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Abstract: This paper deals with a class of interval-valued multiobjective optimization problems
(IVMOPs). The conjugate-descent (CD) direction is defined to introduce the CD-type conjugate
direction algorithm for IVMOPs. We perform the convergence analysis and establish that the algorithm
exhibits a linear rate of convergence under certain suitable assumptions. We further investigate its
worst-case complexity. Several numerical examples, including a large-scale problem, are provided
to demonstrate the efficacy of the proposed algorithm. To the best of our knowledge, the CD-type
conjugate direction algorithm is introduced for the first time to solve a class of IVMOPs.
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1. Introduction

Multiobjective optimization problems (MOPs) are concerned with the simultaneous optimization
of two or more mutually conflicting objective functions. Several authors have explored the MOPs
in different frameworks (see [1-7]). In fields like engineering and management sciences (see [8,
9]), problems frequently involve imprecise or uncertain data. Such uncertainty may arise from
factors including unknown future events, measurement or manufacturing errors, or incomplete
information during model formulation [10,11]. In these situations, uncertain parameters or objective
functions are often modeled using intervals. When the uncertainties in the objective functions of MOPs
are expressed as intervals, the resulting formulations are known as interval-valued multiobjective
optimization problems (IVMOPs). Various methods have been developed to handle IVMOPs. For
instance, a class of IVMOPs have been studied in [13] by transforming them into their corresponding
deterministic MOPs and establishing the relationships between the solutions of IVMOPs and MOPs.
In [14], Newton’s method has been proposed to solve IVMOPs, assuming the objective functions
possess twice continuous generalized Hukuhara (gH)-differentiability with a positive definite gH-
Hessian. Subsequently, the quasi-Newton method for IVMOPs has been introduced in [15]. For recent
developments and an updated survey of IVMOPs, we refer to (see [16-18]).

The conjugate direction method serves as a powerful tool in optimization, extensively applied
to systems of linear equations and diverse optimization problems. Numerous real-world challenges
across different fields of modern research, including inverse engineering problems [19], electromagnetic
scattering problems [20], and geophysical inversion problems [21], have been successfully addressed
employing this method. Hestenes and Stiefel [22] first introduced the conjugate direction method to
solve linear systems. Subsequently, several researchers have introduced various versions of conjugate
direction methods to solve single-objective as well as multiobjective optimization problems (see
[23-26]). For instance, Fletcher [27] developed the conjugate-descent (CD) method to solve scalar-
objective optimization problems. Later, Pérez and Prudente [28] introduced the CD conjugate direction
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algorithm to solve a class of MOPs. From the above discussions, it is evident that the CD-type conjugate
direction method has not yet been introduced to solve IVMOPs. The main aim of this article is to
bridge the aforementioned research gap.

Motivated by the works of [27,28], in this article, we investigate a class of IVMOPs and introduce
a CD-type conjugate direction algorithm for solving them. We perform the convergence analysis and
establish the linear order of convergence of the sequence obtained from the algorithm. Moreover, we
investigate the worst-case complexity of the proposed algorithm. Finally, we furnish several numerical
examples, including a large scale problem, to illustrate the efficacy of our proposed algorithm.

The key contributions and unique aspects of this article are threefold. Firstly, the results estab-
lished in this paper generalize several well-known algorithms from the literature. In particular, we
generalize the work of Pérez and Prudente [28] on the CD method from MOPs to IVMOPs. Fur-
thermore, we generalize the results of Fletcher [27] for real-valued optimization problems to IVMOP.
Secondly, if the conjugate parameter in the proposed algorithm is set to zero and if every component of
the objective function of the IVMOP is a real-valued function rather than an interval-valued function,
the proposed algorithm coincides with the steepest descent-type algorithm for MOPs introduced by
Fliege and Svaiter [29]. Thirdly, it is imperative to note that the proposed CD algorithm is applicable
to any IVMOPs where the objective function possesses continuous gH-differentiability. However,
Newton’s and quasi-Newton methods proposed in [14,15] require the objective function of the IVMOPs
to satisfy twice continuously gH-differentiability. In view of the above fact, our proposed algorithm
could be applied to solve a wider class of optimization problems as compared to the algorithms
introduced in [14,15].

We design the remainder of this article as follows: Section 2 presents some fundamental definitions
and key results. In Section 3, we consider an IVMOP and introduce a CD-type conjugate direction
algorithm for solving it. We perform the convergence analysis and establish the linear order of
convergence of the sequence obtained from the proposed algorithm. We further investigate the worst-
case complexity of the algorithm. To demonstrate the efficacy of the proposed algorithm, we present
several numerical examples in Section 4. Finally, Section 5 presents our conclusions and outlines future
research directions.

2. Preliminaries

The notations N, R are employed to represent the set of natural numbers and Euclidean space
of dimension m, respectively, throughout this article. Let© € R and r > 0. Then, B(¢, ) and BJ[c, r]
represent the open and closed balls of radius r having center at <, respectively. Let Z, = {1,...,r} (r €
N), and let I, denote the m x m (m € N) identity matrix. For ), Z € R"*™ Z < ) represents the
positive semidefiniteness of () — Z).
Letc:= (¢1,...,%m), 0 := (b1,...,0,) € R™ Then, the notations mentioned below will be employed:

TSy = @g@, forallj € Z,,,
b= ?]- <5j, forallj € Z,,.

Let®: R™ — R. Forany ¢ := (¢,...,¢x) € R™, the symbols BBAT@(?) and a%@(?) are defined as follows:
j j

00 O, T T) — O, T )
—(¢) := lim ,
ETcT h—0+t h
00 OGL, ..., 5 +h. .., tn) —OF,..., T, %)
d —(©):= 1 ,
an ch.(c) - 7
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provided that the above limits exist.

Assume that for each j € Z,,, and ¢ € R", % (¢), and %—@2 (¢) exist. Then, we define:
j j
~ 00 20
V_@) T = —(c 7y < 7
© ( S O s <c>>

o 0 90 .
V+®(C) = (w(c),,w(c)>
1 m

Let J(R) and J(R__) denote the sets
{[e,8] :a,a€ R, a<a} and {[a,d]:ag,a€R, a<a a<0},

respectively.
Let w,y € R. Then, [W V ¥| represents the following interval:

[WV¥] := [min{w,y}, max{w,y}].

