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Abstract: In this paper, we extend the KdVSKR equations in (1+1)-dimension and (2+1)-dimension
to fractional KdVSKR equations with modified Riemann-Liouville derivative. The (2+1)-
dimensional KdVSKR equation, which is a recent extension of (1+1)-dimensional KdVSKR equation,
can model the resonances of solitons in shallow water. By means of the Hirota bilinear method,
finite symmetry group method and consistent Riccati expansion method, many new interaction
solutions have been derived. Soliton-cnoidal interaction solution of the (1+1)-dimensional fractional
KdVSKR equation has been derived for the first time. For the (2+1)-dimensional fractional KdVSKR
equation, two-wave interaction solutions and three-wave interaction solutions including dark-
soliton-sine interaction solution, bright-soliton-elliptic interaction solution, and lump-hyperbolic-
sine interaction solution. Impact of fractional order  on the shapes of these solutions has been
illustrated by figures. The three-wave interaction solution of fractional system has not been reported
in the existing references. The research idea in this paper can be applied to other fractional
differential equations.

Keywords: Korteweg-de Vries Sawada-Kotera-Ramani (KdVSKR) equation; extended Korteweg-
deVries (KdV) equation; Sawada-Kotera (SK) equation; finite symmetry groups; Lie symmetry;
exact solutions; consistent Riccati expansion (CRE); Hirota bilinear method; fractional

1. Introduction

In recent decades, fractional nonlinear systems have developed into effective mathematical tools
to describe real-world problems with the rapid development of fractional calculus. Fractional
differential equations (FDEs) can describe evolutionary phenomena that depend on both the time
instant and time history, and they have been widely used in many fields such as economics and
finance [1,2], epidemiology of disasters [3,4], physics [5-8], engineering [9] and so on. To better model
practical problems, different fractional derivatives have been defined and applied, such as Riemann-
Liouville [10,11], Caputo [12], modified Riemann-Liouville [13], Atangana-Baleanu derivative [14]
and so on [15]. For further information on the fractional derivatives, we refer the readers to [10-12]
and the cited references.

Since FDEs play an important role in expressing the practical problems mathematically,
extraction of exact solutions for these FDEs is imperative. Exact solutions of the governing FDEs can
be the benchmark solutions to verify the outcomes and codes of numerical solutions, and even to
develop various numerical methods such as their differencing schemes and grid generation skills
[16]. In addition, the effort to find these solutions is significant for the more profound understanding
of many physical phenomena, thus they may give more insight into the physical aspects of the
problems. For example, the wave distributions observed in fluid dynamics, plasma and elastic media
are often described by soliton solutions [17,18]. In the past several decades, many effective methods
for directly obtaining exact solutions of nonlinear FDEs have been presented, such as Lie symmetry
method [5,19-23], fractional sub-equation method [24-26], G'/G -expansion method [27], exp-
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function method [28] and many more [29-32]. Among those, the fractional complex transform builds
a bridge between fractional differential equations, partial differential equations (PDEs) or ordinary
differential equations (ODEs) [6,29,30]. Through the fractional complex transform, many fractional
differential equations can be transformed into PDEs. Therefore, methods which are used to find exact
solutions of PDEs, such as Hirota bilinear method (HBM) [33,34], finite symmetry group method
(FSGM) [35,36], consistent Riccati expansion method (CREM) [37,38] and so on can be applied to
extract exact solutions of FDEs.

Hirota bilinear method (HBM) was first proposed by Hirota in 1971 [33,34]. For almost all
nonlinear PDEs, HBM is very effective in exploring explicit soliton excitation solutions, including
lump, breather and soliton molecules. These solutions provide a better explanation of the physical
problems. Several fractional PDEs have been exactly solved by combining the fractional complex
transform and Hirota bilinear method [39-42]. The finite symmetry group method (FSGM) was
proposed by Lou [35] in 2005, which is a direct method to find finite symmetry groups of PDEs. By
the FSGM, we can get Lie point symmetry group as special case. Particularly, we can get the
relationship between known solutions and new solutions. Recently, a consistent Riccati expansion
method (CREM) [37] has been proposed to find soliton or soliton-cnoidal solutions. The CREM has
been applied to many PDEs, for example, Korteweg-deVries, Kadomtsev-Petviashvili, sine-Gordon,
Sawada-Kotera, Kaup-Kupershmidt, Broer-Kaup, dispersive water wave, and Burgers systems
[37,38].

To the best of our knowledge, soliton-cnoidal wave solutions for FDEs have not been reported
up to now. Furthermore, FSGM has not been applied to derive solutions for FDEs. In this paper, we
will apply the HBM, FSGM and CREM to extract new solutions for the two FDEs. The research objects
are the (1+1)-dimensional fractional Korteweg-de Vries Sawada-Kotera-Ramani (FKdVSKR) equation

u/ +o(u, +6uu )— ﬁ’(umm +45uu, +15uu, +15uu_)=0, (1)
and (2+1)-dimensional FKdVSKR equation

u +a(u,, +6uu )—-p (umxx +45u”u, +15uu, +15uu, 150, +5u,,

_5J' u, dx + ISuXJ.uydx) 0, @)

in the sense of the modified Riemann-Liouville derivative, where D/ (.) is Jumarie’s modified
Riemann-Liouville derivative [13], 0 <y <1, yisaconstant, & and f are both constants.

