Pre prints.org

Article Not peer-reviewed version

Exact Solutions of Nonlocal Continuous
and Semi-Discrete Matrix Nonlinear
Schrodinger Equations

Danda Zhang* and Huijing Ba
Posted Date: 28 April 2025
doi: 10.20944/preprints202504.2327v1

Keywords: nonlinear Schrddinger equations; nonlocal; bidifferential calculus; exact solutions

Preprints.org is a free multidisciplinary platform providing preprint service
=% that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of
(=] Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4372748

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 April 2025 d0i:10.20944/preprints202504.2327.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Exact Solutions of Nonlocal Continuous and
Semi-Discrete Matrix Nonlinear Schrodinger
Equations

Danda Zhang *¥, Huijing Ba

School of Mathematics and Statistics, Ningbo University, Ningbo 315211, China; bhj0711@163.com
*  Correspondence: zhangdanda@nbu.edu.cn; Tel.: +86-183-5820-4547

Abstract: In this paper, seven nonlocal matrix nonlinear Schrédinger (NLS) equations in continuous and semi-
discrete cases are derived in the framework of bidifferential calculus. By making use of the direct method and
reductions, different forms of exact solutions governed by Sylvester equation are obtained respectively in focusing
and defocusing cases. Multisoliton solutions are listed in the Tables and rank one solutions are presented as

illustrations.
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1. Introduction

Integrable systems play important roles in describing physical phenomena. A few phenomena
are found to be related to many events occurring in different places upon different times which may
have some mutual interactions rather than a single event happening in a local area, nonlocal nonlinear
equations are employed to depict these phenomenon mathematically and physically. Since Ablowitz
and Musslimani first proposed the nonlocal nonlinear Schrédinger (nNLS) equation [1] describing
wave propagation in nonlinear PT symmetric media, more integrable nonlocal systems were proposed
and further investigated in different ways [2-8]. It is noted that a local integrable system usually has
many types of nonlocal versions. There exist the reverse-time NLS equation, the reverse-space NLS
equation and the reverse space-time NLS equation, which are all concerned in this paper.

Exact solution is always an important issue on integrable systems. Besides the inverse scat-
tering method [1,9,11-13], Darboux transformations [10,14-19] and the bilinear method [20-22] are
subsequently developed in the nonlocal level, which reveals some interesting behaviors such as the
simultaneous existence of soliton and kink solutions [19]. Since many nonlocal systems including
the nNLS equation are generated from reductions of Ablowitz-Kaup-Newell-Suger (AKNS) hierar-
chy, it is more convenient to impose the reduction conditions on the results of AKNS equation than
directly solving those nonlinear equations. Thus double Wronskian forms of exact solutions to those
nonlocal equations are derived by employing certain reduction technique when reducing double
Wronskian solutions of the AKNS hierarchy [23], and this approach is applied to nonlocal continuous
and semi-discrete nonlinear Schrédinger equations respectively in [24] and [26]. Also Cauchy matrix
type solutions for the nonlocal nonlinear Schrédinger equations are obtained from the Cauchy matrix
type solutions of AKNS equation through nonlocal reduction in [25].

This paper considers the noncommutative nonlocal nonlinear Schrodinger equation in the frame-
work of bidifferential graded algebras. Bidifferential graded algebras (or bidifferential calculus) [27]
are found to be valid to investigate several noncommutative integrable systems including the self-dual
Yang-Mills equation, and many properties involving conservation laws [28], bi-Hamiltonian construc-
tions [29], binary Darboux transformations [30] and the direct method for generating solutions [31,32]
are established in this framework. Since [32] showed matrix nonlinear Schrédinger equation could be
derived in the framework of bidifferential calculus, we are inspired to investigate the nonlocal matrix
NLS equation through reductions, in respect of continuous and semi-discrete versions.

The paper is organized as follows. In Section 2, we give a brief introduction to bidfferential
calculus and derive the nonlocal matrix nonlinear Schrodinger equation through reductions in this
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framework. In section 3, based on the reductions of the direct method we obtain different forms of
exact solutions of nonlocal continuou NLS equations and semi-discrete NLS equations. In section 4,
we illustrate the solutions for each nonlocal case. Finally conclusions are given in section 5.

2. Nonlocal Matrix NLS Equation in Bidifferential Calculus

A bidfferential calculus is a graded associative algebra Q(A) = @,cn, Q° equipped with two
graded derivations d, d: Q° — Q°*1, with the properties

P2 =0, =0, di+dd=0. )
In this framework, equations
dd = dpdg 2)
and
d|(d)g™!] =0 €)

are found to have correspondences to many integrable equations by suitably choosing d, d. Further-
more the Miura transformation between equation (2) and (3) are established by (dg)g~! = d¢.

