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String Scattering Amplitudes and Mutual Information
in Confining Backgrounds: The Partonic Behavior

Mahdis Ghodrati

Asia Pacific Center for Theoretical Physics, Pohang University of Science and Technology, Pohang 37673, Republic of Korea;
ghodrati@umich.edu

Abstract: Using AdS/CFT methods in various holographic confining backgrounds, we present the
connections between the behaviors of string scattering amplitudes and mutual information. We
specifically lay down the analogies between the logarithmic branch cut behavior of the string scattering
amplitude in 4d, A4, at low and medium Mandelstam variable s, which is due to the dependence of the
string tension on the holographic radial coordinate, and the branch cut behavior observed in mutual
information and critical distance D, at low-cut-off variable ugg. In both cases, as s or ugg increases, the
peaks of the branch cuts fade away in the form of Re[.A4] o s~!. Next, the modular flow and modular
Hamiltonian as the intermediary quantities will be used to further shed lights on this connection. We
then explain how mutual information itself can act as a probe of chaos in various scenarios. For two
examples of Compton scattering (of a photon entangled with another photon off a target) and also the
decay of a highly excited string into two tachyons, the pattern of entanglement entropy and the change
in the mutual information would be examined. Finally, the kink-kink and kink-antikink scatterings as
simple models of scattering in confining geometries are emploted to probe the fractal structures in the
scatterings of topological defects.

Keywords: string scattering amplitude; mutual information; chaos; confining geometries

1. Introduction

In 1968, the SLAC laboratory observed that at high energies and fixed angles, the hadronic
scattering amplitudes fall off based on a power low in the Mandelstam variable s (the center of
mass energy), and not, as previously imagined, in an exponential form of s. That observation was
incompatible with the expectation from string theory, therefore, further studies were needed from
the theory perspective. On the other hand, using holography, interesting connections between string
scattering amplitude and entanglement entropy have been found which could help in solving this
puzzle, for instance check [1-4]. Additionally, the correspondences between strings and black holes
discussed for instance in [5] pointed out that a lot of information about quantum gravity and quantum
information problems from the structures of string amplitude could be obtained. In fact, as there are
links between the chaotic behavior of the excited strings and the chaoticity of back holes, one could
expect that one of the best physical quantity to employ first would the scattering amplitude, since the
perturbative string theory has been formulated using it.

Building on these connections [1-4,6-14], we can now move to the richer mixed correlation
measures, such as negativity and mutual information and further establish the correlations between
the behaviors of scattering amplitudes and the pattern of quantum entanglement in holography.

In [15], the scattering amplitude of highly excited strings has been studied within the DDF (Del
Giudice, Di Vecchia, Fubini [16]) formalism whereby the excited string is produced by photons that are
being scattered off of an initial tachyon repeatedly. We use this formalism to analyze the connections
between the behaviors of string scatterings and the mixed quantum information measures.

In Figure 1, three examples of scattering problems in the confining background of a mixed
entanglement wedge constructed from two infinite strips with width L and distance D is shown. This
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figure is similar to figure 1 of [17], but here we specifically consider a confining background with an
end wall positioned at ugx constructed from the mixed correlations of two strips. The classical chaos
can be studied by the model of the scattering of pinballs (left part of Figure 1), where the angle of
the outgoing particle is very sensitive to the impact parameter. This angle is related to several other
parameters of the setup as well. However, this scattering process is not sensitive to the “quantum”
mutual information of the two systems A and B.

In the middle part of Figure 1, the particles scattering off of a black hole system in the background
of a confining geometry is sketched. In this scenario, any perturbation in any parameters of the system
could cause a large change in the state of the outgoing Hawking quanta, where the out-of-time-order
correlator (OTOC) grows exponentially. Therefore, this setup can depict the very chaotic nature of
black holes. The level of chaos in this case is higher than the pinball example in the sense that it has
both the “classical" and “quantum" chaoticity. In this setup, depending on the size of the black hole,
the position of the wall ukg, and the lengths of L and D, various phases could exist.

In the right part of Figure 1, the sketch of a complicated and highly excited open string structure
which is positioned in the confining and mixed background is shown. As will be shown later, in
this case there would be an exponentially large number of internal states and dependence on the
parameters of the system. So, the scattering amplitude displays high level of chaos, and high sensitivity
on various parameters of the system. Also, based on the size of the parameters of this setup relative to
each other and the strength of the correlations among the two systems, at any specific configuration,
a particular saddle would be dominant. So, a very rich phase structure for this system could be
envisioned.

Ukk

Ukk

Figure 1. In the left part, the scattering of “classical" pinballs, in the middle, the “quantum" and highly chaotic
scattering process off of a black hole, and in the right part, the scattering off of highly excited strings in a confining
background with an end-wall positioned at ugx are shown.


https://doi.org/10.20944/preprints202502.0648.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 February 2025 d0i:10.20944/preprints202502.0648.v1

30f33

The entanglement entropy has already been employed in various works to find connections
between energy conditions and quantum information theory. For example in [18], using the second
order shape deformation of the geometric entanglement entropy, a conjectural lower bound on the
expectation value of the components of energy momentum tensor has been found which has been
dubbed the Quantum Null Energy Condition (QNEC). In addition, the properties of the modular
Hamiltonian under shape deformations for any state ¢ can help in this regard [18,19].

The difference between our setup and figure. 1 of [17] is that here the background is constructed
from the entanglement of “two mixed correlated subsystems”, and there is also a wall at the end of the
geometry. The modular flow in holography defines the proper internal time flow for an observer in
this system. Our observation here is related to the result of [20], where the Connes cocycle (CC) flow,
kink transform and the bulk Weyl tensor shock have all been connected with each other.

For this system, one can imagine the non-equilibrium modular flows and the “internal modular
time” (instead of the real physical time) [21,22], which describes the pattern of entanglement. The
modular flows [23] from these two sources of mixed subsystems hit the wall at the end of the geometry,
and then slide or reflect back [24], constructing a chaotic structure with those observed peaks, where

7
S

by increasing the Mandelstam variables “s” these peaks would decay.

The measure of mutual information in quantum field theories can detect the patterns of entan-
glement in a more precise way as it is UV regulated. Therefore, the mutual information is a superior
measure to extract the universalities in the structures of the entanglement of the system. It could also
depict the intrinsic behaviors of the strings in a more exhaustive way. In addition, as pointed out in
[25], compared to entanglement entropy, mutual information is less constrained by the symmetries
and hence it can illustrate better the details, such as the full spectrum of the CFTs directly related to
the behaviors of the fundamental strings.

Specifically, the singularities in the scattering amplitudes, which have been observed in [26],
would form logarithmic branch cuts (rather than poles). These erratic behaviors and branch cuts,
which are more pronounced for small s and fade away for larger s, can be explained by the creation
of bound states in a confining background. The same erratic behavior and peak-structures due to
these bound states can be detected through mutual information as well, as we have observed in our
numerical studies in [27,28].

In [26], specifically, the partonic behavior of scattering processes at larger and medium ranges of
Mandelstam variable s in the holographic confining backgrounds have been explored. This observation
was based on the works of Polchinski and Strassler [29], which their main result was writing the 44
amplitude in terms of the 10d scattering amplitude as

Au(s,t 1) o / dr\/=g x As[3(r), K(r), a(r)], (1.1)

where A is the 104 string amplitude,  is the holographic radial coordinate, and ¥ (r) is the wave
function of the scattered state. In the holographic QCD models with a non-trivial dilaton field such as
Maldacena-Nunez [30] or Witten-QCD [31,32], where the dilaton field depends on the radial coordinate,
the above relation should instead be written as

) 4
Au(s, tu) = / dur/=ge 2 ([T () Ano[5(r), E(r), (1)), (1.2)
UKK i=1

Unlike theories such as N' = 4 SYM, the spectrum of QCD is discrete, which is the result of
the IR end-wall and the boundary condition that it imposes. This discrete spectrum can also affect
the behaviors of quantum information correlation measures. Moreover, the entanglement entropy
and mutual information can also detect the asymptotic freedom where the gauge couplings and the
binding energies become smaller at that point. On the other hand, as found in [26], the scattering
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amplitude itself could act as a measure which catches the passage from soft to hard scattering, which is
the “bending" trajectory in the confining models. The “quantized" behaviors of such binding energies
could also be detected at lower energies.

