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Article
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Abstract: This work presents an alternative method for defining feasible joint-space boundaries and
their corresponding geometric workspace in a planar robotic system. Instead of relying on traditional
numerical approaches that require extensive sampling and collision detection, the proposed method
constructs a continuous boundary by identifying key intersection points of boundary functions. The
feasibility region is further refined through centroid-based scaling, addressing singularity issues and
ensuring a structured trajectory. Comparative analyses demonstrate that the final robot pose and
reachability depend on the selected traversal path, highlighting the nonlinear nature of the workspace.
Additionally, an evaluation of traditional numerical methods reveals their limitations in generating
continuous boundary trajectories. The proposed approach provides a structured method for defining
feasible workspaces, improving trajectory planning in robotic systems.

Keywords: planar robot; feasible workspace; self-collision constraints; boundary functions; trajectory
planning; geometric modeling

1. Introduction
The determination of feasible workspaces in robotic manipulators presents a fundamental chal-

lenge in robot design and control, requiring precise mathematical characterization of operational limits
while ensuring collision-free configurations. Traditional methodologies primarily rely on numerical
approaches that, although effective in estimating workspaces, often suffer from inefficiencies and
lack precision when dealing with complex kinematic constraints. To address these issues, this work
introduces a rigorous mathematical framework based on q-bound theorems, integrating geometric and
kinematic constraints to enhance accuracy and computational efficiency in workspace determination.

Several numerical methods have been extensively studied for workspace analysis, including
algorithms designed to map manipulator workspace boundaries, probabilistic numerical-analytical
approaches [1], and Monte Carlo-based techniques [2]. These methodologies have been widely
employed to approximate workspace limits and singularity regions, demonstrating effectiveness in
various robotic configurations. For instance, the Monte Carlo method proposed enhances precision by
leveraging Gaussian growth to refine workspace estimations. However, despite improving accuracy,
its reliance on iterative random sampling limits its ability to produce continuous boundary trajectories.
Similarly, the numerical algorithms developed by Haug et al. [3] employ a continuation method
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to systematically trace workspace boundaries, yet they require significant computational resources,
particularly for kinematically redundant manipulators. Alternative strategies have been proposed to
overcome these limitations, such as algebraic approaches for kinematic analysis [4] and probabilistic
mapping methods for workspace determination [5].

Additionally, hybrid techniques have been explored to address workspace characterization. Li et
al. [1] introduced a probabilistic approximation to generate boundary curves in workspaces; however,
its dependency on randomization introduces potential inaccuracies, especially for manipulators with
complex nonlinear constraints. Meanwhile, workspace determination methods for redundant manipu-
lators, such as those proposed by Ginnante et al. [6], have been developed to reduce computational
redundancy, but often struggle to precisely define workspace boundaries when joint configurations
exceed a certain degree of redundancy.

Structural optimization techniques have also been investigated to enhance workspace determi-
nation. Cervantes-Sánchez et al. [7] formulated workspace generation as a direct kinematic problem,
reducing computational complexity while maintaining accuracy in identifying singularity curves. Sim-
ilarly, topology optimization methods [8] have been utilized to improve workspace efficiency, though
they introduce additional complexities in parametric system optimization. Algebraic formulations [9]
further support workspace evaluation, providing efficient solutions for robotic design in constrained
environments.

Apart from geometric and numerical considerations, workspace feasibility is influenced by control
strategies. The workspace observer method introduced by Oda et al. [10] presents a robust control
strategy for redundant manipulators, focusing on real-time workspace regulation. However, such
control-based approaches do not inherently define feasible workspaces and must be supplemented
with mathematical workspace constraints, as examined in this study.

Alternative geometric transformations have also been proposed to tackle workspace determi-
nation challenges. The coverings transformation concept, explored by Rybak et al. [11], introduces
an optimization-based method for approximating solutions to nonlinear inequalities that describe
workspace constraints. Likewise, numerical approaches developed for parallel mechanisms [12]
demonstrate that direct mapping techniques provide reliable workspace estimations but often involve
significant computational loads. Structural synthesis methods [13] have also been introduced to
systematically refine parallel robot architectures for improved workspace feasibility.

