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1. Introduction

Every Kéhler structure on a smooth manifold also provides a symplectic structure on that manifold.
On the other hand, examples have been known for some time of symplectic manifolds that do not
admit any Kéahler structure [Th]. Much work has been done probing this difference between Kéhler
versus symplectic manifolds. A major step was taken by D. McDuff [Mc], who gave the first examples
of simply connected symplectic manifolds that do not admit any Kahler structure. Her example was
of a real dimension ten. In both Thurston’s and McDuff’s examples, the criterion used to determine
non-admittance of a Kéhler structure was cohomological.

At a deeper level than cohomology, the rational homotopy structure of Kdhler manifolds was
elucidated in [DGMS], where it was shown that compact, simply connected Kéhler manifolds are
formal. In [DGMS], the authors apply the work of the fourth author on relating the real homotopy
type of a compact manifold to its algebra of differential forms [Sul, 2, 3], to Kdhler manifolds. Using
the full strength of Hodge theory the authors show in particular that the real homotopy type of a
simply-connected compact Kéhler manifold M is entirely determined by its cohomology ring [We].

In [Gul,2] we have found irreducible compact holomorphic symplectic manifolds of dimension
2n for n > 2 which do not admit any Kéhler structure. Those manifolds are simply connected. Actually,
on those manifolds, there is a quadratic form on the second cohomology such that the n-th power
of it is proportional to the 2n-th product of the element (in [Gul]). This quadratic form has a kernel
generated by an element b (8 in [Gu2], or the element <y in [Gul]). Therefore, b is in the kernel of the
2-Lefschets map with any element (or symplectic structure). That is, the Lefschets condition always
fails for any given real symplectic structure. In particular, when n = 2, our example actually gave the
first example of compact simply connected real symplectic manfold of eight dimension which is not
Kéhler. Many four and six dimensional examples were eventually found later on by Gompf.

Motivated by this construction, M. Fernandez and V. Muiioz [FM], as mentioned in their paper,
found an eight dimensional compact simply connected real symplectic manifold which is not formal
after [BT] solved the same problem for manifolds with dimensions greater or equal to ten.

In this paper, we find that

Theorem A. When n = 2, our original eight dimensional manifold is also not formal.

For any n there are two other elements a and ¢ such that ab™ 1 p" cb"~1 are exact. Therefore,
we can define the b" ! relative Massey product d = (b" ! : a,b,c) as in [CFM]. We proved that for
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n = 2, d is nonzero. Therefore, we proved that when n = 2 our original simply connected real eight
dimensional holomorphic symplectic manifold is not formal.

Let M be a complex manifold of dimension 2n. A holomorphic symplectic structure or form is a
closed holomorphic 2-form w on M with maximal rank (see [Kb p.47]).

People might ask that under what condition a compact holomorphic symplectic manifold is
Kéhlerian, i.e., admits a positive closed (1,1) form. For example, by [Td2] and [Si], we know that every
K-3 surface is Kédhlerian. In [Td1], Todorov asked if every irreducible compact holomorphic symplectic
manifold of dimension more than 4 is Kdhlerian. Some counter-examples have been found in [Gul,2].
Those are the manifolds we deal with in this paper.

2. Preliminary
2.1. Compact Kihler Holomorphic Symplectic Manifolds

Here we collect some results on compact Kédhler holomorphic symplectic manifolds, i.e., compact
complex manifolds with both holomorphic symplectic structures and Kéahler structures. From [Bg],
[Bv] and [Fj], we have:

Proposition 1. Let X be a compact Kihler holomorphic symplectic manifold. Then M admits a hyperkihler
structure, i.e., there is a Kihler structure which is Ricci flat and the holomorphic symplectic structure is parallel
with regard to this Kihler structure. And there exists a finite unramified Galois covering X — X such that
X is isomorphic to a product T x Yy X --- X Y,, where T is a complex torus and Y;, 1 < i < r, are simply
connected Kihler symplectic manifolds with h?*0(Y;) = 1 and h®*~10(Y;) = 0 for any k > 1. Here the direct
factors are uniquely determined by X up to permutation. Moreover, if for each i we let g;(x) be the homogeneous
form of degree 2n; (n; = dimc Y;) on H2(Y;, Q) defined by g:(x) = x?"[Y;], x € H?(Y;, Q) where [Y;]
denotes the evaluation on Y;, then there exists a constant ¢ € Q and a nondegenerate quadratic form f; of
signature (3, b; — 3) on H*(Y;, Q) such that g; = cf/", where b; = by(Y;). If we let @; be a holomorphic
2-form on Y; such that (¢; ;)" [Y;] = 1, then f; can be written as

Wi,  \p— 1 _n; e
5 (9i@)" Y]+ (1= )l @ x[Yi] - 9 g a i),
up to a multiple of a constant.

