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Abstract

We prove many identities involving sums with products of Gibonacci numbers in the denominator. Three
of our results provide generalizations of problems published in The Fibonacci Quarterly. We also study
Brousseau sums with Gibonacci entries.
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1. Motivation and Preliminaries

Sums and series of reciprocals of recurrence sequences is a topic of great interest in recent research
articles. In [13] the authors consider a very general sums of the form
= B Mg
n=0 ©f(m)@f(n+1)

7

where w;, is an arbitrary second order recurrence sequence (Horadam sequence), B is some parameter
related to that sequence and A is the difference operator. In the paper from 2023, Adegoke et al. [3] study
three-parameter sums and series of the form

N qm(z‘—k) N qm(Zi—k)
) and ) ,
i=1 Wm(i—k)+nWm(i+k)+n i=1 Pm(2i—k)Wm(2i+k)

where g is a parameter, and m, n and k are integers. Similar sums are the subject of interest in [1,9,10,14].
Extraordinary work on reciprocal sums with three and more (generalized) Fibonacci factors has been done
by Melham. In a series of papers starting in 2000 he gives closed forms for many types of these sums (see
[15-22]). But their history can be tracked back further to André-Jeannin [4], Melham and Shannon [23],
Rabinowitz [28] and even to Hoggart and Bicknell [11], Bruckman and Good [8] and Brother Brousseau back
in 1967.

Brousseau in his articles [6,7] initiated a trend that is currently named after him “Brousseau sums” and
is related to finding various sums with inverses of Fibonacci-like numbers and their (weighted) products. In
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particular, Brousseau applied a telescoping summation method (referenced in this article as (T1)) in [7] to
obtain many Fibonacci and Lucas identities, which are, among others:

= K, = Ry s

= FeyiFp = FcFs 4
- Fykys _1 - Fykys _ 1
= BaFoxi1Fak2Fas 27 = FcFevrFevoFepaFeraFeys 15

For example, the first identity on the right hand side is a consequence of the following relation:

1 1 _ Fn+3_Pn _ 2Fn+1

FniFn—&-S_ FnFn+3 _FnFn—Q—S,

and thus applying the telescoping principle we arrive at

® Fo  1/1 1 1 5
DR (LS )
~FFyw 2\ B F) 4

Notice that the only place where initial values matter is at the very end of the computation, therefore the

reasoning can be easily generalized to any Gibonacci sequence. This idea will be heavily used in our article.
The idea for writing this article has a second source of motivation. In the section Advanced Problems
and Solutions of the journal The Fibonacci Quarterly Ohtsuka [25] challenges the readers to show that

ad 1 1 1 1
Z + - = 57 (1)
= b Fk+4 Fevy1 Feo Fegs 3
ad 1 1 1 1
Lin Pl o)L @
=1 FcFieva \Fkr1 - Bz Fegs 6
> 1 1 1 1 1
Z ( + - > =_—. €)
=1 FxcFiev1FeroFerabira \Fev1 - Fer2 Fegs 24

The problem was solved by Bataille [5] (among others). A Lucas version of the problem also exists [27]:

i (=4 -) =5 @
=t LiLi+a \Le1 L2 Liys 7'
> (—1)k3 1 1 3
z( Bt =% ©)
=t LiLkva \ Lkt Lo Ligs 28
> 3 1 1 1 1
» (=4 o ©
=1 LkLkt1Lioliraleva \Lkt1 L2 Ligs 672

As it turns out, these sums can be easily generalized to the Gibonacci sequence as well and furthermore,
these identities have given rise to a search for similar identities. In addition, we have found other problem
proposals that allow for such generalizations.
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In the next sections, we find the aforementioned identities, but we also go back to some classic problems,

such as summation of
> 1
=1 GkGram

considered by André-Jeannin [4], and later generalized by Melham and Shannon [23] and Melham [18,19,22].

Throughout the article we use the standard notation for the Fibonacci numbers F;, the Lucas numbers
L, and the Gibonacci numbers G;,. Recall that the Gibonacci sequences has the same recurrence relation as
the Fibonacci sequence but starts with arbitrary initial values, i.e.,

Gr=Gr1+Gra  (k>2),

with Gp and G; arbitrary numbers (usually integers) not both zero. When Gy = 0 and G; = 1 then G, = F;,
and when Gy = 2 and G; = 1 then G,, = L;, respectively. The sequence obeys the generalized Binet formula

Gn, = Aa" + BB",

where « = %, = % are the roots of the characteristic equation ¥ =x41,and A = G{‘%fgmg and

B = %—ﬁ(ﬁ To avoid indeterminates, we assume that G,, # 0 for all n.
We recall the following following classic telescoping summation formulas:

i(ﬁﬂ )= farr— (11)
L
YD) (Fa ) = (<) o+ i, (12)
j=1
f A" (cfin —df;) = " fur1 — d"fi, (T3)

j=1

where we assume that f;, d and c are real numbers with cd # 0. Throughout the article, we will mainly use
(T1) and a variation of (T3).

We note that the range of summation in our article is from k = 1. This is just a cosmetic choice and any
formula obtained for the Gibonacci sequence in range from k = 1 can be adjusted accordingly to any other
range from k = ¢ where / is any non-negative integer.