In this setup, most of the closed strings reside near the end-wall, where instead of being vanished,
this accumulation causes the wave function to get peaked there which might seem counterintuitive.
This feature shows its signatures on the entanglement patterns and mixed correlations saddles as well.
Based on such partonic behavior of hadron scattering [9,26,33], one would expect that the entanglement
patterns could detect such behavior as well and the direct connections between these two quantities
could be constructed more firmly, as we demonstrate here.

This paper is organized as follows. In Section 2, we discuss the fractal structures coming from the
phase transitions and chaos in confining geometries due to the presence of the wall. These structures
have been captured by the mutual information and critical distance D, noted in our previous works
[27,28,34,35]. In Section 3, similar to the results of [26], we explore scattering amplitude in 10d and 44,
the structures of its zeros and poles and their statistics which prove the appearance of chaos. We also
discuss how the structures of the zeros would behave the same for both mutual information and string
scattering amplitude.

In Section 4, we use the modular flow as intermediary concepts to further establish the relations
between the mutual information and string scattering amplitude. In Section 5, we will show that the
mutual information itself can detect the chaotic behaviors. There, we also discuss quantum scattering
on a leaky torus and using this geometrical structure, we further explore the chaotic behaviors of
strings and also the chaotic spread of mutual information in confining geometries. In Section 6, we
analyze two examples of Compton scattering with a witness and also the decay of a highly excited
string into two tachyons, where for each case we discuss the behavior of entanglement entropy or
mutual information during these processes. Next, in Section 7, as another example of chaotic structure
in confining geometries, we consider the kink-kink and kink-antikink scattering, which similar to the
behavior of D, and mutual information in confining geometries, they show fractal structures with
periodic patterns. Finally, we give concluding remarks in Section 8.

2. Critical Distance in Confining Backgrounds

In [36,37], it has been shown that, in order to calculate the entanglement entropy for a general
confining background with the geometry of

ds? = a(u)[B(u)du? + dxVdx,] + g,-jdGide,
ugk <u < oo, x*(u=0,1,..,d), 0'(i=d+2,.9), (2.1)

in terms of the minimum of the holographic radial coordinate, the length of a strip and its correspond-
ing Ryu-Takayanagi surface, 1, can be written as

L(ug) = 2/:odu
0

_ W e
S(u0) = 55~ / | 2.2)

where here H(u) = e V2 a(u)? and Vit = [ df, /det[g;j]. The corresponding setup is shown in
Figure 2.
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Figure 2. The setup of one strip and its corresponding Ryu-Takayanagi surface in a confining background.

For two strips of width L and the distance D, the mutual information would be
I(D,L) =2S(L) — S(D) — S(2L+ D), (2.3)

and the critical distance D, is where I(D,, L) = 0. The parameter D, (as can be noted in Figure 1)
has been used in our previous works [27,28,35,38,39] to probe the quantum correlation properties of
different geometries.

In [27], we found that, in the background of confining geometries, the critical distance between two
strips as a measure of mixed correlations shows singularities at smaller values of ugk and statistically
smooths out in bigger ugk. This behavior is especially pronounced in the Witten-QCD geometry,
i.e., figure 19 of [27], which is shown again here in Figure 3. The same jumps can also be seen in the
background of Klebanov-Tseytlin geometry [40,41], as presented here in Figure 4.

The potential in the Witten-QCD geometry can be written as V (r) ~ r*/3 follows a warped metric
structure and confinement at large distances, would grow softer than a linear potential. The geometry
is cigar-like and the time direction is periodic, avoiding the conical singularity.

Similar to the results of [26], it could be seen that, in the Witten-QCD background, the peaks of D,
which correspond to the peaks of mutual information and mixed correlation measures are bigger in
the medium (or rather smaller) regions of uxx which correspond to the smaller values of Mandelstam
variable s. For the bigger values of s (and bigger t where the angle is fixed), which correspond to
bigger ugg, the peaks fade away. This is the result of asymptotic freedom where the gauge couplings
and the binding energies of the bound states are small. However, from Figures 3 and 4, it could be
seen that there is no peak at larger uxx, which is due to the fact that the binding energy, length and the
mass of the strings become smaller in those setups. Note also similar to [13], and the case of tripartite
information I["=3, the measures could be negative with abrupt, singular drops.
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Figure 3. The behavior of the critical distance, D, which comes from the mutual information between two mixed
strips, versus the position of the IR wall, uxg, in the Witten-QCD background. This figure can be compared with
figure 6 of [26] on the basis of the “real parts of the amplitude". The behavior of the branch cuts and the decay at
large s are very similar to the pattern of MI and D, in this model.

Note that this is similar to the result of [42] which described the kink-antikink scattering in
a quantum vacuum. In their model, they have two fields, ¢(t, x) with mass m and a scalar field
P (t, x) with mass i and coupling constant A. The exchange of the energy between the classical field
configuration and quantum bath is similar to the procedure of strings hitting the end-wall in confining
models and therefore similar patterns in the observables are expected. When the coupling constant A
increases, from figures 4 and 5 of [42], which are the plots of Ey versus t, one can see that the cascading
decay becomes an oscillatory decay and the bound states become long-lived, weakly radiating objects.
This is similar to our Figure 3, where the bound states and breather-like phase decay to radiating phase.
Also, the phase shifts in kink-antikink scattering is related to the memory of past interactions being
restored in the quantum mutual information. Also, both quantities show nonlinear behavior. Plus, as
there is a critical distance and a threshold for mutual information, there would also be a certain energy
threshold where only above it, the kinks and antikinks can interact significantly. We will explain the
kink-antikink model further in Section 7.

The behavior of the critical distance D, versus ugg, and the potentail in the background of
Sakai-Sugimoto [43] is shown in Figure 5. As this figure has been created from the “real” part of the
entanglement entropy, Re(S(ug)) versus the real part of the size of the strips Re(L(ug)), one would
expect that, similarly in the “real” part of the amplitude, at bigger values of s or u, a decaying power
low behavior should be observed. This is indeed what one can see from the behaviors in Figure 5.
The relation for the amplitude follows Re[.A] ~ s~ and Im[Ay] ~ s2~4/2
scaling dimensions of the operators that contribute as [T;_; ¥;(r) ~ r~, (A can be replaced by the

, where A is the sum of the

twist operator in QCD models).

Also note that among the models we consider here, Sakai-Sugimoto is the one with most similari-
ties with the model studied in [44] for kink-antikink scattering. As found there that there would be
two separate regions with highest amount of radiation which are also the most chaotic regions, in the
mutual information or D., we also notice two separate peaks one around ugg =~ 2 and one around
ugg ~ 17 which correspond to v ~ 0.39 and v ~ 0.075 in the case of kink-antikink scattering. Note
that bigger uxx corresponds to lower velocities.
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Figure 4. Left: The relationship between the critical distance D, among two strips, versus ugg, in the background
of Klebanov-Tseytlin geometry. Right: The potential in Klebanov-Tseytlin geometry. The geometry describes the
warped throat of the conifold with running fluxes. It holographically describes the cascading gauge theories as
the gauge group undergoes repeated Seiberg dualities.

As shown in Figure 6, in the background of AdS-soliton, the transition from regular to chaotic
regimes can be clearly noted in the behavior of D.. This plot should be compared with figure 7 of
[45] where the transition from regular to random happens at large uggs. Note that bigger values
of ugy correspond to smaller values of the discrete levels or “eigenvalues". The peaks become less
pronounced as ugg increases and fade away at large values of s. This is similar to the case of [45]
which as energy and s increase, the singularities fade away. However, the general behaviors of mutual
information or D, versus ugk are not exactly similar in different geometries and depends on other
factors of the backgrounds such as flux, genus, etc.

