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Abstract: Regression models are mostly used in all fields of sciences for modelling the relationship
between a dependent variable and independent variable(s). The least square method is often used
to estimate the parameters in a linear model because it is the best linear unbiased estimator. These
estimates can only be reliable if the assumption of normality is satisfied. In some cases the dependent
variable might be bimodal and shows a non-linear relationship with the independent variable(s).
In this case, a non-linear model should be used. In non-linear model, the standard errors are often
obtained by linearizing the nonlinear function around the parameter, assuming central limit theorem.
After the linearization, the least square parameter estimates are obtained. It should be noted that the
error of the non-linear model is different from that of the transformed linear model. Thus, there is a
need to transform back to the original non-linear model. In this note, a novel non-linear function was
developed into a non-linear regression model, called Normal-Power model. The least square method
was used to estimate the parameter of the transformed model. Its usefulness in regression model was
demonstrated using real data of Nigeria Economy-Tourism model.

Keywords: Bimodal Dependent Variable; Normal-Power; Non-Linear; Least Square Estimation,
Economy-Tourism Model

0. How to use this Note

This note gives introduction on why a dependent random variable in a regression
model needs to be transformed. What happens to the error of the transformed and non-
transformed model. The transformed model should be transformed back to the original
data. The note also give real application on Nigeria economic and tourism data.

1. Introduction

In Statistics, Linear and nonlinear stochastic models are widely used in many ap-
plications to describe the relationship between a dependent variable Y and independent
variable(s) X. Such model is linear if the mean of Y is a linear function of the unknown
parameters, otherwise it is a nonlinear model [1]. One of the purposes of fitting regression
models is to draw inferences on unknown parameters, or their functions, which have some
physical interpretation [2]. A key step in the statistical inference on unknown parameters
of a model is to compute the standard errors of various estimates. If the statistical model is
either nonlinear or the parameter of interest in a linear model is a nonlinear function of the
regression parameters, then the approximate standard errors are usually derived by using
the first order term in a suitable Taylor’s series expansion. Once the approximate stan-
dard errors are obtained the Wald type confidence intervals are derived. Such confidence
intervals are used very extensively in applications [1].

Under some conditions on the linear model the Wald confidence intervals are accurate
when the parameter of interest is a linear function of the regression parameters. However, if
the parameter is either a non-linear function of the regression parameters or if the model is
a nonlinear model, then they are not necessarily accurate, unless the sample sizes are “very
large”. Basically the large sample theory confidence intervals are derived by “linearizing”
the nonlinear function. This is accomplished by approximating the function by the first
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order derivative term in the Taylor series expansion of the nonlinear function. In some 4o
cases, it is important that the second and higher order terms in the Taylor series expansion 4
are negligible in comparison to the first order term to be accurate [1]. The effect of the a2
second order term is known as the “curvature effect.” 4

Transformations are used to present data on a different scale. The nature of a trans- s
formation determines how the scale of the untransformed variable will be affected [3]. s
In modeling and statistical applications, transformations are often used to improve the 4
compatibility of the data with assumptions underlying a modeling process, to linearize the 47
relation between two variables whose relationship is non-linear, or to modify the range of  4s
values of a variable. Transformations can be done to dependent variables, independent 4
variables, or both [4]. Taken in the context of modeling the relationship between a depen-  so
dent variable Y and independent variable X, there are several motivations for transforming s
a variable(s). It should be noted that many transformations are borne by the need to specify s
a relation between Y and X as linear, since linear relationships are generally easier to model s
than non-linear relationships [1]. 54

Thus, transformations done to Y and X in their originally measured units are merely s
done for convenience of the modeler, and not because of an underlying “problem” or “need”  se
of the data themselves. Thus, transformations done to the dependent variable Y should 7
be transformed back to the original units when a model is compared to other models, or  ss
when the model is presented to the professional community or to the general public. The s
general procedure for doing this is to linearize the relation between Y and X’s in the model, o
estimate model parameters, and then perform algebraic manipulations of the resulting e
equation to return Y to its original units [1]. 62

The motivation of this work arises from the fact that some dependent variablesina s
regression model are not normally distributed. There are many methods in literature on s
transforming the dependent variable. There are situations where the dependent variables s
are bimodal, it is often difficult to transform such variables. This function will help to s
transform a bimodal or skewed-bimodal random variables to normal or symmetric random e
variables. o8

In this note, a novel normal-power function is introduced, in which a simple transfor- e
mation of the dependent variable from normal-power to normal and back to normal-power. 7o
The function is then applied to regression model to show its usefulness. 7

