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Abstract

This paper introduces an extension of Geometric Algebra (GA) to the frequency domain, termed
Frequency-bin Geometric Algebra (FB-GA), and explores its application to modeling of Frequency-
bin Quantum-like Systems (FB-QLS). Within this framework, frequency-bin quantum-like gates such
as CNOT and Hadamard, as well as more general quantum-like circuits, are formulated and
analyzed. By studying the spectral representations of quantum-like states, we demonstrate how FB-
GA can naturally capture phenomena such as entanglement and entanglement swapping.
Furthermore, the extension of FB-GA to incorporate frequency polarization provides a robust tool for
simulating complex quantum systems. Beyond theoretical insights, we show that this approach
enables advanced schemes for information transmission and processing, highlighting its potential as
a foundation for quantum-inspired computation.

Keywords: frequency-bin geometric algebra; frequency-bin quantum-like systems; geometric
algebra; information physics; bivectors; trivectors; multivectors; rotor; quantum-like entanglement;
quantum-like entanglement swapping

1. Introduction

The term frequency-bin denotes a discrete spectral mode defined by a narrow frequency interval
within which signals can be encoded and manipulated. In photonics and quantum information,
frequency-bin encoding exploits these orthogonal frequency channels to represent q-bits or higher-
dimensional states [1]. Quantum-like refers to mathematical and computational models [2, 3] that
reproduce structural features of quantum theory (such as superposition, interference, entanglement)
outside the domain of microscopic quantum physics [15]. Macroscopic quantum phenomena,
including superconductivity or tunneling, illustrate quantum effects that arise collectively at large
scales. These phenomena align with the concept of quantum-like systems, showing how quantum
formalism bridges microscopic physics with complex emergent behaviors.

Previous publications have focused on information physics [4], exploring the analogies between
information systems and both classical and quantum physics. It was examined how to develop
complex information systems by using physics-like analogies such as information flow and
information content. In this paper, we take a different approach, demonstrating how existing
knowledge from information and communication technologies can be effectively used to better
model quantum-like properties, including quantum-like superposition of states, quantum-like gates,
and quantum-like entanglement.

Information processing community developed a lot of advanced methods [5] for radio signals
coding and decoding for effective information compression to optimize the limited radio frequency
band. The literature also presents several key findings related to the Frequency-bin Quantum-like
Systems (FB-QLS), mainly derived from the fields of optics and lasers [6, 7]. Our approach builds on
these results by investigating various modulation and demodulation techniques, without being
restricted to the specific properties of optical systems. This extension enhances the applicability of
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theoretical frameworks such as Frequency-bin Geometric Algebra (FB-GA), enabling consistent
modeling of bivectors, trivectors, and higher-order multivectors within the frequency domain.

In Session 2, the basic definitions of Frequency-bin Quantum-like Systems (FB-QLS) will be
described, including quantum-like superpositions of states, the creation of quantum-like registers
and fundamental frequency-bin quantum-like properties, such as entanglement or entanglement
swapping. Session 3 explores the possibilities of modeling frequency-bin quantum-like gates and
introduces a polarization to frequency-bin quantum-like framework. Session 4 generalizes the
previous results using the theory of Frequency-bin Geometric Algebra (FB-GA) tool, allowing for the
use of bivectors, trivectors, and generally multivectors to encode and process information across
frequency domain. The paper concludes with a discussion in Session 5 and a conclusion in Session 6.

2. Frequency-Bin Quantum-Like Systems

2.1 Frequency-Bin Quantum-Like g-Bit

Let us define k-th harmonic signal with amplitude A , frequency f and phase ¢, in time

domain as:
S (t)=A-cos(2-7z- f -t+d) (1)
By using Dirac function in frequency domain §( f ) the Fourier spectrum can be given:
sk(f):%.[ew.5(f_fk)+e-i-¢k-5(f+fk)] @

Quantum bit (g-bit) with states |0),|1)is possible to define in standard bra-ket notation [8]:

ly)= cos( J|O>+e”’ sm[ )|1> 3)

By using frequency-bin analogy this q-bit can be rewritten in frequency domain:

). —cos( j |ei?7 )+ eb?. sm( j |ed2m i) )

where frequencies f,, f, characterize states |0),|1) and the Fourier spectrum of both states is

given as:

s, ()= cos( ][5 (f—f)+o(f+1f)]+ )
+sin(§]~[e”’ S(F-1)+e - 5(f+1,)]

It is evident that we can add more and more frequencies f, to create superposition of many

quantum states represented through different frequency-bin components.