Another challenge in workspace determination involves identifying singularity curves and
assembly configurations [7]. The characterization of singular configurations is essential for ensuring
continuous, collision-free motion within the workspace, a concept that aligns with prior findings [3]
where singular points were employed to construct precise workspace boundaries. Further studies
on parasitic motion analysis [14] have provided insights into workspace constraints by leveraging
constraint-embedded Jacobian formulations.

Furthermore, numerical ray-based methods, such as the one introduced by Ginnante et al. [6],
offer an alternative approach for defining workspace limits in kinematically redundant manipula-
tors. However, as noted by Ceccarelli [9], algebraic formulations provide more efficient methods for
workspace evaluation and design.

To overcome the above mentioned limitations, this work proposes a mathematical formulation for
defining feasible, collision-free workspaces through boundary functions that account for both geometric
constraints and internal link interactions. This approach is particularly relevant for mechanisms with
parallelogram structures, where geometric modeling plays a crucial role in improving workspace
representation and ensuring the accurate detection of feasible regions, thereby mitigating inefficiencies
associated with numerical sampling methods [15].

2. Theoretical Framework and Methodology
This section presents the theoretical framework and methodology for analyzing kinematic config-

urations and constraints in robotic manipulators. To ensure clarity in notation, vectors in R3 will be
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represented as r, while rotation matrices in R3×3 will be denoted as R. Mathematical conditions are
derived to prevent internal collisions, forming the basis for defining feasible workspaces across robotic
systems.

In the context of kinematic chains for robotic manipulators, each link is represented as a set of
points. The principal nodes a and b define the positions of the joints that connect one link to the next.
Any point on the current link can be labeled as a + n, where n denotes the index of the point relative to
the node a. Similarly, the node b connects to the subsequent link, and its points are labeled as b + m.
The purpose of this work is to establish the conditions under which a collision occurs between a point
a + n on the current link and a point b + m on the subsequent link. An example of this kinematic
configuration is illustrated in Figure 1.

∙

∙

Figure 1. Illustration of a kinematic chain is presented as a simplified example of a planar robot. The nodes a
and b indicate the joint positions connecting consecutive links, while the points a + n and b + m are identified as
collision points between adjacent links.

In order to describe the feasible workspace, a boundary function βi,j(q) ∈ Bi(q) is formulated as
follows:

βi,j(q) =


0, if the point lies on the boundary of the feasible workspace,

> 0, if the point lies inside the feasible workspace,

< 0, if the point lies outside the feasible workspace.

(1)

Here, q = [q1, q2, . . . , qn]⊤ represents the joint variables of the manipulator. The boundary function
incorporates the following constraints:

• Kinematic Constraints: These ensure that joint variables respect their operational limits:

qmin
i ≤ qi ≤ qmax

i , ∀i ∈ {1, . . . , n}. (2)

• Collision Avoidance Constraints: These prevent intersections between links by requiring a
minimum separation distance dmin between points a + n and b + m:

∥ra+n,b+m∥ ≥ dmin. (3)
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• Geometric Constraints: These define the external boundaries of the workspace based on the
manipulator’s design:

xmin ≤ x ≤ xmax, ymin ≤ y ≤ ymax, zmin ≤ z ≤ zmax. (4)

Using these conditions, the boundary function B(q) serves as a mathematical tool to evaluate whether
a configuration is valid and free from collisions.

The first step in ensuring that the manipulator operates safely and within a feasible workspace is
to define the mathematical conditions under which collisions between links occur. These conditions
are crucial for analyzing and understanding the interactions between the kinematic elements of the
manipulator. The subsequent collision model generalizes these conditions, providing a foundational
framework for identifying all potential collision scenarios. Finally, these generalized insights are used
to construct boundary functions, which incorporate kinematic, collision avoidance, and geometric
constraints to define the feasible workspace free of collisions.

To formalize the analysis, the following theorem generalizes the collision model for points within
a kinematic chain.

Theorem 1. Let the kinematic chain 0 ≺ a ≺ a + n ≺ b ≺ b + m be defined, where 0 represents the base
system, a and b are systems with variable position and orientation relative to each other, and a + n and b + m
denote points with constant position and orientation within their respective local systems a and b.

