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Abstract: The adaptive implementation of the Monte Carlo Method (AMCM) has been applied to optimize the 

calibration uncertainty of a positive displacement meter against a standard tank in an ISO 17025 accredited 

volume laboratory. These meters are used for custody transfer in liquid hydrocarbon logistics where any 

reduction in the uncertainty estimation may have an important economic impact. Several innovations are 

proposed when applying AMCM; regulation of AMCM convergence by applying the Student's t-distribution, 

validation of repeatability and filtering of outliers by performing 50 iterations of the AMCM, and 

characterization of the measurand's Probability Density Function (PDF) which results in a Flatten Gaussian. 

This work proves that GUM method does not assign the correct PDF. The uncertainty estimation is reduced 

7.1 % compared to GUM method. 
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1. Introduction 

The first edition of The Guide to the Expression of Uncertainty in Measurement (GUM) was 

published in 1993 by the Comite International des Poids et Mesures (CIPM) and the International 

Bureau of Weights and Measures (BIPM) as ISO/IEC Guide 98[1] and since then it has been used as 

an industry standard for estimating measurement uncertainty. This method, also known as GUF 

(GUM Uncertainty Framework) is based on the law of propagation of uncertainty (LPU), 

nevertheless, it has certain limitations when the model function is not linear and when the Probability 

Distribution Function (PDF) is not Gaussian. 

It is common to use GUM to estimate the uncertainties of custody transfer meters (turbines and 

positive displacement meters) involved in large economic and fiscal transactions[2], [3], [4], [5]. A 

reduction or increase of the uncertainty in this type of operations implies economic consequences so 

the uncertainty evaluation should be performed as accurately as possible. Therefore, these inherent 

limitations of GUM do not allow a correct optimization of the calibration uncertainties of these 

meters, which has considerable importance from an economic as well as a legal point of view[6]. 

Hence, this work proposes to replace the classical GUM method of variance propagation by the 

propagation of PDF through the Monte Carlo Method (MCM)[7], [8]. The main strength of the MCM 

is that, to estimate the expanded uncertainty, it avoids using the central limit theorem and the 

application of Student's t-distribution with certain effective degrees of freedom, whenever that 

theorem is not applicable. 
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There are different examples in literature where GUM method has been validated by MCM [9], 

[10], [11], [12], [13]. Examples of hydrocarbons metrology can also be found, though not many[2], [3], 

[4]. 

For this purpose, the GUM-S1(1) scheme of Supplement 1 of the GUM document has been used 

as a starting point, and methodological innovations are proposed to optimize the application of the 

MCM, which can be useful beyond custody transfer meters. It must be kept in mind that the number 

of samples M in MCM is critical since different results could be obtained when repeating the 

simulation[14], [15]. In fact, according to GUM-S1, there is no guarantee that a specific pre-assigned 

number will suffice. Specifically, inside the GUM-S1 scheme, the adaptive implementation of the 

MCM (AMCM) is chosen to optimize M. Examples of application of this method can be found in 

literature[16], [17], [18], [19]. 

In this work, the following innovations are proposed when applying AMCM in the calibration 

of a flow meter against a proving tank: 

(a) Regulation of AMCM convergence by applying the Student's t-distribution coverage factors 

(with the possibility to select the confidence level). 

(b) Validation of repeatability and filtering of outliers by performing 50 iterations of the AMCM to 

ensure numerical stability of the results within the selected tolerance. 

(c) Characterization of the measurand's PDF, combining skewness and kurtosis analysis of the 

AMCM results and performing normality contrasts of a sample of the measurand's PDF. 

These improvements are not only applicable in the case of custody transfer meters but can be 

useful in any of the AMCM applications. 

To validate the efficacy of the proposed methodology, this scheme is applied to the calibration 

results of a Positive Displacement Meter (PD) against a 5000 L standard tank in an ISO 17025 

accredited volume laboratory. In this calibration, the proposed methodology allows for a reduction 

of the uncertainty compared to GUM. 

Thus, it has been proven that using the GUM methodology does not assign the PDF of the result 

correctly because the proposed AMCM obtains a distribution that is neither Gaussian nor Student's 

t-type. The relative expanded uncertainty obtained is reduced by 7.1 % with AMCM compared to 

GUM method. 

A Flatten-Gaussian distribution [20], [21] is proposed as the PDF of the final result. The use of 

this PDF guarantees the uncertainty requirement to be transferable to other users. In fact, only if the 

PDF is known, further Monte Carlo simulation can be performed. 