FKdVSKR equations (1) and (2) include a lot of KdV-type equations as their special cases. When
y=lL,a =1, =0, (1) becomes the well-known KdV equation

u, +u_ +6uu =0.
When y=1,a =0, f =1, (1) becomes the well-known Sawada-Kotera (SK) equation
u +u, . +450u +15uu_ +HSuu_ =0.

XXX

When =1, (1) is the (1+1)-dimensional KdVSKR equation [43-49]
u,+au, +6uu )- ﬂ(umx +45u’u, +15uu,, +15uu,)=0, (3)

which is also named KdV-SK equation [46] or extended KdV equation [48,49] and is a combination
of the KdV equation and the SK equation.

Soliton molecules and asymmetric soliton for (3) are obtained in [43] by means of the velocity
resonance condition. Also, finite symmetry groups of (3) are obtained. Lie symmetry, optimal system,
symmetry reductions, power series solutions and N-soliton solution of (3) are derived in [44]. Exact
solitary wave solutions and quasi-periodic travelling wave solutions of (3) are studied in [45] by a
new method. A Kaup-Kupershmidt soliton wave solution has been obtained in [46]. The authors in
[46] regard (3) as the higher order KdV equation, or KdV-SK equation. Soliton-cnoidal wave
interaction solutions of (3) have been obtained by the consistent Riccati expansion method (CREM)
[47]. For the (1+1)-dimensional KdVSKR equation with variable coefficients, rational function
solutions, multi-wave rational function solutions and two-soliton rational solutions have been
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derived by the unified method and its generalized form [48]. We should point out that all the above
work is on (3), and it is the first time to research the FKdVSKR equation (1).
When y=1,a =0, f =—1, (2) becomes the integrable Sawada-Kotera (SK) equation [50]

u, +u, HSuu +15uu, +45u"u, + Su,, +15uu, + 15uxj.uydx - SJ.uyydx =0.  When
=1, (2) becomes the (2+1)-dimensional KdVSKR equation

u +au, +6uu)-p (”m +45u°u_ +15uu ,H1Suu, HSuu, +5u,,

)
~5[u, dx+15u, [u,dr) =0,

which has been proposed recently by generalizing (3) to ¥ direction and can be used to describe the

resonances of solitons in shallow water [51]. In [51-55], the authors study soliton excitations or
interaction solutions of (4) based on the Hirota bilinear method (HBM). Multi-order lumps,
interaction between lump and solitons of (4) are derived by the long wave limit method [51]. Soliton
molecule and multi-breather solutions of (4) are extracted by the velocity resonance mechanism and
the complex conjugate relations in the parameters [52]. In [53], the fission solution and fusion solution
of (4) are studied. The dynamic behaviors of lump molecules and y-type molecules are also illustrated.
In [54], a novel restrictive condition has been given to show the nonlinear superposition between a
lump soliton and other nonlinear localized excitations. Interaction solutions of lump solution with
hyperbolic cosine function and lump solution with exponential function of (4) are obtained by
choosing appropriate function in the bilinear form [55]. In [56], Painlevé analysis, Lie point symmetry
and symmetry reductions for (4) have been studied. To the best of our knowledge, there is no further
work studying (4). Therefore, CREM and FSGM have not been applied to the KdVSKR equation in
(2+1)-dimension.

The framework of the rest is in the following. In Section 2, we construct new exact solutions of
the (1+1)-dimensional FKdVSKR equation (1) by the fractional complex transform and the known
solutions. In Section 3, we construct new exact solutions of the (2+1)-dimensional FKdVSKR equation
(2) by the fractional complex transform and CREM. In Section 4, explicit solutions of the (2+1)-
dimensional FKdVSKR equation (2) will be studied by the fractional complex transform and FSGM.
We will build the relationship of new solutions with the known ones. New interaction solutions will
be derived. Section 5 is devoted to discussion of the results and methods in this paper. In Section 6,
some conclusions and future directions of the paper are presented.

2. Exact Solutions of the (1+1)-Dimensional FKdVSKR Equation
To reduce the (1+1)-dimensional FKdVSKR equation to a PDE, we introduce the fractional
complex transform
t;/
u=u(x,T),T=——. (5
Id+y)
Substituting (5) into (1), we have the following (1+1)-dimensional KdVSKR equation [43-49,55]
u, +a(u, +6uu )— ﬁ(uxxm +45uu, +15uu . +15uu ) =0. (6)
Works on (6) have been analyzed in the Introduction. Because of simplicity and directness, the
Hirota bilinear method (HBM) is often used to construct localized nonlinear wave solutions such as
soliton, lump and interaction solutions of a given PDE. A critical step in applying HBM is converting
a PDE to its bilinear form. By means of the common logarithmic transformation

u=2Alny )
(6) can be converted into the following bilinear form
(D,D,~ DS +aD -y =0,

where D_and D, are Hirota’s operators with respect to X,y and 7 respectively.