2.2 Frequency-Bin Quantum-Like Register

Kronecker product is applied to put two frequency-bin g-bits into one joint quantum-like
system:

[yas)oea] )+ 811, )0(7(0), +ol1), ) = ©
= ar[00),,, +s[01), , + By 10) , + 51T,

Symbol oc means equality up to normalization constant used in quantum physics. Similarly, we
can express this operation in frequency domain:

Sus(t)=
:(a|ej-2/r-f1-t> +ﬂ|ej-27r-fz-t>A)®<7|ej«27r-f3»t>B +6|ej-2;r-fA-t>B):

—ay‘eﬂ” fi4 )t > +a5‘ej<2n-(fl+f4)»t> n
AB AB

)

+ﬂ}/‘e127r fz+f3)I>A'B +ﬁ5‘ej-27r-(fz+f4).t>

A,B
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where frequencies f,, f, characterize |0) 1) states of quantum-like sub-system A and f,, f,

w
states |0)_,|1), of quantum-like sub-system B. Frequencies f, +f;, f, +f, indicate quantum-like

states |00>A,B ,|01>A'B and f,+ f,, f, + f,are linked to states [10), _and 111), .-

A
By repeating several consecutive operations, we can create quantum-like frequency-bin register
that parallelly contain all combinations of states superposed in frequency domain [9].

2.3 Frequency-Bin Quantum-Like Entanglement

Quantum entanglement [8] is a nonclassical correlation structure in which the joint state cannot
be decomposed into independent local states. Suppose to have two frequency-bin quantum-like sub-
systems A, B represented by time-signals with different amplitudes, frequencies and phases:

sA(t)ziAAWcos(Z«m fan t+dan) (8)
(D)= A, cos(27- 1y, ) ©

A frequency-bin quantum-like entanglement features are indicated as an exact mapping

between the parameters of both signals A and B:
fB,n =F ( fA,n ) ) ¢B,n =G (¢A,n)' AB,n =H (AA,n) (10)

Band-pass filters isolate individual frequency components, while mixers (frequency shifters) and
phase modulators coherently combine them. When two or more channels are mixed in such a way
that the output cannot be factored into independent contributions, the result is the quantum-like
frequency-bin analogue of entanglement. The information content is distributed jointly across
frequency domain rather than residing in any single frequency.

2.4 Frequency-Bin Quantum-Like Entanglement Swapping

Entanglement swapping is a quantum feature in which two quantum systems that have never
interacted become entangled through a joint measurement on their respective partners. Suppose two
entangled pairs, labelled (A, B) and (C, D). A joint measurement on B and D projects A and C into an
entangled state, conditional on the measurement outcome.

Let us imagine two g-bits with states |0),|1) both represented by same frequencies f,, f,. The

frequency-bin quantum-like entanglement (Bell states) between A, B and C, D can be expressed:

1 jor it Lj2r it jor it Lj2m

V/A,B(t)_ﬁ'“e € >A,B+|e € >A,B)

_ 1 j2m it Lj2mfit j2mfyt Lj2m-fyt
Yeo (t)_ﬁ'“e € >C,D+|e € >c,D) (1)
The join frequency-bin quantum-like system A, B, C, D under both entanglement conditions can

be written:
¥agcp (t) =
_ i ] (‘ej~27z~f1»t ej~2ﬂ~f1~t> +‘ej-2mfz-t ej~27r-f2»t> )®
\/E ' AB ' AB
1