If a = @, then & := [a,d] (€ J(R)) is called degenerate interval.
Let &/ = [a,d], % := [b,b] € J(R) and ¢ € R. We define the subsequent algebraic operations (see

[14]):
cOA = {

The following definition of interval norm is from [14].

u, 7/ 20/ - 7 a b 7 < 7 b,a
gaga] G M@@:[Q—F@a—i—b]’ %@%:[Q_b/a_b]

¢a,cal, ¢< 0.

Definition 1. Let & := [a, @ € J(R). The interval norm ||/ || is defined below:
1|1 := max{]al, [al}.

For «/ := [a,d], % := [b,b] € J(R), the following inequalities will be employed:

o <y P < a<band

<

al
o

d<u#® = a<banda<b,
«Q?\SLU@ < .;2?\§Lu9§and,sz?\7$9§.

Let & := (@1, . ..,@n), ‘f? = (‘ﬁl,. ..,&ﬁn) € (3(R))". The order relations <, and <, on & and 5?3 are
defined below:

é =u ‘ié <~ @i éLU ‘iéz‘, foralli € Z,,
S <n ‘ﬁ — @i <Lu ‘ﬁi, foralli € Z,,.

The following definitions are from [15].
Definition 2. Let & := [a,d], and % := [b,b] be arbitrary intervals in J(R). The generalized Hukuhara
difference of o and R is given by:

fQ/f\QgHe@ = [gfﬁ\/ﬁfﬂ.

The interval-valued function x : R” — J(R) is defined below:

x(©) = [&(?),X(?)], forallt e R™.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 3. The function ) is called continuous at 3 € R™ provided for any € > 0, some 6 > 0 exists
satisfying:
e=3ll <o = [x@®—xG)l <e
The following definition of gH-Lipschitz continuity is from [32].

Definition 4. The function x is called gH-Lipschitz continuous on R™ with Lipschitz constant C > 0, provided
some constant C > 0 exists, satisfying:

Ve, 5 € R™ ¢ || x (%) ©gu x(®)1 < Clle— 3.
Remark 1. Let A : R" — R defined below:
A@) = x(@) +x(), forallteR™ (1)

In view of Definition 4, we yield that if x is gH-Lipschitz continuous on R™ with Lipschitz constant C > 0,
then A is also possess Lipschitz continuity on R™ with Lipschitz constant 2C.

The following definitions and theorem are from [31].
Definition 5. Let3, vV € R™. If the limit

i XG+hv) 6en x(3)
m 7
h—0t h

exists, then we say that x possesses gH-directional derivative at 3 along the direction U, denoted by DS x (3, 7).
Definition 6. Let the functions ©; : R"™ — R and ©, : R™ — R be given by:

x(©) +x(©

0,(¢) :== — forallc e R™,
N x(©) —x(c
0,(¢) := M, forallt e R™.

The function x is said to be gH-differentiable at 3 € R™ if, there exist Wy := (@51), . ,@gm)), Wy =

(zﬁél),. e zﬁém)) € R™, and error functions Gy, G, : R™ — R such that lin% G1(c) = 1iné Go (%) = 0, and for
c— —

all © # 0 the following hold:

m .
0:G+9) —6:3) = Y_ w5 + [[5]16: ),
j=1

and

©:6+9) - 0:09)| =

m (i) N .
)¢ + [[€l] G2 (7)
=1

]
X is said possess the gH-differentiable on R™ provided it is gH-differentiable at every 3 € R™.

Theorem 1. If x possesses gH-differentiability at 3 € R™, then for all v € R™, one of the following statements
holds:

(i) Vx(3) and VX(5) both exist and

Dsx(3,9) = [(VxG), 7) v (VXG), 7).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(i) V_x3), V-X(3), V4+x(3) and V1 x(3) exist and satisfy:

(V-x(), 7) = (V4xG), 9, (V-XG), 1) = (V4x(), 7).

Moreover,
Dsx(3,9) = [(V-xG), 7) V (V-X(G), 7).

The following definition is from [32].
Definition 7. Let x be gH-differentiable on R™. The gH-gradient of x on R™ at¢ € R™ is given below:
Venx(@) = [DHx(Ger), .., DHx(Gem)|,
where e;j (j € L) is the j-th canonical direction in R™.
The subsequent proposition is from [14].

Proposition 1. If x possesses k-times gH-differentiability at 3 € R™, then A : R"™ — R, defined in (1), also
possesses k-times differentiablility at 3.

Now, we define the interval-valued vector function I : R — (J(R))" as follows:
() :=(T1(c),...,Tn(c)), forallteR",
where each T; : R" — J(R) (i € Z,) are given below:
Li(¢) := [L;(0),Ti(c)], forallte R™.
The definitions from [16] play a significant role in our forthcoming discussions.

Definition 8. Let T : R"™ — (J(R))" and3 € R™. Suppose each component T; (i € I,,) possesses gH-
directional derivatibility at 3. Then, 3 is a critical point of I provided no vV € R™ exists, satisfying:

DTG, 0) N (3(R--))" # @,
where DSAT (3,V) := (D&UT4(3,7),..., DSHT,(3,0)).

Definition 9. A vector v € R™ is called descent direction of T at a point 5 € R™ provided some ¢ > 0 exists,
satisfying:
TG+1tV) <, T(G), forallte (0,g].

3. CD-Type Conjugate Direction Method for IVMOP

This section is devoted to introduce the CD-type conjugate direction algorithm to solve an IVMOP.
We perform the convergence analysis and establish the linear rate of convergence of the sequence
obtained from the proposed algorithm. We investigate further the worst-case complexity of the
proposed algorithm, under certain mild assumptions.
Consider the IVMOP, given below:

(IVMOP) Minimize T(¢):= (I'1(¢),..., T4 (%)),
subjectto ¢ e R™,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the functions T; : R™ — J(R) (i € Z,,). Unless specified otherwise, we assume that I'; (i € Z,)
are continuously gH-differentiable functions.
The following definitions are from [14].