2. Materials and Methods 72

The normal-power function was adopted from the work of [5]. Given a random
variable Y that follows a normal-power{logistic} distribution (NPLD). The probability
density function (pdf) of Y is given by

2
kAK 1 yk
fry) = x()\k—xk) 27wzexp ey [ln()\lc_]/l{) y] ;o kA >0,0<y <A

)
The pdf in (1) is bimodal and can be used to model bimodal data [5]. The NPLD is related 7
to normal distribution using a simple transformation with the data that followsa NPLD to 7
a normal distribution. 75

Theorem 1. If Y ~ NPLD(u,0,k,A), a random variable W = ln(AkakYk) follows a normal 76
distribution with parameters y and o. 7

Proof of Theorem 1. The proof follows from a simple change of variable formula.

fw) = f@) L)
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Letw = ln(Aky—fyk), so that ‘% = % Thus, f(w) is derived thus
() = Viw—p\*| .
f(w) = 2mTZexp ) - ; —oo < w < oo, (2)
Equation (2) completes the proof, where W ~ Normal(p, ). If 4y = 0and ¢ = 1, Equation
(2) reduces to standard normal. [ 70
Transforming the support. Note that y € [0, A]. This implies that
0<y<A ®)
Taking the kth power of (3) gives
0<yf <Ak @)
Dividing (4) by A¥ — y¥ gives
k k
y A
OS/\k_ykSAk_yk' (5)
Taking the log of (5) gives 80

k k
1n(0) < ln(/\ky_yk> < ln(/\k/\—yk>' ®)

Note the max (y) ~ A, so that (6) becomes

/\k
—o<w<In|—-1, @)
/\k _ yk
—oo < w < 00, (8)
Thus, w € (—o0,00). Since W is normally distributed, inferences can be carried outon Win
terms of normal distribution. 82
3. Results 83

There are situations where in regression model where the dependent variable datais e
bimodal or skewed. The estimate of the linear regression model will be unreliable. As such, es
the model is not linear, as can be depicted from a scatter plot. The non-linear function can s
be used in this case.’ a7

Consider the novel non-linear function given by

£(t) = A<1feT)1/k, ©)

where k and A are known parameters that can be estimated from the data, such that Tisa e

random variable supported on the open interval —oo to co, but f(t) is bounded by 0 and A s

[6]. %0
Let T follow the normal distribution. Thus, a linear regression model can be given as

|4
ti =Y Bjxij +uj, (10)
=

where ¢; is the dependent variable of the ith observation, x;; is the jth independent variable o
of the ith observation, u; is the error term of the ith observation, B; is the (j + 1)th parameter o2


https://doi.org/10.20944/preprints202203.0166.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 March 2022 d0i:10.20944/preprints202203.0166.v1

40f11

to be estimated, p is the number of independent variables and i = 1, ..., n, where n is the o
number of observations. 04
So, substituting (10) in place of t € T in (9) gives the novel non-linear function in terms

of linear combination of X as
1/k
EZ]LO Bjixij+ui /

X)=A| ——— . 11
=M an

The function in (11) can then be written in terms of a non-linear regression model as

1/k
, (12)

eEfzo Bjxij+ui

yl 1 + eZ/p:O /S]-x,-]-Jru,-

where y; is the dependent variable of the ith observation, the values k and A are known s
constants and are given in [6]. %

3.1. Linearizing the Non-Linear Model o7

In order to estimate the parameters of the non-linear model given in (12), a simple
mathematics is done to transform (12) to

vk < P
L— =exp ﬁ'x"+u‘>, (13)
W yf e\ P
where 7
k== A>T 14
A>T (14
and
A = max(y) + Se(y), (15)
where Se(y) is the standard error of y estimated from data [5]. The non linear model in (13) s
is linearized by taking the log. This gives 99
vi ?
l”<)\k _lyz;> =) Bjxij + ui. (16)
i j=0
Let
w; =In ! . (17)
Ak — yf

The random variable W can be easily generated since the values of k and A are known. So
(16) reduces to