j27ft o j2mfit j 27yt nj2mefyt
®_.‘el7f1,elﬂ1> +‘elﬁz’elﬂz> o
J2 CcDh c,D
o ‘ej-ZIz-fl-t , gl 2m it ’ pl2m it ’ ej-Z;rzf-t1> n (12)
AB.C.D
j2rfit qj2m it qjlmft j2rfyt
+‘eJ”1’eJ”1’eJ”z,eJ”2> +
AB.C.D
jemft Lj2rft Ljlmfit aj2mft
+‘e 2 ’e 2 ,eJ 1 ’eJ 1
AB.C.D
j2r-fyt j2r-f,t j2r-f,t j-2r-f,t
+‘e] 2 'el 2 'eJ 2 ,eJ 2 >
AB.C.D
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Now, let us supposed that B, C are maximally entangled. It means that only those components
survive where B and C are identical (B and C are either both at frequency f, or at frequency f,).If

oneisat f, and the otherat f,, this state disappears due to B, C entanglement. The remaining part

directly yields to entanglement of A, D:

Voo (t) _ i(| gi2r it ejlzﬂ-f1~t>AlD +|ej-27r-f2~t izt >A,D) (13)

V2
Frequency-bin quantum-like entanglement can be practically realized through filters that
transmit only frequency combinations fulfilling a specified entanglement criterion.

3. Frequency-Bin Polarization Framework

3.1 Frequency-Bin Quantum-Like Gates

Frequency components offer a naturally discrete, mutually orthogonal basis that can be
efficiently generated, filtered, and manipulated using standard signal processing algorithms, such as
phase modulators, frequency shifters, or frequency filters. Implementing quantum-like gates in the
frequency domain is crucial for the practicality of quantum computing [10].

We can start with Hadamard gate as a basic operation in quantum computers that provides
following g-bit transformation:

0~ 510} +I) 09
- 75(9)-11) 09

For input state |0) the phase value ¢=0 is assigned and for state |1> the phase @ =7 is
assigned, respectively. The frequency-bin states |0),|1)are distinguished by phase values:

|0) > cos(27- f -t+0)=cos(2z- f -t) (16)

1) > cos(27z- f-t+7)=—cos(27- f -t) 17)

According to this definition, the Frequency-bin Hadamard gate implements the phase
transformation:

H[(p]:%[cos(h- fot)+cos(27-f t+p)] (18)

If the phaseis ¢ =0, the sum of the cosine functions occurs; if itis ¢ = 7z, the difference occurs,

in accordance with the definition of the Hadamard gate.
As other example Controlled-NOT (CNOT) gate for two q-bits operation is selected. The first g-bit
is the control (C) g-bit and the second is the target one (T). If control g-bit is |0>C , the target g-bit is

unchanged:

0).10), ~10}.[0} 0
[0) 1B = 10)c [2);

On other side, if control g-bit is |l> o - the target g-bit is flipped:

[)c 10} = D [1);

[De [B: = [2)c [0);

For states |O>c ,|1>c ,|0>T ,|1>T the phases are defined as ¢. =0, ¢o.=7,¢, =0, @ =7 .

(20)

Frequency-bin C-NOT gate provides phase transformation through the sum ¢, +¢, mod 27 :
T[ge @ |=cos(27- f -t+p. +o;) 21)
If the 0. =0, there is no change in target function T [‘/’c P ]

However, if the ¢ =7, the sum g_+ ¢ reverses target function to its opposite value.
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Extending these considerations further, other frequency-bin quantum-like gates could be
similarly designed. The ordering of these frequency-bin quantum-like gates enables the modeling of
increasingly complex frequency-bin quantum-like circuits.

3.2 Frequency-Bin Quantum-Like Polarization

Positive polarization (+f) indicates that the frequency is evolving in a clockwise direction
e’ while negative polarization (~f) indicates a counterclockwise evolution e 127",

Consider two frequency-bin quantum-like sub-systems A, B with states |0),|1) represented by
frequencies f, f, but with different polarizations and assume that the observer estimates only the

presence of the frequency in spectral domain with no chance to analyze its polarization. Under such
condition, both g-bits A and B with different polarizations appear identical when measured
separately.