Definition 10. An element 3 € R™ is called effective (respectively, weak effective) solution of IVMOP provided
noc € R™ exists, satisfying:

I'(c) <, T(3) and T(c) #T(3) (respectively, T'(<) <, T'(3)).

Throughout the remainder of this article, S denotes the set of all critical points of T".
In light of Definition 8, it follows that if ¢ ¢ S, then there exists ¥ € R™, satisfying:

DSHT; (6, 0) <y [0,0], foralli € Z,,. )
To determine the descent direction at ¢ ¢ S, we consider following problem from [16]:

(P); Minimize y(0,V):=07,

o~ N

. o T2 s
subjectto DSMI,(E,9) + 5 |71 712] <1u [0,0),

veR"ieT,,
where ¢ : R x R™ — R, and the uniqueness of the solution of (P); is straightforward.

For each ¢ € R™, let Kz C R x R™ denote the feasible set of problem (P), and let (7%, ;) € K; denote
an arbitrary feasible point. We then define the functions @ : R — R™ and ¢ : R" — R as follows:

(€(©),w0()

= arg min ¢(0¢, ;).
(T2, Ve) €K%

~

Henceforth, for any ¢ € R", the optimal solution of (P); will be signified by (&(¢), @(¢)).
The lemmas provided below are from Upadhyay et al. [16].

Lemma 1. Let3 € R™. Then the following properties hold:

(i) ¢(G) =0, provided3 € S.
(i) &(3) <0, provided3 ¢ S.

Lemma 2. IfT; (i € Z,,) are locally strongly convex (locally convex, respectively) at3 € S, then ' is a locally
effective (locally weak effective, respectively) solution of IVMOP.

Lemma 3. If; ¢ S, then &(3) is a descent direction of T at 3.
We define A : R™ x R™ — R as follows:
A(T,7) := max DgpTi(c,7), forall (¢, 7) € R™ x R™. (3)

i€Zy

where for each i € Z,;, DoyT'i(¢, V) denotes the upper bound of the interval

DgnTi(E,9) = [QgHri (&7), DgnTi(, ﬁ)} .

The lemma provided below relates A(¢, V) to &(¢).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 4. For everyc € R™, the following relation holds:

Proof. Since (¢(¢),@ (%)) € K, the following holds:

DT 0(@) + 5 |91 9@ 1] S [(@),6@), foralli € T,

This implies that:
Dgnli(E,@(2)) + -IIw( )? <2(@), foralli€ I,

Using (3) and (4) we obtain:
A6 @(c) < ¢(0).
If A(t,@(¢)) < ¢(¢), then some ¢ € (0,1) exists, satisfying:
SO T =
A% 9@ (0) + 5190 (@17 < 2 (0.
Define 1
7= A 9a(©) + 590 (@)

Then, from (3) and (6) we obtain:

DI (6, 90 (2)) + 5 {II @@ w0 @ } u [0,0] <pu [6(0),6()], foralli € Z,.

This implies
(0, 90(¢)) € K;, and 7 < E(7),
(¢

contradicting the assumption that (&(¢), @ (<)) is a solution to (P). Therefore

Al @(©) £ ¢(0).

Hence, from (5) and (8) we have
Al w(7) = ¢(0).
This completes the proof. [

7 of 22

4)

(6)

(8)

Lets € NU{0}and {¢") : 0 <7 < s} ¢ R™. Iftl®) ¢ S, then the conjugate-descent (CD) direction

at t®®) is defined as follows:

B s) 1 p—
) w(c¥)), ifs =0,
D) + v, ifs > 1,

where for s > 1, Bs is given by

0, if A(ﬁsfl),ﬁ(sfl)) -0,

otherwise.

©)

(10)

Remark 2. When each T;: R™ — R (i € Z,) is scalar-valued, Equation (9) coincides with the conjugate-

descent direction for MOPs introduced by Pérez and Prudente [28]. Hence, the direction 7°
generalizes the classical CD direction from MOPs to IVMOPs.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The next theorem demonstrates that, under suitable hypotheses, the direction 7(*) defined in (9)
atany ¢®) ¢ S is a descent direction.

Theorem 2. Let s > 1 and suppose that ¢®) ¢ S. If the parameter B satisfies the following conditions:
[0, c0), ifA(c S),a(s—ﬂ) <0,
Bs € 26) H(@6) (11)
0, WAL a6, 560) > 0

where, the function A is defined in (3) and u € (0,1), then 0% is a descent direction of T at ¢®).

Proof. Given that each function T; (i € Z,,) is continuously gH-differentiable, to show 7(*) is a descent
direction it suffices to show that

DSHT; (€(S>,17(S>) <1 [0,0], foralli€ T,
Let i € Z, be fixed. Consider the expression:
DSHT; (ﬁﬂ,v(s)) —DSHT, (ﬁs) @) + ﬁsa(S—U)
[m ()" (@) + ) 12)
T (E) (@) )]
Expanding the first term we get:
VL (39) (@) + 56 = VoL @) T@(E) + BV, L ()9, (13)
Since (11) implies Bs > 0, using (3) and (13) we have:
VL (ﬁﬂ)T (@) +BCD) < A(ED, @) + poa (e, 761). (14)

Now, we consider the two possible cases:
Case1: A (ﬁs), 17(5_1)) < 0. Using Equation (14), it follows that

T
V.I; (€<S>) (@(?@) + ﬁsa@*l)) < A(c S>,@(ﬁ5>)). (15)
Since ¢®) ¢ S, therefore from Lemma 1 we have
Z@9) <o. (16)

Also, from Lemma 4 we get:
A(c S>,@(€<5>)) = &), (17)
Therefore, combining (15), (16) and (17) we obtain:

VoL (29) (@9 + g6 ) < A€, 0(E9)) = 26) <o, (18)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Case 2: A (f(s), VA(S’U) > 0. Using Equation (14), it follows that