2.1. Soliton Solutions
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The KdVSKR equation (6) admits N-soliton solution as follows:

N N
u=2Alny) y=73 exp(Z P+ 2. PP ]’ (7a)
Jj=1

ry I<j<isN
with
1, = px— (o’ = B’ )T+, (7b)
and
eA,.j __ (/uz _/uj)(vi _vj)+ CX(,UZ- _,uj)4 _ﬁ(/ui _/uj)6
(4, + 1)V, +v;) + ey, +,Uj)4 A +ﬂ,~)6 " (79)
v, =—au’ + pu’, 1<j<i<N)
N
where {1,,0,}(i =1,...,N) are arbitrary constants, z is the summation of all possible pairs
1<j<i<N

taken from N elements with the condition 1< j<i< N, Z indicates a summation over all
p=0.1

possible combinations of p,, p, = 0,1 @i, j=1,..,N).

2.1.1. One-Soliton Solution

When N =1, =1+¢€",a one-soliton solution for the KdVSKR equation (6) is

zﬂzeﬂlx—a#|37+ﬁ#157+5l

2
(1 + e#1X—a#13T+ﬂﬂ15T+51 )

and the fractional one-soliton solution for the FKdVSKR equation (1) is

o gt
2#26#17‘*( a” + By )l"(1+}/)+51
U= . )

24
+
r(+y)

lll’er(*Glﬂl3 *ﬁﬂf) 6

l+e

Graphs (a), (b) and (c) in Figure 1 illustrate the one-soliton solution (8) for different ¥ when
taking a =1, S =2,1, =1,0,=0.1. Graphs (d) in Figure 1 shows the relative locations for
different yat t=5. As we can see from the graphs, locations of the one -soliton change as the
fractional order parameter y changes. The larger is y,the more backward the soliton is located;
the smalleris , the more forward the solution is located. Interestingly, the fractional soliton sulution

for the KMM system is just the opposite [17]. For the KMM system, the location of the soliton is
backwarder when the fractional order become smaller.

(a) One-soliton with ¥ = 0.05. (b) One-soliton with y =0.5.
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(c) One-soliton with y =0.9. (d) One-soliton with different .

Figure 1. One-soliton solution (10) with different y..

2.1.2. Two-Soliton Solution

When N =2, =1+€" +e"” +e"""*" the fractional two-soliton solution for the
FKdVSKR equation (1) is

22" + 7 + (s + 1) Al ) 2" + 1 + (1) A ™)

u= - ,
1+e" +e" + 4, (1+e" +7 + 4,e" )2
t}/
where 77, = u.x — (o’ — ﬂﬂis)m +3,(i=1,2),v,,v,and e** are determined by (7).
T

When takinga =1, f=2,4 =1,6,=0.1, 4, =1.05,6, =0.1, diagrams of the two-soliton
solution can be plotted as follows.
Figure 2 illustrates the two-soliton solution for ¥ =0.05. As we can see from Figure 3, changes

of the locations of the two-soliton is the same as the one-soliton. The location of the two-soliton is
more forward when J become smaller.

Kb

-5 -1010

Figure 2. Two-soliton with y = 0.05.
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Figure 3. Two-soliton at f =8..

2.1.3. Three-Soliton Solution

When N =3, if we take
w=1+e" +e" +e" + A, + A" + A" + A, A Ae"TT
where 7, = 14.x — (ap’ — ﬂ,uis)L +0,(i=1,2,3),v,,v,,v;and e™*,e* ™ are determined
rd+y)
by (7), the fractional three-soliton solution for the FKdVSKR equation (1) can be obtained by (7) and
(5). When taking a=L6=2,u =11, =-1.24, 1 =123, and v, =1.25,v, =13,
v;=14,6,=0,0,=0,0, =0, diagrams of the above three- soliton solution can be obtained as
follows. Figure 4 illustrates the three-soliton solution for » =0.9. As we can see from Figure 5,

changing tendency of the locations of the three-soliton is the same as the one-soliton and two-soliton.
The location of the three -soliton is more forward when J becomes smaller. However, in the

neighborhood of x =0, trend of this change is not obvious.

Figure 4. Three-soliton with = 0.9.
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[~ e 0.05 — 05 —-¢ 05]

Figure 5. Three-soliton at ¢ =2..

2.1.4. Generalized Kaup-Kupershmidt Solitary Waves

Based on [46], (6) has a Generalized Kaup-Kupershmidt (GKK) solitary wave as follows

x—iT

0, cosh 2|4

NG

5 4 2’

where 0,is a constant. By means of (5), one can get a GKK solitary wave solution for the (1+1)-
dimensional FKdVSKR equation (1)

4 v
5T+ )
—J/ +1

NG

0, cosh

W | o

. )
4 v
5T+
s
\/g 4

cosh

We should remark that it is different from the one-soliton solution (8).