Furthermore, we define the common observer that is able to measure both g-bits simultaneously
as composite states of both g-bits. In frequency domain this observer is using frequency filter and
waiting for frequencies f + f, f, + f, indicating states |OO>A,B ,|11>A'B or the frequency f, + f, linked

to states|01>A’B or |1O>A'B

But, in case of opposite polarizations Kronecker product is dependent of frequency polarization.
As an example, take the polarization combination f,,—f,,—f, f,:

VYaB (t):
:(a|ej<2;r»f1<t> +ﬂ|e—j~2n<f2<l>A)®(a|e—j»27r~f1-t>B +ﬂ|ej~2;1-f2-t>B):

‘GJZII f-f,)t > +aﬂ‘€‘]2” ff,) > (22)
AB

+

AB

27 f+ ) 2| qi2n(f-fy)t
+ a‘e‘ 2t > + ‘e a7k >
B A s

A,B

oc k+aﬂ‘e’2” irfa)t >

The corresponding Fourier spectrum is:

Sps(f)ox k+@-[e""’f~ﬂ S(F-(f+ 1))+ (23)

v e (4 (f+ )]

where frequency f,+ f, characterizes states |01>A’B and |1O>A’B , @np means the phase of
complex parameter aff and k is the constant. States |00>A’B ,|11>A’B disappear. This corresponds to

the Bell states in quantum physics.
Similarly, we can take other combination f,—f,, f,,—f,:

Vas (t)=
:(a|ej»2n<f1<t>A+ﬂ|e—j-27r~f2<t>A)®(a|ej-27r«f1«t>8 +ﬂ|e—j<2ﬂ»f2«t>8): o
- j-27r-(f1+f1)-t> +aﬂ‘ej2ﬂ fi—f,)t > "

AB AB

+ﬂa‘ej2ﬂ f— i)t > +ﬁ ‘eJ»Zn«(f2+f2)-t>
AB

AB

States |00), . ,[11), , represented by frequencies 2f,, 2f, are presentbut the frequency f, + f,
linked to states | 01>A g OF | 10>A . disappeared because it was transformed into low frequency f, - f,

. This frequency cannot be assigned to any combination of states; rather, it is an emergent feature
created by entanglement.

This idea is one of possible explanations for why q-bits measured individually yield the same
statistical results, whereas joint measurement produces entirely different outcomes.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Frequency-Bin Geometric Algebra

Geometric Algebra (GA) [12] introduces the concept of multivectors, which generalize the notion
of vectors by including not only points and directions but also oriented areas (bivectors), volumes
(trivectors), and, more generally, higher-dimensional geometric entities. This framework provides a
unified mathematical language in which all these objects can be represented, combined, and
manipulated consistently.

m
i=

Consider two vectors &b in C™ written in orthonormal basis {6} .- The geometric product
ab is the fundamental GA operation:

db=a-b+anb (25)

The dot product &-b measures how much one vector projects onto another and the wedge

product &Ab, also known as the exterior or outer product, measures the area or higher-dimensional
content spanned by two or more vectors.

4.1 Frequency-Bin Geometric Algebra for Information Coding

Suppose we have an m-dimensional orthogonal basis {é{;"ez,...,éﬁp"..,em} , where each basis
vector € is represented by a harmonic signal of a frequency f.:

é: sin(2z-f-t) (26)

By using geometric rules, the bivector @ e, and the trivector & e; A6 are defined:

e sin(2z-f-t)-sin(2z- ;)=

(27)
:%[cos(zn.(fi — f,)-t)+cos(27( f;+ fj),tﬂ
é,@\ej N
sin(2z- f, -t)sin (27 f,-t)-sin (27 - f, -t) = o

:%(COS(Z]Z’-(fk +f - fj)-t)+COS(27[.(fk —f 4 fj)-t)+
+C03(27r~( fo+f+ f].)«t)+cos(2;;.( f,—f— fj)'t))

For higher-dimensional multivectors, we can follow a similar procedure and extend the
algorithm to include more combinations (sums and differences) of orthogonal frequencies. It is clear
that bivectors, trivectors, and, in general, multivectors generate new frequencies that cannot be
achieved through the basis frequencies.

