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Abstract: This paper is related to the fractional view analysis of Helmholtz equations, using1

innovative analytical techniques. The fractional analysis of the proposed problems has been done in2

terms of Caputo-operator sense. In the current methodology, first, we applied the ρ-Laplace transform3

to the targeted problem. The iterative method is then implemented to obtain the series form solution.4

After using the inverse transform of the ρ-Laplace, the desire analytical solution is achieved. The5

suggested procedure are verified through specific examples of the fractional Helmholtz equations.6

The present method is found to be an effective technique having a closed resemblance with the actual7

solutions. The proposed technique have less computational cost and a higher rate of convergence.8

The suggested methods are therefore very useful to solve other systems of fractional order problems.9

Keywords: New Iterative method, ρ-Laplace transform, Fractional-order Helmholtz equations,10

Caputo operator.11

1. Introduction12

In general, fractional calculus has been a significant field of applied mathematics in the last
several centuries. Good results than classical derivatives are obtained by modeling real phenomena
with fractional derivative and fractional integral. In the modeling of certain physical phenomena,
some important applications can be traced, visco-elasticity damping, especially signal processing,
electronics, genetic algorithms, communication, transport systems, robotics, biology, chemistry, physics
and finance. In the field of fractional calculus, several researchers are focusing on several significant
discoveries and contributions [13,14]. For most observers and scholars, fractional calculus is an
important research field due to its interesting applications, and the investigation of fractional-order
partial differential equations (PDEs) has attracted specific attention from various researchers. In light
of this, a number of approaches have been used to solve different linear and nonlinear fractional
PDEs. For instance, for solving the time-fractional and anomalous mobile-immobile solution transport
process, the local meshless approach is used [5–8,15,16].
The Helmholtz equation or reduced wave equation is an elliptical partial differential equation (PDE)
derived directly from the wave model. Helmholtz equation is a PDE that signifies time-independent
mechanical growth in the universe. The Helmholtz equation is one of the essential applied mathematics
and physics equations. The Helmholtz equation results, which are usually created from the separation
of variables, address important science phenomena. Equations occur in a number of phenomena, such
as vibrating lines, electromagnetic Waves in fluids, walls, plates, Nuclear plants, acoustics, magnetic
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fields and the Lamb equation in geoscience. Consider a multi dimensional nonhomogenous isotropic
medium whose velocity is c in euclidean space [9,10]. The wave outcome is µ(ξ, ζ) consistent to
the harmonic origin φ(ξ, ζ) vibrating at the identified fixed frequency ω > 0 satisfies the Helmholtz
equation for the defined field R:

∂2µ(ξ, ζ)

∂ξ2 +
∂2µ(ξ, ζ)

∂ζ2 + λµ(ξ, ζ) = −φ(ξ, ζ), (1)

Where µ(ξ, ζ) is an appropriately differentiable function at the boundary of R, and φ(ξ, ζ) is a specified13

function, λ > 0 is a constant value, and
√

λ = ω
c is a wave number with a wave length of 2π√

λ
. If14

φ(ξ, ζ) = 0 is necessary, then equation (1) The Helmholtz equation is homogeneous. Most equations15

related to steady-state oscillations (acoustic, electromagnetic, thermoelectric, hydraulic) lead to a16

two-dimensions Helmholtz equation, if the positive sign (in front of the λ term) is improved to17

a negative sign, then this problem describes mass transport of processes with first-order volume18

chemical mixtures. For example, in linear acoustics, φ(ξ, ζ) can reflect a disturbance of the reference19

state pressure (Thompson and Pinsky, 1995). Conservation equations, which are also transformed20

into Helmholtz equations, often have a wide variety of applications in many physical problems, such21

as fluid constrained or shear viscosity streams inside thermophysical walls [9–12]. In current years,22

numerous analytical and numerical techniques have been applied to solve fractional-order Helmholtz23

equations, such as He’s homotopy perturbation method [13], Laplace variational iteration method [14],24

Reduced Differential Transform method [15], q-homotopy analysis transform method [16], spectral25

method [17] and He’s variational iteration method [18].26

In recent years, fractional-order calculus has emerged as a potential tool in various science and27

technology domains such as possible theory, control model, viscoelasticity, fluid dynamic traffic,28

electromagnetic theory, electric technology, business mathematics and bioengineering. The real-world29

processes we deal with are generally of fractional order. The diffusion of heat into a semi-infinite solid30

where the heat movement is equal to the fractional-derivative of temperature is a case in point of a31

fractional-order instrument.32

Recently, Abdeljawad and Fahd [19] introduced the Laplace transformation of the fractional-order33