This, for example, comes from [Bg], Theorem 5 in [Bv] and Theorem 4.7 in [Fj] (see also [Kb],
[Gu2]). We gave a simpler proof and a generalization for the last part (or Fujiki Theorem [Fj]) of this
Proposition in the section 5 in [Gul].

2.2. Compact Holomorphic Symplectic Surfaces

It is well known that every simply connected holomorphic symplectic surface is a K-3 surface and
its second Betti number is 22. There are 3 different classes of holomorphic symplectic surfaces, i.e.,
K-3 surface K, complex torus A and Kodaira-Thurston surface S (see [BPV p.188]). The holomorphic
symplectic 2-forms come from any trivial canonical sections. We are more interested in the surface
S here. We know that b;(S) = 3, by(S) = 4. Let K1, Al'l and SI") be the Hilbert scheme which
parameterize the finite subsets Z with |Z| = r (see [Bv], [Fgl], [Fg2] and [Ir]), then

Proposition 2. (Cf. [Bv], [Vr]) KI"), Al and SI are compact holomorphic symplectic manifolds and
b (K'Y =0, by (Al = 4, by (SI) = 3. Moreover, K, Al are Kiihler and S is not Kihler.

Sl is not Kahler since by (SI") is not even.
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2.3. Compact Parallelizable Manifolds

A parallelizable manifold is the quotient of a real Lie group by a discrete subgroup. It is a solv-
manifold or nil-manifold according to that the Lie group is either solvable or nilpotent. We have following
Nomizu’s Theorem:

Proposition 3. Let M = G/ H be a compact parallelizable nil-manifold, then the deRham cohomology can be
calculated by the complex of G-right invariant forms, which is isomorphic to the complex of the Lie algebra.

Notice that if G has a G-right invariant complex structure, which induces a complex structure on
M, there was a question on the Dolbeault cohomology part. But in [Gul, 2], similarly in this paper, we
only deal with the case in which we apply a similar version to this Proposition to S, which is a complex
torus over a complex torus. That is, our complex structures on the nilmanifolds are rational in [CF].
Similarly for the nilmanifolds in this paper. Actually, we do not need the Dolbeault cohomology in this
paper. Therefore, there is an advantage of the method in this paper from [Gul, 2].

A Kodaira-Thurston surface is a nil-manifold with a complex structure that comes from a right
G-invariant complex structure on G. For example, we consider S, = G/ H, with

‘x, yeC}

Hy={(x, y) € G|x€r(Z+Zi), yer(Z+Zi)}

<

G={(x,y)=

S O -
S = R
—_ =

and

where r € Z. They admit holomorphic symplectic structure w = dx A dy. Thereis a covering M = G/T
of S, with T = {(0, y) € H,}. On M the function x define the hamiltonian vector field X, = 9/dy by
dx = w(, Xy ). This structure induces a holomorphic symplectic reduction of si” (see [Gu2]).

Proposition 4. (Cf. [Bv], [Gu2]) Let R be either Al A = T x T with T a torus, or Sy], let L be either the
torus which is the left torus in the definition of A, or the center of S (which is generated by y). Then the L action
on R which is induced by the diagonal action of L on the product of L is a subgroup of the holomorphic symplectic
automorphism group. If R, is the symplectic quotient of R under L, then R, is a holomorphic symplectic orbifold
and there is a r? to 1 covering from a compact simply connected holomorphic symplectic manifold Rp to Ry
And Ry is a K-3 surface. If r > 2, we have that in the case of A, by(R(;)) = 7 and Ry, is Kihler; in the case of
St, ba(R}y)) = 6 and Ry is not Kihler.

3. General Construction from Parallelizible Manifolds

Now, following [Gul], we start to construct some examples of simply connected compact holomor-
phic symplectic manifolds from parallelizible manifolds. We call a parallelizible manifold a parallelizible
holomorphic symplectic manifold if it admits a holomorphic symplectic structure which is induced by a
right invariant 2-form on G. As one can see from the last part of the proof of the Theorem A in [Gu3]
that these manifolds must be solv-manifolds:

Proposition 5. Every compact parallelizible symplectic manifold is a solv-manifold.

