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Abstract: In the article, we define a sequence F : F(0) =2, F(1) = 10, F(2) =16, F(3) =22, F(4) =26, F(4) =
28,---, F(i) = F(i — 1) + I, where the number ! < 8 is defined by using prime numbers and matrix algebra. The
sequence includes only even numbers and can be used to define a series of numbers F(i) + 1, the non-Goldbach
sequence, that contains all numbers that cannot be written as the sum of two primes. The result is related to
Goldbach’s conjecture. The famous Goldbach conjecture states that every even integer greater than 2 can be

expressed as the sum of two primes.
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1. Introduction

Goldbach’s conjecture is one of the oldest mathematical problems in history. It was discovered by
Goldbach in 1742 and remains unsolved up to this day. In 1742, Goldbach and Euler in conversation
and in an exchange of letters discussed the representation of numbers as sums of at most three primes.
The correspondence led to the formation of the Goldbach conjecture. It reads "Every even number is
the sum of two primes." In fact, there are two conjectures, the binary and the ternary Goldbach conjecture.
These conjectures can be stated as follows:

- Every even integer greater than two can be written as the sum of two primes (the binary conjecture).
- Every odd integer greater than five can be written as the sum of three primes (the ternary conjecture).

Over time, conjecture has had many exciting results. For a detailed review on this range of
problems see the book [1]. Of course, there are many other resources. Interesting stories about primes
and unresolved mathematical problems can be found in [2]. Various versions and names of the
Goldbach conjecture are also known. The ternary conjecture is often called the Goldbach weak conjecture.
In 2013, Harald Helfgott published a proof of Goldbach’s weak conjecture [3]. As of 2018, the proof is
widely accepted in the mathematics community, but it has not yet been published in a peer-reviewed
journal.

In this work, the discussion will focus on the binary Goldbach conjecture. It is easy to show
that the binary conjecture implies the ternary. We examine, what are the numbers which cannot be
written as a sum of two primes. We shall show exactly that elements of a uniquely defined sequence
F(i)+1,fori=1,2,--- (refer to Chapter 4 for definition) cannot be written as a sum of two primes.
The question of whether we can write all other integers j # F(i) + 1 greater than two as a sum of two
primes remains open.

The paper is organized as follows. Chapter 1 contains a short historical overview about Goldbach’s
conjecture and a short description about obtained results. In Chapter 2 basic sets, notations, and used
technologies are introduced. Prime vectors, matrices and a control matrix function are discussed in
Chapter 3. A sequence, the members of which cannot be written as the sum of two prime numbers, is
investigated in Chapter 4. Chapter 5 provides a summary of the results achieved.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Used Terms and Methods

2.1. Basic Sets and Definitions

The set of all natural numbers (non-negative integers) is denoted by N = {0,1,2, - - - }. A natural
number greater than 1 is prime if its only divisors are 1 and itself. The set of all prime numbers is
denoted by P. If n € N then P, = {p € P; p < n} is the set of primes less or equal to n. For any set S
the symbol |S| will mean the number its elements. The array of numbers consisting of one row and # -
elements is called an n-dimensional row vector and denoted by a = (ag,ay,- -+ ,a,-1) ora = (11]-). The
transpose of the vector a = (ag,ay,- - - ,a,—1) is an n-dimensional column vector denoted by

ao

a
al = (aj)T = (ag, a1, ,an_1)" = : . In this paper the value a; - component of the vector

an—1
a = (ag,ay,---,a,_1) is a non-negative integer, forj =0,1,--- ,n — 1.

2.2. Used Methods and Technologies

The Goldbach conjecture is one of the most intensively studied problem of number theory. There
are many interesting results on this problem ([4-10]). We are not aiming to give a complete account of
conjecture related literature here.

The analysis of the Goldbach conjecture is performed using Toeplitz and circulant matrices. We
applied a similar analysis in [11]. That paper presents an application of Toeplitz matrices and a max-
algebraic claim which is equivalent to Goldbach?s conjecture.

In our work, the Goldbach conjecture is examined by methods of combinatorics and classical linear
algebra using unique circulant matrices.

3. Matrices and Primes

In this section prime vectors, prime matrices and a control matrix function will be introduced
and their main properties will be discussed. Everywhere in this paper n stands for a positive integer
greater than 2. The objects defined in the article can be examined using utility programs [12].

3.1. Prime Vectors and Matrices

Definition 1. The column vector a” = (ag, a1, ,a,_1)T= (a;)T is called an n - dimensional extended
prime vector of size n if foralli=0,1,--- ,n—1
)1 ifiisprime
= {0, otherwise

We will now give the definition of a circulant matrix, defined using a column vector b7 =
(bo, -+ ,by—1)T. The n x nmatrix A = (a;;) is called circulant if a;; = bi_j(mod n), for some by, by, ..., by 1 €
N (or R in general case). The circulant matrix is fully specified by its first column bt = (bo, -+ ,by_1) T

We just interpret the subscript periodically, i.e. weletb_; = b,_1, b_» = b,_5, and so on. There-
fore, element a3, of matrix A is calculated as follows: a12 = by_5(m0dn) = V—1(modn) = bn—1(modn) =

b,,_1. In the case of n = 4, the circulant matrix

bop b3 by by
A by by b3 by
by by by b3
by by by by

formed by the numbers by,b1,b,b3.
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In the following definition, we assume the application of the rule of modular arithmetic for
negative numbers. Therefore, the elements of the matrix are well defined even if the row index (i) of
the matrix element is smaller than the column index (j).