2. Experimental Set-Up of the Calibration 

In this work, the experiment under study is the calibration of a flow meter against a standard 

proving tank. The result of the calibration is the ratio between the volume measured by the meter 

METERV  and the reference volume REFERENCEV , in this case, the proving tank volume. This ratio is 

referred to as Meter Factor (MF)[22], so: 

REFERENCE,

METER,

i

i

i

V
MF

V
=  (1) 

The subscript i refers to the fact that the MF is calculated 3 times because the experiment 

comprises three measurements or runs. The reference volume needs to be corrected because the 

calibration normally takes place at a temperature it  different from the reference temperature REFt  

(15 ºC), so equation (1) becomes:  

  TANK, REF

METER,

1i v i

i

i

V k t t
MF

V

+ −
=  (2) 

 
(1) Monte Carlo Method (MCM) 
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With vk being the cubic expansion coefficient of the tank material, 
TANK,iV  is the volume 

measured by the tank at temperature it , that is the average of the three temperature indications (ti1,2,3) 

measured at the tank: 

1 2 3

3

i i i

i

t t t
t

+ +
=  (3) 

Since three runs are measured, MF is: 

3

1

i

i

MF
MF

n=

=  (4) 

There is also a tolerance repeatability limit above which the calibration would be withdrawn.  

The schematic calibration set-up can be seen in Figure 1, as it appears in the control room of the 

calibration facility. This scheme includes all the components of the calibration facility and not only 

the ones used for this work. The calibration lab consists of two pipe provers (prover 1 and prover 2, 

seen in Figure 1) which receive the real products that are previously filtered by the filtering system 

(see real products for calibrations in Figure 1 and the filtering system in such figure). The location of 

the meters under calibration are also indicated (meters under calibration in the diagram). There is a 

dashed line that connects the 5000 L standard proving tank (at the bottom of Figure 1 and appearing 

as a 5000 L container) with the meter under calibration. So, the meters can be calibrated either by the 

tanks or by the provers. 

 

Figure 1. Calibration set-up scheme. 

Figure 2 presents a photograph of the 5000-litre tank and a meter under calibration (in the figure, 

the meter is a Coriolis mass flow meter).  
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Figure 2. Photograph of the tank and a flow meter under calibration in the facility. 

3. Adaptation of the Model Function for GUM-S1 

According to GUM, there are two approaches to obtain the estimated value of the measurand Y: 

method 1 and method 2 [23]. Method 1 refers to obtaining y from:  

( )1 2, ,..., Ny f X X X=  (5) 

where 
1 2, ,..., NX X X  are the arithmetic means of each input quantity and f is the model function. 

Method 2 refers to obtaining the estimate y as: 

( )1
/

n

kk
Y Y n

=
=   (6) 

In general, if the model is not linear both methods are not compatible. If the repeatability range 

of the input quantities is low, both can be compatible. 

The GUM-S1 method cannot implement method 2. If both methods are not compatible, only 

method 1 would be meaningful in the MCM (Monte Carlo method) framework as it requires a model 

function to obtain the measurand. 

In case of lack of repeatability, both approaches are incompatible, the model cannot be linearized 

and GUM can not be used: GUM-S1 should be used with method 1. 

In this work, it is shown how the application of GUM-S1 affects the measurand representation, 

considering the model function of the meter factor (MF) of a calibrated meter against a proving tank. 

When applying the GUM method, uncertainty calculation and measurand estimation can be 

independent, that is, method 1 can be used to estimate uncertainty and method 2 can be used to 

estimate the measurand. In fact, this is the situation in this case. However, if MCM is used, method 1 

should be applied both for measurand and uncertainty estimation.  

The MF calculation is performed in equation (2) by using method 2. So, in order to apply GUM-

S1, equation (2) should be adapted [22]. The proposal of this work is substituting the type A 

evaluation of uncertainty of the measurand by a global additive contribution of a rectangular shape. 

Therefore, the adapted model function of the calibration against a proving tank is as follows: 

( ) TANK REF

REP

METER

1 v eV k t t t
MF MF

V




+ + −  
= +  (7) 

where the quantities, t, VMETER and VTANK are detailed in the following equations: 
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cal res drift corrt t t t t t   = + + + +  (8) 

, , , ,TANK TANK TANK cal TANK res TANK drift TANK rangeV V V V V V   = + + + +   (9) 

,METER METER METER resV V V= +   (10) 

When applying the Monte Carlo method, the PDFs of the input quantities must be assigned as 

prior quantities based on the metrologist’s judgement [24]. The explanation of every input quantity 

as a random variable and its related probability density function PDF is detailed in Table 1.  

Table 1. Explanation of input quantities in the model function. 