The method which we use here (was from [Gul]) generalizes the method in [Gu2]. Starting from
a holomorphic symplectic nil-manifold (or solv-manifold) M (see [Gul] for more examples of them),
we try to find a faithful representation of a finite group S as a subgroup (we denote this group also
by & if there is no confusion) of the automorphism of the Lie group which preserves the isotropic
group and the complex structure as well as the holomorphic symplectic structure. One might find
this easily by the condition that the complex structure equation is preserved by S. Suppose that
the subset D = {m € M| s(m)=m for some se s has only codimension 2 irreducible components and
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(711(M))® = 1, then a desingulation of the quotient M/ is probably a simply connected holomorphic
symplectic manifold which is not Kéhlerian. For example, we can construct the examples Ry, in [Gu2]
directly from the nil-manifold QM there.

Instead of QM , we consider M, ; with structure equation:

dxl':O
dyi = —(r— Dt A% +2tY X AT +Y x5 A%y
7 j#k

where (xq, X2, -+, Xy, Y1, Y2, - -+, Yr) are the coordinates of the Lie algebra of M, r € Nt € Z. It
is not difficult to check that Ql'l = M,_q11.

Now we define the symmetric group Sy 41 action on My Sy 1 is generated by 7(¢, 1) = (1, r+1)
and S;. The group S, acts on M, just as S; and

T, o) (¥, X2, e Xy YU Y2, e Yr) =

(v —x— - =X X, e, X,

“Vi=Y2— =Y Y2, Yr)

It is not difficult to check that S, preserves the structure equations and the set D, ; has only
codimension 2 irreducible components. Hence we can desingular M, /S, as in [Gu2], which is
achieved through the resolution provided by the Hilbert schemes for the singularities of the symmetry
product, and we denote the desingulation by Q, ;, then we have:

Proposition 6. (Cf [Gu2 Theorem 1]) The desingulation Qy+ of M, +/S,+1 is a compact simply connected
holomorphic symplectic manifold which is a K-3 surface if r = 1 and is not Kihlerian with by = 6 if r > 1.

The simply connectedness basically comes from

1 (Qrt) = (nl(Mr,t))S’“ =0.

See also [Bgl].

An alternative proof of the nonkéihlerness comes from the fact that the pair of H*(M,;) and
H2(My ) Aw™™ 1 A@™ ! (or H? A w? 2 for any given real symplectic structure w) is not a perfect pair.

The possible closed (1,1) S,1-invariant classes are linear combinations of & = a};y; A 7 +
bZ];éky] Afrand B = CZJ'JC]‘ Ay] +d2j#kx]' Nk, 6 = 8213/] /\f]‘ +hz]7£ky] NXg, v = erx]‘ /\f]‘ +
f Lj#k Xj N\ Xi. Since they are invariant under the action of 7(y 1), we have a = 2b, ¢ = 2d, e =
2f, g = 2h. And from

dx=0B8=0y=096=0

we get a = 0, that is, « = 0. There is no S, invariant (1,0) form, we get that (H"! (M, ;))+1 is
generated by B, J, vy with ¢ = e = ¢ = 2. We see that H"!(Q, ;) has dimension 3 + 1 = 4. In the same
way we find that H20(Q"*) is generated by w = 2 Y X Ayj+ Lk Xj Ayg and H%2(Qy) is generated
by @. We see that H*(Q,;, C) = H* + H"! + H2.

We let 2b = iy, then b is the § in [Gu2]. By [Gul], even in the nonkédhler case with the property
that H> = H%2 + H'! + H%2 we still have the topological quadratic and b is in the kernel.

In the rest of this paper, we assume that t = 1.

We let4a = B+ w — J + @. Then a is the same as the Z]- zj Aujin [Gu2].

We also let 4ic = w — f — 6 — @. Then c is the same as the Zj zj A vjin [Gu2].
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Similarly, when r = 2, one could calculate that the orbifold contribution of the de Rham cohomol-
ogy in H> only comes from

sz ]/]""]/] N X+ (]/l+]/2+]71+y2)/\fj)'
i#]

4. Several Massey Products

4.1. Our Main Result

THEOREM 1. Let (M, w) be the compact simply connected holomorphic symplectic manifold constructed
above of complex dimension 2n, for the technic reason we assume that t =1, then 1. b"1g, b, b"1c are exact;
2. When n = 2 the quadruple Massey product (a,b,b,c) is nonzero; 3. When n = 2, the relative Massey
product (b : a,b,c) is nonzero; 4. M? is nonformal.