<A (), 0E0)) - ym,\(ﬁ@,p@—l)) (19)

Since y € (0,1), Therefore, combining (16), (17) and (19) we obtain:
VL (e9) (@) + 40 D) < (1 - wA(E,06)) = 1 -pe(€) <0 @)
Using (14), (18) and (20) it follows that
VI (ﬁﬂ)T(@(dS)) n /3517“—1)) <. 1)
Similarly it can be shown that
VT (3) T(@(ﬁ% +BCY) < (1= AR, 0@)) = 1 -we(@) <0 @
Thus, using (12), (21), and (22) we conclude
DSHT, (f(5>,v(5>) <1 [0,0], forallie T,.
This completes the proof. O
We define the functions A;: R" — R (i € Z,,) as follows:
Ai(u) :=T;(u) +Tj(u), ueR" (23)
The functions A; (i € Z,,), as defined in (23), are employed in the subsequent analysis.

Remark 3. In light of Theorem 2, if ©') ¢ S and Bs satisfies (11), then the direction V'), as defined by (9),
serves as a descent direction at ¢). Therefore,

DSHT; (@), 70y <1y [0,0],  forall i € I,
Moreover, combining (20) and (22) we have:
DgHri(’cW,ﬁS)) <u(l-w)oe [g(ﬁ”),g(?(s))], forall i € T,,. (24)

It follows that
~ T
VA, (g(ﬂ) 7 <2(1— y)é"(ﬁ”), forall i €T,.

The following Armijo-like line search for I is from [32].
Letc, 7 € R™ be such that v defines a descent direction of I atc. For a given 6 € (0,1), a step length
t > 01is called admissible provided it satisfies the subsequent condition:

T;(E 4 0) ©gn Ti(8) <pu (0t) © DSUT(E,0), foralli € Z,,. (25)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 4. Let t > 0 satisfy the Armijo condition (25) for T at ¢ along direction U with parameter 6. Then, the
functions A; (i € T,,) satisfies:

AiE+10) — A;(8) < (00)VA; )TV, foralli € T,,. (26)

For the numerical implementation of the Armijo-like search method, we incorporate it with a
backtracking strategy. The line search is initialized with t = 1 and proceeds as follows:

(a) If the Armijo condition in Equation (25) holds for the current ¢, accept f as the step length.
(b) Else, sett:=t/2 and return to Step (a).

We now present a CD-type conjugate direction algorithm for IVMOPs.

Algorithm 1 CD-type conjugate direction algorithm for solving IVMOP
1. Letf € (0,1),¢® € R™, e > 0,and s = 0.
2: Solve (P). ), to find ¢(¢*)) and @ (?(S>) .

3: If |€(219))] < e stop; else, go to Step 4.

4: Compute v ) using (9), (10) and Theorem (2).
5

6

: Select the largest step size 7 € {277 : p € NU {0} } that satisfies (25).
. Update the next iterate using ¢*1) := ¢(*) 4 45 7(5). Then, replace s by s 4 1 and return to Step 2.

Remark 5. If we set Bs = 0in (9) and assume I';: R™ — R (i € Z,,), then the Algorithm 1 coincides with the
steepest descent method for MOPs developed in [29].

Observe that if Algorithm 1 terminates after a finite number of iterations, its final iterate is
an approximate critical point. Consequently, it is relevant to perform the convergence analysis of
Algorithm 1 for the case of infinite sequence, that is, ©*) ¢ S for alls € NU {0}.

The theorem, provided below, establishes the convergence analysis of the sequence obtained from
Algorithm 1.

Theorem 3. Suppose the set
W= {TeR":T() <, [(&)}, 27)

is bounded. Then, every accumulation point of (€)),cx {0y belongs to the set S.
Proof. In view of (25), the following inequality is satisfied for all s € NU {0}:
[(@ D) 0ou T:(d9)) <1y (09°) @ DSHL;(EE),96)),  foralli € Z,,.
Therefore, from Remark 3 we obtain
[(e ) 0o Ti(e®)) <14y [0,0],  foralls € NU{0}, foralli€ Z,.

This implies
L) <y TS, foralls e NU {0}, foralli € Z,. (28)

Hence, (¢®)) seNu{oy & W. From the given hypotheses, we have the boundedness of VW, which gives
the boundedness of the sequence (¢(°)) {0y~ This ensures that it has at least one accumulation point,
3, say. We prove that3 € S.

Now, using (25) we have

[ ) 0, Ti(@®) <1y (09°) @ DSHL; (), 90)) <147 [0,0),  foralli € Z,. (29)
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Since from (28), (T;(€%*)))seny {0y (i € Z,,) is non-increasing bounded sequence and 6 € (0, 1), therefore
using (29) we obtain

lim 7° © DS @), 96)) = [0,0], forallie Z,. (30)
S—00
Since 7* € (0,1] therefore, lim sup ° exists. Here two cases may arise:
S—00
Case 1: limsup ° > 0. Since 3 be an accumulation point of (¢*)) senu{oy and limsup y* > 0, therefore,
S—00 §—00

a subsequence (¢°7)), oy, {0} of () seny {0} exists, satisfying:

lim DT, (&), 907y = [0,0], foralli € Z,,

r—0oo

and  lim ) =3

r—oo

(31)
We want to prove 3 € S. On the contrary, assume that3 ¢ S. Therefore, there are 7 € R™ and
FELEZ] <Lu [0, 0] such that

DSHT;(3,7) <py [b1,b2], foralli € Z,. (32)

Because D$HT; is continuous for all i € T, and (’ds’))reNu {0}y converges to 3, therfore from (32) there
exists n7 € N such that for all » > n; we have

DSHT; (7)), %) <y [61,6,], foralli € Z,. (33)
Taking b = max{by, b} and using (33) we obtain
DT, (), %) <1y [b,8] < [0,0], foralli € T, and r > nj. (34)
From (34), some ¥ € R™ exists such that

11~ ~ ~ )
DSHT; (), 7) + 3 [HUHZ, ||1/||2} <y [6,6] < [0,0], forallie€Z,, andr > ny. (35)