Definition 2. Let a” = (ag,ay,- -+ ,a,_1)" be n - dimensional extended prime vector. The matrix A, = (ai;)
is called an n X n prime matrix, if

Ajj = Ai_j(mod n) 1
foralli,j € {0,1,...,n —1}.
Clearly, the prime matrix is a special circulant matrix with entries from the set {0,1}. Notice, the

circulant matrices can also be defined by a row vector. The circulant matrix B below is defined by a
row vector (bg, by, by, b3). The matrix is the transpose of a circulant matrix defined using a column

vector.
bp by by b3
| b3 bo b1 by
B= (bl]) o by bz by by
by by b3 by

In this case, we can express the elements of the matrix as

bij = bj_i(modn) 2)

foralli,j € {0,1,2,3}.

Due to the matrix transposition, the difference between the two equations (1), (2) the row and
column indices on the right side of the equations were replaced. In our work, we use the column
vector definition (1) of circulant matrices.

Example 1. The matrix Ag is a 6 X 6 prime matrix, and
al =(0,0,1,1,0,1)" = (ag, a1, a2, a3,a4,a5)"

is an extended prime vector of size n = 6 . For the sake of simplicity, we will also refer to n x n prime matrix as
A, if this does not cause misunderstanding.

01 0110 ap ads daq d4dsz dy daq

001 011 a ap as ag 4az a

A = (ay)) = 1 0 0101 _| 2 m ap as ag a3
] 110 010 az dp d; ap Aas da

01 1 0 01 ag asz dp a1 4dg ds

1 01 100 as a4 as ap ap 4o

Let A, = (a,-j) be an n x n prime matrix. The i — th row of matrix A, will be denoted A,,/;, and
the j — th column A,/ ; foralli,j =0,...,n — 1. The vector A, ,,, 1 is called the prime vector of size n.
The 0 — th row vector A, /o, of matrix A, is called the reverse prime vector of size n.

Definition 3. The matrix T,=(T,[i,]]) = A2 is called a control matrix of order n.
The entry

n—1
Tuli,j] = AnjiAnyj =) aqa;
1=0

is a (dot) product of i — th row and j — th column of prime matrix Ay, foralli,j = 0,...,n — 1. The entry
T, [0,0] is called the main element of T,,.
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The set of all control matrices of all orders n > 2 is denoted by .7. It is also important to note that
the control matrix T}, as a product of circulant matrices A, x A, is also circulant, see [13].

Lemmal. Let T,, € 7. The value

n—1
Ta[0,0] = agao + ) ai, 3)

i=1
is the number of all prime pairs p,q € P, such that p 4+ q = n.
Proof. Suppose that p,q € Py is an arbitrary pair of primes and p +¢q = n.
Let T,[0,0] = A, 0.Au0, and A,/ = al = (ag, a1, ,a,-1)" is the extended prime vector, and
Ayso. = (a9, ay—1,0,_2,- - - ,a1) is the reverse prime vector.
Clearly g = n — p € Py, therefore aya; = apan—p = 1. Ifi ¢ Pyorn—i ¢ P, thena; =0ora,_; =0,
thus a;a,_; =0. O

We will examine when the equation T,[0,0] = 0 holds.
Theorem 1. An arbitrary natural number n can not be written as a sum of two primes if and only if T,,[0,0] = 0.

Proof. If T,[0,0] = 0 then there is no pair of primes p,q € P, for which p + g = n. If n can not be
written as a sum of two primes then for all p,q € P,, p + q # n, and therefore T,,[0,0] =0. O

Theorem 2. If Ty, Ty 41 € 7 then T, 41[0,0] = 0 if and only if T,[0,n — 1] = 0.

Proof. (< Suppose that T, [0, n — 1] = 0. Therefore,

n—1
Tul0,n —1] = Ay j0.An/im—1 = (a0, 851,852, - - -, a1) : =2a0a1 + Y a,_iai;1 =0 (4)
i=1

It follows that Z?;ll a,_iai+1 = 0. We know that ay = a; = 0, thus,

ao
M n—1
Ty11[0,0] = Apy1/0.An117.0 = (a0, n,8n-1,- - ., 41) : = apag + anay + Z ay—iair1 =0 (5)
an—1 =

an

)

(= Equation 5 implies 4.) [
Example 2.

The matrix Ts is a 5 x 5 control matrix and T5[0,4] = 1 # 0. Therefore, based on Theorem 1 and 2,
T6[0,0] # O, that is, we can write the number 6 as the sum of at least two prime numbers.