For any A, the corresponding graded algebra is given by Q = A ® A(CN) where A(CY) denotes
the exterior algebra of CN (N > 1) and further the max grade is N. For a given algebra B, we introduce
that Mat(Nj, N, B) denotes the set of N; x N> matrices over B, and Maty,(B) denotes the set of
DNy, N, >N, Mat(Ny, Np, B). Usually B is an extension of an algebra B consisting of defined functions,
by adding related partial derivatives or shifts.

2.1. Nonlocal Continuous Matrix NLS Equation

Here let By be the space of smooth complex functions on R? and extend it to an algebra B
by adjoining the partial derivatives with respect to x,t. Then we have Q = A ® A(C?) where
A = Mat,(B). For any f € ), we define the graded derivations

4f = e f11 + 5 flza, @f = (00, £121 + o F12a @

where {;(i = 1,2) represents a A left-module basis in A(CN) and | = ( IS OI ) and i = —1.
—1in

The equation (2) takes the form

_iU, ‘P]t - 2‘Pxx = [(Px/ []r ‘PH ()

(P4 6
4’I<qp> (6)

with n x n matrices p, 4,7, g, the equation (5) is expanded as

—Pxx —igt — Gxx _ 4xq + 494, Pxqd + P,
ﬁxx - iﬁt ?xx _ﬁpx - qu _qxq - q%c

Making use of the substitution

which reduces to

igt + gxx — 2999 =0, (7a)
_iqt + qxx - 2qqq =0, (7b)
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(®)

Interestingly if we let § = dq(ex, —t),€? = 1, two equations in the system (7) are equivalent to the

single nonlocal equation
iqi(x,1) + qux(x, 1) — 20q(x, t)g(ex, —t)q(x,t) = 0.
With the similar procedures, we obtain the following nonlocal equations
G=20q"(ex,—t): ige(x,t) + qgux(x,t) — 26q(x,1)q " (ex, —t)gq(x,t) = 0,

g =0q"(ex,t): iqs(x,t) + gex(x, ) — 26g(x, t)q" (ex,t)q(x,t) =0,
7 =10q"(ex,t) : iqi(x,t) + qux(x,t) —26q(x, t)q" (ex, t)q(x,t) = 0.

©)

(10)

(11)
(12)

Here the variables €, 4 satisfy €2 = 6> = 1 and *, T, T respectively denote complex conjugation,

transpose and Hermitian conjugation.

2.2. Nonlocal Semi-Discrete Matrix NLS Equation

Let By be the space of functions on Z x R and extend it to an algebra B by adjoining the shift
operator S with respect to the discrete variable x such that Sf = f = f(x + 1) with the notation ™. In

the bi-differential calculus Q) = Mat,(B) ® A(C?), we define the graded derivations

af = 15,161 + 31, S0, f = =00, f11 — 57", 162,
for any f € Q). Then the equation (2) takes the form

il ¢t +4p — 29 —2¢ = [1S,¢], [], ¢]]-

— pq S—l
¢ I(q p)

with n X n matrices p, g, p, g, the equation (14) becomes

After the transformation

gt +4 —2q+q—4qq9 —qq9 =0,
—if, +7 — 27+ — 999 — 797 = 0,

with p —p = —4g, P — P = —{q, which admits the following nonlocal reductions:

6q(x, —t) : L(q) = 0q(x + 1, t)q(x, —t)q(x, t) + oq(x, t)q(x, —t)q(x — 1, ¢),
84" (=x, 1) : L(q) = 6q(x + 1, 1)q" (=x,)q(x, 1) + 3q(x, )q" (=x, t)g(x — 1,1),
5

= S
I

with L(q) = ig¢(x,t) +q(x +1,t) —2q(x,t) + q(x — 1, ¢).

3. Nonlocal Reductions of Solutions for Matrix NLS Equations

(13)

(14)

(15a)
(15b)

(16)
(17)

g7 (=x, =) : L(q) = 8q(x + 1, 1)q" (—=x,—H)q(x, 1) + 64 (x,)q" (—=x,—t)q(x = 1,£), ~ (18)

In the framework of bidifferential calculus, [32] have obtained the following theorem by employ-

ing the direct linearization method, i.e.
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Theorem 1. Theorem Let (Q),d,d) be a bidifferential graded algebra with Q = A® A(C?) and A =
Maty, (B). Let ® € Mat(m,m, B) satisfy

10 = (d1@)P (19)

and
[P,KO] = VUO (20)

with d and d constant matrices P,K € Mat(m,m,B),U € Mat(n,m,B),V € Mat(m,n,B). Then
¢ = UO(I,, — KO®)~'V € Mat(n,n, B) (21)
is a solution of (2), with invertible I,,, — K®. Here I,,, denotes the m x m identity matrix.