For the case of hard-wall confining geometries such as Witten-QCD, the decay at large uxg is
a decreasing power law similar to its behavior in terms of 5. As explained in [45], the cause of this
behavior in the large energy domains is the asymptotic freedom, which when being approached, the
corresponding gauge coupling becomes weaker and the binding energy of the bound states vanishes.
This is similar to the case where as ugg increases and the asymptotic freedom is being approached, the
binding energy decreases, which based on the first law of entanglement entropy leads to smaller peaks
in the entanglement entropy, mutual information and also D..

For the case of AdS-soliton however, as one can analyze the geometry using the potential and
also its Crofton form as in [27,28], the well in low holographic coordinates u is positive. For bigger us,
the Crofton form while being negative approaches zero which is different from the case of hard-wall
models such as Witten-QCD and Sakai-Sugimoto model. Therefore, using the Crofton form, one can
track the behavior of critical distance D.. For the case of AdS-Soliton, the bound states could be created
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at larger uggs while for smaller uggs, the critical distance D, would be zero, as the Crofton form w is
infinite there.
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Figure 5. Top: The relationship between the critical distance D, versus kg, in the background of Sakai-Sugimoto
geometry. Again, one can see that the peaks become less pronounced as ugy increases and fade away at large
values of s. The decay behavior at large uxg is a power law. Down: The potential configuration of Sakai-Sugimoto
model, V() = (¢ — 1), which is based on D4-D8 brane configuration showing the chiral symmetry breaking
features.

For interpreting this result, one can visualize the spreads of wave functions between the two
entangled strips in spacetime, where they interfere with each other, collide with the wall at the end of
the confining geometry, ripple back and create the chaotic structures and the peaks which fade away at
bigger values of s. These waves are being sourced from the two entangled mixed subregions creating
the “modular chaos" which form the shape of the peaks in the plots of mutual information.

Also, it has been demonstrated, for instance in [23], that the modular chaos structures similar
to entanglement (and mutual information) can reconstruct the holographic bulk geometry. Further,
in [26], the connections between “chaos" and the peaks structures of “string amplitude" have been
discussed. Consequently, one would think that the structures of the peaks of the string amplitude and
the structures of entanglement should have connections with each other through “modular chaos”, as
we will prove.

The disruption of entanglement entropy, mutual information, or D, in this case could be a probe
of chaos. From Figure 6 however, it could be seen that the “edge of chaos" is not very clear. This can
also be related to the result of [46], where they showed that the performance of a reservoir computer at
the edge of chaos, where the largest Lyapunov exponent in a dynamical system shifts from negative
to positive, might be optimum or poor, as the actual performance would depend on various other
parameters as well. It was previously believed that the greater mutual information, or critical distance,
between the fit signal i(t) and the training signal g(f) in reservoir computers leads to an improved


https://doi.org/10.20944/preprints202502.0648.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 February 2025 d0i:10.20944/preprints202502.0648.v1

9 of 33

performance. Also, at the edge of chaos, the modular flow and the string scattering amplitudes could

fluctuate.
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Figure 6. The relationship between the critical distance D, among the two strips versus ugg, in the background of
AdS-soliton geometry, and its potential. One can compare these diagrams with the plots of Crofton form presented
in [27,28] as they can highlight the specific characteristics of each geometry.
3. String Scattering Amplitude in Confining Backgrounds

Now, turning to the string amplitude, as shown in [26], the 104 amplitude can be found as

S L2 1+t +ct)
Ao =47} (- (n")?2 oa's/4— (n+1)><

n=0
I((n+De)I(n+1)e) i R(6)
F(I-(n+1)e)I(1—(n+1)c)  =a's/4—(n+1)

3.1)

where c; = J(1 4 cos6). Here, bigger values of &’ correspond to bigger values of ugx and higher
energy levels. In terms of s and the angle 6, the amplitude can be written as

r(-i@s))
r(“f/s +1)
F(—%a’s(cos(e) - 1)) F(éa’s(cos(@) + 1))

F(%(—a’s +a’scos(0) + 8)) : F(l — a’s(cos(0) + 1)) .

A = ltJ¢’454(Cos(26) +7)?

2 %

(3.2)

In [26], the behavior of Ajy versus the Mandelstam variable s in confining holographic back-
grounds such as Witten-QCD has been shown. The specific confining backgrounds considered there
included hard-wall, soft-wall, and Witten-QCD models, showing similar singularity patterns to entan-
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glement entropy and mutual information, as shown in Figure 7. Then, using the relations 1.1 and 1.2,
Ajp can be integrated and the scattering amplitude in 4d can be derived. As for our main figure, the
behavior of Re[.A4] for different values of 6 is shown in Figure 8, which should be compared with the
behavior of D, in various confining backgrounds.

The reason for such peculiar behaviors in generating these singularities in the form of the branch
cuts at low energies is the dependence of the string tension on the holographic radial coordinate.
It can be noted that in 10d or 11d geometries, the amplitudes drop faster compared to lower d
geometries, which is similar to the flattening of singularities in the mixed-correlation measures in
higher dimensions.

A10
3000 -

2000
1000
H L\HL.\
"0 "1 eo 80

-1000 -

a s

1500 -
1000 -

B —

50 100 150

a's

-500 -

Figure 7. The relationship between Ajj versus a’s for cosf = 0.8. The weakening pattern of the branch cut
singularities at large Mandelstam variable s is similar to the behavior of D, versus ugg in confining backgrounds.

The connections between s and 6 have been further explored in Figure 9 as in the interval of
0 < 8 < 3, nearly four branch cuts, and in the interval of 0 < 6 < 671, nearly seven branch cuts can be
found. Owing to the fact that the geometry is 10d, we are allowed to consider such values for the angle
6 as we are considering scattering from highly excited strings in 10d. Since we can consider bigger
spins in the structures of chaotic and excited strings and specifically as we consider higher dimensions,
it would be necessary for 0 to take bigger values than 271. In general, with the upper bound of nm,
n + 1 branch cuts would be present. Also, it can be seen that for bigger s, the branch cuts become
dispersed, which is also the case for the mixed-correlation quantum information measures such as
mutual information and D..
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Figure 8. The relationship between the real part of [A4] versus «'s for different values of 6, in the hard wall
confining model, created based on the results of [26]. The main behaviors are similar to the case of Witten-QCD.
The logarithmic branch cut singularities at lower s, and the damping patterns at larger s, i.e,. [A4] ~ s71, are
similar to the behaviors of the critical distance D, (coming from MI), observed in various confining backgrounds.
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Figure 9. The 3d plot of the 10d scattering amplitude, A1, versus s and 0. We set ' = 1 here.

One could see that in the simple case of fixed t, as shown in Figure 10, ASg « (logs)?. For the
mixed correlation measures and in the presence of a hard wall which creates the “four" main saddles
[35,47], the behaviors become more interesting, which is shown in Figures 3 and 4. Since the parameter
D, is related to the sum of several entanglement entropies, therefore, Figure 10 can be comparable to
the case of the confining and mixed setup of Figures 3 and 4.

Note that the scattering process will always be dominated by the interior regions which is closer
to the IR wall, and therefore the position of the wall is the main factor in determining the saddles. In
fact, the mixed /random phase would be dominant closer to that wall which is one of the reason that
the phase transitions can be probed effectively using MI and D, versus ugg.

Now let’s consider two interesting limits. The fixed angle limit approximation of s — co while s/t
is being fixed has been studied in [26], where the behavior of the real part of the A1 is shown in Figure
11. Note that, this limit is not physical as there are imaginary contributions. Therefore, the behavior in
this limit is not similar to the behavior of quantum mixed correlation measures unlike the case we saw
for the full physical case of Ajy without this approximation.
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Figure 10. The relationship between ASgg and s in pure AdS.

On the other hand, the Regge limit, where s — co while ¢ is fixed would give the figures of 12. In
this case the full phase diagram cannot be exposed while for fining the connections, having the full
spectrum is needed.

Figure 11. The relationship between A1y versus s and 6 for & = 1 in the fixed angle approximated limit.
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Figure 12. The relationship between Ajj versus s and 0 for « = 1 in the Regge limit.
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Other than comparing the structures of singularities and branch cuts in the plot of D, (MI) and
string scattering amplitude as we have done previously, one could find more direct and analytical
connections between various quantum information measures and scattering amplitudes.