From (35) we obtain (7, b) € K- Therefore, due to the fact that (g (f(sr)) , @ (’E(Sr)>> is a solution of
(P)z(s) we obtain

g(ﬁsﬂ) <b, forallr > n. (36)
Since ((,‘ (?(S’) ) , @ (?(SV)>) is a solution of (P).,), from (36) we obtain
DSH; (’dsﬂ,@(ﬁsﬂ)) <1u [6,8] <t [0,0], foralli € T, and r > ny. (37)
Foralli € Z,, and r > ny we have
DSHT, (A(s,) A(Sr)) — DT, (A(Sr) G(EE) + By, 7 Sr—l))
[VJ (4S’>)T( () + B, 0 (38)
VLT () (@) + msf—n)]
Therefore, from (37) and (38), for all i € Z,, and r > 1y we obtain

DSHT, (450 W) <iu [g(ﬁsﬂ),g(ﬁsﬂ)] @ Bs, ® DSHT; (ﬁsﬁ,ﬁ@r*l)). (39)
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Now consider 85, ® DEHT; (E(S*), 17(57*1)) If Bs, = 0, then we have

Bs, @ DSHT; (ﬁsﬁ,a@r*l)) = [0,0]. (40)
Therefore, from (39) and (40) we obtain:
DSHT, (ﬁsﬂ,a@r)) <iu [g(ﬁsﬁ),g(ﬁsﬂ)] (41)

If Bs, > 0, then using (3) we have

Bs, ® DSHT; (ﬁsﬂ,a“r—l)) <iu Bs, ® [A (ﬁsﬂ,a@r—l)),A(E(Sr),ﬁSr—U)] . (42)
Now if A </€<s’), 17(Sf_1)) < 0, then from (39), (42) we obtain:
DS (e, 900 <1y [g(30), ¢ (3))] (43)

Now if A (¢¢r),7(=1)) > 0, then using (11), (42) we obtain:
g

Bs, © DML, (&), 51 <y —#AA(?;,);,jfjj)))) © [A (e, o), A (&0, 560 |

= —p o [A(E), 0@ ), A, o))
v () ).

Therefore, using (39) and (44) we obtain:
DSHI (e, 90)) <y (1 ) [ (690)), ¢ (3] (45)

Therefore, from (41),(43) and (45), i € Z,, and r > nq we have

Do, (49,59 o [£ () £(6) .

(44)

(46)
or DSHT, (?(S’),ﬁ(s*)) Stu(1-p) 0 [C(f(s’)),‘?(ﬁs’))}-
Therefore, using (36) we obtain:
DS (€, 560) <1y [6,8],
S (47)
or DgHFi </C\(Sr),1//\(s')) éLU (1 — “l/l) © |:b, bi| .

From (34) we have b < 0 and since y € (0,1), therefore b < (1 — )b, hence from (47) we obtain:

DSHT, (ﬁsﬂ,ﬁsﬂ) <u(l—p)o [E,B], forall i € T, and r > n, (48)

which contradicts Equation (31).
Case 2: limsup y* = 0.

S—00

This implies Sli_)rgo 7°® = 0. Let p € N be fixed. Then, some s, € N exists, satisfying:

'ys<2—p, 5> Sy
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Therefore, for t = 2%, the Equation (25) does not hold. That is, the following does not hold for all s > s,
1 0 H )
I; (’ﬁ(s) + 2})17{s)> Oen I (’ds)> <iu 7 ® D$OT; (?(s),ﬁ(s)), forall i € Z,.

Hence, passing limit p — oo along suitable subsequence there exists i € Z,, such that for sufficiently
large enough s we have
DAL (), 01)) £y 0 © DSHL (), 7)),

yields a contradiction. [J

The subsequent lemma is from [32].

Lemma 5. Assume that each function T; (i € Z,,) possesses twice continuous gH-differentiability and satisfies
gH-Lipschitz continuity with a Lipschitz constant C on R™. Then, the functions A; are also twice continuously
differentiable and Lipschitz continuous on R™, with a Lipschitz constant 2C.

The next theorem establishes that the sequence obtained from Algorithm 1 exhibits linear order
convergence.

Theorem 4. Let (¢5)), {0} be the sequence obtained from Algorithm 1, and assume the set

W= {EeR":T() <, I@9)}
is bounded. Assume that T; (i € I,) possesses twice continuous gH-differentiability on R™, and its gH-
gradient V oy T'; (i € Ipy) possesses gH-Lipschitz continuity on R™ with Lipschitz constant C > 0. Further, let
V2); > all, (i € I,) for some a > 0, and define g := 475 < 1. Then the sequence (%)) cpy, {0} converges

linearly.

Proof. In view of the boundedness of W and Theorem 3, the sequence {f(s)}seNO obtained from
Algorithm 1 converges to a critical point of T, say 3. Since the functions I'; (i € Z,) possess twice
continuous gH-differentiability, Lemma 5 implies that the functions A; (i € Z,) are twice continuously
differentiable. Therefore, by employing the second-order Taylor expansion for each I'; with i € Z,, (see
[30]) we obtain:

A (F) = XG) + VAG) (€ —3)+

iy  DN\To2y (+ s41) 2 (A(s+1) o 49)
3 (70 =3) VAR (e (1 =3) ) (€ =3),
for some 6; € (0,1). Since VZA; > all,, it follows from (49) that:
gHﬁsH) —3IP < A () ~Ai6) - VA (B =3), foralli € T, (50)
Using (28) we have
AG) <A (e<s+1>) <A (€(5)>, foralli € Z,,. (51)
Combining (50) with (51) we get
SR 312 < 3 (€9) = AiG) - VAG)T (€Y =3), foralli € Z,. (52)
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Utilizing the mean value theorem (see [30]) on the right-hand side of (52), leads to the following;:

{32 < VA (5+62(€) —3)) (29 ~3) - VAG)T (2 —3)
~ VAG)T (56 ),

2
2 (53)

for some 6, € (0,1). Given that VuT; (i € Z,,) are gH-Lipschitz continuous with Lipschitz constant
C > 0, Lemma 5 implies that the VA; (i € Z,) are Lipschitz continuous with constant 2C. Hence, from
(53) we obtain

g||€(5+1) —31% < 2C|)-® =31 + vxi(g)T(f@ —?<S+1>), foralli € Z,. (54)
As 7 is a critical point, there exists i € Z,, such that the following inequality holds:
vii(g)T(?(” —€<S+l>) <0. (55)
By combining (54) and (55) we obtain

R+ =31 < gl 3], (56)

where 0 = 4/ 475. Since ¢ < 1, it follows from inequality (56) that the sequence {¢()},.x, {0} converges
linearly. This completes the proof. [J

The following lemma plays a pivotal role in our subsequent discussions.