Caputo derivatives. We suggested a new iterative technique with ρ-Laplace transformation for34

investigation of fractional-order ordinary and pratial differential equations with fractional-order35

Caputo derivative. We apply this novel suggested technique for solving many fractional-order36

differential equations such as linear and nonlinear diffusion equation, fractional-order37

Zakherov-Kuznetsov equation and Fokker-Planck equations. We analyzed the impact of α and ρ38

in the process.39

2. Basic definitions40

In this section, the generalized fractional derivative, the generalized fractional integral, the41

Mittag-Lefller function the ρ-Laplace transform have been discussed.42

2.1. Definition43

The generalized fractional-order integral α of a continuous function f : [0,+∞]→ R is expressed
as[19]

(Iα,ρ f )(ζ) =
1

Γ(α)

∫ ζ

0
(

ζρ − sρ

ρ
)α−1 f (s)ds

s1−ρ
,

where denotes the gamma function is Γ, ρ > 0, ζ > 0 and 0 < α < 1.44
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2.2. Definition45

The generalized fractional-order derivative of α of a continuous function f : [0,+∞]→ R is given
as [19].

(Dγ,ρ f )(ζ) = (I1−α,ρ f )(ζ) =
1

Γ(1− α)
(

d
dζ

)
∫ ζ

0
(

ζρ − sρ

ρ
)−α−1 f (s)ds

s1−ρ
.

where define the gamma function Γ, ρ > 0, ζ > 0 and 0 < α < 1.46

2.3. Definition47

The Caputo fractional-order derivative α of a continuous function f : [0,+∞]→ R is expressed as
[19]

(Dγ,ρ f )(ζ) =
1

Γ(1− α)
(

d
dζ

)
∫ ζ

0
(

ζρ − sρ

ρ
)−α−1γn f (s)ds

s1−ρ
.

where ρ > 0, ζ > 0, γ = ζ1−γ d
dζ and 0 < α < 1.48

2.4. Definition49

The ρ-Laplace transformation of a continuous function f : [0,+∞]→ R is given as [19]

Lρ{ f (ζ)}(s) =
∫ ∞

0
e−s ζρ

ρ f (ζ)
dζ

ζ1−ρ
.

The Caputo generalized fractional-order ρ-Laplace transform derivative of a continuous function f is
defined by [19].

Lρ{Dα,ρ f (ζ)}(s) = sαLρ{ f (ζ)} −
n−1

∑
k=0

sα−k−1(Iα,ργn f )(0). (2)

2.5. Definition50

The Mittag-Leffler generalized function is given by

Eα,ρ(z) =
∞

∑
k=0

zα

Γ(αk + β)
,

where α > 0, β > 0 and Eα(z) = Eα,1(z).51

3. The new iterative technique general methodology with ρ-Laplace transformation52

Consider the functional equation

ϕ = f + L(ϕ) + N(ϕ), (3)

where the function denote by f , linear and nonlinear function of ϕ show by L and N, respectively. Let
us consider solution of (3) is of the form

ϕ0 = f ,

ϕ1 = L(ϕ0) + N(ϕ0),

ϕm+1 = L(ϕm) + (N(
∞

∑
k=0

ϕm(r))− N(
m−1

∑
k=0

ϕk(r))),

(4)
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where m = 1, 2, 3 · · · ,

u =
∞

∑
k=0

ϕk. (5)

Now, linear and nonlinear form can be define as [28]:

L(ϕ) = L(
∞

∑
k=0

ϕk) = (
∞

∑
k=0

L(ϕk)),

N(ϕ) = N(
∞

∑
k=0

ϕk) = N(ϕ0) +
∞

∑
k=1
{N(

k

∑
j=0

ϕj)− N(
k−1

∑
j=0

ϕj)}.
(6)

We achieve the result of (3) as

ϕ = f +
∞

∑
k=0

L(ϕk) + N(ϕ0) +
∞

∑
k=1
{N(

k

∑
j=0

ϕj)− N(
k−1

∑
j=0

ϕj)}. (7)

Consider the initial value fractional-order equation with Caputo derivative as

Dα,ρ ϕ(ξ, ζ) + Nϕ(ξ, ζ) = f (ξ, ζ), (8)

with initial condition ϕ(ξ, 0) = g(ξ), where N is a nonlinear function.
Now on both sides using ρ-Laplace transformation of Eq. (8),
we get