2.2. Soliton-Cnoidal Interaction Wave Solution

The consistent Riccati expansion (CRE) method is an effective and straightforward method to
identify CRE solvable systems and find interaction solutions between soliton and other types of
nonlinear waves [37,38]. In [48], it has been proved that the KdVSKR (6) equation is CRE solvable,
and a soliton-cnoidal wave solution has been found.

Taking advantage of the known solutions in [48], an interaction solution between soliton and
Jacobi elliptic function for (1) can be obtained as follows
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1 Kt

156 4(2nSn—1/2(n2+1)
Xtanh{kom\ﬂ(nz-‘r)[ 0fr+4—— ( —5 ki +62 +1)
+7)

) [Zn S(27 S+ 372 +3) =272 +1) (67 S-417 +1)J

1 _
}rEIn(Dn—nCnHC} (10)

-803 [(+y)
ot Cnmtarm{ko“”z(” D { ( Sﬁzkgm“(n +62;12+1)F(1 )}
1 —1 qumz 2 Q.2 2 2 2Q2, 2
- oDn-nCy+C | o \/2(n2+1))[2n3n(6n S~ 71 =)+ 2012 +1)(617 S*+1 +1)J,
with
t’ t’
K (Cspas )——ﬁkSm (19n* + 260 +19)—
5ﬂ rd+y) L(1+y)’

where Sn =Sn(mn,n),Cn = Cn(mi],n),Dn =Dn(mn,n), n (0 <n<1) denotes the modulus of

the Jacobi elliptic function, k,,C and m are constants.

2.3. Lump-Periodic Interaction Wave Solution
In the expression of N-soliton solution (7), if we set
w =k, cosh(r,) + k, cos(n, ), 1, = phx+wT + gp M, = hx+wI + é_‘z’
where 14, 14, , W, W,, 6_'1 and 6_'2 are constants, we can get a lump-periodic interaction solutions for the
KdVSKR equation (6). By means of (5), a lump-periodic interaction solution for the FKdVSKR
equation (1) can be obtained as follows.
_ Z(klﬁzz cosh(r,) — kz/_lzz cos(77,)) _ 2(k, 1, cosh(r,) — k, i1, cos(, )’
k, cosh(rp,) + k, cos(i7,) (k, cosh(r,) + k, cos(17,))”

t =
=inx+4n’ (4pu, +a)——+95,,
=1, 1y (4pu, ) T(+7) |
_ s _5 1 = (11)
n, = lx+168u," +4am,”) +0,.
I'd+y)
When ¥ =1, the solution (11) become a solution for the KAVSKR equation (6), and it is exactly
the same as that in [55].

3. New Solutions of the (2+1)-Dimensional FKdVSKR Equation by CREM

To reduce (2) to a PDE, we introduce the fractional complex transform
¥

t
= 1), =———.
u M(X, ) )a F(1+ ]/) (12)

Substituting (12) into (2), we get the following (2+1) dimensional KdVSKR equation:
u, +a(u, +6uu )-— ﬂ( +45u’u, +15uu, +15uu, +15uu, +5u,,

(13)
—SJ-qux+15uxJ-uydx) =0.
Removing integral operation, we can transform (13) to the following KdVSKR system:
u,+ofu, +6uu ) ﬂ( +450°u, +1 5w, +15m HSu e, +5u,, —5v, +15u V) 0,
(14)

u,=v,.
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In the following, we first give an explanation of the CREM, then derive solutions of (14) by the
CREM.

3.1. Explanation of CREM
The consistent Riccati expansion method (CREM) [37,38] is proposed to derive exact solutions

based on the known solutions of the Riccati equation. Consider a nonlinear PDE system as follows
{pl (X, 0, T U, VUV UV Uy VU Y )0,

p2 ( X, ya Taua v, ux ’Vx 5uy ,Vy ’uT 3VT ’u)oc ,Vxx b ):O

(15)

Suppose that the solutions of (15) are as follows

5 '
MZZ u,R'(W),

" (16)
v=2v,R' (W),

=)

whereu;,v; and W are undetermined functions concerning X,y and T.The positive integers J, and

J, are dertermined by balancing the derivative term of the highest-order with the nonlinear term of

the highest-order in (15). The function R(W')is a solution of the Riccati equation
R, = A+ BR+MR’, (17)

with A, B, M being constants. Exact solutions of (17) have been reported in many references, such
as [57].

Substituting (16) with (17) into (15), we can get a system of PDEs composed by the coefficients
of different R’ (W). 1f u ;and v, can be determined by /¥ and its derivatives, then the expansion

(16) is a CRE and the nonlinear system (15) is CRE solvable. For more examples of the CREM, the
readers can refer to [37].

3.2. Exact Solutions by the CREM

By balancing the highest nonlinearity and dispersive term, we suppose that solutions of (14) are
as follows

_ 18
v=I[+mRW)+nR(W)?, 49

{u =a+bR(W)+cRW),
where a,b,c,l i, and W are functions of X, y and T, and R(W) is a solution of the Riccati
equation (17).