Lemma 6. Suppose that VT (i € Iy) possess gH-Lipschitz continuity with Lipschitz constant C and
assume some x > 0 exists, satisfying:

179 < x[|@(E®)|, foralls e NU{0}.

Then every step length v5) computed in Algorithm 1 satisfies

1-6
) > 7 forallsc NU{0}.
7> ma {0}

Proof. In view of Remark 4 and the fact that (%) is the step length, there exists i € Z, such that:
A (€<5) + 27(%5) —AE9)) > 2090 VA; (€ T55,  foralls € NU{0}. (57)

By Lemma 5 and the gH-Lipschitz continuity of VeyuI'; (i € Z,,) with Lipschitz constant C > 0we
obtain VA; (i € Z,) is Lipschitz continuous with Lipschitz constant 2C. Consequently, the following
inequality holds:

~

Ai (f@ + 2%5%73) —Ai(E) < 29OV ENTIE) 4 4C( )28, foralls e NU{0}.  (58)
As y®) > 0 for all s € NU {0}, therefore (57) and (58) yield:

20V (@55 < 2VA; (@) T50) 4 4Cy0)|919)]12,  forall s € NU {0}. (59)
Substituting |70 || < «[|@ () || into (59) yields:

OVA; (N TDs < VA ()00 4207|092, foralls € NU{0}. (60)
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Equivalently,
—2CyOR2GE) | < (1—0)VA;(E)THE),  foralls e NU{0}. (61)
Since (C(ﬁs)),@(f(s))) € K¢ and ¢(¢°) < 0it follows that
VALED)TaED) < —%Ha(ﬁﬂ)n% forall's € NU{0}.
Furthermore, by Remark 3, the following inequality holds:
VA; (@) T56) < —%H@(f(s))nz, foralls € NU{0}. (62)

Combining (61) and (62) and using 1 — 6 > 0 we obtain:

(1-9)

-2 @(E) 2 < (1 - O)VAES) o) <~

|@E)|?, foralls e NU{0}. (63)

Since @(¢®)) # 0 for every s € NU {0}, therefore (63) implies:

1—6
) > =27 foralls € NU{0}.
0 = {0}

This completes the proof. [
In the forthcoming theorem, the worst-case complexity of the sequence obtained from Algorithm 1

is investigated.

Theorem 5. Let every assumption of Theorem 4, along with the assumptions of Lemma 6, be satisfied. Let
GRS {0} be the sequence obtained from Algorithm 1. If, for any € > 0, the algorithm requires at most Smax
iterations to obtain an iterate ¢®) such that |&(€®))| < e, then

Smax < O(log(1/€)).

Proof. Given that the sequence (?(S)) NU{o} is obtained from Algorithm 1 and the set JV is bounded,
s€

Theorem 3 implies that the sequence converges to 3 € S. Further, since the functions T; (i € Z,)
possess twice continuous gH-differentiability, Lemma 5 implies that A; (i € Z,,) also possess twice
continuous differentiability. Given the boundedness of VW, some r > 0 exists, satisfying:

W C BJ[3,7].

Furthermore, since V?\i (i € Z,,) are continuous on the compact set B[3,3r] C R™, some £ > 0 exists
satisfying:
VA (@) < £, foralli € Z,, forallt € B[3,3r]. (64)

As ’y(s) represents the step size in Algorithm 1, Remark 4 implies that, for each i € 7, the following
inequality holds
34 (@) +9990) ~ 2,(E9) < 67T (E) o (65)

Since t*t1) =) 4 4(5)7(5), therefore using Remark 3 we obtain:

A (FD) = Ai(E) <2001 - )y g (29)),  forall i€ T,, (66)
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where y € (0,1). Equivalently,

—20(1 — y)y(s)g(f(s)) <N (f(s)) A (€(5+1)).

(67)
Since &(¢®)) < 0 for all s € NU {0}, it follows from (67) that

2001 = )y | 8@ 1< Ay (€)= Ay (360). (68)
By applying the mean value theorem (see [30]) on the left-hand side of (68) we obtain

~ T
26(1 — ;4)7(5) | g(ﬁs)) |< VA; (/c{s) + 65 (/C\(s) _/c\(erl))) (C 5) _/c\(erl))/

(69)
for some 63 € (0,1). Since ¢®), ¢+ € W < B[3, 7], it follows that

) 4 0 (€<S) —’ds+1>) € B[3, 3] (70)
Utilizing (69), (64), and (70) we derive the following
20(1 - )y | (@) |< LIRS~ < £{ & 31|+ |7 31} )
Moreover, by invoking Theorem 4 and (71) we arrive at the following inequality

20(1 =)y [ ¢@) |< L& @+ DI 3.

(72)
Now, applying Lemma 6 to (72) it follows that

9 2Ck% Lo°(6+1)
[ E() |< -0 00— p)

I[€© —311. (73)

Assume now that for the first s¢ iterations the condition |&(
obtain:

)] > € holds. Then, using (73) we
< 2CKk? Lo%(0+1)
-0 6(1—p)
0(1—u)(1—-90
~2<Aw<%m1A€<?g
20k2L (@ + D[ 3]
By taking the logarithm of both sides of the above inequality we obtain

R =3]l.