We notice that our notation of the both Massey quadruple product and the relative b Massey
product is a little bit different from those in [FM] and [CFM]. The reason is that our definitions (see
later in this section) is more of a form than a class although they do represent a cohomology class.

4.2. Some Calculations

For the definitions of Massey quadruple products and the relative Massey products, one could
check with [FM]. We shall also provide some simple definitions later on in the process of our proof of
this Theorem.

Since we work on H? instead of the Hodge cohomology, we shall retain the notation from [Gu2]
instead of that from [Gul] in this section.

To start with, we have

bzzzszijrZz]-/\wk
j j#k

a=)y zjAuj c=Y wjAu,.
j j
dz; = dw; = du; = 0, dv; = —2(}_zj Awj + ) zj Awy).
J#i j#k
The symmetry group S, 1 is generated by S, and (1,7 + 1) with (1,n+1):
(z1,w1) = (=21 —2p — -+ — Zp, W — Wy — - - - — W)
(zi,wi) = (zjw;) i>1
(u1,01) = (—uy, —o1)
(uj,vi) = (uj —uy,0; —vq) i>1

We first check that
b" = (n+ D! A; (z; ANw;)
=(n—-1n) (A izj(zi ANwi)) — Z(Aieé(j,k) (zi Nw;)) Azj ANwy)
j j#k
V' e = (n— 1)UY(Aigj(zi Awy)) Az A (nuj — Y uy)
j k#j
Letd = Z](/\zyé] (Zi A w,)) A Zk#] vk, then

do = =2n(n—1) Aj (zj Awj) = A
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lety = Ek#j(/\i¢(j,k) (Zi A wl)) Nzj Nuj A ((Tl — Z)Uk — nv]'), then

dy=2(n—1) Z(/\i#(zi ANwi)) Azj A (nuj — Y u) =B

j k#j

Combine these calculations we have
db=A,dy=B

with & (or 7 the average of & (or 7). This concludes the proof of the exact property of b" and b"~1a.
Similarly for b"~!c by exchanging z and w. Then we have 1. in our Theorem.
In practice, to calculate the average, we notice that S, 11 = u;?jlls (i) with S(i) = (n+1,1)S,.

4.3. Massey Quadruple Products
We define the Massey products by: If da; ; = Z{C;io_l iivk Naiprer,j foralll <i < j < 4 with
(i,7) # (1,4) and § = (—1)985*15, then

(a1,1,002,033,844) = @11 N ga + a1 Na3a+ 13 N\ dgy

is a cohomology class. Notice that our definition here is a form although it represent a cohomology
class.

Now, we prove 2.: Letay 1 = 2a,a5 = a33 = 2b,a44 = 2c, and

2
= Zzi/\(ui/\vi—ui/\vi* — Uy Nv;)
i=1

2
w =Yz AMw; A (v; = 20+) — wix A (0; +0;+))
i=1

2
v = Zwi/\(ui/\vi—ui/\vi* — Uy Nv;)
i=1
where {i,i*} = {1,2}. Thena1p = —26,a03 = —2w,a34 = —27. a13 = a4 = 0.
16(&1, b,b, C) =d1p Nazq = 476 = Vb # 0.

where Vip = duy A duy A dvy A doy. We notice that the nonzero property of our class does imply the
nonformal property of the manifold. The reason is that 1. a1 3 = a4 = 0, i.e., only the middle term
in our formula is nonzero (as a form); 2. The property of the only nonzero invariant H> cohomology
class from the orbifold in the last sentence of last section is in a different format from < and 6—it only
involves z, w and u but not v, i.e., this is similar to the case in [FM] in which H> = 0.

4.4. Relative Massey Product
We define the relative Massey product (following [CFM] page 580): If db; = b A a; with1 < i <3,
then
(b : ﬂ1,{12,a3) =by ANby ANaz +by ANbz Nay + bz Aby A\ as.

Now we prove 3. We notice that from [CFM] page 581 Lemma 2.6, if (a1,b,a;) = (az,b,a3) =
(a1,b,a3) = 0 as cohomology classes, then the given relative Massey product as a cohomology class
does not depend on the choice of b;.
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Leta; = 2a,a, = 2b,a3 = 2¢, then by = —6, b, = —w, by = —. Other than what we have above
we have (a1,b,a3) = d(Vyp).

(b:2a,2b,2¢) = —12Veyy Vo = —12V #0,

where V., = dzq Adzy A\ dwq A dws.
From 2. or 3. we get 4.
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