Input quantity Contribution to the MF model function PDF 

REPMF  Repeatability of the MF Rectangular 

et  Temperature gradient inside the tank Rectangular 

t  Average measured temperature in the tank Constant 

calt  Calibration of temperature sensor in the tank Gauss 

rest  Resolution of temperature sensor in the tank Rectangular 

driftt  Drift of temperature sensor in the tank Rectangular 

corrt  Correction of temperature sensor in the tank Rectangular 

TANKV  Average measured volume in the tank Constant 

,TANK calV  Calibration of tank volume Gauss 

,TANK resV  Resolution of tank volume Rectangular 

,TANK driftV  Drift of tank volume Rectangular 

,TANK rangeV  Range of tank volume Rectangular 

METERV  Average measured meter volume Constant 

,METER resV  Resolution of meter Rectangular 

4. General Methodology for Monte Carlo Simulation 

In classical GUM method, two types of calculations are specified: the estimated value of the 

measurand and the typical uncertainty estimation, both calculations are separated and independent 

[1]. In GUM-S1, the simulation with random samples does not allow such separation [8]. 

According to [8], GUM-S1 provides a general approach to obtain an approximate numerical 

representation G of the distribution function GY for the measurand Y. The heart of the approach is 

repeated sampling from the PDFs for the input quantities Xi and the evaluation of the model in each 

case. The general description of the MCM approach would be as follows: 

(a) Select the number M of Monte Carlo trails to be made. 

(b) Generate M vectors, by sampling from the assigned PDFs, as realizations of the input quantities 

(Xi). 

(c) For each such vector, form the corresponding model value of Y, yielding M model values. 

(d) Sort these M models in strictly increasing order to provide G. 

(e) Use G to form an estimate y of Y and the standard uncertainty u(y) associated with y. 

(f) Use G to form an appropriate coverage interval for Y, for a stipulated coverage probability p, 

computing ylow and yhigh being ylow is 2.5 th percentile (P2.5) and yhigh 97.5 th percentile (P97.5), if 

a 95 % confidence level is desired.  

When the PDF is not symmetrical, the uncertainty is not symmetrical either and the coverage 

factor is no longer meaningful. In fact, the coverage factor k is not considered in GUM-S1.  
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In GUM-S1 the expanded uncertainty is directly calculated with the approximate numerical 

representation of the PDF (GY) and there is no need to assume certain hypotheses on the normality or 

the effective degrees of freedom in a Student’s t-distribution.  

If the MCM approach is used only for estimating the uncertainty, it must be proved that the 

measurand value y given by the MCM is compatible with the result given by the classical GUM 

method. When applying MCM the sample size M must be chosen. If the sample size is not large 

enough, different results could be obtained when repeating the simulation. According to GUM-S1, 

M could be in the order of 106 but there is no guarantee that this or any specific pre-assigned number 

will suffice [8]. In this work, the adaptive Monte Carlo method (AMCM) was selected as this 

procedure controls the repeatability of the result and optimizes M, though its programming is more 

complicated. Nevertheless, in practice, a certain lack of repeatability is observed in the AMCM 

results, especially in the extreme percentiles of the PDF. 

A basic implementation of an adaptive Monte Carlo procedure involves carrying out an 

increasing number of Monte Carlo trials until the various results of interest have stabilized in a 

statistical sense. AMCM is based on going from an M sample to a larger one of size h×M with a better 

statistical significance, being h a certain positive integer. The h value is obtained through an iterative 

process. Starting from the first sample of M size, more M-sized samples are generated independently 

at every iteration. The size samples which are being generated increase by 2× M, 3 × M, 4 × M, …, h × 

M until the statistical significance of h×M sample is optimal compared with the numerical tolerance 

of the measurand typical uncertainty ( )u y . 

The optimal sample is used to estimate the measurand value, its typical uncertainty, and 

consequently the expanded uncertainty. In the MCM framework, the numerical tolerance δ is the 

semi-width which delimits the last significant decimal of ( )u y , and oscillates according to the 

number of significant figures selected to express ( )u y . In this work, the number of significant figures 

is always two.  

According to the GUM-S1 scheme, the value of M must be 104 in order to reach a coverage 

probability less or equal to 99 %, which allows an equivalent Gaussian k=2 coverage probability (k=3 

could not be reached). For a coverage larger than 99 %, M must be increased. The determination of h 

requires optimizing the statistics in every iteration. Therefore, the statistical descriptors y , ( )u y , 

lowy , 
highy  related to the h samples independently generated, are obtained. This results in a h-sized 

sample for every descriptor. The corresponding sample means would be y , ( )u y , lowy , 
highy .The 

standard deviation from these are also calculated ( )s y , ( )s u y   , ( )lows y , ( )highs y . In GUM-S1 the 

final h selected h*, must be the first which complies with ( )2s y , ( )2s u y   , ( )2 lows y , ( )2 highs y  

being less than the numerical tolerance δ. 