In an older work, [1], it has been shown that any interaction between particles would change the
entanglement entropy (EE), and this change of EE has been directly linked to the scattering amplitude.
This is also the case for all other mixed correlation measures such as mutual information and negativity.
So the scattering amplitude should also able to track the “four saddles" of the mixed correlations
studied in [35,47].

Then, by employing the perturbation theory, the disc scattering amplitude of two heavy quark-
anti-quark pairs which are being accelerated in the opposite directions has been found in [2]. So by
taking the entanglement entropy of the quark and anti-quark which is approximately Sgr = V/A,
where A is the 't Hooft coupling, the connections between these quantities can be demonstrated in a
more rigorous and analytical way. In addition, the entanglement entropy can be written in terms of
the Wilson loop (W) as Sg = (1 — cAd, ) log(W) [1]. Thus, at large "Hooft couplings A, the change of
EE at leading order in A could be related to the gluon scattering amplitude as [1]

ASENO—%W( S)?

log - .
871 08 (3.3)
Also, in [2], the amplitude and then entanglement entropy between two accelerating quark and

anti-quarks have been found from the 4-point function

® 4T :  dT
S 2) “r 1 ,iS[x,T] ul s ,i5[%,T) =
s %) = [ 5 [ [ [agreSE T, ), (3.4

where

. /01 dU[(xl(;))z _M2T 4 g(xlxo _xoxl)]’

s 1 [E@))? an Ea 0a
S/Oda{ AT M-T 2(xx xx)]. (3.5)
Also, W|x, ] = (0| Tr U[x]U[%] |0), where
U[x] = Te! [ wdrlAn(x(0)2(0) /=279 (x(v))]

.l..
([x] = (Teif”de[An(f(T))f“(T)\/f(f)ztpl(f(r))}) _ (3.6)

So, one can see that increasing the mass M would decrease S and S, the four point function and
the amplitude.

Similar analytical connections between the mixed correlation measures such as mutual informa-
tion, negativity, entanglement and complexity of purification (EoP and CoP) on one hand, and the
string scattering amplitude on the other hand are needed to be found. For instance the scattering
fermions, the spin-momentum and helicity-momentum and also the variations of mutual information
have been found in [48] which could be extended to other measures as well. Also, the connections
between string scattering and evolution of Ryu-Takayanagi Surface and also reflected entropy have
been studied in [49].

Another interesting observation is the links between the change of entanglement entropy and
the Bremsstralung of radiative corrections, A0, log(W) in the case of accelerating quark-antiquarks
pair, which is proportional to the Bremsstralung function [1,50]. So the “spikes" that we have noticed
during the phase transitions in the plot of D, could be related to K-lines in Bremsstralung radiation.
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Note that our observation for the connections is more precise for the closed strings (glueballs). In
the case of open strings, which describe mesons or baryons, there would be two kinds of entanglement
entropy, which make finding the connections between mutual information and scattering amplitude
more challenging. In that case, the entanglement entropy includes shares from the correlations
between the strings” endpoints of the gluons (or flavor branes) and the correlations between the gluons
themselves. This makes the framework and building the connections that we are interested somehow
more complicated.

4. Mutual Information, Modular Hamiltonian and Binding Energy

In various papers, the entanglement entropy and mutual information have already been used to
extract the universalities in the properties of renormalization group flows in various energies [51,52].
Therefore, it is expected that they could also detect the quantized behaviors in low energies which
occur due to the creation of binding energy, as found using the scattering amplitude in [26] and we
inquired into in Section 3. We could also use the modular Hamiltonian, modular flows and shape
dependence, similar to the setup of [25], to formulate such connections. We should model the scattering
process and its effects on the modular flows as the shape perturbations, similar to the setup of [25].
Additionally, we can show that modular flows could also detect the partonic behaviors of [26] at low
energies.

The mutual information between two spherical regions with radius R4 and Rp separated by a
large distance L could be written as [25,53-55]

VAT(2A +1) (RARB)ZA
Inp =N, + .. 4.1)
A,B A 41“(2A+%) 12

In the above relation, A is the conformal dimension of an internal scalar primary operator that

carries the mixed correlation between the spherical regions A and B. The string scattering process
would affect this scalar field and the weights of the “carriers" and therefore the total correlations.

The behavior of the mutual information I4p versus A, for the case of L > R4 p has been shown
in Figure 13. One could see that by increasing A, the mutual information decreases. Also, for any
specific value of A, the smaller distance L corresponds to bigger mutual information 45 between the
two spheres.

IAB
0.06 -

L=4.

A

3 4

Figure 13. The relationship between mutual information I4p versus the conformal dimension of an internal scalar
primary operator A, for various distance L between the spherical regions. The same behavior is expected for the
string scattering amplitude versus the mass of the field.

The scaling dimension and the mass of the field ¢ are connected with each other as A = % +

\/ ‘i—z + m2R2. So, for the case of L > Ry p, bigger A leads to bigger mass m which makes the strings
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scattering process between the strings more difficult, leading to smaller amplitudes. This is consistent
with the relation 3.4 as well. Furthermore, this can be checked from figure 3 of [56], where the
interactions of string coherent states in the DDF formalism have been studied and the open string
profiles at different average masses and their time evolutions were shown. There, one could see that
by increasing the mass, their profile shrink, making the string scattering amplitude to decrease. This
can signal how scattering amplitude and mutual information are related.

Note that in other models of CFT such as O(N), when the scaling dimension increases the system
becomes more stable against the fluctuations of the magnetic field or the electric field. The charge in
these models would increase the anomalous dimension A [57], and also breaks the correlations based
on a decreasing power law function as in the form of Figure 13.

The scattering process of an accelerating string or quark moving toward a sphere or another
sitting quark can be written as the perturbative model of shape deformation and the modular flow [25].

For any Hamiltonian H, the thermal density matrix can be written as pg = % and from the other
side, for any invertible density matrix p, a thermal Hamiltonian can be constructed as K, = —log p,

where K, is the modular Hamiltonian of the state p. So, any density matrix can be written as an
exponential form of py = ce~ 7. The interesting thing about modular theory of these operators or
Tomita-Takesaki theory [58—60] is that it can be constructed even for the case where the density matrices
cannot be defined for the quantum systems. The modular Hamiltonian can be written as the sum
of a local part and a non-local part as H = Hjoc + Hyo—10c- They can in fact encode the complete
entanglement data of the system.

For any Hilbert space 7 with a von Neumann algebra A and for a state |Q)) € #, the anti-linear
operator Sy can be defined as [61]

Sa@|Q)) =d"|Q), acA (4.2)

The modular operator A = S}, Sq, can be written using the operator Sq, and then, using A, the
modular Hamiltonian can be redefined as Ko = — log Aq. Next, the modular flow of operators can be
set out via a map as

a s e'Katge=iKat — AaitaA%. (4.3)

This is in fact a unitary operator which implements an “internal time flow", which was the basis
for us to connect the mutual information and string scattering amplitude. For the case of a system with
more than one interval, the modular evolution is non-local, which causes the “teleportation” between
the disjoint intervals [62]. This can demonstrate that for connecting scattering amplitude and quantum
information, one should in fact take the “mixed correlation measures" for multi-regions rather than the
entanglement entropy.

An interesting connection can be seen from the relation of modular Hamiltonian H which can be
written using the decomposition in terms of the eigenvectors as

H(x,y) = ZH;/_O; dss ‘Flg(y)‘l”;*(x), (4.4)

where ¥(s) = ¥(x#(s)), and s1 and s, are length parameters along the spherical set V. Also ¥(x)s are
the Dirac fields. So the sum of the scattered eigenvectors from the scattering process could reconstruct
the modular Hamiltonian and the trajectories of modular flow.

Noe that the local part of Hamiltonian can be written as

Hige = i (z(dj;‘))_lax e (dz(;‘)>_1>«5<x ), (45)
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and the non-local part can be written as

1 dz\ !
Hron-loc = —271i Z Y (> 5(]/ - xl(z(x>))' (4.6)
R Er PG AN

which mixes the finite number of points, i.e., x;(z), from each interval, which are related to the peaks
of D.. So, the singularities and the zeros in the plots of scattering amplitude and also D, are mostly
related to the “non-local” correlations.