Lρ(Dα,ρ ϕ(ξ, ζ) + Nu(ξ, ζ)) = Lρ( f (ξ, ζ)), (9)

applying (2), we achieve

sα ϕ(ξ, s)− sα−1 ϕ(ξ, 0) = Lρ( f (ξ, ζ))− Lρ(Nϕ(ξ, ζ)). (10)

Simplify (10), we get

ϕ(ξ, s) =
ϕ0(ξ, s)

s
+ s−αLρ( f (ξ, ζ))− s−αLρ(Nϕ(ξ, ζ)). (11)

Taking on both side inverse Laplace transformation of (12), we get

ϕ(ξ, ζ) = ϕ0(ξ, s) + L−1
ρ (s−αLρ( f (ξ, ζ)))− L−1

ρ (s−αLρ(Nu(ξ, ζ))). (12)

Using new iterative technique, we have

f = ϕ(x, 0),

L(ϕ) = L−1
ρ (s−αLρ( f (ξ, ζ))),

N(ϕ) = −L−1
ρ (s−αLρ(Nϕ(ξ, ζ))).

(13)

The recurrence relation is given as,

ϕ0 = f ,

ϕ1 = L(ϕ0) + N(ϕ0),

ϕm+1 = L(ϕm) + (N(
∞

∑
k=0

ϕm(r))− N(
m−1

∑
k=0

ϕk(r))),

(14)
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where m = 1, 2, 3 · · · , Hence, the result of (8) is of the form,

∞

∑
k=0

ϕk = f + L(
∞

∑
k=0

ϕk) + N(
∞

∑
k=0

ϕk). (15)

4. Application53

Example 1. Consider the fractional Helmholtz equation is given as

Dα,ρ
ξ ϕ(ξ, ζ) +

∂2 ϕ(ξ, ζ)

∂ζ2 − ϕ(ξ, ζ) = 0, 1 < α ≤ 2, (16)

with ϕ(0, ζ) = ζ and ϕξ(0, ζ) = 0. Using on both side ρ-Laplace transformation of Eq.(34), we get

ϕ(ξ, s) =
Lρ(ϕξξ) + sα−1 ϕ(0, ζ) + sα−2 ϕξ(0, ζ)

sα
, (17)

from which,

ϕ(ξ, ζ) =
ϕ(0, ζ)

s
−

Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 − ϕ(ξ, ζ)
}

sα
. (18)

Implement on both sides inverse ρ-Laplace transformation of (36), we get

ϕ(ξ, ζ) = ζ − L−1
ρ

[
Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 − ϕ(ξ, ζ)
}

sα

]
. (19)

Applying technique of new suggested method, we get

f = ϕ0 = ζ,

ϕ1(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ0(ξ,ζ)

∂ζ2 − ϕ0(ξ, ζ)
}

sα

]
=

ζ

Γ(1 + α)

(
ξρ

ρ

)α

,

ϕ2(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ1(ξ,ζ)

∂ζ2 − ϕ1(ξ, ζ)
}

sα

]
=

ζ

Γ(1 + 2α)

(
ξρ

ρ

)2α

,

ϕ3(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ2(ξ,ζ)

∂ζ2 − ϕ2(ξ, ζ)
}

sα

]
=

ζ

Γ(1 + 3α)

(
ξρ

ρ

)3α

,

....

(20)

Hence, the analytical result of Eq. (34) is given in terms of Mittag-Leffler function as:

ϕ(ξ, ζ) = ϕ0 + ϕ1 + ϕ2 + ϕ3 + · · · .

ϕ(ξ, ζ) = ζ +
ζ

Γ(1 + α)

(
ξρ

ρ

)α

+
ζ

Γ(1 + 2α)

(
ξρ

ρ

)2α

+
ζ

Γ(1 + 3α)

(
ξρ

ρ

)3α

+ · · · .
(21)

The exact solution of the problem 1 when α = 2,

ϕ(ξ, ζ) = ζ cosh ξ.
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In the same producer the result of ζ-space can be determined through ITM as:

Dα,ρ
ζ ϕ(ξ, ζ) +

∂2 ϕ(ξ, ζ)

∂x2 − ϕ(ξ, ζ) = 0, (22)

with initial condition
ϕ(ξ, 0) = ξ. (23)

Thus the solution of the above (31) is obtained as

ϕ(ξ, ζ) = ξ +
ξ

Γ(1 + α)

(
ζρ

ρ

)α

+
ξ

Γ(1 + 2α)