5. Proposals for AMCM Improvement 

The selection criteria for the h value in GUM-S1 assumes that the mean values of the statistical 

descriptors y , ( )u y , lowy , 
highy  at every iteration follow a normal distribution and, therefore, such 

selection criterion would have a 95.45 % confidence level. Strictly speaking, this is correct when h is 

large enough, but in practice, this is not so. This implies that the factor multiplying ( )s y , ( )s u y   , 

( )lows y , ( )highs y  is underestimated. 

In this work, the first proposal is to use a coverage factor from a Student’s t-distribution with h–

1 degrees of freedom. In the case that the number of degrees of freedom is large enough and 

compatible with Gaussian statistics, the Student’s t-distribution itself will be very similar to a 

Gaussian and the GUM-S1 criteria could be used. In principle, the Student’s t-distribution coverage 

factor which should be used would be the one corresponding to a 95.45 % confidence level, as in 

GUM-S1 the standard deviations ( )s y , ( )s u y   , ( )lows y , ( )highs y  are multiplied by 2. A higher 
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confidence level could be used (for instance 99.73 %) but this would imply more iterations to converge 

h.  

Therefore, the first improvement proposal for AMCM consists of changing the acceptance and 

rejection criterion for h from GUM-S1 so that this criterion is also adaptive; that is, the stricter the 

criterion the lower the h value. The level of confidence in the optimization of h would be 95.45 % 

(GUM-S1) or higher depending on the requirements in each case.  

As a second improvement, this work proposes the validation of the AMCM repeatability by 

using δ as a reference. In practice, when a new cycle of iterations is performed, the lack of repeatability 

could lead to the variability of y , ( )u y , lowy , 
highy  and a new value of h, 'h h  would be 

obtained. Therefore, the proposal considers R repetitions of the adaptive cycle and checks if y , ( )u y

, lowy , 
highy  are changing if rounded according to δ. This rounding process is done first in ( )u y  

according to δ and then in y , lowy , 
highy  according to ( )u y . 

The precision of the final results of AMCM must be always adjusted to δ; otherwise, a spurious 

variability would always be observed. In order to come up with a stable result, the R values for y , 

( )u y , lowy , 
highy  will be averaged and rounded according to δ. The stability will be confirmed by 

calculating the standard deviations of the sample means multiplied by 2 or 3, depending on the 

requirements, and the results will be checked to be zero after rounded according to δ. This will ensure 

that the repeatability of the results y , ( )u y , lowy , 
highy will have a 95.45 % or 99.73 % confidence 

level whenever R is large enough. In this work, R is taken as 50.  

In the third place, the diagnosis of the empirical PDF of the measurand is proposed. For that 

purpose, the estimation of skewness and kurtosis are combined with normality contrasts. An index 

of deviation from normality based on the kurtosis is proposed to quantify the diagnostics. It must be 

checked that the skewness is zero to validate the symmetry of the interval [ lowy , 
highy ] in respect to 

y, before calculating the expanded uncertainty and the k factor. Three hypothesis tests are proposed: 

distribution function tests (Lilliefors and Anderson-Darling test), momentum tests (D’Agostino and 

Omnibus de D’Agostino tests for skewness and kurtosis), and squared minimum correlation (Shapiro 

Wilk). With these tests, the samples are checked to be normal with a 95 % confidence level. If there is 

no rejection, normality cannot be assured.  

In Figure 3 there is a flow chart representing all the steps of the proposed methodology. 

 

Figure 3. Flow chart of the proposed methodology. 
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6. Results and Discussion 

The case presented is the calibration of a flow meter against a standard tank to obtain the meter 

factor (MF). The results are gathered in two tables; Error! Reference source not found. shows the 

results for the meter factor, its standard uncertainty and its lower and upper limits for AMCM and 

GUF and Error! Reference source not found. shows the results for the expanded uncertainty, the 

coverage factor, the relative expanded uncertainty (W), and the numerical tolerance δ for both 

methods.  

Table 2. Meter factor and standard meter factor uncertainty for both methods: AMCM and GUF. 

AMCM GUF 

MF 1.024 51 dimensionless MF 1.024 51 dimensionless 

u(MF) 0.000 36 dimensionless u(MF) 0.000 356 5 dimensionless 

MFlow 1.023 84 dimensionless MFlow N/A - 

MFhigh 1.025 18 dimensionless MFhigh N/A - 

Table 3. Meter factor expanded uncertainty, coverage factor, W and numerical tolerance δ for both 

methods: AMCM and GUF. 