00110 00110 21 001

0 0011 00011 12100
AsxAs=]1 0 0 0 1 |x|] 10001 ]|=|01210/|=TI

11000 11000 00121

01100 01100 1001 2
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The matrix Ty is a control matrix of the type 10 x 10 and T14[0,9] = 0. Based on Theorem 1 and 2,
T10[0,0] = 0, that is, we can not write the number 11 as the sum of two prime numbers.

0001010110 0001010T1T10
0000101011 00001071011
1000010101 1000010101
11000071010 11000071010
Ay X Agg = 0110000101 | |0110000101]_
1011000010 1011000010
0101100001 0101100001
1010110000 1010110000
0101011000 0101011000
0010101100 0010101100
3222122020
0322212202
2032221220
0203222122
2020322212 T
l2202032221]| '©
12202032722
2122020322
2212202032
2221220203

It is also important to note that the control matrix T, as a product of circulant matrices A, X Ay, is also circulant,
see [13].

A matrix generator program makes it possible to calculate the Prime matrix and Control matrix of
other sizes, for any n. The program can be run here [12]. Note, the Internet access is required to run.

4. Non-Goldbach Sequence

4.1. Definition of an Auxiliary Sequence

Definition 4. Let us define a sequence:

F(0) =2, and fori >0, F(i) = F(i—1)+1 (6)

where | is the smallest even integer with the properties:

F(i—1)+2k—1€P, for k:Lz”q%—1

Fi—1)+2k—1¢ P, for k=

N~

{F(i)};2, will be called the auxiliary sequence. The value | = F(i) — F(i — 1) is termed the distance
between adjacent elements F (i) and F(i — 1).

It is not difficult to compute some first elements of sequence: 2,10,16,22,26,28, .. .. F(i) is the i — th
element of the sequence, fori =0,1,2,....

We denote F = {F(i) : i € N}. Note that in the rest of the paper, notation n € F will mean that there is
an indexi € N, such that F(i) = n and n ¢ F will mean, that there is no such indexi € N.
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4.2. Basic Properties of the Auxiliary Sequence

Lemma 2. All elements of the sequence {F(i)};", are even numbers.

Proof. The statement yields from Definition 4. The first item F(0) = 2 is even and, the distance
I = F(i) — F(i — 1) is even for each i, therefore F(i) is even for each i. [J

Lemma 3. The sequence {F(i)};" , is unbounded.

Proof. Let F(i) be an arbitrary element of sequence F. From Lemma 2 follows that F(i) = 2k is an
even number. Let 2k = 2/m, where j > 1 and m is the part of 2k prime factor, which contains primes
greater than 2 or m = 1. Therefore, m is an odd number. Now we consider the number 3/m. This
is not a prime, but it is an odd number greater than 2k. Let I — 1 be the smallest, non prime, but an
odd number greater than F(i) = 2k. Then [ is the smallest integer from Definition 5, and therefore
F(i+1) = F(i) +1,i.e. F is unbounded. The value F(i + 1) is the next member of sequence F, which is
greater than F(i). [

Lemma 4. The distance | = F(i + 1) — F(i) is less than or equal to six, for i > 1.

Proof. If k > 2 in the sequence F is even and k + 1 and k + 3 are primes then k + 1 is not 0(mod 3) and
it cannot be 1(mod 3) (because then k + 3 would be 0(mod 3)). So k + 1 is 2(mod 3) and hence k + 5 is
0(mod 3). So if k is in the sequence and neither k + 2, nor k + 4 are, then k + 6 is in the sequence. [
Lemma 5. Ifly = F(0),and l; = F(j) — F(j — 1) forall j = 1,2, - - ,i then F(i) = Z;:o l.

Proof. We shall prove it by induction on k. If k = 0 then F(0) = Iy. For k = i — 1 suppose, that
F(i—1) = 2};3) lijand |; = F(j) = F(j— 1) forj=1,2,- - /i —1. Now we consider the case k = i. Let
us denote /; = F(i) —F(i — 1), then F(i) = F(i— 1) +[; = 2};(1) li+li=Y; ¢ljandlj = F(j) = F(j —1)
forj=1,2,---,i. O

4.3. Non-Goldbach Sequence

Based on the Theorem 1 and 2 the sequence

{F(i) +1}72, 7)

describes those numbers that cannot be written as the sum of two prime numbers or shortly we can
call the squence as the Non-Goldbach sequence. In the expanded sense, this sequence of numbers
includes those numbers that cannot be written as the sum of two prime numbers.
We can define a set
M= {jeN;(VieN)j #F(i)+1} 8)

by the sequence (7).

If it is proved that this set is the set of those numbers which can be written as the sum of two
primes then this statement implies the binary Goldbach conjecture. In this case, the set M (it is also a
sequence) can be called as the two primes sum sequence.

5. Conclusion

In summary, these results show that the sequence {F(i) + 1}~ ; determines the set of natural
numbers, which cannot be written as a sum of two primes.

The proof of the statement that M = {j € N; (Vi € N)j # F(i) + 1} is the set of numbers that can
be written as the sum of two primes, would mean solving the binary Goldbach conjecture. However,

do0i:10.20944/preprints202408.1416.v4
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this remains an open question. This work is at the same time an introduction, a description of the basic
concepts, for proving the statement formulated above.
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