Due to the scattering process, the boundary of one of the subsystems changes as ¥ = x# + (V.
The strings that are being created from the vacuum for an instance in time would move along the
geodesics which are determined by the linear response of the metric deformation. Then, the scattering
process, similar to [25], would be proportional to the deformation and “modular flow", V#&", leading
to the metric deformation §g#V = 2V#¢", which then leads to the change of the reduced density matrix
as

1 -
épA:U+opAoU—pA:§/(5gV"pATw. 4.7)

From the first law of entanglement entropy, one can deduce that, in general, the linear response of
the entanglement entropy is proportional to the correlation of the contour integral of stress tensor with
modular Hamiltonian as [25] 0S4 o §, ,,dz(T(z)Ha). Then, due to this scattering process and the
resulting shape deformation, the entanglement entropy of one sub-region would change as

654 = [ dxy/3 T (x)(Tyu(x) Ha) + O(2). @8)

This equation should be compared with the equation

) 4
(s to) = [ " duyg e (T o) Auols ). 49)
A i=1

From these two equations, one can see how the ten-dimensional scattering amplitude and the
wave functions that are being scattered are related to the average of the correlation of the energy
momentum and modular Hamiltonian. In other word, we claim that in an elastic scattering process
we have the relation V#" (x) (T, (x)Ha) o e~ 2 (TT¢_; ¢;(U))A10(3, F, ). This is consistent with the
result of [49], where they showed that the scattering distance can be identified as the entanglement
wedge cross-section. There they also found connections between the string worldsheet and the Ryu-
Takayanagi surface, and also mutual information and the geometric BV master equation [49]. So the
string scattering amplitude can be written in terms of the integration of the wave-functionals.

This connection can further be checked phenomenologically by applying magnetic field. In [63], it
was shown that the magnetic field can be adjusted such that the amplitude vanishes for any kinematic
setup. Similar studies in [34,64] have been done for the case entanglement entropy, where it has been
shown that for any size of subregion, the magnetic field can be tuned to make the entanglement
entropy to get vanished. This then manifest further this connection.

Equation 4.6 shows that the change in entanglement entropy only picks up the residue of the
simple poles of (T(z)H,) as

Res (4.10)

(T(2)Hp) = ot o+
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For the case of mutual information, as has been found in [25], the relation can be extended and
the linear response of mutual information, é14 g, can be encoded in the “susceptibility” of shape
deformation as

0l B
o¢(X7)

= (i) ?{Z‘:Z dz< (TZZ(Z, z, Xi) + T.z(z, 2, Xi)) AHA,B> + h.c, (4.11)

which picks up the residue of simple poles of (T.;AH,4 5) and is independent of the radial coordinate.
This is exactly similar to the case of string scattering amplitude where the structure of the residues
of its poles were discussed in [26]. So for the interval A = {—% <x< %}, the modular flow which
induces the change 0" Ty, along H,4 follow a specific trajectory and a contour integral which is related
to the trajectory of the strings that are being created from the vacuum, i.e, 954 o §, ., (T(z)Ha).
This, as mentioned in [25], takes the residue of the simple pole in (T(z) H4) where the poles that are
emerging in the integral of the modular Hamiltonian are related to the poles of the string scattering
amplitude Ay.

Similarly, the scattering amplitude, A4, can be written as the integral of the metric, and the shape
deformation due to the scattering process, and also in terms of the correlation functions between the
stress tensor and modular Hamiltonian, i.e, (TWAH ). In terms of the modular flow, it can be written as
(T O(—is1)O(—isz)). Therefore, the logarithmic branch cuts observed in the string scattering process
and its trajectories could be described by the modular trajectories and the zeros in the correlations
between stress tensor and modular Hamiltonian. As mentioned in [25], in the shape deformation, the
main contributing modes are the ones that change the position of the cut-off tube, instead of deforming
it. So in the low energies, these modes are the one that are related to the binding energy.

Actually, in [65], the scattering amplitude in terms of the modular flow has been written as

A({91 91} = ) = Te (0"~ "9 (b))t} ()01 ()9 (1) ), (4.12)

where {x*} is the set of bulk operators which act on a thermofield double state, p is the probe and
PL(tn) i (t) ot (t) ) (t;) is the boundary state which generates the particles. So through this link
between the scattering amplitude and modular flow, the direct relations between mutual information
and scattering amplitude could be derived. Therefore, the information that scattering amplitude could
catch such as detecting the binding energies at low s could be caught by modular flow, entanglement
entropy and mutual information as well. However, as explained before, the correlation of string
amplitude with mutual information is more direct and physical compared with the entanglement
entropy.

For example, the mutual information between two spheres can be written in a logarithmic function
which has branch cuts [25] and this gives signals for reasons behind the logarithmic branch cut behavior
observed in string scattering amplitudes in [26].

In [25], actually, the linear response of the mutual information between the two spherical regions
due to the scattering process or any other perturbative effects like shape deformation, has been written
as

d—1
dlap L? — R
SIap = Ny 24 /dQ B Q). 413
AB d<alnp> d 2<L2+RE‘—2LRACOSC¥ (@) (*13)
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This results in a form of susceptibility that resembles the integral used to calculate the scattering
process amplitude. So one could see that

0 4
/ duT [ 9i(u) « 65 5*(6’*2)/5 A0y 5 &(Q)

i=1 d—2

e /S 0y, Y Em g (0) ol (). (4.14)
d—2 {m

So the modes of the scattered strings can be written in terms of the decomposition modes of the
deformation vector. This is consistent with the fact that the entanglement has a non-local structure.
Also, for the case of two spheres, we could write the approximate relation

d—1
dlx B> L* - Ril ) SN BLN
Ne\ 9mn ~ /=ge 2 Ay[5(r), K(r), (1)), 415

d(alnp <L2+R3‘—2LRA oS & 8¢ 10(3(r), £(r), (r)] (4.15)

connecting the change of mutual information and 104 scattering amplitude.
Another point which is related to the interconnections between modular Hamiltonian and string
scattering is the additive behavior in sy, as the response of mutual information can be written as [25]

Slap = / dsy"61ap(s)". (4.16)

We can claim that this additive behavior arises from the connections between mutual information,
modular flow, and the string scattering process.

5. Chaos, Mutual Information and String Scattering Amplitude

In the studies of chaotic behavior of highly excited strings state (HES), with two or three tachyons
at the end of the open strings, [45,66—69], it has been shown that the peaks of the angular dependence of
the amplitude exhibit characteristics comparable to the f-ensemble in random matrix theory, thereby
confirming their chaotic nature. This chaos is due to the random superposition of various spherical
harmonics in the partial wave expansion of the amplitude [45]. One would think that the signature
of this chaos would be present in mixed quantum measures such as mutual information as well. In
fact, the pattern of the successive peaks in the mutual information in the background of confining
geometries which can be seen from Figures 3, 4 and 5, would also point to this chaotic behaviors in the
same phases where the damping of the peaks follows the same B-distribution.

The observed chaotic behavior in the scattering amplitude of highly excited strings, linked to the
string/black hole correspondence, offers valuable insights into the inherent chaos characteristic of
black holes. In [45], the authors demonstrate that multiplying the dressing factor of highly excited
strings by the Veneziano amplitude results in a quantity that can interplay between them and create
the transition from chaotic to regular spacing, as illustrated in their Figure 7 of [45]. This could be

written as
AHES(S/ t) = AVen(Sz t)DHES(S/ 9)/ (51)
where at the chaotic phase, for the solution of Fp(0) = 'ﬂ(’gd# = 0, the ratios of consecutive spacing

would follow the B-ensemble distribution. Also, at the edge of chaos, the peaks of the dressing factor
Dyrs is a complicated product of polynomials where the peaks are spaced erratically. An example, in
the Regge limit, is shown in Figure 14.
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Figure 14. The erratic behavior of the dressing factor Fp(0) vs scattering angle 6, for N = 100, | = 18, [45].