Substituting (18) with (17) into (14) and vanishing the coefficients of different powers of R(W')
yields


https://doi.org/10.20944/preprints202408.0130.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2024 d0i:10.20944/preprints202408.0130.v1

10

— 1
[ = W(—ISOO/?ZMBA W W, +80B°M>A°W, +258°B* W W * +5apW W
2 3 2 3 2 3 2
—-3008°BW W, +1258°W W W > —13508°BW W +2758°W W W

x'7 xx xx' " xxxx

+1258°B*W W, + 45082 B*W W, - 250 8°W W W, — 450 3> BW ‘W

x7 xxt oyx XXXX

+6258°B*W W +6008°W W2 +1158°W W2 —T1258°W W .

x"7 xxx xxx’ xx

—25B8°W W =25 W W, —VASBPW W, —SPW W, —a’ W}

XXXXX

—40B°MB* AW, + 200> MAW ‘W +18008°BW ‘W W

+4508°BW W W, —5008>MAW ‘W, —25008°MAW ‘W +58°B*W,’ )
1
a=————(30BBW W_—15pW. > +20BWW__+58B°W*
sz COPBWI . 1S54 200 .+ SHBW,
4 2
+40BMAW,* +5BBW W, —aW,’ ),

b =—4MW,_ —4MBW_,

c=—4M*W_2,
m=—4AMBWW, —4MW,,
n=—AMWW,,

and the function W needs to satisfy the following three equations

I/ny:

W2(4m%Wm —BW W, +AAMW W, —WW W, 30+ W2, ), (19)

X

W, =%, (19b)

2

X

{ ;V (4~ BW W, +4AMWW, —mm%+3%3+mzwm)} ~E,, (199

T

where

2= %(—WTWHWS AW W, AP, A3+ 5PV, —aB W,

+40BMAW W W, ~8BB*MAW W, 20 BMAW W W, +135 6W°
+208MAWSW, ., —\0BB*W W, W, +20pW WW, W, +55BW W,
H16BM> ALWEW, +4aMAWSW, + BBW W, 5 WWW, —AaW W W,
~SBB W W, ~SOLW W, W, ~24PW W W, ~SPW W, W,
16O, W22 105 BV, . ~330 W, ISPV, ).

up, the (2+1)-dimensional KdVSKR system (14) is CRE solvable, the following nonauto Backlund
transform theorem has been proven.

Theorem 1. If W is a solution of (19) and R is a solution of (17), then

To sum
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u——Lt
15,

+SBBWW, — W, )+(-AMW, —4MBW. )R- 4M’W R,

(308BWW,

X

—158W 2 +20W W, +5BB°W.* +40MAW *

v=1 +(-4MBW W, —4MW, )R- 4M’W W R,
is the solution of the (2+1)-dimensional KdVSKR system (14).
Taking W =k, x+k,y+k,T +k, and applying Theorem 1, we can obtain the following two

soliton solutions for (13). One is a dark soliton solution

=Sk O gk tanh (kx kAT 4R, ),
37 3k 158
and another is a singular soliton solution
u=Srr B O gk coth (ko kyy kT ),
37 3k 158

where kg, k ,k,and k;are constants.

By means of (12), fractional dark soliton and singular soliton solutions for (2) can be obtained
and they are as follows:

y 2
u=Spr k@ g tanh[klx+k2y+k3t—+k0J , (20)
373k 158 T(1+7)
y 2
u=Spr ke @ gy coth(k1x+k2y+k3t—+ko) . @1
37 3k 158 T(1+7)

4. Interaction Solutions of the (2+1)-dimensional FKdVSKR equation by FSGM

The finite symmetry group method (FSGM) is an effective way to get new exact solutions from
the known solutions. In addition, Lie point symmetry group can also be obtained from the finite
symmetry group.

4.1. Finite Symmetry Group of (14)
According to the FSGM, we look for the following symmetry group for (14)
{u = a+bU(p,q,r)+EV(pq,r), @)
v=s+mU(p,q,r)+nV(p,q,r),

where p=px,»,T),q=q(x,y,T),r =r(x,y,T),a =&(x,y,T),l; =l;(x,y,T),é =c(x,y,T)
§=58(x,y,T),m=m(x,y,T)and n=n(x,y,T) are functions to be determined by requiring that
U(p,q,r) and V(p,q,r) satisfies the same (2+1)-dimensional PDEs as # and vV with the
transformation
o0, Tou(x, y,T),v(x, 3, 1) = {p, .7, U (p,q, 7).V (p,q,7)5 - (23)
That is to say, U(p,q,r) is supposed to satisfy the following nonlinear PDE

! 2
U = E(Ur +aU,, +6aUU, _15ﬂUPUpp -45pU°U,
-15p0U0,-15p0U ,,, -5 U

Ppa
V =U,.