3.1. Nonlocal Reductions for Continuous Cases

Substituting (4) and (6) to the Theorem 1, exact solutions for equation (7) are directly written by
the following:

Proposition 1. Proposition Let U, U € Mat(n,m,B), V,V € Mat(m,n,B)and S,S,K,K € Mat(m,m, B)
be constant complex matrices, and satisfy the Sylvester equations

SK+KS =VU, (22a)
SK+Ks=VU. (22b)

Then
g=U@ '-KOK)"'V, g=U(O '—KOK) 'V (23)

solves (7), where ©,© € Mat(m, m, B) are defined as
O = e—xS—itSZ’ @ _ e—x§+it§2' (24)

Imposing the reduction conditions on the solution (23) with (22), we derive the following result,
where we can ignore the sign of g4 due to the odd degree of every term in the equations.

Corollary 1. Corollary For the case of § = dq(ex, —t), the nonlocal equation (9) admits the solution
q= 5u(€£x57it52 _ e(sKefofitSzK)flvl (25)

with the condition
SK+€eKS = VU. (26)

Particularly when § = 6q(—x, —t), the function
= 02 .
q _ i&l/Zu(KexsfltS + e*XS*lfSZK)flvl (27)

with
SK+KS=VvU, (28)

solves the nonlocal equation (9) with e = —1.

Proof of Corollary 1. Comparing the terms of the solutions

7 =T(exs+s* _ Ke—x§+it§2K)—1V,

(5q(€x, —t) :5u(eex§+it§2 _ KefexSJritSzK)flV,
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it is reasonable to give assumptions,
U=U, V=6V, S=¢S, K=¢K, ¢ =1.

To deal with (22), we find that ¢ = € merges the two conditions into one equation (26), and meantime
it admits the relation

dq(ex, —t) = u(ex5+it52 _ EKe—exs+its2K)—1V = q(x,b).
If we rewrite
Sq(ex, —t) :5UK71(K—1eex§+it§2Kfl _ Re~ xS+t ) -1k 1y
— _ UK} (ReexS+itS g _ Kfleex§+it§2K—1)—1K*1VI
there exists another reduction. To admit the reduction § = dq(ex, —t), we assume
e=-1, U=1"?UK™!, KK = el,y, V = —i6"1/2KV.

Then the two equations (22) are equivalent to SK + KS = VU. Ultimately the solution (27) with (28)
solves the nonlocal equation (9) withe = —1. O

Corollary 2. Corollary For the case of § = 6q" (ex, —t), the nonlocal equation (9) admits the solution
g = vT (eexS-'—fit‘(ST)2 _ eéfefxsfitSZK)flv (29)

with

SK+ekST =vVT, STR+eKS=VV', KT =¢K, K' =¢K. (30)

Particularly when § = 6q" (—x, —t), the function

q — iél/sz (exg—ifgzK—l + Ke—xS—itSZ)—lv (31)
with
S+KSK'=vVT, S4+RSK '=VV', sT=5, 5" =5, KK =KK' = I, (32)
solves the nonlocal equation (10) with € = —1.

Proof of Corollary 2. Under the assumption

7 — 577 T ¢ T 2l _ % T 2

U=6V , U=V, S=e5, K =¢K, K' =¢K, ¢ =1,
we have the identity

T —T ST L i7gTy2 TosTeoT)
5q (ex,—t) — 5V (eexS +it(S") _KTefexS +it(Sh) 4 > uT :ﬁ(x,t).
Based on the reduced condition SK + eKST = VVT, we take its transposition written by
VVT = KTST + eSKT = ¢e(SK+ €KST) = eeVVT,

which reveals ¢ = €. Combining Proposition 2 with the above assumptions and renaming K — €K,
we obtain the solution (29) with (30).
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Again, the assumption
U=-0V(K')!, U=VTK, §' =—€S, ST =—eS, KKT =KK' =e¢l,,, & =1,
admits the reduction condition
5q7 (ex, —t) = — (SVT(KT)* <eexST+it(ST)2 _ (KT)fleengJrit(gT)z (KT)1> _1(KT>71UT
(XS HitS” Ke—xg—l—itng)—lv —d(xb).
The condition (22) written by S + KSK~! = VVT, implies
VT =T 4 (KT) 15 KT = —¢(S + KSK™Y) = —evVT
which forces € = —1. Renaming V — (—§)/2V, K — ¢!/2K, K — ¢!/2K, we have a neat form of