One would expect that various quantum information measures would show the same structure
and have a transition between regular and chaotic structures. For instance, in recent works such as [70],
the Krylov complexity has been used to track the transition between the integrable and chaotic regimes
which could also catch the eigenvalue statistics in the mixed phase systems. Therefore, it could be
expected that the Krylov complexity can be connected to high energy string scattering amplitude as
well.

In our work, by varying the critical distance between two mixed states in a confining background,
we observed a detectable transition from regular to chaotic behavior in the response of mutual
information, as illustrated for instance in Figure 6. This suggests a correlation between the scattering
amplitude and mutual information, with both exhibiting similar behavior at the transition point. To
solidify this link, one could compare patterns in the peaks of mutual information with the results
of random matrix theory (RMT), potentially through an angular functional between the two mixed
points, to further strengthen the connection.

In [45], it was also demonstrated that for a 3 x 3 matrix with eigenvalues A; < Ay < Ag, the
probability density function for the ratio r = (A3 — A3) /(A2 — A1) in the B-ensemble is given by
31462 (2P

2nT(1+B) (147 +12)1+328

fp(r) = (52)

which resembles the probability distribution function of the normalized mutual information in
Multiple-input multiple-output (MIMO) systems and the energy levels of a Coulomb fluid [71]. The
plot of distribution is shown in Figure 15. It can be seen that by increasing f, the maximum in the
distribution function becomes bigger and the peaks get further away from each other. Since the case of
B — oo corresponds to a rigid structure or crystallization, one might think that bigger  corresponds to
smaller mutual information between two mixed subsystems. This is indeed consistent with the result
of [72], where it is shown that large B leads to conditional probabilities close to 1/2 and small mutual
information, while small B makes conditional probabilities to be around the borders 0 or 1, leading to
larger mutual information. This is also consistent with our result here about the connections between
string scattering amplitude and mutual information.

The source of the chaotic behaviors and partonic structures observed in the scattering amplitude
and mutual information is large fluctuations in the spin of the intrinsically highly excited states, i.e,
the complex superposition of many states with different spin s. Such superposition would affect the
mutual information and the spreading of quantum information in the hard wall confining model as
well. So, as mentioned in [67], this huge degeneracy of string excitations which have the same level
N with generic spins could create interesting chaotic structures. The precise impact of these spin
fluctuations on quantum information measures, particularly mutual information and other mixed
correlation metrics, needs further studies.
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Figure 15. The probability density functions for the ratio of eigenvalues in the S-ensemble which are being used
as fitting models.

As discussed in [67], the successive peaks of the chaotic scattering amplitude are expected to
follow a log-normal distribution. This log-normal behavior is also observable in the pattern of peaks in
the mutual information as a function of the critical distance. Notably, the same metric can be applied
to both the decay process of a highly excited string state into two tachyons and to quantum scattering
on a “leaky torus”. The topology of the leaky torus is illustrated in Figure 16.

Figure 16. The topology of a leaky torus embedded in Euclidean 3-dimension space [73]. This geometry is smooth
and orientable but not compact, with a constant negative curvature, and an infinite cusp. Also, it contains an open
end where the phase shift of a particle which enters through it shows all the aspects of chaotic behavior, with
great difficulty in its effective numerical computation. The chaos in this geometry could be compared with the
chaos structures in confining backgrounds.

The geometry of the leaky torus H can be written as [73]

_dx? +dy?

2
ds "

, (5.3)
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where the boundaries of H are

(i) x=—1, 0<y < oo (i) (x—%)2+y2:jz, 0<x<l;
(i) x=1,0<y < oo (i0) (x+ 3P4y = (5)%

So, the pattern of the scatterings of the wave-function on the leaky torus and the erratic behavior

% could be related to the

spreading of information in a confining geometry with a hard wall. The spacings for successive maxima

of its phase shift ® as the function of momentum k, i.e, (k) =

for both the function ®(k) and D, (ukx) would be on the zeros and on the critical line Re[s] = 3. The
free wave scatters from y = oo and the phase shift between the incoming and outgoing waves is being
measured at y = yo > 0.

Figure 17. The chaotic behavior of the phase shift as the function of the momentum of incoming wave on a leaky
torus is shown here which can be a model of the spread of information in a confining geometry.

Then, the problems of quantum state spreading on a leaky torus, the scattering of highly excited
strings (HES) into two tachyons, and the mutual information spreading in the presence of a hard wall
of a confining system would all become related and comparable to each other, each showing chaos in
their behaviors, as the peaks of the parameters would all follow zeros of the Riemann zeta function
[67,73].

6. Mutual Information and Compton Scattering

To understand better the connections between the structures of entanglement entropy or mutual
information of mixed systems on one side, and string scattering amplitude from the other side, it
would be interesting to consider their changes during various other scattering processes, the elastic
(such as Rayleigh [74] and Mie [75]) scattering, or non-elastic (such as Brillouin [76], Raman and
Compton) scattering.
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There are several results from some other works about changing entanlement entropy during
various scattering processes which match our results here. For instance, as shown in [75], the change
of entanglement entropy versus various scaling length of the setup such as radius of spherical scatterer
in Mie scattering is not monotonic but it behaves in an oscillatory way where totally it is increasing.
This is consistent with the behavior of D, and mutual information that we observed in Section 2.

One of the interesting form of inelastic scattering which can be related to string scattering is
Compton scattering where the change of entanglement entropy and mutual information during
the process could be compared with the results we got in the previous sections. In fact, in [77],
the entanglement entropy of the Compton scattering process in the presence of a witness has been
discussed. In their setup, one can imagine that the two entangled photons are the end-points of a string,
where one of them is being participated in the Compton scattering and the other one is a witness. The
process is shown in Figure 18.

Figure 18. The scattering process where a photon 7y scatters off an electron e~ studied in [77]. In the above, x is a
witness particle (photon) not participating in the process but is still entangled with the second photon. One can
imagine that the two wiggly bosons are the two end points of an open string, and then calculate the change in the
mutual information in this process, as relation 6.1.

One can imagine that the two wiggly bosons are actually the two end points of an open string
moving on the worldsheet. Then, using this picture and repeating the procedures that have been done
for the case of entanglement entropy as in [77], in terms of the Stokes parameter, one can calculate the
change in the mutual information during this process. In low energy Compton scattering, the final
mutual information of the electron and the witness particle’s polarization is non-zero. This is due to
the scattering process where in spite of no direct interaction between the two particles, they become
correlated, indicating a correlation between the string scattering and mutual information.

First, the initial pure state can be written as |i) = |e~,7)(cos#|y, 1) + ePsiny|y,1)|x, 1)), where
1 is the entanglement parameter for the two photons 7, [77,78] , and x can be considered the two end
points of a string. Therefore, the parameter # is proportional to the string tension T. The mass of the
particles on the other hand is related to the energy of the string, which can be compared with the
position of the hard-wall in the confining geometry.

In terms of 7, the mass of the electron e and the initial energy of photon, one can find the
initial entanglement entropy of < or x, the change in the entropy of electron ¢, and the change of the
entanglement entropy between x and e and therefore the total change of mutual information during
this process.
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For example the change in the entanglement entropy between the coming electron e and the
photon at one end x has been calculated by the relation [77]

1 O'T wz
AS = —(1+067 7L
2
or w
(1 O67V/T )log<1 O67V/T ) 6.1)
where o7 = 8?‘% is the Thomson scattering cross section, w is the initial energy of the photon,

V = (271)36%(0) is the un-normalized volume, m is the rest mass of the electron, and T is a parameter
in the S-matrix as in S = 1 + iT. One can write the above relation and the change in the entanglement
entropy and mutual information in terms of the Stokes parameter (0;) = — V”—/TT g% as well. In the
above process, by increasing the ratio between the initial energies of v and the electron, i.e,. (w/m),
the jump in the mutual information during the scattering process would increase. The rest mass m
here is directly related to the position of the end-wall of the confining geometry.