(
ζρ

ρ

)2α

+
ξ

Γ(1 + 3α)

(
ζρ

ρ

)3α

+ · · · .

in the case when α = 2, then the result through ITM is

ϕ(ξ, ζ) = ξ cosh ζ. (24)
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(a) The exact solution plot of example 1.
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(b) ITM graph of example 1.
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(c) ITM graph at fractional-order γ = 1.8 of example 1.
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(d) ITM graph at fractional-order γ = 1.6 of example 1.
Figure 1

Example 2. Consider the fractional Helmholtz equation is given as

Dα,ρ
ξ ϕ(ξ, ζ) +

∂2 ϕ(ξ, ζ)

∂ζ2 + 5ϕ(ξ, ζ) = 0, 1 < α ≤ 2, (25)

with ϕ(0, ζ) = ζ and ϕξ(0, ζ) = 0. Using on both sides ρ-Laplace transformation of Eq.(34), we achieve

ϕ(ξ, s) =
Lρ(ϕξξ) + sα−1 ϕ(0, ζ) + sα−2 ϕξ(0, ζ)

sα
, (26)
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from which,

ϕ(ξ, ζ) =
ϕ(0, ζ)

s
+

ϕξ(0, ζ)

s2 −
Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 + 5ϕ(ξ, ζ)
}

sα
. (27)

Using on both sides inverse ρ-Laplace transformation of Eq. (36), we get

ϕ(ξ, ζ) = ζ − L−1
ρ

[
Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 + 5ϕ(ξ, ζ)
}

sα

]
. (28)

Applying technique of new suggested method, we have

f = ϕ0 = ζ,

ϕ1(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ0(ξ,ζ)

∂ζ2 + 5ϕ0(ξ, ζ)
}

sα

]
=

−5ζ

Γ(1 + α)

(
ξρ

ρ

)α

,

ϕ2(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ1(ξ,ζ)

∂ζ2 + 5ϕ1(ξ, ζ)
}

sα

]
=

25ζ

Γ(1 + 2α)

(
ξρ

ρ

)2α

,

ϕ3(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ2(ξ,ζ)

∂ζ2 + 5ϕ2(ξ, ζ)
}

sα

]
=
−125ζ

Γ(1 + 3α)

(
ξρ

ρ

)3α

,

....

(29)

Hence, the approximate result of Eq. (34) is given in recursive of Mittag-Leffler function as:

u(ξ, ζ) = ϕ0 + ϕ1 + ϕ2 + ϕ3 + · · · .

u(ξ, ζ) = ζ − 5
ζ

Γ(1 + α)

(
ξρ

ρ

)α

+ 25
ζ

Γ(1 + 2α)

(
ξρ

ρ

)2α

− 125
ζ

Γ(1 + 3α)

(
ξρ

ρ

)3α

+ · · · .
(30)

The exact solution of the problem 1 when α = 2,

ϕ(ξ, ζ) = ζ cos
√

5ξ.

In the same producer the result of y-space can be calculated through ITM as:

Dα,ρ
ζ ϕ(ξ, ζ) +

∂2 ϕ(ξ, ζ)

∂x2 + 5ϕ(ξ, ζ) = 0, (31)

with the initial condition
ϕ(ξ, 0) = ξ, ϕζ(ξ, 0) = 0. (32)

Thus the solution of the above (31) is obtain by

ϕ(ξ, ζ) = ξ − 5
ξ

Γ(1 + α)

(
ζρ

ρ

)α

+ 25
ξ

Γ(1 + 2α)

(
ζρ

ρ

)2α

− 125
ξ

Γ(1 + 3α)

(
ζρ

ρ

)3α

+ · · · .

in the case when α = 2, then the result through ITM is

ϕ(ξ, ζ) = ξ cos
√

5ζ. (33)
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(a) The exact solution plot of example 2.

0

0.5

1

0

0.5

1
0

5

10

15

20

25

 

 0

5

10

15

20

(b) ITM graph of example 2.
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(c) ITM graph at fractional-order γ = 1.8 of example 2.
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(d) ITM graph at fractional-order γ = 1.6 of example 2.
Figure 2

Example 3. Consider the fractional Helmholtz equations

Dα,ρ
ξ ϕ(ξ, ζ) +

∂2 ϕ(ξ, ζ)

∂ζ2 − ϕ(ξ, ζ) = 0, 1 < α ≤ 2, (34)

with ϕ(0, ζ) = ζ and ϕξ(0, ζ) = ζ + cosh(ζ). Using on both side ρ-Laplace transform of Eq.(34), we
achieve