1.1. Gibonacci identities

We conclude with a collection of Gibonacci identities which will be used later in various forms. Two
classical identities for Gibonacci numbers are

Gitm = FnGyi1 + Fu—1Gy, ()
Gi—m = (=1)"(Fu11Gx — FnGyp1)-
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The first identity is Equation (8) in Vajda’s book [29]. Two other general identities from Vajda’s book are

Giym + (=1)"Gr— = LGy,
Giym — (=1)"Gr—m = Fu(Gr—1 + Gry1), 8

which are Equations (10a) and (10b), respectively. These can be turned into identities involving fractions:

+ = ©)
Gri2r Gk GkGior
1 K1 EGpy
—-— — = . (10)
Gy Gryr GGy
The first one is a restatement of Equation (10a) in Vajda’s book, which we include for further reference:
Giam + (=1)" Gk = LinGim, (11)
while the second one is a restatement of (7). We also have a special case of (8): for odd m we have
Gir2m = Fn(Grym—1+ Grgms1)) — Gr- (12)
If we now change indices in (11) and rearrange, we get
Gt = Ln Gk + (=1)"" G2 (13)
An identity of Howard [12] can be written as
Fy—+ Fu -1 Fer+m
(=) = () e, (14)
Gt r Gx ( Gk Grgr
Still another classical identity, the Catalan identity, reads as
GirGir — Gf = (-1)* "(GoG2 — GDFY, 1 >0,
of which the Cassini identity
Gr-1Grr1 — G = (=1)(GoGz — GF) (15)
is a special case.
Finally, we note the following limit properties.
Lemma 1. If m is a non-negative integer, then
G 1
lim 7 = = (<1)"B" = (<1)" (BFn + Fy)
k—oo Gl 14
and 1yt
F 1 —1)"=
li = = Gmt1 —aGp), 16
O Grm (G —GopJam e \Cm1 4 Gm) ol

where here and throughout this paper e = G2 — G? + G1Go.
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Proof. These results are consequences of the Binet formula. Note that in obtaining the second equality
in (16), we used

L = (OBt )
and (7). O

For convenience and to shorten the formulas, we will commonly write Gy - - - Gy, instead of Gy -
Grs1 -+~ Grin.

2. The Generalization of (1)-(6) and Other Identities

Our first set of results is the direct generalization of the identities (1)—(6) to the Gibonacci case. Thus, we
shall utilize elementary identities. A general approach or the structure of some identities will be discussed in
the next section.

Theorem 1. We have

i1(1+1_1)_1 a7
=1 GkGita \Gi+1 - Gria Graa G1G2Gy'

Proof. Notice that
Gi43(Gry3 + Gx) = Giyz - 2Gk42 = Giyo(Gpa + Gipa),

SO
G153 — Ger1Gir2 = Gii2Gira — GiGrys (18)
and thus
1 ( 1 11 )_ 1 ‘G,%H—Gkﬂck+2
GkGra \Gr+1  Gri2  Giys GkGria  Gr+1Gk+2Gk+3
_ Gkt2Gx+a — GiGiys
Gr - Grya
1 1

GiGi11Gess  Gis1GraGira’
Hence the desired sum telescopes and we have via (T1)

1 1 1
lim — = ,
n—c0 < G1G2Gy  Gyuy1Gui2Gygg ) G1GyGy

which gives (17). O

The next result is the following alternating version of (17).

Theorem 2. We have

oo(—l)k<l 1_1)_ 1 (G3_i_i> (19)
= GkGrra \Gry1 Gryz Giys G} —GyG \Gi1Gy G3 Gy
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Proof. We use the computation used to prove (17) and the Cassini identity for the Gibonacci numbers (15).
This implies

(—1)* ( 1 1 1 > _ (=1 n G

GrGrya \Gr+1 Grr2  Giys GrGr1Gr+3  Grr1Gk+2Gr14

B 1 Gr1Grrs — GEyy  GioGips — Gig
( G Gr+1Gr+3 Gr+1Gk+2Gk+4 )

2 2
1 __ G 1 Cis
G?—GoGa \ Gk GiGry1Grys  Gry1 Grr1Gri2Gia

Gi12Gri3 — Giyo  G13Gkt2 + Gr3Gra
G Gr+1Gr+3 Gr+1Gk+2Gk+4
Gz Gz Giys >
GiGr43  Gry1Grysa  Gir2Giya

_ 1 Geo  Gio Giis
G? — GGy \ GkGry1 GkGiy1Giys  Gry1Gry2Gra

_ 1 ( G2 Grys ( 11 ) > .
G? — GoGo \ GxGry3  Gry1Grya Gri2  Giia
Applying the telescoping formula (T1) we complete the proof of (19). O

The final generalized sum is as follows.

Theorem 3. We have

ad 1 1 1 1 1
+ - = . (20)
k:Z{ G Gr41Gr1+2Gr43Grr4 ( Grkt1 Grr2 Gras ) 2G1G3G3Gy

Proof. We use (18) so that

1 ( 1 1 1 >: Gi+2Gk+4 — GkGry3

Gr  Gira \Ger1  Grro  Gias GGt 1 G2, GE, 3 Grra
B 1 ~ 1
Gr GI%H Gr12 Gl%+3 GI%H Gl%+ZGk+3 Grr4

Letting

1 1

A(k) = 2 2 B(k) = 202
GrGii1Gr2Giey s Gk Giey1Gk+2Gk43
we have
! ( ! + LI >—(A(k)—B(k))—|—(B(k)—B(k—|—1))
Gr - Gria \Gk+1  Grr2 Giys '

Further notice that

Giys — Gt = (Gris — Gk)(Giys + Gi) = 4Gys1Giy2 = —2(Gk — Giy3)Grsas
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therefore
G — Giy3
G,% Gl%+1Gk+2GI%+3
1 M
2 (Ge-+~Giya)?

A(k) — B(k) =

1 ( 1 1 )
G Gk+1Gl%+2 Gk+1Gk+2Gk+3

Finally, we have

> 1 1 1 1
+ —
k; Gk Gr41Gr12Gk43Grt 4 < Grr1 - Gryz Giys )

1 1 1
= li —= B(1) — B 1
nl—I>Iolo< 2 (G%G%G% G2 .G2 Gn+3> + B(1) (n+ ))

n+1-"n+2
R
"~ G?G3GsGs  2GIG3G3
2G3Gy — G2 G1Gy 1

2(Gr--Gy)?2 2(Gi---Ga)? 2G1G3G3Gy

and we get (20). O

Continuing the current trend of generalizations, we shall recall the following identities obtained by
Ohtsuka in 2018, proposed as Problem H-818 in The Fibonacci Quarterly, and solved in [24]:

_ Z 38— 15f 1)
=1 ka+1Fk+2Fk+4 36
had -32+1
Z 32+ 5[ 22)
= ka+2Fk+3Fk+4 36

We now evaluate the Gibonacci case of these sums.