A collision between the points a + n and b + m is said to occur if and only if the relative vector between
these points equals a null vector:

ra+n,b+m = 0, (5)

this condition is equivalent to the norm of the relative vector being null:

∥ra+n,b+m∥ = 0, (6)

under this condition, the relative position between the points is expressed as:

ra+n,b+m = ra,b + Ra,b · rb,b+m − ra,a+n, (7)

where Ra,b ∈ R3×3 is the rotation matrix that transforms coordinates from b to a, ra,b ∈ R3 represents the
relative position vector between a and b, ra,a+n ∈ R3 denotes the local position of a + n relative to a, and
rb,b+m ∈ R3 refers to the local position of b + m relative to b. The condition for collision can also be expressed in
terms of the boundary function B(q) ∈ R3, which depends on the joint variables q. This boundary function is
defined as:

B(q) = ra,b + Ra,b · rb,b+m − ra,a+n. (8)

A collision occurs if and only if:
B(q) = 0. (9)

The collision condition implies that all components of the vector ra+n,b+m are null, ensuring the positional
coincidence of the points involved.

Proof of Theorem 1. To derive the condition for a collision, we begin with the general formula for
relative positions in a kinematic chain:

ra,b = ra,b−1 + Ra,b−1 · rb−1,b, (10)

where ra,b is the relative vector between systems a and b, ra,b−1 is the vector between a and b − 1, rb−1,b

is the vector between b − 1 and b, and Ra,b−1 is the rotation matrix that transforms coordinates from
b − 1 to a. While this relationship can be recursively extended for longer chains, we focus here on the
consecutive points a + n and b + m for simplicity.
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The relative position between a + n and b + m can be expressed as the difference between their
global positions:

ra+n,b+m = r0,b+m − r0,a+n. (11)

Using the transformations for global positions, we write:

r0,a+n = r0,a + R0,a · ra,a+n, (12)

r0,b+m = r0,b + R0,b · rb,b+m. (13)

Substituting these expressions into the relative position equation yields:

ra+n,b+m = (r0,b + R0,b · rb,b+m)− (r0,a + R0,a · ra,a+n). (14)

Simplifying this expression, we have:

ra+n,b+m = (r0,b − r0,a) + R0,b · rb,b+m − R0,a · ra,a+n. (15)

Recognizing that R0,b can be rewritten as R0,a · Ra,b, we substitute and simplify:

ra+n,b+m = R0,a · ra,b + R0,a · Ra,b · rb,b+m − R0,a · ra,a+n. (16)

Factoring out R0,a, we obtain:

ra+n,b+m = R0,a · (ra,b + Ra,b · rb,b+m − ra,a+n). (17)

The collision condition ra+n,b+m = 0 implies that the term in parentheses must also be null:

ra,b + Ra,b · rb,b+m − ra,a+n = 0. (18)

We now define the boundary function Bi(q) that encapsulates the condition for collision in terms
of the joint variables q:

Bi(q) = ra,b + Ra,b · rb,b+m − ra,a+n. (19)

Thus, a collision occurs if and only if:

Bi(q) = 0. (20)

This formulation ensures that the collision condition is expressed as a function of the joint
variables, linking the geometry of the system to the kinematic configuration. Since the null vector
ensures positional coincidence, the theorem is validated.

Note that this approach facilitates a straightforward implementation of collision checks and the
definition of boundaries, which are critical in the modeling of feasible workspaces and the optimization
of manipulator trajectories. A significant simplification is achieved in the analysis of relative kinematic
chains by avoiding the inherent complexity associated with homogeneous transformations and the
Denavit-Hartenberg (DH) formalism. By focusing exclusively on the geometric relationships between
consecutive systems, the need for complete transformation matrices is eliminated. Consequently, a
more intuitive and computationally efficient model is provided, which is particularly advantageous in
scenarios requiring rapid calculations and analytical clarity.

2.1. Case Study: Planar Robot

The Planar Robot is analyzed as a case study to illustrate the kinematic and collision constraints
in robotic manipulators. Its structure consists of a two-degree-of-freedom mechanism, where q1 and q2

correspond to rotations about the y-axis. This configuration allows for a simplified representation of
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kinematic interactions while preserving essential characteristics for evaluating workspace feasibility
and self-collision conditions. Figure 1 presents an isometric view of the robot, depicting its geometric
arrangement and joint distribution.