P q

+58V, 158U V), (24)
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Substituting (22) into (14), rulingout U,

of U,V and their derivatives, we have a set of overdetermined PDEs. From them, we have

2Fa, 2a, 1yF 16

and Vp via (24), and collecting the other coefficients

a=-— + + ,
45 B 458 15 BF 45 BF
b=F?,
¢=0,
2 3
p=Fx LyFT_inT+ina_ina+H, (25)

10 B 158 15 B8 15 p
q=yF’+[G,FdT,
r=|[Far,

l oG, 1)’@7} 2)@1‘}4_1&} 1FaG,+1y2FT2 lyzF]T

675 FF 255FF 255 FF 156F 135 f  T5FF 150 fF
I21’*7*})/0{}21‘5}05)/+lFLx=1GTZ 1 F'e? 2F20t2=70f

25 F D5FF 156F 6564F 135 F 615 F 6156
oo T _1FG 1 Fa 1 Fa
58 158 158 1558°
A=PF,

where F,Gand H are arbitrary functions of T. So we have got the finite symmetry groups for
EI}lzfze.orem 21f U(x,y,T)and V(x,y,T) is a solution of the (2+1)-dimensional KdVSKR equation

equation (14), then sois #and V expressed by (22) with (25).
Applying Theorem 1, we can get new exact solutions for (14) or (13) from the known solutions.
To see the relation between the finite symmetry groups and the Lie point symmetry group
obtained by the standard Lie group approach, we set

S=

F:1+8%,G:8g,H:gh,

where & is an infinitesimal parameter, f, gand/ are arbitrary functions of 7.Then (22) can be

written as
u=U+¢eoU), v=V+eo(V),
then
1 200 1 ) 1
=x+é&| = frx——fry——— ———g,y+h|,
P (Sfr 75,8ny 50ﬂfﬂy 15ﬁgry J

q:y+g(%ny+gj, r=T+¢f,

and
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1 2a 1 , 1 3
a(U)_[ngx—ﬁny—ﬂfny lsﬂgrwh]U#(sﬂwgJUﬁfUT

1 1
[ —fru 225,6’f ﬁfn}’—@&j,

1 o 1 , b 3
U(V)—(gﬁx_ﬁfny_ﬂfny 15ﬂgTy+thX+[5ny+gJVy+fVT

4 1 2a 4o 1 1
~| = fro+—— b fl———— [y [ Xt ——
( 5Tt s g It s s I s e T 75ﬂf”x 1555

2

N 8a I+ 1 [y 2a LI
1125877 7508 mrY zzsﬁng 225ﬂ2g”y 15,3

so the Lie symmetry generators of (14) are as follows

AN S i Soﬁ,fnfj e

( ﬁwlzsﬁfnw 75//1” 1125[12]? 1125ﬂ2 75ﬂ’f7"")C 750ﬁ2fmﬁ]

1 1 a1 2 1 8
Ag)= 555 ax g(T)5y4—5ﬂ 2 [Eﬂgru mﬂzgfumﬁzgnng—v,
R(h)=h( )gx?ﬂhra/

they are exactly the same with the results in [56], which is obtained by the standard Lie group
method, and the corresponding Lie algebra constitutes Kac-Moody-Virasoro type algebra.
Remark 1. In [43], the finite symmetry group of (1+1)-dimensional KdVSKR equation (6) has been
derived, but there are no arbitrary functions. The case in (2+1)-dimensional KdVSKR system (14) is
quite different, since the finite symmetry group of (14) has three arbitrary functions. The arbitrary
functions in the finite symmetry group is very useful in extracting new type interaction solutions.

4.2. Dark-Soliton-Sine INTERACTION Solution for (2)

Applying Theorem 2 and the given solution (20), we can get new solutions for (13). For example,
taking F =sin(7T"), G =0, H =0, a new solution for (13) is

u= _2a sin*(T) + 2a " yco?(T) (T) k2 k. La
45p 454 15psin(T) 3k 158
i i T, ay
2(T){~4k?| tanh| £, 7y 3" cos(T) T .
+sin’( ){ 1 [a ( ((xsin(T) - 103 +15ﬂsm( )— ﬁsm (1)) 26)
4 ) 2
+k, ( ysin’ (T)) k- sin”(I)cos(T")  4sin”(T)cos(T)) 8cos(T) o,
S 15 15
Y
Substituting 7= ———— into (26), a dark soliton and trigonometric sine periodic interaction
T(+y)

solution for the (2+1)-dimensional FKdAVSKR equation is obtained. To illustrate interactions of the
dark soliton and the trigonometrical sine function, graphs of solution (26) with different fractional

order parameters have been plotted. When taking y =2, =1, =2k, =Lk, =Lk, =1k, =2,

graghs in 3D are given in Figure 6.
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From graphs (a)-(f) in Figure 6, we find an interesting fact. When the fractional order < 0.4,
the soliton dominates the solution. When ¥ =0.4, periodicity of the solution begins to emerge.
When y > 0.5, periodicity of the solution become strong when the fractional order parameter grow
larger. The conclusion can also be proven by Figure 7, which is at x =1,y =2 with the same

parameters in Figure 6.