For various energies w and mass m the behavior of I(e, x) versus 7 is shown in Figure 19. It can
be seen that increasing m and decreasing energy w would suppress the mutual information as one
would expect. making an analogy between hard wall and soft wall QCD, one could claim that if all

parameters be the same, the soft wall leads to higher mutual information relative to the soft wall.

I(e,X)

Figure 19. The relation between the mutual information I(e, x) between the two particles y and x,versus entangle-
ment parameter # for different mass and energy of photon. The log are in based 2, so the mutual information are
in bits.

One can also see an intrinsic periodic behavior in terms of the entanglement parameter here. One
can approximately simulate the process of strings hitting the end wall of the confining geometry with
the scattering process of one photon hitting an electron and the other photon acting as a witness, which
is actually the other end point of the string. Then, the change in the mutual information during this
process can be found. Based on the connections between mutual information and string scattering
amplitude, the periodic-like patterns we saw in certain phases, as in Figures 3 and 4, could be expected.

Recently it has been shown that the fundamental string have a double-slit shape [79], and the
images of the strings via the Veneziano amplitude have been constructed. The information creating
these images could also reveal the entanglement structures of such strings. As the scattering amplitude
showed that strings have a double slit shape, the direct connection between the Veneziano amplitude
and the mutual information of these two end-points of strings can be envisioned.

Also, in [79], it has been shown that in the double-slit form of the strings, the slits are at the end
points, which could be modeled by the system of Figure 1. This model can also help to reveal the
highly complicated structure of a long string. In the confining backgrounds with a hard wall or soft
wall, the chaotic behavior of strings leads to richer structures. So, the similarities between the fractal
structure of the scattering amplitude and the quantum information measures could reveal further such
complex structures.
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6.1. Two Tachyons and One Excited String Amplitude

As another example to further explore the connections between string scattering amplitude and
the spread of quantum information during the scattering process, one could consider the decay of a
highly excited string into tachyons. Note that the probability of transitioning from initial states to the
final state of the decay products is P(f|i) e |.A(i — f)|? and with these probabilities, one can construct
the density matrix p which describe the state of the system after scattering as p = Y. P(f|i) |f) (f|-
The entropy then can be written as S = — Y P(f|i) log P(f|i) which using it the mutual information
between decay products of scattering processes such as tachyons can be computed. In a decay process
of a highly excited string, the scattering amplitude determines the correlations between emitted
particles where these correlations are encoded in the off-diagonal terms of the reduced matrix directly
affecting the mutual information. In a chaotic system, the patterns of P(f|i) are irregular and the
mutual information can capture these irregularities which propagate into the correlations between the
subsystems.

The excited string could be written as [Ty, _; (A . A_y,;)" |0), [17], where N = Y57 mn,,, and the
mth mode of a string is being excited n,, times, i.e., by n,;, photons each with polarization of A and
momentum —mgq. Here m is an integer and g a null vector. Then, the amplitude of the decay of this
excited string into two tachyons can be written as [17],

= . IN . b (14+ma)y,_1

13 p3-CPu(ps-q)™, p3.0=— 5 sina, p3.q= — cos? 5 Py(a) = ﬁ, (6.2)
where « is the relative angle between the tachyons’ direction and the photons which create the
string and A is the polarization of the DDF (Del Giudice, Di Vecchia, Fubini [16]) photons which are
transverse to the momentum, i.e, A . g = 0. In addition, (a), = r(lfl;;’)") =a(a+1)..(a+m—1)is the

Pochhammer symbol, unifying the rising and falling factorials. The setup is shown in Figure 20. The

correlations are depicted in gray lines.

At early stages, due to the production of tachyons, the mutual information increases, and over
time, as particles get apart and lose coherence, due to decoherence effects and causal separations the
mutual information decreases.

P1 P4

4 /f“ 2

Figure 20. In the left, the DDF mechanism of exciting a heavy string with 7, photons with momenta —mg off of

an initial tachyon with momentum p; is shown. In the middle, the structure of momentums are shown where the
highly excited string has momentum p; decaying into tachyons with momenta py and p3. As time proceeds, the
correlations among the decay products suppress. In the right part, the angles of different momentum vectors are
shown as the amplitude depends on & = 6 — B. The pattern of entanglement is also depicted. [17]

As the string modes n,, increase, the scattering amplitude and mutual information are also
expected to increase. This is actually because, in a spacetime constructed from more entangled
subsystems, the excited strings more easily interact with photons carrying the momenta —mg or the
null vacuum (vector) g. Therefore, one would expect a power law relationship between the mutual
information I and the string modes #,, as well.
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Another interesting insight one can get from this formulation is on the source of the oscillatory
behaviors in the mutual information. Based on the relation with scattering amplitude, this is rooted
in the presence of the Pochhammer function of the Pochhammer symbol (a),, which its behavior is
shown in Figure 21. This function shows oscillatory behavior within the range of —1 < a < 0. As
the parameter m increases, the oscillations become more pronounced, even though the peaks of the
amplitude suppresses. Additionally, for larger values of m, the function has more zeros and also the
amplitude is influenced by Py, (a)"". For large m, this amplitude can also be estimated by a product of
several sine functions, resulting in a highly erratic behavior. As shown in [17], and by simplifying the
Pochhammer function A o [T, (sin(7tmps.q))"".

Figure 21. The function Py, (a) of the Pochhammer symbol (a),, for various m.

In the limit of large m which corresponds to larger or more excited strings, a greater number of
modes #,, are stimulated, which in the confining case corresponds to bigger values of ugg. Therefore,
one would expect that in larger values of ugg, the behavior of mutual information or D, becomes more
chaotic, as we have observed in Figure 3. One could also expect the following approximate relation for
the mutual information I o Hg’bzl P;bq” , where g, is the number of quantum bits that are correlated in
the mixed system and q; denotes the maximum number of qubits that can be incorporated into the
subsystems. Therefore, mutual information is proportional to the Pochhammer symbol raised to the
power of the number of qubits in the system.

By any change in the angle of the outgoing tachyons 8, or « = 6 — B, or the ingoing excited string
B, the amplitude would show erratic behavior. In the confining case, changing ugx would also change
significantly the angle of the hitting strings to the wall, or the angle of two subsystems relative to
each other and how they “see" each other [35,38]. Also, both the string amplitude and the mutual
information would be sensitive to the occupation levels of the propagating strings.

Another connections between entanglement entropy or mutual information and scattering ampli-
tude can be derived from the results of [80] where the authors first showed the relation

AE[QP™Y] = 4 (1 T) ImA (kiko — kiks) 6.3)

2Ey 2E, V ap ’

where A€ is the change of entanglement of two scalars which is being generated by scattering and
can be related to mutual information. Also, |(QP™4) is the product of unentangled initial state, and
£[|Q)] is the linearized entropy, given by £[|Q))] = 1 — Tr4[p?]. In addition, V = (27)363,(0) and
T = 2767(0) are the divergences in the spacetime volume. In the confining geometries this factor is
directly related to the position of the wall ugg. The amplitude here is elastic in the internal quantum
numbers. So, from the above relation, it was again expected to see the similar patterns for zeros and
poles in both string scattering and mutual information, as we have noted in the first section.
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Then, using the above relation, it has been demonstrated that the positivity of the string scattering
amplitude is directly equivalent to the positivity of entropy, expressed as

ImA > 0 < &[|QPd)] >, (6.4)

Therefore, one could imagine that further information from quantum information such as various
inequalities in this field, specifically in different backgrounds such as confining ones, could point to
further constraints and insights on scattering amplitudes.

7. Kink Scattering, Chaos and Fractal Structure

As another illustration of the connections between patterns of entanglement and mutual informa-
tion, chaos and scattering, we consider the case of kink-antikink and kink-kink scattering processes
for solitons and compactons which can model the exchange of information between subsystems and
delocalization of localized information. Depending on the parameters of the system, there could
be a phase with creation of new excitations such as breathers which is analogous to generation of
entanglement, or a phase with separated kinks and antikinks corresponding to the decay phase. There
is also a phase shift in the kink-antikink scattering which would mirror the way mutual information
can retain memory of past interactions in a quantum system, while both have nonlinear dynamics
with complex evolution in a non-additive way.