This model is particularly useful for demonstrating the role of boundary conditions in defining
feasible workspaces. The kinematic relationships between its links provide a structured approach for
verifying self-collision criteria, as they depend on the relative positioning of consecutive elements
in the manipulator’s chain. In this context, the feasible workspace is determined by considering the
relative position vector between key reference points along the structure.

The kinematic chain of the Planar Robot, depicted in Figure 2, provides a structured representation
of the positional relationships and rotational axes of its joints. The degrees of freedom are defined as
follows:

• q1: Represents a rotational motion about the y-axis at the base.
• q2: Represents an additional rotation about the y-axis at the second joint, determining the final

positioning of the end-effector.

Figure 2. Representation of the kinematic chain for MinervaBotV2.

By formulating the manipulator’s motion in terms of relative position vectors and transformation
matrices, it is possible to define a set of constraints that delineate the boundary of the feasible workspace.
The self-collision condition is verified through a function that depends on the joint variables q, ensuring
that the relative displacement between reference points remains within allowable limits. The analysis
of this system provides insight into the general methodology used to evaluate collision-free trajectories
in robotic mechanisms. To support this analysis, Table 1 presents the geometric parameters that define
the relative positioning of the robot’s joints, while Table 2 details the recursive formulation of the
direct kinematics equations, describing the position and orientation of each joint in terms of preceding
transformations.

Table 1. Geometric offsets of Planar Robot.

frames Connected Parameter Symbol Value (cm)
o0 ≺ o1 Offset z (Base to Joint 1) z0,1 22.5
o1 ≺ o2 Offset z (Joint 1 to Joint 2) z1,2 25.98
o1 ≺ o2 Offset x (Joint 1 to Joint 2) x1,2 15
o2 ≺ o3 Offset x (Joint 2 to Joint 3) x2,3 25
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Table 2. Direct kinematics equations, recursive notation.

Point Position Vector Matrix Orientation

r0,0
[
0 0 0

]T R0,0 I
r0,1

[
0 0 z0,1

]T R0,1 Ry(q1)

r1,2
[
x1,2 0 z1,2

]T R1,2 Ry(q2)

r2,3
[
x2,3 0 0

]T R2,3 I
r0,2 r0,1 + R0,1r1,2 R0,2 R0,1R1,2
r0,3 r0,2 + R0,2r2,3 R0,3 R0,2R2,3

3. Boundary Functions for Workspace Definition
The feasible workspace of the planar robot is determined by analyzing its geometric and kinematic

constraints. To accurately characterize this workspace, boundary functions are derived to define
the permissible motion range while preventing self-collisions. These functions capture the spatial
relationships imposed by the robot’s structure, joint limits, and possible internal interferences. The
formulation of these boundary conditions is guided by the theoretical framework established in
Theorem 1, which provides the necessary conditions for detecting collisions within the kinematic
chain. However, this theorem is not the sole tool employed in the analysis. Additional kinematic
formulations, geometric considerations, and spatial transformations are integrated to comprehensively
define the feasible workspace. The combination of these methods ensures a robust characterization of
motion constraints, allowing for a detailed evaluation of collision-free configurations.

To systematically define these constraints, four tables are presented, each illustrating the compu-
tation of boundary functions along with a diagram marking critical collision points in the planar robot.
These functions correspond to what are referred to as point boundary functions, where each function
βi,j represents a specific constraint associated with a given collision point. In this type of boundary
function, all components indexed by j must be satisfied simultaneously to confirm the occurrence
of a collision. This simultaneous fulfillment is necessary because each βi,j corresponds to a different
coordinate component, meaning that the collision is only valid when the spatial conditions for all
coordinates hold true at the same time. By enforcing these constraints, it is possible to determine
precise conditions under which the manipulator self-intersects at distinct locations in its configuration
space.

In addition to these point boundary functions, a final table is included to introduce a different
category of constraints known as geometric boundary functions. Unlike point boundary functions,
these functions do not necessarily require all components to be satisfied simultaneously, as they
do not define collisions at a discrete location but rather establish broader geometric constraints.
Geometric boundary functions define spatial limits that the manipulator must respect, preventing it
from exceeding predefined regions in its workspace. Since these constraints refer to entire geometric
boundaries rather than discrete points, the conditions imposed by each function may be satisfied
independently. This distinction highlights the difference between collision detection at specific points
and the enforcement of global geometric restrictions that ensure safe operation.