P
w; = Z ﬁjxi]- + u;. (18)
j=0

Now W ~ N(u,0), we Wand U ~ N(0,0), u € U. The model in (18) is a classical linear 100
model (see equation 2) and can be estimated by different method. In this case, the Least 10
Square is the Best Linear Unbiased Estimator (BLUE). So, the least square estimates for o
simple linear model are given by 103

po=1 (Zw b "in) 19)

i
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and " n " 104
/31 — nZi 7/4:113512_ Zz‘ ZUZ Zé Xi ) (20)
n i x; — (X xi)
The multiple linear model written in matrix form is given by
W=XB+u, (21)
where The parameter estimate is given by 105
B = (X'X)"X'W. (22)

where W represents dependent variables of n observations packed in a n-dimensional 16
vector called the response vector. X represents the independent variables packed into a 107
n X p + 1 matrix called the design matrix. (Note the initial column of 1’s). B represents the 108
unknown parameters to be estimated packed into a p 4 1-dimensional vector called the 100
slope vector. U represents the errors terms packed into a n-dimensional vector called the 110

error vector [7]. 111
Now that the estimates of the parameters are known, the error of the linear model can 112
then be estimated as 113

U = w; — Z@i. (23)
where 114

p
@ =) Bjxij. (24)
j=0

where @; are the predicted values of w;, Vi, i =1, ..., n. 115
3.2. The Error of the Model 116

Note that u is the error of W, which is normally distributed. It is quite different from the 117
error of Y. Thus, the coefficient of determination, the standard error and other calculations 1is
of error for W is quite different from that of Y. After the linear model estimation, the model 110
of W will need to be transformed back to Y. 120

The values of y; is retrieved using this equation

)\k eu?,'
h; = _ 25
0= 25)
where 7 is the predicted values of y and @ is the predicted value of w. 121
Thus, the error of Y is given by
i =Yi—Ui (26)

Note that u is normally distributed but e is normal-power{logistic} distributed. Note that 122
this novel non-linear model can be used for both single independent variable and multiple 12s
independent variables. The mean square errors of the two models can be compared using 124
u; for the linear model and e; for the non-linear model. Also, it should be clearly noted that 125
any further study of the error on the non-linear model is based on ¢; only and not on u;. 126

3.3. Application to Nigeria Economy-Tourism Model 127

The economy of Nigeria may be dependent on different factors. Let us assume it 12s
depends on the number of international tourist arriving Nigeria, provided other factors 12e
remain constant as it is assumed in any regression model. 130

The data is obtained from World Bank Data base on GDP per Capita (in Current USD) 131
(RGDP) and number of tourist arrivals to Nigeria (TOUR). RGDP is a proxy for Nigeria s
economy and it is the dependent variable, while TOUR is a proxy for tourism development 1ss
and it represents the independent variable. 134
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The non linear model is given by
eBo+BITOUR; +u; N 1/K
RGDPi = A ( 1 + ePo+P1TOUR;+u; > (27)
where A > max(RGDP) Vi, and k is a function of the average RGDP and A only, Bp and 1 s
are unknown parameters to be estimated from the model. 136
The scatter plot showing the relationship between RGDP and TOUR is depicted in 137
Figure 1. The histogram of the dependent variable (RGDP) is depicted on Figure 2. 138
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Figure 1. Scatter plot of RGDP and TOUR.
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Figure 2. Histogram showing RGDP.

Table 1 shows the normality test of RGDP of Nigeria using Shapiro-Wilk and Kolmogorov-se
Smirnov tests. 140

Table 1. Normality test of RGDP.

Shapiro-Wilk Kolmogorov-Smirnov
Statistic 0.89978 1.00000
P-value 0.01548 0.00000

For the two tests, the null hypothesis states that the data is normally distributed. So, 141
the test is significant if p < & = 0.05. If the test is significant, the null hypothesis is rejected  1a2
and it is concluded that the data is not normally distributed. 143

3.4. Model Parameter Estimation and Goodness of Fit for the Economy-Tourism Model 148

The first step in estimating the parameter of the Economy-Tourism model is to first
estimate the parameters k and A from the RGDP data. Recall

2 v
k==
A=y
where
1 n
U Yy (28)
i
and recall
A = max(y) + Se(y),
where

Se(y) = sd(y ), (29)
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where Sd(Y) is the standard deviation of y given by
1 n
Sd(y) = /- Llvi—9)% (30)

where nx =n —1ifn < 30 and nx = nif n > 30.
Thus A = 3274.831 and k = 0.9616. Since the values of k and A have been estimated, it is
easy to generate the values of w and estimate the linear model using Least Square.

Table 2 shows the parameter estimates and their standard errors in brackets using Least
Square and the goodness of fit criteria. The goodness of fit criteria includes log-likelihood,
AIC and BIC.

Table 2. Model Parameter Estimates and Goodness of Fit Criteria/Test.