In general, for m-dimensional basis ( o 1) time-signals (without using a constant value) can be

used to encode and transmit information. For example, suppose three-dimensional orthogonal basis

{é;/%ez , é>3} that can encode three time-signals A (t) A, (t) A, (t) on vector basis carrier frequencies, three
time-signals B,,(t),B(t),B,5(t) on bivector carrier frequencies, and one time-signal Tios (t) on

trivector carrier frequency. The three-dimensional frequency-bin encoded signal s(t) can be finally

expressed:
s(t)=A(t)-sin(2z- f,-t)+ A (t)-sin(27z-f,-t)+
+A(t)-sin(27- f,-t)+

t '|:COS(27[~(f1— f,)-t)+cos(27-(f,+ fz)-t)]+ (29)
(

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In practice, this procedure can lead to the discovery of new information at intermediate
frequencies and improve our understanding of the complex systems being studied.

4.2 Frequency-Bin Geometric Algebra for Quadrature Amplitude Modulation

Let us extend previous example to Frequency-bin Quadrature Amplitude Modulation (FB-
QAM) that combine two vector signals - one shifted in phase by 90 degrees relative to the other - to
represent more efficiently basis vectors. The QAM modulation is often referred to by the abbreviation
I/Q where In-phase (I) means aligned with the carrier wave and Quadrature (Q) shifted by 90° from
the carrier.

For orthogonal basis € with frequency f; we can define I/Q frequency-bin signal:

e (t)=1,(t)-cos(2z- f,-t)+Q (t)-sin(2x- f,-1) (30)

where | (t) and Q (t)are modulated (transmitted) signals.

Each bivector signal g | (t)assigned to wedge product & g, can carry modulated signal B, | (t)

=Bi,i(t)'%'[(h(t)'|j(t)+Q.( )-Q;(t)): COS<27r (f—1,))+

(31)
+(1,(0)1;()=Q (1) Q; (1))-cos(27-(f,+ f;)-t)+
QU ()-1,(0)-1,(0)-Q, () sin(27-(£, - £,)-4) +

H(1(0)-Q () +Q (1)1, (1)) sin(27-(f+ 1,)-t)

FB-QAM modulation with m-dimensional orthogonal basis enables theoretically transmit
(22'" —1) modulated signals when the constant is excluded. This provides an interested tool for

advanced encoding and opens new perspectives for quantum-like information processing in
frequency-bin environment. All previous examples presented only amplitude modulation for clarity.
However, frequency or phase modulations may be easily included in a similar manner.

4.3 Frequency-Bin Geometric Algebra for Quantum-like Information PROCESSING

In geometric algebra (GA), the imaginary unit is replaced by a bivector that represents an
oriented plane. Rotors are analogue of complex phase factors that describe pure rotations in space
without changing lengths [13]:

R=g " (32)

where B is a bivector (oriented plane element).

The action of a rotor on a state Y/ is not simple multiplication but a sandwiching operation:

v >Ry R (33)

where R (the reverse of R) ensures the transformation is norm-preserving.

To describe A g-bit, GA introduces independent subspaces ﬁ) : e;A) , each spanned by its own

basis vectors. The B g-bit is given in a distinct plane ﬁ) ) eéB) . The state-space of two g-bits is then
generated by vectors [14]:

(&0, e, 80 e} (34)

Two g-bits state-space therefore emerges not as an abstract tensor but as a four-dimensional
subspace. Extending this logic, an N g-bit register is modeled in GA as 2N-dimensional real vector
space.

Hadamard GA gate is in this notation a rotor that mixes the two directions of a single g-bit equally.
We represent this g-bit by two directions: one stands for |0>, the other for |1> A rotor turns one

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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direction into another by a fixed angle. This is done by a rotor that rotates the |0> direction into a
position halfway between |0) and |1).

In the multi g-bit case, rotors act simultaneously on multiple planes, thereby providing a
geometric representation of conditional operations. Within the formulation of CNOT GA gate, the
control g-bit is associated with one pair of orthogonal directions, while the target q-bit is associated
with another. Together, these pairs span a four-dimensional subspace. If the control g-bit is aligned
with the |l> , this rotor is applied to the target’s subspace; otherwise, the identity operation is

performed.