The four tables presenting point boundary functions are labeled as Table 3, and Table 4. The final
table, labeled as Table 5, provides the geometric boundary functions that define broader workspace
constraints. Together, these boundary functions offer a structured method for computing the com-
plete feasible workspace, ensuring that the manipulator operates within a collision-free region while
supporting trajectory planning and operational reliability.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 March 2025 doi:10.20944/preprints202503.1669.v1

https://doi.org/10.20944/preprints202503.1669.v1


8 of 17

Table 3. Point Boundary Function 1, 2 and 3.

Graphic Geometric offsets and Boundary functions

 7.50cm 

 12.50cm 

 4.91cm 

 11.50cm 

o0

o1

o3

o2

o6

o7

o3

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

x0,6 = 7.5 cm, z0,6 = 12.5 cm.

x1,7 = 11.5 cm, z1,7 = 4.91 cm.

r0,6 =

x0,6
0

z0,6

, r1,7 =

x1,7
0

z1,7


B1(q) = r0,1 + R0,1r1,7 − r0,6β1,1

β1,2
β1,3

 =

 x1,7 cos(q1)− x0,6 + z1,7 sin(q1)
0

z0,1 − z0,6 + z1,7 cos(q1)− x1,7 sin(q1)



 12.50cm 

 7.50cm 

 12.41cm 

 1.50cm 

o0

o1

o3

o2

o8

o9

o3

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

x0,8 = −7.5 cm, z0,8 = 12.5 cm.

x1,9 = −1.5 cm, z1,9 = 12.41 cm.

r0,8 =

x0,8
0

z0,8

, r1,9 =

x1,9
0

z1,9


B2(q) = r0,1 + R0,1r1,9 − r0,8β2,1

β2,2
β2,3

 =

 x1,9 cos(q1)− x0,8 + z1,9 sin(q1)
0

z0,1 − z0,8 + z1,9 cos(q1)− x1,9 sin(q1)



 15.87cm 

 17.82cm 

 9.09cm  5.25cm 

o0

o1

o3

o2

o10

o11

o3

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

x1,10 = 17.82 cm, z1,10 = 15.87 cm.

x2,11 = 9.09 cm, z2,11 = −5.25 cm.

r1,10 =

x1,10
0

z1,10

, r2,11 =

x2,11
0

z2,11


B3(q) = r1,2 + R1,2r2,11 − r1,10β3,1

β3,2
β3,3

 =

x1,2 − x1,10 + x2,11 cos(q2) + z2,11 sin(q2)
0

z1,2 − z1,10 + z2,11 cos(q2)− x2,11 sin(q2)


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Table 4. Point Boundary Function 4.

Graphic Geometric offsets and Boundary functions

 23.37cm 

 4.83cm 

 5.25cm 

 9.00cm 

o0

o1

o3

o2

o12

o13 o3

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

x1,12 = 4.83 mm, z1,12 = 23.37 mm.

x2,13 = 9.00 mm, z2,13 = 5.25 mm.

r1,12 =

x1,12
0

z1,12

, r2,13 =

x2,13
0

z2,13


B4(q) = r1,2 + R1,2r2,13 − r1,12β4,1

β4,2
β4,3

 =

x1,2 − x1,12 + x2,13 cos(q2) + z2,13 sin(q2)
0

z1,2 − z1,12 + z2,13 cos(q2)− x2,13 sin(q2)



Table 5. Geometric Boundary Function 5, 6 and 7.

Graphic Geometric offsets and Boundary functions

 15.00cm 

 11.32cm o0

o1

o3

o2 o3

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

xmin,1 = 15 mm, xmin,2 = −15 mm, zmin,1 = 11.32 mm.

Sx =

1 0 0
0 0 0
0 0 0

, Sz =

0 0 0
0 0 0
0 0 1

.

B5(q) = Sx · r0,3 −

xmin,1
0
0

,

B6(q) = Sx · r0,3 −

xmin,2
0
0

,

B7(q) = Sz · r0,3 −

 0
0

zmin,1

.