Models Estimates P-value R? LogL AIC BIC
Linear ~ P0=1865 o0 0.7589 -195.65 3953081  397.8243
(202.7)
p1=
0.000445 0.0000
(0.000051)
Non- Bo =-2.281
o 2450) 0.0000 0.7723 -28.103 64.2063 69.2387
B1=
0.0000006  0.0000
(0.00000009)

The economy-tourism model is therefore given as

—2.281+0.0000006 TOUR; +1; )1/0-9616
(31)

RGDP; = 3274.831 (1 T ¢ 2281 0.0000006TOUR; +1;

where RGDP is the predicted GDP per Capita for Nigeria using the non-linear Normal-
Power model.
The economy-tourism model is fitted on the scatter plot as shown in Figure 3.

151

152

154
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Figure 3. Model fitted on Scatter Plot.

The LRT is carried out to see how better is the Normal-Power model over the normal  1ss
model. The LRT is given by 156

LRT = —2(¢y — 1), (32)

where { is the logL of the linear model and ¢; is the LogL of the non-linear model. The s
LRT is asymptotically Chi-square distributed with 2 degrees of freedom. The model with 1se
{1 is significantly better than the model with ¢y if LRT is greater than the critical Chi-square 1so

value at a certain level of significance, say, « = 0.05. 160
So, substituting the values of LogL of both linear and non-linear models into Equation (32) 16
gives 162
LRT = —2(—195.65 — (—28.103)) = 335.094 (33)
where LRT ~ x%(d), where d = 2 is the degrees of freedom, which is derived by subtracting  1es
the number of parameters of the linear model, 2, from that of the linear model, 4. 164
The LRT = 335.094 is greater than the X%.OS,Z = 5.991. This shows how much better is the 1es
non-linear model than the linear model. 166
4. Discussion 167

The study fits a regression model of GDP per capita (RGDP) on the number of tourism  1es
arrivals (TOUR) using Nigeria data. Figure 1 shows that the relationship between RGDP 160
and TOUR is not linear. Furthermore, the histogram in Figure 2 also shows that the RGDP 17
is not linear, it has bimodal features. More so, the normality tests in Table 1 confirm that 17
the RGDP is not normally distributed using both Shapiro-Wilk and Kolmogorov-Smirnov iz
tests, because their p-values are less than 0.05. 173

The estimate of By in the linear model is not significant, which implies that it cannot 174
be relied on, but the estimate of ; is significant. On the other hand, the estimates of g and 175
B1 for the non-linear model are significant (p < 0.05). The coefficient of determination (R?) 17s
of the non-linear model (0.7723) is greater than that of the linear model (0.7589) showing 177
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that the non-linear model can predict the RGDP better than the linear model, because the 17
closer R? to 1 the better the model. The Akaike Information Criterion (AIC) and Bayesian 17e
Information Criterion (BIC) are goodness of fit criteria for model selection. The closer their 1s0
values to zero the better the model. Table 2 shows that the non-linear model is a better 1s:
model with lower AIC and BIC. 182

Furthermore, the log-likelihood (LogL) is another important criteria for determining a  es
better model. The closer it is to zero (positive or negative), the better the model. Table 2 1.
shows that the LogL of the non-linear model is far better than that of the linear model. To  1es
show how much better the non-linear model than the linear model, the Likelihood Ratio  1ss
Test (LRT) was carried out. The result of the test, which is Chi-square distributed shows s
that the non-linear model significantly out performed the linear model. 188

5. Conclusions 189

This technical note is design to take care of regression model where the dependent s
variable is bimodal or asymmetric. The novel Normal-Power is a non-linear model pro- 1e:
posed to handle such situation. The normal-power model is easily transformed to the linear 1.2
model to estimate its parameters. The study of the error of the proposed model non-linear o3
model is achieved by transforming back the linear model to its original form. The necessary 1s4
steps required to accomplish the task was well articulated in this note using real data of 1es
Nigeria economy-tourism model. 196

Economy-Tourism was chosen as an example to validate the novel non-linear model. 107
The linear model assumes that the dependent variable should be normally distributed, but 1ee
in this case of Economy-Tourism model, it is not normally distributed. The dependent 100
variable has bimodal features. So, the non-linear model was adopted. The Normal-Power 200
Non-linear model fits the data and outperformed the linear model both in predictive power 20
and goodness of fitness. Thus, it is recommended that in regression model, if the dependent 202
variable is bimodal or asymmetric, the normal-power non-linear model should be adopted 20
to fit such model. It can also be used in any situation as substitute in cases where normal 204
model fails. 205
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The following abbreviations are used in this manuscript: 210

NPLD Normal-Power Logistic Distribution
RGDP  GDP per Capita

TOUR Number of Tourist Arrivals

AIC Akaike Information Criterion

BIC Bayesian Information Criterion

LRT Likelihood Ratio Test
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