Theorem 4. The following summation hold:

i 1 _ 1 Gs + Gs B 5
=1 GkGi1Gis2Gres  2(G = GF — GoG1) \ G1G2Gs G+ GoGr )
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Consequently, the following identities hold:

ad 1
S —
¢ = GkGr11Gr12Grk14
. 1 Gs + Gs B 5 n 1
6(G? — G5 — GoGy) \ G1G2Gs  G2a + GGy 3G1G2G3Gy”
ad 1
T- =
¢ =1 GkGr2Gr13Gx 14

1
_6(G% — Gg - G(]Gl) <G1G2G3 B G%zx + GoGy

G3+Gs 5 " 2
3G1G2G3Gy”

Proof. Adding the two series gives

Grr1+ Gy v Grra — G

SG”G‘Z Gi Gira /= G- Grra

1
_Z<Gk “Grys Gk+1"'Gk+4>

G1 G2 G3Gy*
Subtracting, on the other hand, gives,
Gk+3 —Gr1 _ Gi2
Sec—Tc = —= "7 =
cmen E - Grya =5 GkGr1Gr12Gk+3Gk+4
Z Gk+4 + G

“+ Gryg

1 1
+ .
(Gk+1 + Grga Gk"'Gk+3>

I
Q= C»I
&M8

We now apply identity (23) from [19] to obtain the following finite case of our sum:

n-l 1 G3+ Gs F,_ 3F F
2G2_G2_GG -G - _ _(1’!1 i’l+ TH*l).
(G = Go = Goe) - & k; GGrs1Gk12Gki3  G2Gs Gn  Gup1  Gui
Using (16) we obtain
d 1 G3 + Gs 5
Z G G G 2(G2— G2 — GGy \ G1G2Gs  G2a + GGy |- @3
= GiGi11Gi2Gres (1 §— GoG1) \ G1G2G3 20+ GoGy
This implies
S Tr — 1 Gs + Gs B 5 _ 1
G T 3(GI= G2 = GyG1) \ G1G:Gs  Gla+GoGr )  3G1GaGaGy'

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since S + T and Sg — T are now explicitly given, solving for S and T gives the final result. O

We note that setting G, = F,;, in Theorem 4 restores (21) and (22). If we now let G;; = L, then we obtain
a Lucas version of the identities:

5, — i 1 _ 115—42\/31
=1 LiLi+1Liv2Liva 2520

I, — i 1 _ 8+ 42+/5
=1 LiLi+2Liy3Lita 2520

The next three corollaries are immediate consequences of Theorem 4.
Corollary 1. We have

o G_1
=1 GkGr1Gr+2Gr13Gx44

- _ 2 G3+6Gs 5 N 5
"~ 3(G2-G2-GoGy) \ GiGaGs  Gla+GoGy ) 3GiGaGsGy'

In particular,

i Fo_1q ~ 30V5-67
k:Zl FFirFepoFosFgs 18
and
ad Li_q ~ 84/5-185
= Ll LipoLlialers 1260

Proof. Calculate 3T — S and use
Gi+3 —3Gk+1 = —G-1-

O

Corollary 2. We have

i Gr_1 _ 7 G3 + Gs 5
= Gri1Grs2Gra3GryaGrys  6(G2 — G2 — GoGr) \ G1G2Gs  G2a+ GoGy
8 G_q
© 3G1G2G3Gy  G1G2G3G4Gs '

In particular,

> F 1 _ 1174 —525\/5
i1 Fer1Fer2Fet3FkraFiss 180
and
i Li_q 723532345
=1 Lk+1Lk+2Lk+3Lk+aliys 27720
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Proof. Calculate 255 — 5T and use
2Gy13 = 5Gg41 = Gy—a.

O

Corollary 3. We have

Gr41 + Gi—1 o 5 G3+Gs B 5
= GrGr1Gi12Gk43Grra 6(GE— G2 — GoGy) \ G1G2Gs  Gla + GoGy
7
t36,G2GaCa

In particular,

oo L ~ 75V/5—166
=1 FxFiv1 FeroFiaFrera 36
and
i F _ 6V5-13
= Ly 1Lir2Liyalira 360

Proof. Calculate 4T — Sg. O

3. Some Mixed Sums of Type (1)

In this section we are interested in the following kind of sums:

g1 ( 3. 1 4 )_ 1
= GkGraGris \Grr1 Gro Grgs G2G3G4Gs’

£t <_ 123 )_ 1
= GrGraGris \ Gry1 o Gryz o Grgs G1G3G4G5’

and similar ones (the two above will be justified later). Note that each term in the sum is the product of:

®  the product of the inverse of certain Gibonacci numbers,
e the linear combination of the inverse of certain Gibonacci numbers,

and each Gibonacci number appears at most once in each term. In this section, we show several identities of
that kind.

Theorem 5. We have

5o ( 3 2 3 )_ 2
= Gk+1Gk14a \Gr Gy Giya G1G3Gy'

Proof. The proof follows the flow of the proof of Theorem 1. First, we have

3 2 3 _ 3Gki2Gk43 — 2GkGris — 3GkGyro
Gk G2 Grys GkGr12Gr+3
_ 2Gy41Gpyq — 26k Gy
GkGr+2Gk+3 ’

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where we used the identity
3Gk1+2Gk+3 — 2GkGyy3 — 3Gk Gy y2 = 2Gk41Gyrg — 2G4 Gy 2.
This identity is justified by writing in the equivalent form
3Gk+2(Grra = Gk) = 2Gk41Grra — 2Gi(Grr2 — Gis3)

and then noting that each of the sides equals 6Gy 1 Gy.». Note that we have used Gy + G4 = 3Gy and
Gry3 — G = 2Ggy1. O