AMCM GUF 

U(MF) 0.000 67 dimensionless U(MF) 0.000 713 dimensionless 

k 1.86 dimensionless k 2 dimensionless 

W(MF) 0.065 % W(MF) 0.070 % 

δ 0.000 005 dimensionless δ N/A - 

As can be seen, AMCM U(MF) is lower than GUF. This means a 7,1 % decrease in relative 

expanded uncertainty W(MF). MF from AMCM is identical to MF from GUF: which implies that the 

model function is linear within the range of the input quantities.  

The GUF value for u(MF) with two significant figures is identical to the value for AMCM: the 

law of propagation of uncertainty of the GUM method could be applied in this case to estimate the 

standard uncertainty.  

The AMCM value for de U(MF) is 6 % lower than the GUF value due to the different coverage 

factors of both methods, so the MF distribution is not Gaussian.  

The tests applied reject the normality, and the kurtosis values (-0.55) are lower than in a normal 

distribution. 

The normality deviation index shows a deviation of –18.3 % in respect to a Gaussian. 

The classical GUM method would never result in the correct PDF as the Student’s t-distribution 

has a positive excess kurtosis. 

In Figure 4, the MF histogram as obtained from the AMCM is fitted to a normal distribution. As 

can be observed, the resulting distribution is clearly deviated from the Gaussian with a negative 

excess kurtosis. 
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Figure 4. In red, a histogram of the empirical PDF of the MF. In blue, normal fit. 

Though the MF model function can be linearized, the deviation from normality indicates that 

the conditions for the Central Limit Theorem are not fulfilled.  

According to GUM-S1 in NOTE 4 of the 5.7.2 subsection, the lack of normality is due to the fact 

that the rectangular distribution assigned to the MF repeatability is dominant. This can be proved by 

simulating the PDF and removing the repeatability contribution. The function model result of the 

sum of a Gaussian and a dominant rectangular distribution is a Flatten-Gaussian PDF [20] as it is the 

one proposed for the MF.  

A specific simulation (non-adaptive) of 105 samples has been carried out to fit the empirical 

distribution to a Flatten-Gaussian PDF whose equation is [20]: 

2 4

MF ( ) exp ( ) ( )g A a c b c   = − − − −   (11) 

where A is a normalization constant, a and b are parameters dependent on the distribution momenta 

and, c, is the best estimate of the MF. The fitting plot is shown in Figure 5 and the estimated 

parameters are presented in Error! Reference source not found.. The goodness of fit is given by the 

adjusted R- Squared whose value is 0.99914. 

Table 4. Estimated parameters from the Flatten-Gaussian fit. 

Estimated parameter Standard error 

A = 0.038 60 0.000 15 

a = 1.766×106 0.062×106 

b = 3,616×1012 0.162×1012 

Finally, it has been checked that the estimated A is compatible with the A value (0.03868) 

calculated from a and b with the expression given in [20]. 
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Figure 5. Flatten-Gaussian fit of the MF empirical distribution. 

Some authors also detect a non-gaussian dominant component but they do not identify it as such 

[13]. Other authors interpret the presence of a rectangular dominant component as a consequence of 

the lack of a linearity measurement model [9] but in fact, the model was linear. The use of this PDF 

guarantees the uncertainty requirement to be transferable to other users. In fact, only if the PDF is 

known, further Monte Carlo simulations can be performed.  

7. Conclusions 

In this work, the expanded uncertainty of the ratio between measured volume and reference 

volume called Meter Factor (MF) for the calibration of a flow meter against a proving tank is 

estimated by using the Adaptive Monte Carlo Method. In this way, the shortcomings of the 

traditional GUM method are avoided and the following innovations for the AMCM are proposed:  

The convergence regulation of the AMCM by applying the coverage factors of a Student’s t-

distribution.  

The repeatability validation of the AMCM through the realization of 50 iterations of the adaptive 

cycle to assure the numerical stability of the results.   

The analysis of the measurand PDF by estimating its skewness, kurtosis, and testing its 

normality.  

For the flow meters used in the custody transfer and calibrated against a standard proving tank, 

the proposed methodology reduces the uncertainty compared to the one calculated through GUM. 

In fact, for the case study, it was proved that GUM did not result in the correct PDF qualitatively 

for the MF as it is neither Gaussian nor Student’s t-distribution. The analytical expression proposed 

for the PDF of the MF is a Flatten-Gaussian. 
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