(1-p)(1-9) S
%<%ﬂE@+UW@—ﬂI><ng)
2Ck*L(@+1)| |A(° —;,|| 1) .. 1
- log< 80 — (1= > log @

log(}) 0)

se < O(log(1/€)).

Y=

1 ch2£ (0410 =31
= 5¢ < log z

This implies

This completes the proof. [
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An example involving a locally convex IVMOP is presented below to illustrate the significance of

Algorithm 1.

Example 1. Examine the following IVMOP:

(Q1) Minimize

subject to

(?11?2//63) S RZI

where T; : R — J(R) (i = 1,2) are defined as follows:

M6, ,6) = [§+3+8 v

L2(e, &, &) = @ - 17+ (@ -1 + (& - 1)

@ -2+ €c2+c3}

(T1(c1,%2,¢3),T2(c1,2,¢3)),

V @412+ @412+ G+ 1)2]

It can be verified that (1,1,1) is a critical point of T in (Q1). Moreover, since T'y and Ty are locally convex
at (1,1,1), Lemma 2 implies that (1,1,1) is a locally weak effective solution of (Q1). We solve (Q1) using
Algorithm 1, starting from the initial point (14,17,11) and termination condition |&(€®))| < e = 0.0001. The
computational results of Algorithm 1 are presented in Table 1.

Table 1. Computational results obtained from Algorithm 1 for solving (Q1).

5 G 7 7" HGRI]
0 (14,17,11) (—26,—32,—20) 0.03125 1050
1 (13.188,16,10.375) (—24.375, 30, —18.75) 0.03125 922.85
2 | (12.426,15.063,9.7891) | (—22.852, —28.125, —17.578) 0.03125 811.1
3 | (11.712,14.184,9.2397) | (—21.423, —26.367, —16.479) 0.03125 712.88
4 | (11.042,13.36,8.7248) | (—20.084, —24.719, —15.45) 0.03125 626.56
5 | (10.415,12.587,8.242) | (—18.829, —23.174, —14.484) 0.03125 550.68
6 | (9.8261,11.863,7.7893) | (—17.652, —21.726, —13.579) 0.0625 484

7 | (8.7229,10.505,6.9407) | (—15.446,—19.01, —11.881) 0.0625 370.56
8 | (7.7575,9.3169,6.1981) | (—13.515, —16.634, —10.396) 0.0625 283.71
9 | (6.9128,8.2773,5.5483) | (—11.826, —14.555, —9.0967) 0.0625 217.22
10 | (6.1737,7.3677,4.9798) | (—10.347, —12.735, —7.9596) 0.0625 166.31
11 | (5.527,6.5717,4.4823) | (—9.054, —11.143, —6.9646) 0.0625 127.33
12 | (4.9611,5.8752,4.047) | (—7.9223,—9.7505, —6.094) 0.125 97.486
13 | (3.9708,4.6564,3.2853) | (—5.9417,—7.3129, —4.5705) 0.125 54.836
14 | (3.2281,3.7423,2.714) | (—4.4563, —5.4846, —3.4279) 0.25 30.845
15 | (2.1141,2.3712,1.857) | (—2.2281,—2.7423,—1.714) 0.5 7.7113
16 (1,1,1) (—0.0005, —0.0007, —0.0008) | 4.5475 x 10713 | 1 x 107®

The result shown in Step 16 of Table 1 ensures that the sequence converges to (1,1,1), which is a locally

weak effective solution of (Q1).

It is important to highlight that a locally weak efficient solution of an IVMOP is not necessarily an isolated
point. Nevertheless, when Algorithm 1 is executed from a specific starting point, it may converge to one such
solution. To generate a set of approximate locally weak efficient solutions in Example 1, a multi-start strategy
is adopted. Specifically, 50 uniformly distributed random initial points are generated using MATLAB’s rand
function. Algorithm 1 is then independently executed from each of these initial points, with the termination
condition defined as |E(¢1%))| < e = 0.0001. The iterative sequences generated from these initializations are
visualized in Figure 1.
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Figure 1. Approximate locally weak effective solutions obtained from 50 uniformly random initial points.

Remark 6. It is important to note that, in (Q1), I'1 is non-convex and possesses twice continuous gH-
differentiability. As a result, the Newton's method for IVMOPs proposed in [14] is not applicable to solve (Q1).
Nevertheless, Example 1 illustrates that Algorithm 1 solves (Q1) effectively.

It is significant to note that the Newton’s and quasi-Newton methods proposed in [14,15] are
applicable to solve a specific class of IVMOPs, where the objective functions possess twice continuous
gH-differentiability. In contrast, Algorithm 1 needs I'; (i € Z,) to be continuously gH-differentiable.
Consequently, Algorithm 1 can be applied to a broader class of IVMOPs than the methods proposed in
[14,15]. This is demonstrated in the following example.

Example 2. Examine the following IVMOP:

(QZ) Minimize (Fl (/(3\1,/62), 1"2 (?1,?2) ),
subject o (¢1,%) € R?,

where Ty : R? — J(R) and T : R? — J(R) are defined as follows:
[(@,&) = [l + @ +12V (@ +27 + @17,
and
(e, ) = {(?1 —3)? +sin V cost + (T — 4)2}.

Evidently, I'1 is continuously gH-differentiable; howeuver, it does not possess twice continuous gH-differentiability.
As a matter of the fact that, Newton’s method introduced in [14] are not applicable for solving (Q2). Nevertheless,
(Q2) is solved employing Algorithm 1, implemented in the MATLAB. We now apply Algorithm 1 to solve (Q2).
The initial point and the stopping condition criteria are set to be (9,4) and |&(¢®))| < e = 0.0001, respectively.
The computational results obtained using Algorithm 1 are presented in Table 2.
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Table 2. Computational results obtained from Algorithm 1 for solving (Q2).

