7

|Voe|P T4+ Cis [ U2 | Vo[22
<e(foul™ "+ [ IVIVoelT ) + Co

foranye > 0, p > 2and g > qo
1, 2p=Um=1

(3.40)
2 - —2k
m + 1}. Using the Gagliardo-Nirenberg inequality, there exists
Cyr > 0 such that
Jo IVoePT = [[[ Vo713
03) .
< Cul VIVl ||293 V2?25 4 Coal Vel 5, (34D
L7 Q) Q
7_1
where 63 = 1i121 €
2 'n 2

)
(0,1). From (3.41) and Lemma 3.1, we conclude taht
Jo IV0e27 < Conl| V|V 0el 12, 0 | + Cas

(3.42)
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Using Young's inequality again, we obtain
Jqud < Cu [ ul ™4 gy (3.43)
forall t € (0, Tmax). Combine (3.24), (3.40), (3.42) and (3.43), we can see that
E(Joul + [ IVPT) + [qul + [ |VeT < Cps (3.44)
for all g > go > 1. By the Young’s inequality again, we obtain for g4 > 1 that
Jqud < Ca (3.45)

holds for all t € (0, Tax)-
Case (ii): kp > max{2k; — 8, % — B — 1} with m > max{2,2«,28}. Following
the approach used for Case (i), we reach corresponding outcomes. []

Lemma 3.3. Under assumption of Lemma 3.2, there exists Co7 > 0 such that for
anye € (0,1)

[0/ B) lwnes (o) < Caz, - Nwe (-, E)lwre() < Co7 (3.46)

and
[ue (-, ) | L) < Co7 (3.47)

hold for all t € (0, Tinax)-

Proof. In analogy with Lemma 3.3 of [32] , we skip the proof. []

4. Proof of Theorem 1.1.

The existence of global weak solutions to system (1.1) can be shown by tak-
ing limits of (ue, v, we ). We start this analysis with a fundamental lemma from [12,16].

Lemma 4.1. Under assumption of Lemma 3.2, there exist constants C;,C, > 0
such that forallt > 0
o Jo IVue(, )P < Gy (4.1)

and forall T >0

1Osttell s o,my,mzr ) = C (4.2)

Proof. Lemma 3.2’s proof establishes that fot Ja ul 2| Viug|P < Cs. Letq = 2, we
deduce (4.1).

Let y € C3°(QY) satisfies [ [ly2p(q) < 1. Multiplying (2.1); by ¢, integrating by
part, we obtain

Jo uerp < —fQ(|Vu£|2+e)pTJVug-le+XfQ u*Voe - Vip (43)
—& [ uEVwe - Vp+x [ — p [ .
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Since p > 2, using the Holder inequality and Young’s inequality, we can obtain

| o (IVite2 + €)' Ve - V|
< C4 fQ ’vu€|p_1 +1)V|lp‘ ) ) (44)
P+ Co(fo IVYIP)P

<G fQ|vu€|p fQ|V1P|p )P+
< C7f0 |Vue|P + Cg

with C; > 0(i = 4,5,6,7,8). Due to Lemma 3.3, we can find constants Cy, C19 > 0
such that

X JouiVoe - Vip| < XH”S““oo(Q) HVUSHL%(Q) ||V¢||LP(Q) <Gy (4.5)

and

€ Joy uE Ve VY1 < Eluel oy | Vel 2y 199y < Co- - (46)
Similarly, we can get
I Jo ¥ =1 Jouedl < Cullgllq) (X + luellfi ) < Cr2 (47)
with Cq1, C12 > 0. Combining (4.3)-(4.7) yields
Jaueth < C7 [ [Vue|P + Ci3 (4.8)

Integrating (4.8) on (0, T) and collecting (4.1) yields (4.2). O

Lemma 4.2. let (1, ve, we) be the classical solution of (2.1). There exists a nonneg-
ative funtion (u, v, w) such that as e — 0,

ue — u a.e.in Qr, (4.9)

e —u in L} (Qr), (4.10)

ue —* u in L*(Qr), (4.11)

Vue = Vu in Ly (Qr), (4.12)

(IVue]2 +¢)= Ve — |VulP2Vu in Lloc (Qr), (4.13)
ve — v, uniformly, (4.14)

Ve — v in Wrz’l(QT), foranyr > 1, (4.15)
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we = w, in L2 ((0,T), W2(Q)), (4.16)
we —~*w, in L*(Qx(0,T)), (4.17)
Vwe —~* yw, in L2(Q x (0,T)), (4.18)

forany T > 0.

Proof. Through Lemmas 3.3 and 4.1 and together with Aubin-Lions lemma, we
obtain a nonnegative function u satisfies as ¢ — 0,

ue — u in L], (Qr) and a.e. in Qr, (4.19)

this yields (4.9) and (4.10).

Collecting Lemma 3.3 and (4.19),we deduce (4.11). Together with (4.1) and (4.19)
that (4.12).

Collecting (4.11), (4.19) and Lemma 3.3, we obtain (4.13) by the method of the
Lemma 4.5 in [28]. We may further conclude from Lemma 3.3 in conjunction with

(1.3) that
t
SUPte(1,00) Ji—1 Ig1(ue)|[7rds < Cua (4.20)
for any r > 1. Collecting Lemma 2.4 in [5] and (4.20), we have
t
SUP; ¢ (1,00) Jy1([|ell}yar + l[vetll7r)ds < Cis, (4.21)
this implies
”v£||W,2’1(Q><(t—1,t)) < Ci6 (4.22)

n+2 n+2

with C¢ > 0. In view of (4.22), we obtain (4.15). Since W>!(Qr) < CZ~1="27(Qr)
forr > ”TJFZ, one can from (4.22) gets (4.14). In addition, the estimate (3.52) implies
(4.16)—(4.18). O

Proof of Theorem 1.1. We conclude from Lemma 4.2 and Definition 2.1 that
(u,v,w) in Lemma 4.2 is a global weak solution of (1.1). [
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