Theorem 6. We have

31 ( 3 2 1 )_ 2
= Gki1Gria \Gr  Gr2 Gy G1G2Gy'
Proof. This time we use

3 2 1 3Gk+2Gkt3 — 26k Gry3 + GrGria

= - +
Gk Gry2 Gris GkGr+2Gk+3

and apply the identity
3Gk+2Gr13 — 2GxGry3 + GrGry2 = Gry3Grya — GkGry1,

which can be verified by simple manipulation based on the recurrence relation. This implies

Fol () f(t )
=1 Gr1Grra \ G Gr2 Giys i \GkGr+1Grr2 Gry2Gr3Grta

1 1
~ G1GyGs3 + GrG3Gy
G +Gy  2G3 2

GGy G1--Gy GGGy
O
We have discovered many more identities of the form described at the beginning of this section. The

following set shares the same indices in the corresponding places of the left-hand side of the identity, but the
coefficients differ.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 4. We have the following identities:

1
G1 G2G3G4 G2G3G4Gs’

> 1 6
_I_
kzzl G Gx+4Gy5 (Gk+1 Gk+z Gk+3

ad 1 3
2 Gka+4Gk+5 (Gk+1 Gk+2 Gk+3 G2G3G4G5

ad 1 2
_I_
kzzl G Gr+4Gi5 (Gk+1 Gk+2 Gk+3 e G2G4G5

ad 1
-+
; Gka+4Gk+5 ( Gi41 Gk+2 Gk+3) G G3G4G5

> 1 1
+
k; GrGr44Grys <Gk+1 Gk+2 Gk+3 e G2G3G5

> 1 3 4 1
k; GkGr+4Grt5 (Gk+1 Gr+2 Gk+3) G1G2G3Gy'

Proof. All identities can be verified with simple Gibonacci identities and with the recurrence relation
(similarly to other identities from this section). In particular, it can be verified that

6 3 3 _ GisaGris — GkGrpa
Gkt1 Gri2  Grys Gr+1Gk1+2Gk+3
3 1 4 _ Gis1Giis — GkGrpa
Grkr1 Gryz2 Grys Gr+1Gk+2Gk+3
1 2 3 _ Git1Gk45 — GiGyro
Giy1 Grr2 Giys Gi41Gr42Gri3
2 T 1T GioGrys — GiGias
Giy1 Grra Giys Gi41Gr42Gri3
1 3 2 Gik+3Gkis5 — GkGris
Giy1 Grrz Giys Gi41Gk42Ghgs
3 4 T _ GitaGrys — GiGiras
Gkt1 Gri2 Grys Gi41Gi42Gre3
Then, for example,
1 _ Gk+4Giy5 — GkGry1 _ 1 _ 1
G Gr+4Gr+5 Gr+1Gr12Gr+3 Gr Grys  Grro- - Gygs

from which the first identity follows. [

Remark 1. We note that in Corollary 4 the second and the sixth generate all of the cases. This is because

span{(6,3,—-3),(3,—1,—4),(-1,2,3),(2,1,-1),(1,3,2),(3,4,1)}
=span{(3,—1,—4),(3,4,1)}.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Despite our best efforts, we were unable to find the exceptional identity with (rational) coefficients A, B and C, that is,
the identity which left-hand side is

i ( A + B + C )
Fam ka+4Gk+5 Gry1 o Grrz Grgs

such that
span{(3,~1,-4),(3,4,1),(A,B,C)} = R®.

This would imply the closed form for all identities with arbitrary coefficients A, B and C.

4. Miscellaneous Identities

Theorem 7. We have
ad 1 1

& GiGri2Gris  2G1GoGs'

(24)

Proof. Use
1 Gry3 — Gk

1
GkGi42Gr+3 2 GrGri1Gi2Grya
from which (T1) can be applied. [

Theorem 8. For all m > 0 we have

oo
)y
k=1

1 1
Gi - GeyomGrioms2 -+ - Grramsa  Lom+1Gi- - Gamgo

In particular,
1

— ka+2 T GG,

Mz

and

3

1 1
=1 G Grt1Gr12Gr14Gi15Gk16 o 4Gy ---Gg'

Proof. We use (11). Take an odd m and make the replacement m — 2m + 1 in (11) to get

Lo +1Gikt2mt+1 = Gryam+2 — Gi-

Applying (T1) gives for a fixed n > 1:

f Lom+1Grromt1 _ i Gk+4m+2 — Gy
Gk - - GkomGrtam+1Gk+2m+2 - Gkram+2 (=1 Gk - Grtam+2
& 1 1
a kzzl ( G- Grpami1  Gryr- - Gk+4m+2>
1 1
Gi Gamsz  Gur1 Guaamin
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The next theorem showcases a simple example of an infinite family of identities with similar structure.

Theorem 9. We have

i 1 (P_m Pml—l) o 5)
= Giy2 Gy \ Gx Gri1 G- Gu’

Proof. Use

Gy Grt1 GrGr+1 GrGr+1
and apply (T1). O

The the next relation is an alternating version of (25) in case m = 4.

Theorem 10. We have

> (—1)k <i+1>: 1 <1+1_1_1>
=1 Gk2Gk+3Gk14 \Gr Gy G:—GyG \G1G2  Gi1Gy  G3Gy  2GyGs
1 > 1
 2(G? - GyGy) = GG

Proof. Start with
3 1 3Gki1+ Gk _ Gra — Gy

- + — =
Gr G GrGr11 GkGr+1
and
(—1)F ( 3 n 1 ) (D n (—1)k+t
Gk12Gk13Gra \Gr  Grp Gk Giys  Giy1---Grga

We now apply the Cassini identity to have:

C1f (D
Gr Gr+s  Grgr - Grpa
B 1 (Gk+1 Gria — G}%Jrz Gi42Grqa — G;%+3>

- G} -GGy Gr -+ Grya Gr1 - Grya
_ 1 ( 1 " Git1 — Giys n 1 _ Grr1 + G2 )
G? — GoGy \ GkGry2  GkGi1Giys  Giy1Grys  Gry1Gry2Groya

1 1 1 1 1 1 1
= + - + - - :
G? — GoG <Gka+2 GrGris  GkGkt1 GikGiis  Gr2Gria G Gk+4>

From that we get, using (1),

i(_l)k <i+1>: 1 <1+1_1_1)
= Gri2Gki3Gria \Gr  Grpg G: —GoGa \G1G2  G1Gy  G3Gy  2GaGs
1 ad 1
 2(G} — GoGy) = GG’
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as
11
=1 GkGr2 G162
and
© 1 o1& 1 11
= GiGrys 2= GiGrr 2GaGs'
O

One of the original Brousseau sums is [7, Identity (9)]:

17

- Feys
B - (26)
kzzl FiFi2FeiaFrre 480

This sum is a special case of the following sum with the structure similar to the previous sums from this
section.