s e vl 7 §EE)|

0 (5,4) (—3,-0.80099) 0.125 4.5

1 (4.625,3.8999) (—2.625,—0.801) 0.125 3.4453

2 (4.2969,3.7998) (—2.2969, —0.80078) | 0.125 2.6378

3 (4.0098,3.6997) (—2.0098, —0.80099) | 0.125 2.0196

4 (3.7585,3.5995) (—1.7585, —0.80099) | 0.125 1.5462

5 (3.5387,3.4994) (—1.5387,-0.80078) | 0.125 1.1838

6 (3.3464,3.3993) (—1.3464, —0.80099) | 0.125 0.90638

7 (3.1781,3.2992) (—1.1781,-0.80099) | 0.125 0.69394

8 (3.0308,3.1991) (—1.0308, —0.4007) 0.25 0.5313

9 (2.7731,3.0989) (—0.88656, —0.4007) | 0.25 0.39299
10 (2.5515,2.9987) (—0.77574,—0.4007) | 0.25 0.30089
11 (2.3575,2.8985) (—0.67877,—0.4007) | 0.25 0.23037
12 | (2.1879,2.7984) (—0.59393, —0.40057) | 0.25 0.17637
13 (2.0394,2.6982) (—0.51969, —0.40057) | 0.25 0.13504
14 | (1.9094,2.5981) (—0.45473, —0.40057) | 0.25 0.10339
15 (1.7958,2.4979) (—0.39789, —0.4007) | 0.25 0.079155
16 | (1.6963,2.3978) (—0.34815, -0.40057) | 0.25 0.060603
17 | (1.6093,2.2976) (—0.30463, —0.40057) | 0.25 0.046399
18 (1.5331,2.1975) (—0.26655, —0.40057) | 0.25 0.035524
19 (1.4665,2.0973) (—0.23323, —0.40064) | 0.25 0.027198
20 (1.4082,1.9972) (—0.20408, —0.4007) | 0.25 0.020823
21 (1.3571,1.897) (—0.17857, —0.4007) | 0.25 0.015942
22 | (1.3125,1.7968) (—0.15625, —0.4007) | 0.25 0.012206
23 (1.2734,1.6967) (—0.13671, —0.40044) | 0.25 0.0093452
24 | (1.2392,1.5965) (—0.11963, —0.4007) | 0.25 0.0071544
25 (1.2093,1.4964) (—0.10468, —0.4007) | 0.25 0.0054774
26 | (1.1402,1.1959) (—0.070122, —0.40031) | 0.25 0.0024582
27 | (1.1227,1.0958) (—0.061357, —0.40031) | 0.25 0.001882
28 | (1.1074,0.99575) | (—0.053688, —0.40031) | 0.25 0.0014409
29 | (1.0939,0.89567) (—0.046987, —0.4006) | 0.25 0.0011028
30 | (1.0629,0.59522) (—0.031483, —0.4006) | 0.25 0.0004945
31 | (1.0551,0.49507) | (—0.027557, —0.40071) | 0.25 0.0003783
32 | (1.0482,0.3949) (—0.02409, —0.40031) | 0.25 0.00028989
33 | (1.0421,0.29482) | (—0.021102, —0.40057) | 0.25 0.00022154
34 | (1.0369,0.19468) | (—0.018469, —0.40059) | 0.25 0.00016944
35 | (1.0323,0.094529) | (—0.016166, —0.40056) | 0.25 0.00012954
36 | (1.0282,-0.005612) | (—0.01415,—-0.39944) | 0.25 | 9.8987 x 10~%

As indicated in Step 36 of Table 2, Algorithm 1 generates a sequence that converges to the approximate
critical point (1.0282, —0.005612) for the objective function in (Q2).

In the next example we investigate a large-scale IVMOP.
Example 3. Examine the following [IVMOP:

(Q3) Minimize

subject to

(rl (/Elr s //C\m)r 1-‘2(?1/ s //C\m))r

(/C\l,. . .,/C\m> c Rm,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1305.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 August 2025 d0i:10.20944/preprints202508.1305.v1

20 of 22

where T'; : R™ — J(R) (i = 1,2) is defined as follows:

m m
T1(S1,..., ) == lz(a —sin®)*V Y (@ + Cos?i)S] ,

i=1 i=1
Ta(@r, . en) = | ) (log(1+@)* +8) v L@ +1)%).
i=1 i=1

A random initial point, generated using MATLAB's rand (n, 1) function, is used to initialize Algorithm 1. The
termination criterion is defined as |&(€®))| < € = 0.0001. From Table 3 we find the iteration counts and the
associated computational times required by Algorithm 1 to solve (Q3) for different values of n.

Table 3. The computational results of Algorithm 1 for the (Q3).

n | Number of iterations | Computation times (in seconds)
100 2183 2249
130 2611 3225
160 4518 6337
190 3422 5442
220 3667 6750
250 3896 7889
280 2363 5705
310 2460 7059
340 3549 1062
370 4325 1575.2
400 3004 1314.6

5. Conclusions and Future Research Directions

In this article, we investigated a class of IVMOPs. We defined the conjugate-descent (CD) direction
to introduce CD-type conjugate direction algorithm for IVMOPs. We performed the convergence
analysis and established the linear rate of convergence of the sequence obtained from the algorithm,
under appropriate assumptions. Moreover, the worst-case complexity of the proposed algorithm has
been investigated.

The results established in this paper generalize several significant results existing in the literature.
In particular, the results derived in this paper generalize the corresponding results of Pérez and
Prudente [28] on CD conjugate direction algorithm from MOPs to a more general class of optimization
problems, namely, IVMOPs. Moreover, if the conjugate parameter in the proposed algorithm is set to
be zero, and if every component of the objective function of the IVMOP is a real-valued function rather
than an interval-valued function, then the proposed algorithm coincides with the steepest descent-type
method for MOPs introduced by Fliege and Svaiter [29]. We have conducted numerical experiments to
illustrate the fact that the proposed algorithm is applicable to solve a broader class of optimization
problems as compared to the methods existing in the literature (see Upadhyay et al. [14,15]).

The findings of this research open several avenues for future exploration. On one hand, the results
of this paper could be further generalized to the class of nonsmooth IVMOPs. On the other hand, given
the advantages of developing optimization algorithms in the framework of Riemannian manifolds
(see [33]), the results of this paper could be generalized to the Riemannian manifold setting.
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