~
~—
—

[ | |
2 I |
°  gamma=0.15 amma=0.3 — - gamma=0.4 [+ & 5 — 6 — 9]
(a) small influence of periodicity (b) strong influence of periodicity

Figure 7. Influence of fractional order on periodicity.

4.3. Bright-Soliton-Elliptical-Interaction Solution for (2)
From [52], we know the (2+1)-dimensional KdVSKR equation (13) has a bright soliton solution

w=2ksech| fy 3erfp L),
27208 ,

5 3 2 2 2 2
k’p N kia 9ka” 3ka N 9a” 9a’3 itk |
2 4 408 4 20k,8  40k°p

(27)
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where k;and k, are constants.

Applying Theorem 2 and the above solution (27), we can get new solutions for (13). For example,
taking /' =Sn,G = 0,H =0, a new solution for (13) is

=_2aSn2+ 2a LY ]n(Dn—kCn)+
4568 450 158 kSn

2 — 3

10k 158 158

3a 1\ s (KB Ka %o 3ka 9a° 9o )\[Sn’Cn
—| k,——|Sn” y+ + - - + v >
208"k 2 4 408 4 20k 40kB)\ 4k
,In@n—kCn) 3In(Dn—kCn) 3CnDn_3CnDn 31n(Dn—kCn)}

4k 8k 8k 8k* 8k>

(28)

where Sn,Dn,Cn are short for the Jacobi elliptic function JacobiSN(7',k),JacobiDN(7’,k) and

JacobiCN(T', k) respectively, k (0 <k <1) denotes the modulus of the Jacobi elliptic function.

y
Substituting T = —) into (28), a two-wave interaction solution between bright soliton
v

r{a+
and elliptic periodic function for the (2+1)-dimensional FKdVSKR equation (2) is obtained. To
illustrate interactions of the bright soliton and the elliptic periodic function, graphs of solution (28)
with  different fractional order parameters have been plotted. @When @ taking
v=2,a=13=2,k =1k, =2, and the modulus of the Jacobi elliptic functionk = 0.5, graghs in
3D are in Figure 8.

From graphs (a)-(h) in Figure 8, the impact of fractional order parameter y on the shape of
solutions can be observed. When the fractional order ¥ = 0.02, it is the shape of soliton, and we can’t
see the influence of elliptic function. When the fractional order y = 0.3 and y =0.43, the shape of
soliton has changed. When y =0.45, periodicity of the solution begins to emerge. When y > 0.45,
periodicity of the solution becomes stronger when the fractional order parameter grows larger. The
conclusion can also be proven by Figure 9. It is ploted at X = 2, y = 2 and other pamameters are the

same with Figure 8.

(a)  =0.02 (b) 7 =03 (c) 7 =0.43
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Figure 8. 3D graphs of solution (28) with different fractional order y .

2 | |
P \ \ |
0 AN BRIy
b/ \ FWA
f| / -/ ]
Ly D A H
0 10 |// 20 ;lo 40 50 60 |f‘ ” :;i/
|, 15
|| ! I
‘ | |-
(a) (b)

Figure 9. Influence of fractional order ) on periodicity.

5. Results and Discussion

In this paper, FKAVSKR equation in (1+1)-dimension and (2+1)-dimension have been studied
from the point of analytical solutions. The CREM and FSGM are used to study exact solutions of
KdVSKR equation (6) and (14). For the (1+1)-dimensional KdVSKR equation (6), the authors in [48]
show that the equation is CRE solvable and a soliton-cnoidal interaction solution is obtained. From
the known soliton-cnoidal interaction solution, we obtain a fractional soliton-cnoidal interaction
solution (10) for the FKdVSKR equation (1). It is a fractional soliton lying on a fractional cnoidal
periodic wave background. It the first time that we have got a fractional soliton-cnoidal interaction
solution for a fractional differential system. The FSGM has been applied to (6) in [43], there aren’t any
arbitrary functions in the expression of the finite symmetry group, so we can’t get new solutions from
the FSGM. Fortunately, the finite symmetry group of the (2+1)-dimensional KdVSKR system (14) has
three arbitrary functions, so that we can get a lot of new solutions making use of the known solutions
of (13) and Theorem 2.
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From [55], we know the (2+1)-dimensional KdVSKR equation (13) has the following lump-
hyperbolic solution

2
2 2e,’ .
i ) &by, _2e, 20773 —e,e, sinh(77)
2e.e,” cosh(n,) b, b,
u= 5 > - 2 b (29)
28 "L e cosh(n,) e
Up b | h n,’ — e + ¢, cosh(7,)
p
with
7, =—e,x+4e, (-4 B¢, +a)T —e,,
b b b
n, =mx+ez—°y+ezT+@,
b, b, b,
1, =bx+by+bT+b,,
whereb,and e, (i =0,1,2,3) are constants.
¥
Substituting 7' =——— into (29), a lump-hyperbolic interaction solution for the (2+1)-

ra+y)
dimensional FKdVSKR equation (2) is obtained. When taking y=2,a= =1,
e, =¢ =0.6,e,=0.1,e,=0.4,5,=0.6,5, =0.1,b, =1,b, =0.1,

graphs are as follows.
From graphs (a)-(c) in Figure 10, we find the impact of fractional order parameter ¥ on the shape

of solutions is not obvious.