Theorem 11. Let p,q, m be odd positive integers. Then

2q 1

i ka+pqm 1
— kaka+2qm T ka+2pqm qum G]mG]m-i-qu ) Gjm+2(p71)qm

Proof. Write (with the use of (11))

qum ka+pqm - ka+2pqm — Grm

Grm ka+2qm e ka+2pqm B kaka—i—qu T ka+2pqml
simplify and apply (T1). Note that the first term in the telescoping sum is

1 1
Gme+2qm T Gm+2(p—l)qm Gm+2qum+3qm T Gm+2pqm,

which justifies the sum obtained in the final form. [

If wenow set m = g = 1 and p = 3 in Theorem 11, we restore (26).

Theorem 12. Let m > 0 be odd. Then we have

i D1 Gurr) N Cmks2)\ _ (=1 L1
=1 m(k+3) \ Gmk+2)  Gm(k+1) Gu(n1)Gm(n+3)  GmGam
and in the limiting case we also have
i D1 (G L Gmeey ) _ 1
= mkG mk+3) \ Gmk+2)  Gm(k+1) GmGam’
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Proof. The identity follows from

1 Guk+1) . Gm(ks2) Gaern) T Giesa)
kil

+
GukGu(k+3) \ Gm(k+2)  Gm(k+1) Gk G(k+1) Gm(k+2) G (k+3)

and further noting that, with the aid of Identity (13),

(—1)m+1G§1(k+1) + Gukt2) (LinGpu(es1) + Gunk)

= Gu(ks1) (LinGrs2) + (=1 ' Gis1)) + GukGrn(rs2)
=G

2 2
Gkr1) T Gnikr2)

m(k+1) Gm(k+3) T Gk Gm(k+2)-

We can now apply (12) with f; = _GmkGl .

m(k+2)

5. Series with Higher Powers

This part of our article is inspired by another problem proposal by Ohtsuka from 2024. In Problem
H-938 [26] the readers are asked to prove the following relation:

> 1 > 1 13 —5/5
k=1 "k " k+1 k=1 "k " k+2

First, we derive a Gibonacci generalization of this statement. Second, we study similar series those
closed forms involve squares of certain Gibonacci numbers.

Theorem 13. We have

i 1 —i 1 G3—G3— Gy
k=1 GI%GI%+1 k=1 GI%GI%-i-Z Gi G%G§
1 Gz + Gs 5
+ — . 28
G% — G(% -Gy <G1G2G3 G%Dé + G()G]) @8

Proof. Let Q¢ denote the difference of the sums in question, i.e.,

d 1 1
SI\GiGL GiGEy,

We have

Qe = i g?gz_ glgﬂ
=1 GGk Gk
_ i GkGit1 + GGy
S GGGl

oo 1 1
- + )
k:zl ( GeGi+1GRya GGy Gisa )
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Now, as
1 B Grys B 1 . 1
GiGir1Gry  GiGir1GE 63 GG ,Gies  GkGry1Gri2Gra
d
an 1 G -G 1 1

GkG2,1Grs2  Gr1GkGZ 1Gryn  Gr1GkGriGria  Gro1GZ,(Gryo

we can write

0 1 1 L i 1 1
C= = — ——s —
GIGE GG S\ GiGyGres GraGPyyGria

— 1 1
+ + :
k:Zi < GrkGr1Gr12Gk3  Gr-1GxGry1Gra2 )
We apply the telescoping principle (T1) and end up with

_G-G 1 1 s 1
Gi1G3G;  Gi1G3Gy  Gi1GeGsGs ™ (=4 GrGyy1GryaGrys’

Qc

The statement follows from (23) and some basic simplifications. [

When G, = F, then we get (27) from (28). When G, = L, then (28) yields

i 1 i 1 25 —9v/5
272 - 2712 '
k=1 LkLk+1 k=1 LkLk+2 90

Theorem 14. We have for all m,q > 0:

i 1 1, (-t 1 d 1 29)
k=1 kaka—l—qukm—l—qu ka ka+2qm Lqm j=1 G]'sz]Zm+qm .
In particular,
d 1 1 1 1
= ) = ——— 30
k; GiGr41Grs2 (Gk Gk+2> GG} G0

and

> 1 1 1 1
k;l GokGa(kr1)Ga(k+2) <sz G2(k+2)> ~ 3G3GF
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Proof. Notice that by (11):

1 < 1 + (_1)m+1> _ (ka+2qm + (_1)m+1ka)ka+qm

2 2 2
Grm ka+2qm ka G ka+2qm

(ka+2qm + (_1)m+1ka)(ka+2qm + (_1)mka)

2 2 2
Lqm ka ka+qm ka—i—qu
2 2
G = Gjy

km-++2qm
G

2 2
L‘im ka ka+qm

1 ( 1 1 )
- 2 32 G2 2 :
Lgm kaka—i—qm ka+qukm+2qm

Grm ka+qm ka+2qm km+qm

2
km+2qm

Use (T1). O

Theorem 15. We have

5 1 ( 11 > B 1 o
=1 G%Gk_i,_l s Gk+3G]%+4 Gk+1 Gk+3 3(G1 . G4)2 :

Proof. Use G4 + Gy = 3Gy and Gy 4 — Gy = Gg11 + Gy 3 to obtain

1 ( 1 1 ) _ Gi1Giqo + Gii2Gras

G2Giy1 - Ger3Giy \Git1 - Grya (Gk -+ - Grya)?
GI%+4 B Gl% )

3(Gy - Grpa)?