Also, in both mutual information and kink-antikink scattering, there is a threshold effect as the
kinks and antikinks can only interact above a certain energy corresponding to a certain critical velocity.
Around this critical velocity the behavior becomes fractal [44]. This critical velocity corresponds to the
specific ugg where the plots of D, in a confining background with an end-wall show the fractal behavior
as well. This can be seen in our Figure 4, where the fractal structures emerge around ugg =~ 0.39.

As an example of scattering in a topological kink solution, one first could consider a Heaviside-
structured potential, similar to the one considered in [44] as

oo

Vo= % (In—anl - 30— 407 ) ),

n=-—oo

Hu(n):=0(n—4n+2)0(n —4n—2), (7.1)

where its behavior and its derivative are shown in Figure 22. The confining solitonic Skyrme model can
be considered as an example of having such potential. Here, 7 is a real scalar field in 1 + 1 dimension
with the action

5= [ dudx| 30m)? = 3@ - Vi), 72)

and with the BPS equation of 41 = +/2V (7).

Note that this V-shape potential is a suitable for our analogy with QCD backgrounds, since this
potential is also confining and can make particles localized at certain regions. If the height of this
potential increases, because of its specific shape the subsystems become more spatially separated
and therefore the mutual information would decrease. Also, this V-type potential would cause more
decoherence and thermal fluctuations which also makes the mutual information to decrease.
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Figure 22. The potential of a topological kink solution or a solitonic Skyrme model.

Note that the most radiative case is shown to be the most chaotic. In the chaotic dynamics, the
correlations would spread and get scrambled across the system and increase the mutual information.
So as the energy levels 6, = E, 1 — E; or its ratios of successive spacing, and also the successive peaks
of scattering amplitude A(a) as a function of the continuous kinematical variable of the scattering
problem & can act as diagnosis of chaos, with the analogy, the successive peaks of mutual information
should play the same role as well. However, certain behavior of the system depends on the shape of
the potential, for instance specific model of a holographic QCD model.

Since certain phenomenological and holographic QCD models, such as Vcp, (see [81,82]), have
shapes similar to this V-shape potentials in certain regions, and as shown in [44], using collective
coordinate method, one can similarly model mutual information in those systems using an internal
mode as

T
Iy = I (b(x —a)+ E) +cx(b(x —a)), (7.3)
where similar to the kink model, the internal mode can be written as

. 1 .. .
() = sin(2x) + 5 sin(4x) if -7 <x < % 74)
0 otherwise.

Here a is the position of the center of momentum of the kink, b is a new coordinate to model
the Lorentz contraction, and c is the amplitude of the internal mode which can act as an additional
coordinate. So, one expects that adding this new internal coordinate, such as Derrick mode, can
help to model the spread of mutual information in various confining models with potentials which
has similarities with the V-shape model here. It has been shown that, in models with non-analytical
potentials, the radiation is dominated by compact oscillons. Therefore, we could claim that in our
setup, the radiation and the spread of mutual information in the confining backgrounds which have
non-trivial potential would be dominated by the oscillons as well. In fact, taking into account the
causality and light-cone structures for the spread of information from each qubits in each of the
subsystems, a structure similar to Figure 23 could be imagined which is similar to the shockwaves of
[44].

In [44], it has been observed from their figures 4 and 5 that the regions with most emission of
radiation match the regions of chaotic behavior. These two are separated regions, one at smaller
velocity v and with a smaller peak, and the other bigger one at bigger v and bigger peak. These two
plots match with the behavior of mutual information or D¢, specifically in the case of Sakai-Sugimoto
model.
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Ukk

Figure 23. Modeling the spread of mutual information between two mixed subsystems by kink-antikink scattering
by analogy with causality cones. This could point to the use of internal modes to describe the chaotic regions in
out plots at specific parameters.

Generally, in the interactions between the compact topological defects, which can approximately
model the spread of information in confining geometries with an end-wall, two main classification
classes for the scattering could exist. These are the kink-antikink pairs which oscillate and radiate,
and the kink-antikink pairs which themselves emerge from the collisions where a shockwave is being
formed, and this shockwave would decay into a “cascade of compact oscillons" [44]. These are in fact
the zeros that the authors of [45,67] observed, demonstrating chaos in the scattering process.

So if the position of the wall, temperature, energy, or other parameters of the QCD system get
perturbed, one could expect the oscillons would be emitted in a similar chaotic pattern. This would
also be similar to the scattering of kink and anti-kink or the scattering of compact oscillons in the
signum-Gordon model. In our setup 1, the shockwave borders would also act as energy or information
reservoir.

Figure 24. The kink solution, given by the equation u(x, t) = —4arctan(exp(Ax + § + )) with A > 0, is shown
on the left, while the anti-kink solution, with A < 0 is shown on the right part. The interaction and scattering
of kink-antikink pairs can be compared to the spread of mutual information in confining models, where in both
cases, critical phase transitions occur, and around it the fractal structures emerge. The appearance of periodic
behaviors within these fractal-like structures has been observed in both cases.

The periodic relations between the kink-antikink parameters A1 and A, and their velocities could
be caught from the relation

u(x,t) = 4arctan[<j\\1jt> tan(v1 ;UZH, (7.5)

where from the tangent function, the periodic structure could be detected. Periodic structures in

the zeros of string scattering amplitude appear when the highly excited string states involved are
non-generic, as shown in Figure 25, such as the states in the first Regge trajectory.
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Figure 25. The periodic structure in the behaviors of kink and anti-kink velocities is shown, which can help to
model the periodic structures in the behavior of mutual information or D, and also string scattering amplitude.

An interesting point is that higher scattering velocities result in smaller shockwaves and lower
radiation intensities, while slower velocities produce the opposite effect. The oscillating behavior is
only observable for velocities below a critical threshold, v < v.. This explains the noise in the numerical
studies of mutual information when the graviton considered to be massive and the scattering velocities
get suppressed. The increased noise also appears in the plots of entanglement entropy, complexity and
complexity of purification, [39]. The critical velocity, v., depends on various parameters of the model,
such the graviton mass m, particle charge g, background dimensionality d and the position of the wall
ugg. This critical velocity is the initial velocity of kinks where a single bounce scattering would change
to multi-bounce or the annihilation.

Additionally, as mentioned in [44], close to the critical velocity v., the escape and no-escape
cases alternate in a fractal manner, corresponding to the fractal structures around D., where the
mutual information between the subsystems drop to zero. The “collective coordinate model" could be
applied to describe all these collision processes and also the structures of quantum information and
entanglement.

8. Conclusion

In this work, first, we showed in holographic confining backgrounds, and at low Mandelstam
variable s, there are connections between the logarithmic branch cut singularities of the open string
scattering amplitude, with the behaviors of the peaks of mutual information or critical distance D..
These peaks are the result of the dependence of the string tension on the holographic radial coordinate
and are a sign of the creation of bound states at low energies. The statistics of these peaks demonstrate
chaos in both cases. One can imagine that the two mixed subregions spread quantum information
across the spacetime in “modular time". As the modular wavelets interfere with each other, and after
hitting the wall, they create the chaotic structures. The power-law decay of both quantities match at
higher energies. They also match based on the radial coordinate, as the real part of both follow the s~!
curve. These observations further reinforces the connections between the patterns of entanglement
entropy and string scattering amplitude.

To explain specific features of our results and elucidate the behavior of entanglement patterns,
we implemented the modular flow and modular Hamiltonian as the foundation for introducing the
“modular time". Then, we drew connections between the scattering amplitude, binding energy and the
spread of mutual information in these setups. Additionally, we discussed how mutual information in
a setup with an end-wall, similar to the tripartite information can detect chaos. The leaky torus model
have also been used to simulate the spread of quantum information and the emergence of chaos in
different confining backgrounds which has an end-wall in their IR affecting the chaotic structures.
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In addition, the exchange of entanglement entropy and mutual information during Compton
scattering of two photons and also the decay of a highly excited string into two tachyons were explored
and the source of the periodic structures were explained. Finally, the scattering of kink-antikinks, the
emergence of chaos in this scenario and the links with the previous sections were discussed.
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