g(x,t) (31) with (32). O
Furthermore, if we suppose ST = €S,V = ¢V,K = c?¢K in the condition (30), it reduces to
q= CVT(exsfitSZ _ CzéKefofitSZK)flv
with SK 4+ KS = VVT, ST = eS. While for the condition (32),if S = S, K = K, V = V, it reduces to
q= (51/2iVT(6xS—itSZK—1 + Ke—xS—itSZ)—lv
with
S+KSK'=VvVT, §T =5, KK =I,.
By the similar procedures, we derive the following solutions through certain assumptions:
o §=20q%(ex,t): Assume
U=U* V=06V* S=eS* K=edK*,
the function
q= 5u(e€x5*—it(s*)2 _ G(SK*E_xs_itszK)_l V*, (33)
with
SK+€eKS* =V, (34)

solves the nonlocal equation (11).
Particularly, assume

U=—-sU'K!, V=KV*, KK =¢l,, €=3,
the function o, ,
q= u(eK*exs—ltS _ e—xS—ltS K)—lv* (35)

with
SK+KS=VU, S$*=-6S, S = —45, (36)
solves the nonlocal equation (11) with e = 4.
e 7=205q"(ex,t): Assume
TU=6V', U=V', §=es",


https://doi.org/10.20944/preprints202504.2327.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 April 2025 d0i:10.20944/preprints202504.2327.v1

7 0of 19
the function
q= V+(eexstit(s*)2 _ €5Kefx57it52K)71V (37)
with
SK+eKSt = VVt, 'R+ eRS=VV', Kkt =eK, K =K, (38)
solves the nonlocal equation (12).
Particularly, assume
— g1
U=i"2V'K , u=-isV2v'K,
the function
g= i(51/2V+(ex§—it§2K—1 _ Re S-Sy -1y (39)

with
S+ KSK' = is1/2vvt, S+ KSK ' =is/2VV,
St=-45, §"=—45, KK' =KK' = I,

both solve the nonlocal equation (12) with € = 4.
Again, if we suppose St =¢€S, V =cV, K = c%eK in the condition (38) , it reduces to

q= CV’r(exSfitSZ _ C25KefxsfitSZK)flV
with SK+KS = VVT, st =es.

3.2. Nonlocal Reductions for Semi-Discrete Cases

Likewise from Theorem 1, the solutions for (15) are expressed by the following:

Proposition 2. Proposition Let U, U € Mat(n,m,B), V,V € Mat(m,n,B)and S,S,K,K € Mat(m,m,B)
be constant complex matrices, and satisfy the Sylvester equations
STIK—KS = VU, (40a)
S'K-Ks=VU. (40b)

Then the function (23) solves (15), where ®,® € Mat(m, m, B) are defined as
@ =S¥ i) @ =750 y(S)=5+5!-2I,. (41)

Likewise, we have the following exact solutions for nonlocal cases:
e §=20q(x,—t) : Assume
U=46U, K=6K, S=5, V=V,
the function
g =U(S e M) — sKs*e ) K) -1y, (42)

with
STIK—KS =VU. (43)

solves the nonlocal equation (16).
e §=0q"(—x,t) : Both the functions

q= V+((S+)xe—itw(5+) o (SKSxe_itw(S)K)i % (44)
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with
SIK—K(SH T =VvVt, S'K-KS=VV, (45)
and _
q= V+ (Sf —ltw( )K— ste—itw(S)) V (46)
with

Sl _KSK'=vvt, 5 _RSK'= 4VV', st=5, S =5, KKt =KK =1, (47)

solve the nonlocal equation (17). Additionally, the solutions can be reduced to

q= CV+ (S x —ltw( ) 5C2ste_itw(S)K> 71V

with StK — KS = vvt, sst =1, and

q= ivf(( 58) x —1tw( 5S)K + KS¥e —1tw(5)) 1V

with S™1 + 5KSK~! = vVt, ST =G, KK = I,.
e §=0q"(—x,—t) : Both the functions

-1_
q _ VT((ST)x 71tw( ) 5st ltw(S)K) V, (48)
with
STIK—K(ST) 1=vVT, STR-KS=TVV". (49)
and B
q= i51/2VT (E*xefitw(S)Kfl _ stefitw(S))flV’ (50)
with

S1_Kskl=vvT, S'—KSK '=VV', sT=5, 5 =5, KKl =KK' =1I,, (51)

solve the nonlocal equation (18). Additionally, the solutions can be reduced to
. . -1
q= CVT (Sfxefltw(s) _ JCZstefltw(S)K> VvV
with STK — KS = VVT, SST =1, and
. -1
q= ilé‘l/ZvT (S x —1tw( )K—l + ste—ltw(s)) %4

with §~1 —KSK™! = VVT, ST =5, KKT = I.

This section may be divided by subheadings. It should provide a concise and precise description
of the experimental results, their interpretation as well as the experimental conclusions that can be
drawn.