LA

(a) ¥ =0.01,t=10 (b)  =0.48,t=10 (c) ¥ =0.98,t=10

Figure 10. Lump-hyperbolic solution with different fractional order .

Applying Theorem 2 and the above solution (29), we can get new solutions for (2). In Theorem
2, wetake F =sin(T),G =0, H =0, a three-wave interaction solution for (13) is as follows.

L 2a sin*(T) + 2a N ycos(T)
45 454 158sin(T)
B _ 2
) 2e,b,1, _ 26221’0773 —e,e, sinh(77,) (30)
sin®(T) 261602 cosh(7z,) B b, b22 - 1
_, &' = s’ 2 |
7, - 2b 223 +¢, cosh(iz,) (,722 - eZbZB +e cosh(ﬁl)j
2

with
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77, =—e,p+4e, (4 Be,’ +a)r—e,, i, = &by p +%q +e,r+ 2 ,
b, b, b,
77, =b,p+bq+b,r+b, p=xsin(T)- y cos(T) | ay sin(T) =2 sin* (1)
oo 108 158 158 ’
. 4 < 2
g = ysin(T), r=— sin” (T)cos(T) 4sin”(T)cos(T) 8cos(T).
5 15 15
v
Substituting T = m into (30), an lump-hyperbolic-sine interaction solution for the (2+1)-
Ty
dimensional FKdVSKR equation ) is obtained. When taking
y=2,a=p=1e=¢=0.6,e,=0.1,¢,=0.4,b,=0.6,b =0.1,b, =1,b, =0.1, graphs are as

follows.
From graphs (a)-(f) in Figure 11, we find that as fractional order ¥ increases, the shape of the

solution has changed regularly. From y =0.01to y =0.16, it goes from periodic solution to soliton
solution gradually. From y =0.16to y =0.32, the soliton becomes periodic solution gradually.
From y =0.32to y =0.48, the wave is from disappearing to emerging.

(e) ¥ =0.19,t=12 (f) 7 =0.25,t=12

(8) y=0.32,t=12 (h) ¥ =0.42,t=12 (i) ¥ =0.48,t=12

Figure 11. Lump-hyperbolic-periodic solution with different fractional order .
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Compared graphs in Figure 10 with those in Figure 11, we find the shape of the lump-hyperbolic
interaction solution is very different with that of lump-hyperbolic-sine interaction solution. With the
change of fractional order }, the three-wave interaction solution changes regularly while two-wave

interaction solution changes a little.

Remark 2. We should point out that making use of Theorem 2, lots of new solutions with unexpected
dynamic behavior and properties can be obtained. It is necessary to study further.

6. Conclusions

Recently, a new (2+1)-dimensional PDE has been proposed, which is called KdVSKR equation
and can model the resonances of solitons in shallow water. The available results show that this
equation possesses rich local excitation patterns. Since fractional KdVSKR equation in (1+1) -
dimension and (2+1) -dimension have not been studied so far, we perform in-depth study on their
exact solutions by means of HBM, CREM and FSGM. For the (1+1)-dimensional FKdVSKR equation,
influence of fractional order on the locations of fractional one-soliton, fractional two-soliton and
fractional three-soliton have been illustrated by graphs. We find that one-soliton, two-soliton and
three-soliton have the same variation tendency: the location of the fractional soliton is more backward
when the fractional order ) becomes larger. In addition, we also get fractional lump-periodic and

fractional soliton-cnoidal interaction wave solutions. To our best knowledge, soliton-cnoidal
interaction wave solutions of fractional PDE have not been reported before.

For the (2+1)-dimensional KdVSKR equation, we get the finite symmetry group and Theorem 2.
From the finite symmetry group, Lie point symmetry can be obtained and is exactly the same with
the results in [56]. Applying Theorem 2, a lot of novel solutions can be derived for the (2+1)-
dimensional KdVSKR equation. Making use of the fractional complex transform (12), new types of
interaction solutions for the (2+1)-dimensional FKdVSKR equation (2) have been extracted. The
solutions include dark soliton with trigonometric sine function interaction solution (26), bright
soliton with elliptic function interaction solution (28), and lump-hyperbolic-sine three-wave

r
interaction solution (29) under the condition 7 = t— Impact of fractional order y on the
rad+y)
shapes of these solutions has been illustrated by plenty of graphs. As far as we know, lump-
hyperbolic-sine three-wave interaction solutions for fractional PDEs have not been reported before.
We have shown that the combination of the fractional complex transform and FSGM or CREM can
be used to obtain new interaction solutions for fractional differential systems. In the future, we will
study the fractional higher-order beam equation by applying the research idea in this paper.
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