O

A more general result, similar to (31) can also be obtained.

Theorem 16. For odd m > 0 we have

T

1 ( 1 1 )
+
1
B FZm(Gl T GZm)ZI

(32)
where the case m = 1 is understood as

Bl (1)L )
=1 GkGr+1Gr2 \ Gk Gy GiG3
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Proof. Rewrite

1 < 1 1 )
+
GE - G2 Grtm—1GkemGram+1GEy o - Gy \Ghtm—1  Grmi

_ Giym(Grym—1+ Grymi1)
(Gk -+ - Gryom)?
_ 1 1 (Gryom — Gi)(Gryom + Gy)

~ FulLm (Gi- - - Gryom)?
2 2
Gk+2m Gk

~ Fou(Gi -+ - Grgom)?

Note that we have used Gyi2,; — Gy = LinGyip, (cf. Identity (11)) as well as G2, + Gy = Fu(Grim—1 +
Gkima1) for odd m (cf. Identity (12)). O

When G, = F; or G, = Ly, then we get from (33) the sums

T 1 1 = 1 1 1 1
Z — ) =1, Y ———— (=) ==
=1 ka+1Fk+2 Fe " Feiz =1 LiLi+1Lis2 \ Lk Liy2 4

and we get from (32) the sum

+Z°° 1 ( 1,1 )_ 1
F2F?  FeioFeysFsaFe sF2 g \Fria  Fia/ 4608007

Theorem 17. We have

=1 G Grs \Gra - Grr G1G3Gs

Proof. We calculate

1 (Gk+3 n Gy ): Gi+1Gk+3 + Gk G2
Gk Gz \Grr2  Gra GrGi,1Gr Gy
1 1
Gka+1 Gi.»  GF.1Grs2Grys

Set
1 1

Alk) =5 B =z G
kGr41GE,, i Grr1Gk12

Then,

1 (Gk+3 Gy
Gr - Gr3 \Gr2  Giia

) = A(k) + B(k+1)

= (A(k) + B(k)) + (B(k+1) — B(k)).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0730.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 September 2025 doi:10.20944/preprints202509.0730.v1

Thus, using (30) (where the series involving A(k) + B(k) is computed) we obtain

Gr+2  Gr+ =1 GrGr+1Gr42
1 1 1

= —B(1
G%G2 1= GZG2 G3G2Gs
_ 1
- G1G3Gs
The proof is completed. [
This is a generalization of the previous result.
Theorem 18. We have for all odd m > 0
ad 1 ka+3qm + (_1)m+1 Gim
k=1 kaka+qukm+2qukm+3qm ka+2qm ka+qm
1 ¢ 1
= Z (34)
Lqm k=1 GfmG]'zm+qufm+2’1m
and for all even m > 0
. 1 Chontagn (=1)" ' G
=1 Grm kaJrqm ka+2qukm+3qm ka+2qm ka+qm
1 & Gimt2om + LgmGim+
- St b,
qm =1 Zim T jmtqm Tjm+2qm
Proof. Calculate
1 ka+3qm + (_1)m+1 Gim
kaka+qukm+2qukm+3qm ka+2qm ka+qm

o kaJrqm Grm +3qm + ( -1 ) e Grm +2qm Gm

2 2
Glim ka+qm ka+2qm ka+3qm

- 1 N (_ 1 )m+1
ka ka+qm Gl%m+2qm GI%erqm ka+2qm ka+3qm .
Let 1 (_ 1)m+1
A(k) = ) B(k) = = .
Gim ka—l—qm ka+2qm Gom ka+qm ka+2qm

Then each term of the desired sum equals

A(k)+B(k+4q) = (A(k) + B(k)) + (B(k+g) — B(k)).
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We now use (29) to compute } 2 ; (A(k) + B(k)) and we notice that
S 9
Y (B(k+4q)—B(k)) = —}_ B()),

k=1 j=1

thus the desired sum equal, with the aid of (11),

1 f - i (D" _ 1 Gneam (D" LanGimtan

If m is odd, then the numerator simplifies to Gj,, via (11), which concludes (34). Otherwise, for even m we
have (35). O

6. A New Look at Brousseau Sums

Particular cases of the sums discussed in this section appeared in [4, Corollary 1], but the final form is
different than ours.

Theorem 19. If m and q are positive integers, then

5 -y 1 ( f m) )

k=1 Gmkak+mq €Gqu

Proof. Itis known that [2]

n (_1)mk B an q (_1)mk
k=1 Gmkak+mq qu k=1 Gk Guik+mn

, mqeLT. (37)

Therefore,
00 -1 mk 1 q -1 mk L,
N WY | N
k=1 Gmkak+mq Fg k=1 Gk 7= Giktmn

from which (36) follows on account of (16). [
Theorem 20. If m and q are positive integers, then

) 2
1 1 E _1)mk71 Gk-+1

k=1 Gmkak+2mq B 8GF2mq k=1 Gk

and
i L - )kt Gk 11
=1 G kak+2mq EGFqu k=1 Gk

Proof. Similar to the proof of Theorem 19. We use [2]:

2n k(m—l)

Iofe

2 —
F 2mn d (:l:l)k(m Y
mkak+2mq F2mq k=1 Gk Gik+2mn

(38)
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O

Theorem 21. If m and n are non-negative integers, then

2n 2m
1 F, 1
Y = e (39)
=1 GkGriam  Fam (=} GkGitan
and
2n 1 _ 1 2n 1 B b, 2m 1 B o
=1 GkGriom+1 Fom+1 {2 GkGrt1 Fomt1 =1 GkGrvan - Fom+1Gon+1Gontomt1
F 2m
o (40)
Fom+1G1Gom41

Proof. Set m = 1in (38) and write m for g to obtain (39).