4. Illustrations of Solutions for the Nonlocal NLS Equations

Most of the auxiliary conditions which the constant matrices admit are in the form of Sylvester
equation. By a similarity transformation, we can assume that S, S has the Jordan normal form without
loss of generality and split them into Jordan blocks. The similar systematic analysis for solving
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Sylvester equation is given in [32] concretely and multi-soliton solutions can be constructed. This
section only gives illustrations of solutions. To begin with, we assume

-
K=(kj), U= (M1 um), V= (171 vm)
with n-component column vectors u;, v;,i = 1,...,m,

4.1. Solving the Sylvester Equations

4.1.1. Jordan Block Case

Let us consider a matrix S consisting of an m x m Jordan block
S=sl+N, (52)

where [ is the m x m identity matrix and the components of N are defined by Nj; = d; ;1.
For example, we consider the Sylvester equation (26) in the continuous case of § = dg(ex, —t). It
takes the form
(s+ GS)kij + ki+1,]‘ + ki,jfl = v;ru]- i,j=1,..,m, (53)

where k, 1 = k;p = 0. To secure the Sylvester equation has a unique solution, we consider the case
€ = 1. Then the components of K can be recursively determined by

T
3 0t . Dt —kmj1 .
ml — % ’ mj = 25 — ] = 2,...,m,
T
VU — k; 11 .
kg = +———"U i —1,.,1.
2s
If wetakem =2and € = 1, it reads
v-lrul N v;—ul v-lruz _ v-lru1+1;-2ruz + zvaul
K = 2s 452 2s 452 8s3 (54)
vlu vlu vlu :
2 M1 M2 9t
2s 2s 452

Particularly if #; = 0 or v;; = 0, we observe that the first column or the last row of K vanishes
respectively. In this case, Jordan block solutions can be constructed through superpositions.
For the scalar defocusing case, we write

Uz(ul uz), V:(Ul 02>T

Here the variables s1,u;,0; i = 1,2 are arbitrary constants. And the Cauchy matrix type Jordan block
solution is

P es(ist—x) + Pzes(ister)

100 = Q0+ Qe 1 Qe 7

Py = —ulv3 [ule(Zist +x) — (ugv1 + upvo) + 202u1s*1]

Py = 165 [uyvy(2ist — x) + uq01 + U]

Qo = —16s*u?t?03 — 4((u1v2x — vy — vaun)s + ulvz)z — 2u3v3
Q1= 16s%, Q= Lu‘fv%.

1657
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4.1.2. Diagonal Case

In the following, we consider S = diag(sy, ..., Sm ) for solving the Sylvester equation (34) in the case
of q* (ex, t). It is reasonable to assume the spectrum condition ¢(S) No(—€S) =0, i.e. s; + es; # 0
foralli,j =1,...,m. With no restriction of generality, we can then assume that the eigenvalues s; are
pairwise different.
Writing
© = diag(¢1, ..., Cm), K= (kij), i,j=1,.,m, (55)

the Sylvester equation (34) in the continuous case takes the form
T ..
(si + es;-‘)kij =vju, ij=1,.,m,

which implies
-

v u;
kij = ——L_.
T s+ es (56)
Then the function
q= (su(eexs*—it(s*)z _ €5K*e_xs_itszK)_1V*, (57)
with (56) and VV, U, s; # s; solves the nonlocal equation (11).
In the semi-discrete case, solving the Sylvester equation (43) which takes the form
(Si_1 — S])kl] = vlTu]-, i,j=1,..,m,
we have the solution
q=U(S e M) — sKs*e () K) -1y, (58)
with
siv] u;
kij=—L YV, U, sisi #1
1 1 . SI‘S]'/ 7 ’ 1]

solves the nonlocal equation (16).

In this case, multisolition solutions are constructed. All the cases we derived in the previous
section are similarly solved one by one, listed in Table 1 and 2 respectively for the continuous and
semi-discrete cases.

When the denominator is zero in element condition of the tables, the corresponding Sylvester
equation has not an unique solution. For instance, when we consider the equation (9) with m = 2 and
€ = 6 = —1, we choose