ϕ(ξ, s) =
Lρ(ϕξξ) + sα−1 ϕ(0, ζ) + sα−2 ϕξ(0, ζ)

sα
, (35)

from which,

ϕ(ξ, ζ) =
ϕ(0, ζ)

s
+

ϕξ(0, ζ)

s2 −
Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 − ϕ(ξ, ζ)
}

sα
. (36)

Implement on both side inverse ρ-Laplace transformation of (36), we get

ϕ(ξ, ζ) = ζ(1 + ξ) + ξ cosh(ζ)− L−1
ρ

[
Lρ

{
∂2 ϕ(ξ,ζ)

∂ζ2 − ϕ(ξ, ζ)
}

sα

]
. (37)
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Applying technique of new suggested method, we have

f = ϕ0 = ζ(1 + ξ) + ξ cosh(ζ),

ϕ1(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ0(ξ,ζ)

∂ζ2 − ϕ0(ξ, ζ)
}

sα

]
= ζ


(

ξρ

ρ

)2α

Γ(1 + 2α)
+

(
ξρ

ρ

)3α

Γ(1 + 3α)

 ,

ϕ2(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ1(ξ,ζ)

∂ζ2 − ϕ1(ξ, ζ)
}

sα

]
= ζ

( (
ξρ

ρ

)4α

Γ(1 + 4α)
+

(
ξρ

ρ

)5α

Γ(1 + 5α)

)
,

ϕ3(ξ, ζ) = −L−1
ρ

[
Lρ

{
∂2 ϕ2(ξ,ζ)

∂ζ2 − ϕ2(ξ, ζ)
}

sα

]
= ζ

( (
ξρ

ρ

)6α

Γ(1 + 6α)
+

(
ξρ

ρ

)7α

Γ(1 + 7α)

)
,

...

(38)

Hence, the approximate result of (34) is given in recursive of Mittag-Leffler function as:

ϕ(ξ, ζ) = ϕ0 + ϕ1 + ϕ2 + ϕ3 + · · · .

ϕ(ξ, ζ) = ξ cosh(ζ) + ζ(1 + ξ) +
ζ

Γ(1 + α)

(
ξρ

ρ

)α

+
ζ

Γ(1 + 2α)

(
ξρ

ρ

)2α

+
ζ

Γ(1 + 3α)

(
ξρ

ρ

)3α

+
ζ

Γ(1 + 4α)

(
ξρ

ρ

)4α

+
ζ

Γ(1 + 5α)

(
ξρ

ρ

)5α

+
ζ

Γ(1 + 6α)

(
ξρ

ρ

)6α

+ · · · .

(39)

The exact solution of the problem when α = 2,

ϕ(ξ, ζ) = ζeξ + ξ cosh ζ.
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(a) The exact solution plot of example 3.
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(b) ITM graph of example 3.
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(c) ITM graph at fractional-order γ = 1.8 of example 3.
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(d) ITM graph at fractional-order γ = 1.6 of example 3.
Figure 3

5. Results Discussion54

Fig. 1, represents the solution-graphs of example 1 at fractional-orders α = 1, which are55

represented by left and right sub-graphs of Fig. 1, respectively. Fig. 1 is plotted to show the56

fractional-order solutions of example 1 at fractional-orders , 0.8 and 0.6 by the left and right sub-graphs,57

respectively. In Fig. 2, the graph of integer-order solutions of example 2 is presented and confirmed58

various dynamical behaviours of the physical phenomenon, which is modelled by the equation given59

in example 2. In Fig. 2, two subgraphs (c)and (d) left and right represented the solution of example60

2 at fractional-order 0.8 and 0.6, respectively. In Fig. 3, the solutions of example 3 at integer-order61

are discussed. In Fig. 3, the graph of fractional-orders solutions at 0.8 and 0.6 is displaced and the62

systematic behaviour of the solution is observed. In both cases, we observed the correct behaviour of63

the solutions, which confirmed the validity of the suggested method.64

6. Conclusion65

In the present article, iterative transform method is applied for the solution of fractional-order66

Helmholtz equations. The graphical representations of the derived results have been done. These67

representation of the obtained results have clearly confirmed the higher accuracy of the suggested68

method. The solutions are obtained for fractional systems which are closely related to their actual69

solutions. The convergence of fractional solutions to integer-order solution have been shown. The less70

calculations and higher accuracy are the valuable themes of the present method. The researchers are71

then modified it to solve other fractional-order linear and nonlinear partial differential equations.72
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