5. Discussion and Future Research

Extending quantum-like systems to the full GA multivector space allow the states are
represented not only by rotations (bivectors) but also by higher-grade structures such as volumes
and hypervolumes. This generalization enables description of new symmetries, dynamical behaviors,
and quantum-like entanglement that do not admit a straightforward representation in the
conventional Hilbert space. In the regime of higher entanglement, no subset of q-bits can be separated
without the loss of quantum information.

Considering a radio-frequencies, higher-grade GA provides a tool for encoding environmental
effects. Nonlinear interactions generate cross-components combinations corresponding to
multivectors. These emerging structures embed various properties into the algebraic representation
of the transmitted signals, thus leaving an environmental signature in the encoded information.

For example, the interaction between radio waves and a chiral environment [11] introduces
asymmetries that can be naturally described within the FB-GA framework. In a non-chiral (isotropic)
medium, the algebraic decomposition of the field is typically expressed in terms of vectors (electric
and magnetic field components) and bivectors (field rotations). In chiral media, additional coupling
terms arise because left- and right-handed polarizations. This approach allows an information to be
distributed across multiple frequency channels, with phase and amplitude correlations controlled in
a manner analogous to quantum-like entanglement. Such methods provide a powerful framework
for efficient spectrum utilization, robust multiplexing, and secure transmission of complex signals
over radio bands.

The theories described also have a concrete application in physics. Let’s imagine a sphere in
three-dimensional space that we rotate simultaneously in two planes. If it spins in the x—y plane with
frequency f, that means it is rotating around the z-axis. At the same time, if it spins in the x—z plane

with frequency f,, that means it is also rotating around the y-axis. Now, if you look only from the

y-z plane, you will not see a simple single rotation. Instead, the motion looks like a mix: in the y-
direction you mainly see frequency f,, while in the z-direction you see new frequencies created by

combining f, and f, (their sum and difference).

If we extend this idea to a linear combination of two or more frequencies in the x—y plane and
another set of frequencies in the x—z plane, the picture in the y—z plane becomes richer. The y-
component reflects all the mixtures of the x—y frequencies, the z-component shows those same
mixtures shifted up and down by each frequency from the x—z set. So, the observer in the y—z plane
sees a whole family of combined oscillations - a spectrum made of many interacting frequencies.

6. Conclusion

In the paper we introduced Frequency-Bin Geometric Algebra (FB-GA) for Quantum-Like
Information Processing as a framework for modeling quantum-like systems in the Fourier frequency
domain, including quantum-like gates and quantum-like circuits.

By analyzing the spectral representations of quantum-like states, we have shown that
phenomena such as quantum-like entanglement and quantum-like entanglement swapping can be
effectively modeled in the frequency-bin domain.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Presented geometric formulation not only reproduces Hilbert space formalism but provides its
intuitive extension. Multivectors are not inherently entangled states; rather, they serve as higher-level
descriptions of multidimensional space. Entanglement occurs only when the coefficients of the
multivectors represent an inseparable state [17].

Precessional mixing also refers to the generation of new spectral components through the
superposition of multiple precessions. In addition to the fundamental frequencies, their sums and
differences emerge, closely paralleling classical radio-frequency mixing where signal multiplication
produces sidebands and higher-order lines.

Like in holographic projection [16], signals are not sent separately but combined into one
interference pattern. This projection carries the information of all components at once. The presented
methods could be seen as an innovative approach to holographic data transmission and processing
exploiting big potential of FB-GA.

Beyond quantum-like effects, this approach demonstrates clear potential for advanced
information processing within complex systems. The interactions within components could be
described using FB-GA where each interaction can be represented by one basis vector.

Our approach also provides promising computation platform for quantum-like q-bits (or higher-
dimensional quantum-like g-dits) processing using widely available radio signal processing such as
modulators or filters to better implement quantum-like mathematical operations. Thus, frequency-
domain encoding offers a robust toolkit for prototyping quantum-like algorithms and advancing
quantum-like simulations [18].

By incorporating frequency polarization, it becomes possible to design new algorithms for
modelling the complex environment through which a radio signal representing quantum-like
frequency-bin entangled states propagates and in which the entanglement is modified. Analysis of
the input and output entangled frequency-bin spectra can provide an environmental fingerprint,
offering a powerful tool for characterizing and understanding complex systems.
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