. . = . . 1 1 i i
S = diag(ai,b), S =diag(—ai,b), U= (_1 1), V= (0 1>

with the real numbers g, b, then we can calculate

”
K = ( 0 ial+1b>
ian—>b 5

where the ki1 can be arbitrary. It turns out the solution

q:l q11 412
c\421 922
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where
= 4b(ebxfib2t + eia(atfx))(efbxfibzt + eia(atfx)%
g1 = —(ia+0b) ((ia — b)ebx_ibzt + (ia — 3b)e‘bx_ib2t — 2bei”(“t_x)>,
qi2 = (a® = 3b* + 4iab)ebx—ib2t + (a® 4+ 3b* + 2iab)e_b"_ib2t + (6iab — bz)ei“(”t_x),
01 = (ia + b)((ia — b)etx T (g p)ebr-it? _|_2beiu(at—x)),

g2 = (30 —a® — 4iab)ebx—ih2t +(*—a®+ Ziab)e_hx_ibzt + (6b% — 2iab)ei?(at=x),

ia 1 — —ia 1
S = , S= 7
<0 ia) ( 0 —ia)

we choose certain U, V and derive the corresponding solutions for equation (9) written by
e~ ia(at—x) 1 x — 2at
1= (2at —x)2+1\x—2at -1 )’

e—ia(at—x)
2at — x

The absolute values of them are both in rational form, the former is regular and the latter corresponds
to the scalar case.

Besides, if we let

and

q= diag(1,1).
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Table 1. Solutions for nonlocal continuous NLS equations.

Equations

Solutions

Elements

(9):q = dq(ex, —t)
©0):q = dq(—x, —t)
(10):g = 6q" (ex, —t)

(10):7 = 697 (—x, —t)

(11):g = og™* (ex, t)

(11):g = 6g™*(dx,t)

(12):g = 6q% (ex, t)

(12):g = 6q% (6x, 1)

q= é‘u(eexs—itsz _ €5K€_xs_it52K)_1V
q= i&l/Zu(Kexg—itgz + e—xS—itSZK)—lv
g= vT (eexST—it(ST)2 _ €5Ke_xs_it52K)_1V

= i(sl/ZVT(engitgszl + Re—x5-its?) -1y

q= 5u(€ex5*—it(5*)2 _ €5K*e—x5—itSZK)—lv*

q= U(K*ex§—1t§2 + e—xS—itSZK)—lv*

q= vt (esxSJffit(SJf)2 _ e(skefxsfitSZK)flv

. i51/2,C 1 i15C% = _isl/2 4502 —
q= 151/2V+(615 xS+itéS K*l _ Kefl(s xS+itdS )flv

T,
kij = sk, VU, V,s;+e€s; #0

sit+es;’
o] u; _
k,']' = S5, VU,V,SI'+S/ ;AO
ki= 2% k= 20wy, T, 0
ij = sitesjr Mij T sites;’ Si + €s; #

15 L KSK1 = vVT, S4+KSK ' =VV',

Vsl, i and orthogonal matrix K, K

kij = ;;Z;*, YV, U,s;+est #0

.
, Vil 2% Lo S
kij = S 87 +0s; =37 +05; =0,

Sl‘—|—§>3< #0,VV,U

oIt — 7T7*
ki = vi Y L=
7 s +es*’ g

VVVs,+es #0

S +es* ’

S+KSK!=VvV!, S+KSK ' =VV,

V real s;,5; and unitary matrix K, K

1

2

If we give arbitrary V or V, the conditions are not always solvable for K, K. Thus for any given K, K we aim to solve conditions for V and V, which are always solvable due to the fact that the left

sides are symmetric matrices.

For the focusing case, s;, 5; are real numbers, while they are pure imaginary numbers for the local case.
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Table 2. Solutions for nonlocal semi-discrete NLS equations.

Equations

Solutions

Elements

(16):g = dq(x, —t)
(17):q = 64" (—x, 1)

(17):g = 69" (—x,t)

(18): = 6q" (—x, —t)

(18):g = 89T (—x, —t)

q= U(S—xe—itw(s) _ 5ste—itw(S)K)—1V
. + — . -1__
q= vt (Sfxe—ltw(S ) _ 5KSx€_1tw(S)K) vV

q= is1/2yt (g*xefitw(g)K—l _ steth(s)) -

q= vT (STxe—itw(ST) _ (sfsxe—itw(S)K) _1V

g= i(51/2VT(S xefitw(E)Kfl _ stefitw(s))flv

1__

vlu;
kij = 5‘__17'5/,, vV, U,s;is # 1

To. Tw.
ko= 0% po 99
U sty T sf syt

YV,V, sis]’f #£1
s1_Ksk1=vyyt, S _Ksk ' = vV,

V real s;,5j # 0 and unitary matrix K, K

T _ =Tw
LYY ) . .
kl] = S;1_5;1/ kz] = S5 vV, U,s; # Sj

s1_Ksk1=vyyT, 5 _Ksk ' =VV"

Vs;,5; and orthogonal matrix K, K

7
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4.2. Rank One Solutions for Nonlocal NLS Equations

In this subsection, we consider rank one solutions one by one, i.e. m = 1. In a regular manner, we
write
S=s, S=5, K=k K=k U=u, V=0o', V=75" (59)

where u, v, 0 are columns and the others are complex numbers. And the parameters &, §, x, 9,6 below

are real numbers.