Write 2m + 1 for r in (10):
1 By Bu1Gig

~ — Vi
Gy Griome1  GkGraomi1

and arrange as
F; 2m+1 _ 1 _ Fom
GrGriamt1 GkGre1 Gr1Griamin

Now sum, to obtain, after a shift of summation index,

" 11 By &1 o
= GGiiomt1 Pl (= GG i1 (= GiGrsom  Fom+1Gns1Gugom1
F2m
Fony1G1Gomy1’

Write 2n for n and use (39) to re-write the second term on the right hand side; this gives (40). O

As a corollary, we obtain the infinite series version of the above theorem.

Corollary 5. If m is a non-negative integer, then

i 11 22'": (—1)F1 Grs1
1 GkGriam  €cEam (o4 Gr
and
i 1 R SR N R S (1) Gry1 Fom .
=1 GkGriam+1 Fomt1 (= GkGrv1 €GRam+1 (o Gk Bm+1G1Gami

In particular,
i 1 1
=1 GkGr2z G1G2

and
o0 1 1 1 1

©
k; GiGrrs 2 k; GiGr1  2GaGs'
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Theorem 22. If p is a positive integer and m and r are non-negative integers such that m is greater than r, then,

< (_1)pk — _1)pr FP” - (_1)pk )
k=1 ka+perk+pm Ppm—pr k=r+1 kakaern
In particular,
- (71)]( _ (_1);' Fy = (71)k

= G Giem En-r 1 571 GkGrin’
Proof. Making the replacements k — pk, m — pm and r — pr in (14), we have

_Fpmepr gy ey
ka+perk+pm kaka-i-pm kaka+pr

Now multiply each term by (—1)?* and sum from k = 1 to k = 1, making use of (37). [

Corollary 6. If p is a positive integer and m and r are non-negative integers such that m is greater than r, then,

SEE Ll [ )

k=1 GPk+PTGPk+Pm eGFpm—pr k=r+1 Pk

In particular,

S A G Vi (WW 5" Gm)
k=r+1

k=1 GrrGram ecFm—r Gy

Remark 2. It should be noted that our results cannot be compared tothe sums obtained by Farhi in [9]. Our results
concern arbitrary Gibonacci sequences, whereas his results are related to Lucas sequences of the first and second kinds.

7. Sums with Products of Gibonacci Numbers in the Denominator

The identity (T3) can be generalized to the following, which can be easily proven, for example, by direct
computation.

Lemma 2. If g(k) = (gx)rez~+ is a sequence of complex numbers, n and r are integers and c and d are any numbers,
then

n

Y dr e gk Qker—1(C 8ktr — d 8K)
=1 (41)
=" gni18n+2  Gnar —A"182 " §r-

The Lemma turns out to be extremely useful in finding a variety of identities of our interest. The
remainder of this section showcases many of its applications

Theorem 23. Ifr is a positive integer, then

n (_1>k(r+l) - (_1)rn+n+r (_1)r

= — . 42
=1 GkGrv1 - Grr—1Ghar+1 - Gryzr - LrGniaGuiz - Guyor LiGiGo -+ - Gy “2)
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In particular,
= (=1 _ (=" B 1
= GkGri1Gr3Gria 3Gui1Gni2Gni3Guia  3G1GaG3Gy

and
1 1 1 1

k; GiGr1Gr12Gr14Gr15Grre  4G1G2G3GaG5Gs 4Gy i1Gu12Gn13Gn14Gri5Grse

Proof. With (9) in mind, identity (42) follows upon use of g(k) =1/Gy, ¢ = (—1)"and d = —1in (41). O
Corollary 7. If r is a positive integer, then

(_1)k(r+1) (_1)r—1
kGik+1** Gepr—1Grirs1 -+ Gepar  LrG1Ga -+ Gy

L3

Theorem 24. If m and r are positive integers such that v > m, then

fj (—D)* D (F, /) (=) /B B (1) Frm

= — . (43)
=1 GkGrt1 -+ Grm-1Grm+1 - Ghor—1Gkpr EGui1Guiz - Gty EGiGy- - Gy
In particular, at m = 2, r = 3, we find

n (_1)k—1 _ (_1);1—1 N 1
& GiGii1Gris  2Gu1Gui2Guis - 2GiGoGs

and at m = 2, r = 4 we get

n (_1)k71 - (_1)7171 N 1
= GiGri1Gr3Gis 3G111Gni2Gui3Gua - 3G1GaGaGy'

Proof. Choosing ¢ = F,—, and d = (—1)"F,, in (41) together with (14) gives (43). O
Remark 3. Identity (24) is reproduced as the limiting case of choosing m = 1, v = 3 in (43).

Corollary 8. If m and r are positive integers such that v > m, then

s (—D)X D (B / ) C(~1)"™E,
= GiGry1 - Gipm-1Giemst - Gepr—1Giyr - FEGIG2 -+ Gy

Setting r = m + 1 in (43) leads to the next result.

Corollary 9. If m is a positive integer, then

n (_1>k(m+1) (_1)nm+n+m (_1)111
k; FEGiGri1 - Gipm1Gkime1  FpFni1Gus1Gui2 Guimsr  Fup1GiGa - G’
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with the limiting value

) (_1)k(m+1) (_1)m+1

= FEGkGrat - Grom-1Gkime1  Fnr1GiGae o Gt
Theorem 25. If r > 1 is a positive integer, then

i E} 1 'y
k=1 Gka+2 Gk+r B EGiGy- - Gy Fan+1Gn+2 T Gn—i—r,

with the limiting value
e FE 1
= GGry2- Gryr  FEGIGy--- Gy

Proof. Use c = F,_; and d = 1in (41) in conjunction with (10). O

Theorem 26. If n is a non-negative integer, r > 1 is a positive integer and Gy # 0, then

i 1)k 1 Fpr B 1 (FlFZ“‘Fr Fn+1Fn+2"'Fn+r>

GiGit1-- Gy GoF\GiGy---Gy  Gui1Guyz---Guor

In particular,

f (=&t 1 ( 1 F > (44)

k=1 Fk+rFk+r+l Fr Fr+1 Fn+r+1

and

f(_l)kﬂA = i( L Fn+an+2)
= GkGr+1Gr2  Go\G1G2  Gu11Gny2

Proof. Setc =1 = d and g(k) = F./ Gy in (41) and use the following identity [29, Identity (21)]:

Fitr _i — (_1 k GoF
Grtr Gk G Grtr

O

Corollary 10. Ifr > 1 is a positive integer and Go # 0, then

i( 1)k 1 Fepr o Bt _ 1 <F1F2--~Fr _ 1 )
k=1 GkGiy1 - Gryr  GoFr \G1G2--- Gy (Gy — Gop)"

In particular,

<) k 1
Y ilen v )

Fk+rPk+r+1 Fyooof

and

Pyt d( L )
= GiGit1Gri2 Go\G1Gy (G — Gop)?
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Remark 4. We note that (44) and (45) are not new. These results are special cases of another generalization, namely,

. ) m(k+1) _ Eon

ka+rka+m+r FmFm+ran+m+r

, m=>1r=>Q0,

Ly
which can be found in [13] or [19]. When m = 1 then

n (_1)k+1 E,

= FerrFeiaer  FroFapisr
The equivalence of (44) and the last identity is readily seen by noting that
Pn+l+r - Fr+1Pn+l = EF,.

Theorem 27. If n is a non-negative integer and r > 1 is a positive integer, then

i(_l)k—lGk+1Gk+2"'Gk+r71: 1 ( Gut1Gnt2- - Gngr  G1Go -Gy )
- GrGryrs1 - Gryzr  €GFF\Guyrt1Gurri2- - Guizr  GriaGryz oo~ Gy

In particular,

f D' Gria _i(GnHGm_Gle)
=1 +2Gk+3Gk+4 €6 \Gu13Gngs  G3Gy

Proof. Use g(k) = G/ Gy, and c = 1 = d in (41), noting that (variation on Tagiuri’s identity)

Grtr Gk _ (g1 Feg

Gk+2r Gk+r Gk+r Gk+2r '

O

Corollary 11. Ifr > 1 is a positive integer, then

d Gr:1Gran - - Grgre 1 GiGr---G
_q)k-1 G162 ktr—1 _ (_1r FotFa ) — 1Gy . )
k;( ) GrtrGrtr+1 -+ Grgar EGF,2 (=1) (’B r r? 1) Gy41Grin -+ - Gy

In particular,

i k 1Gk+1 _ <3ﬁ G1G2)
=1 +2Gk+3Gk+4 €G G3Gy

Theorem 28. If n is a non-negative integer and r > 2 is an even integer, then

n

B 1 1

Goktr _ l( o )
= BGeFei1Grrr s B Gy BE\RGL - BEGr Fi11Guga -+ Fugr Gar

In particular,
o Gorq2 1 1

= FGiFi1Gis1FiiaGrrz  GiGe Fas1GuyaFasoGrao'
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Proof. Use g(k) =1/(F:Gy) and ¢ = 1 = d in (41), noting that

1 1 _ EGoy
FnGn FH+TGH+T FnGnFnJranJrr,

which itself is a consequence of
FGonyr = FutrGnir — FuGy, r even.
O

Corollary 12. Ifr > 2 is an even integet, then

i G2k+r _ l 1
= BGeFei1Git - By Gy B RIGL- - BGy

In particular,

i Gok+2 _ 1
— FGrFi1Gei1Fe2Gri2 Gi1Ga

8. Conclusions

It should be clear that the possibilities do not end here and we (or the reader) could derive many more
identities based on the telescoping principle. We focused mainly on (T1), (T3) and (41) and these simple
rules enabled us to discover a multitude of identities with Gibonacci numbers in the denominator and, in
some cases, in the numerator, including the alternating versions of some identities.

In the Introduction we announced that we would not give that much attention to (T2). However, using
the ideas introduced in various sections of this article, it possible to utilize that telescoping identity. For
example, we can present the following variation of Corollary 4.

Corollary 13. We have the following identities:
) (_1 )k+1
=1 GkGr+4Grys (Gk+1 Gk+2
0 (_1)k+l < 1

=1 GkGr+4Giy5 \ Giy1 Gk+2 Gk+3

TG Gs G4Gs’

e G3 G4Gs’

o (_1)kH <5

=1 GkGi+4Gi5 Gy G2G3 Gs’

Gr1 Gk+2 Gk+3
0 (71)k+1

=1 GkGr+4Gk+5 (Gk+1 Gr+3

oo ( 1)k+1 < 4 )
=1 GkGr1+4Gxr5 \ Grra Gk+2 Gk+3 G1G2G4G5

G1 Gz G3Gy'
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Proof. Use the following set of identities in order:

3G+2Gr+3 — 3Gk41Gr13 = Giy5Gk + GGy,
Gr1+2Gi+3 + 2641 Gry3 — Gr1 G2 = Giy5Gkt1 + G2 Grs
4Gr12Gk+3 — Git1Gi+3 — Gir1 G2 = Giy5Gira + G5 Gy
5Gk+2Gk+3 + Gi+1Gk+3 — 2Gk41Gr2 = Gr15Gk+3 + Gr14Grs
9Gk+2Gk+3 — 3Gk4+1Gr12 = Gry5Gk 44 + Giy5Gy.

Follow the proof of Corollary 4 and apply (12). O

We observe that the identities appearing in the proof of Corollary 13 exhibit an elegant structure. In
each respective case, the right-hand side is G4 5Gy; + Ggyi11Gy for i = 1,. .., 4. Therefore, it is interesting
to find similar patterns that could be used for Gibonacci identities, including patterns involving products of
more than two terms.

We encourage readers to explore the potential applications of (T2) and other telescoping principles to
summation problems.
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