4.2.1. Continuous Cases

In general, the function formed by

12
_ exs+1ts uvT,

q

solves all continuous cases (9)-(12) respectively with the condition

vu=0 (v o) u'u)=0, o'u=0 (vto)utu)=0

where the corresponding Sylvester equation has not a unique solution. In fact, the equation is divided
into the linear and nonlinear terms, each of which is respectively zero. Besides, the other type of
solutions are presented in the following.

e Equation (9) (i.e. § = dq(ex, —t)):
For the case of € = 1 (i.e. § = Jq(x, —t)), we have the solution from the first line in Table 1,

5eits yo T vu
7= " 2,—xs’ k= ’S#O'
exs — Sk?e 2s

Due to the arbitrariness of u, we replace u by %/iﬁu to secure k* = —4, and consequently g =
i 51/2 pits? wol
i1/ 2gelts o+, sech(sx).

For the case of e = —1 (i.e. § = dq(—x, —t)), we have

61/ 2y’ _ vlu
k(exs—its? 4 o—xs—its?)” " 545

q fr—
which reduces to the one-soliton solution
-
— i1/ 2 (Bx (02 =B*)h)i gach — 2aBt ﬂ,
q=waid'“e sech(ax —2ap >vTu

ifwelets =a+ pi, s =s*.
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e Equation (10) (i.e. § = dq ' (ex, —t)):
If € = 1, we obtain the solution
eltszvﬁT
17 s — ke
with k = 2 , k=22 which reduces to
i51/256115% 55 T
q= 0 %9 sech(sx)
(vT0)(7"D)
%v. While if e = —1, we find the solution
v'v)\v' D
- i61/2y5 T
1= ex§fit§2 4 p—xs—its? !
wheres+35=v"v =7'0. Lets = a + Bi, s =s"0v— 2"‘ P e s v, it reads the one-soliton
solution
=T
q= 161/ 2 (Bx (@ —p2)0)i sech(ax — Zaﬁt)L.
(vT0)(7'9)

e Equation (11) (i.e. § = 6g*(ex, t)):

The function

uv*

pXs* —it(s*) 75|k|26 xs—its2”

q:

withk = 2 S* , Re(s) # 0solves the local NLS equation (i.e. € = 1). Particularly lets = a + Bi, |SW+TSM* | =
e*, the one-soliton solution of the focusing NLS equation is written by

, t
q= welPr (=)D sech(ax — 2a Bt + K)%
v'u
While the defocusing NLS equation has solutions
2 uot
q = aelP @ =F)Dicgch (wx — 20t + ) ——m— Tl
with Z‘T’" L — ¢*, and
[o"ul
_ (a+ B)uv'i
1= (BGHPDI £ pa(—+an)i) g Ty
: e~ iy ey
which reduces to g = cos(ax)oTu 0T = W when a = .
The function
_ uot
1= e xs*—it(s*)? | 5|k|2€—xs—its2 ’
with k = 2 satisfies the nonlocal equation (11) with e = —1. Suppose s = a + Bi, u — | =+ |u, we
have ,
;= Z‘Betxer a2 B2t uot

ePxXi—20pt | §o—Pxit2upt |vTu|’
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g2 25
which implies the solutions q = f - (Z;) ‘:}’Ll and g = s’?ﬁ (gxt)i % respectively for the case of § = 1 and
6 = —1. Besides, the focusing case has another solution formed by
(o + B)uv’

17 (eBG—Pt) t g alrtat) 5Ty,

. e T
which reduces to g = we® i sech(awx) % when o = B.
vlu

e Equation (12) (i.e. § = g™ (ex, t)):
For the local case, the focusing NLS equation has the solution

(et (a1 cacll
g =we sech(ax — 20 Bt + «) ENGEE (60)
which emerges in [32]. While the defocusing NLS equation has the solutions
(Br+ (@~ )i Gl
g = ae csch(ax — 2apt + K)W,
and
B i(a+B) 0T
1= ei(—ax+ta2+0) _ pi(Bx+tp2+0) ||v]|||7”
For the nonlocal case, we obtain the solution
- G
1= e xs*—it(s*)2 | Skke—¥s—its?”
where - -
v'vt - T'T*
= k=—,1 .
s —s*’ s* —s’ m(s) # 0
More concretely for the focusing equation § = —q*(—x, t), making use of s = a + fi, we rewrite the
solution in the form
o (x=2Bt)+(Bx-+a?t—p2t)ig x5 T
1= o—daptr2pa _ g2x (61)
where ¥ = M, 0. The choice of « = 0, |k| # 0 leads to a nonsingular solution g = w
21] g q 2P gx

which norm ||g|| is independent of ¢. Besides, the focusing equation allows another solution

(a+ [S)e*"‘x“t”‘z oo !
e—x(a+p)+i(e2t—p2t+0) _ 46 [[o]|||D]

g = (62)

The property of the form (62) is different from that of (61). (62) has single singular position x = 0 at
67§+22k7r km
s2—5

the periodic moments t = (k € Z) while (61) has a series of singular positions x = i (keZz)

at the single moment t = *ﬁ'

4.2.2. Semi-Discrete Cases

Similarly with the continuous case, the function formed by

— Sixeltw(s)uvT’

q
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solves all semi-discrete cases (16)-(18) respectively with the condition
vu=0, (o'o)w'u)=0, (v"0)(u"u)=0,

where the linear and nonlinear terms are both zeros.

For the case of § = dgq(x, —t), the solution for (16) is written by

eltw(s) 0T
17 = ks

where k = Sf’lT—_”s, s2 £ 1.

For the case of § = dqT(—x, t), two types of solutions for (17) are obtained, i.e.

v
1= (S*)xefitw(s*) — Skks*e—itw(s)
with ki = BPIeIPIo1? o0 g
s*—s|2
_ 0T
1= ﬁ—xe—itw(ﬁ)+i§ _ pXe—itw(a)+if
with [[v]]?||7]|2 = 6(a~! — B)(a« — B71). Let |s||ﬁ;ﬂ|s\|i\| = ¢*,5 = ¢*"Pl in the former solution, we have
) sin(ﬁ)e—txx—Zit(l—cos(ﬁ) cosh(a)) o*T
q= eipx+2sin(p) sinh(a)t—x | §o—(ifx+2sin(B) sinh(a)t—x) HUH ||ﬁ|| ’
For the case of § = 8" (—x, —t), the equation (18) has the solution
i61/ 2057
1= 575, itw() £ grp—itw(s)’
wherevTov =51-35, 5'5=5"1—5, s5#1.Let ISI‘\SIZHIS\‘?H = ¢f, 5 = " TPl we have
. . h v*fT
g = i6"/2 sinh(a)e~ ¥ ~2it(1=cos(B) cosh(@)) soch (ax + 2 sin(B) sinh(a)t) ol

which interestingly satisfies —q" (—x, —t) = —qt(x,t) in focusing case and corresponds to the one-

soliton solution of semi-discrete local NLS equation derived in [32].

5. Conclusions

This paper has shown a reduction approach to construct solutions of nonlocal continuous and
semi-discrete matrix NLS equations. Bidifferential calculus is an applicable tool for studying noncom-
mutative integrable systems. Based on this frame, this approach is a further work of [32]. Imposing
suitable nonlocal reductions respectively on the (7) and (15), nonlocal continuous NLS equations and
semi-discrete NLS equations are derived respectively in the forms of (9)-(12) and (16)-(18). To admit
the reduction conditions, solutions for (7) and (15) are written in different ways and then we obtain
different forms and properties of solutions for nonlocal cases.

This paper gives detail forms of multi-solutions listed in Table 1 and 2 for each case, and presents
rank one solutions as illustrations. One could refer to [32] to get more details operations and dis-
cussions. Our result is pretty abundant that almost every nonlocal equation corresponds more than
one types of solutions. There exist relations between the direct method of bidifferential calculus
and Cauchy matrix approach, and the scalar case of our result involves the Cauchy matrix type
solutions presented in [25]. From Table 1 and 2, we give solutions with more free parameters in
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the continuous cases of § = dq(—x, —t), dq' (—x, —t), 6q*(dx,t), dqt(dx,t) and the semi-discrete
cases of § = 6q"(—x,t), 3g7 (—x, —t). Among them, the parameters only in the continuous case of
g = —q(—x,—t), 57 (—x, —t) and the semi-discrete cases of § = dq' (—x, —t) are arbitrary complex
numbers, while the others are real or pure imaginary numbers. It is noted that if § = f(x, t) is the
solution of the defocusing case without conjugation in g, then q = if(x, t) satisfies the focusing equa-
tion with the same situation. Therefore the result of solutions hardly makes difference between the
focusing and defocusing case in both nonlocal continuous and semi-discrete NLS equations without
conjugation in 7. And the solutions behaves much different if 7 involves conjugation. For example
in the case of § = g7 (ex, t) (12), the regular one-soliton solution (60) emerges only in the focusing
equation but vanishes in the defocusing equation. Particularly in the continuous nonlocal cases, the
transpose in g does not effect the construction of solutions, that is, the properties of nonlocal equation
(9) and (11) are respectively similar with (10) and (12). Besides this work, we believe this kind of
reductions is also valid on the investigations of Darboux transformations and other characters which
would be considered in the future.
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