The boundary functions obtained from the previous analysis are presented as follows, encap-
sulating the constraints derived from the kinematic and geometric relationships of the planar robot.
These functions define the conditions that must be satisfied to ensure a collision-free workspace while
maintaining the feasible motion range of the manipulator.
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β1,1 = x1,7 cos(q1)− x0,6 + z1,7 sin(q1)

β1,3 = z0,1 − z0,6 + z1,7 cos(q1)− x1,7 sin(q1)

β2,1 = x1,9 cos(q1)− x0,8 + z1,9 sin(q1)

β2,3 = z0,1 − z0,8 + z1,9 cos(q1)− x1,9 sin(q1)

β3,1 = x1,2 − x1,10 + x2,11 cos(q2) + z2,11 sin(q2)

β3,3 = z1,2 − z1,10 + z2,11 cos(q2)− x2,11 sin(q2)

β4,1 = x1,2 − x1,12 + x2,13 cos(q2) + z2,13 sin(q2)

β4,3 = z1,2 − z1,12 + z2,13 cos(q2)− x2,13 sin(q2)

β5,1 = x2,3(cos(q1) cos(q2)− sin(q1) sin(q2))− xmin,1 + x1,2 cos(q1) + z1,2 sin(q1)

β6,1 = x2,3(cos(q1) cos(q2)− sin(q1) sin(q2))− xmin,2 + x1,2 cos(q1) + z1,2 sin(q1)

β7,3 = z0,1 − zmin,1 − x2,3(cos(q1) sin(q2) + cos(q2) sin(q1)) + z1,2 cos(q1)− x1,2 sin(q1)

(21)

To further characterize the motion constraints imposed by these boundary functions, the next
step involves defining upper and lower bounds for each function. These bounds, denoted as βi,j,k,
represent the k-th constraint imposed on the j-th component of the boundary function associated with
the i-th collision condition. By establishing these bounds, the feasible motion range of the planar robot
is precisely quantified, ensuring a structured approach to workspace determination.

Several of the boundary functions obtained in the analysis are expressed as linear combinations
of cosine and sine terms. Therefore, it is necessary to establish a general method for determining
the range of values that the variable q can assume while satisfying these constraints. The following
theorem provides an explicit formulation for these bounds, enabling a systematic computation of the
feasible joint configurations.

Theorem 2. Given the equation of the form:

a cos(q) + b sin(q) = c, (22)

where a, b, c are real numbers and q is the unknown variable to be determined, it follows that the solution for q is
bounded by:

q ≤ tan−1
(

b
a

)
+ cos−1

(
c√

a2 + b2

)
+ 2πk,

q ≥ tan−1
(

b
a

)
− cos−1

(
c√

a2 + b2

)
+ 2πk − 2π

(23)

where k ∈ Z accounts for the periodic nature of the trigonometric functions.

Proof of Theorem 2. The given equation:

a cos(q) + b sin(q) = c (24)

is rewritten using the trigonometric identity:

d cos(q − θ) = c, (25)

where d and θ are defined as:

d =
√

a2 + b2, θ = tan−1
(

b
a

)
. (26)
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By dividing both sides of the equation by d, it follows that:

cos(q − θ) =
c
d

. (27)

For real solutions to exist, the term c
d must satisfy the condition:

−1 ≤ c
d
≤ 1. (28)

Taking the inverse cosine function on both sides, the expression:

q − θ = + cos−1
( c

d

)
+ 2πk, k ∈ Z (29)

is obtained. Solving for q, the result is:

q = tan−1
(

b
a

)
+ cos−1

( c
d

)
+ 2πk. (30)

Thus, it is concluded that q is bounded by:

tan−1
(

b
a

)
+ cos−1

( c
d

)
+ 2πk − 2π ≤ q ≤ tan−1

(
b
a

)
+ cos−1

( c
d

)
+ 2πk. (31)

This completes the proof.

The upper and lower bounds for each boundary function are defined in Table 6. These bounds are
established to determine the feasible range within which the functions operate, ensuring consistency
in constraint evaluation. The right-bounded functions correspond to the upper limits, whereas the
left-bounded functions define the lower limits, allowing for a comprehensive characterization of the
solution space.
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Table 6. Boundary function bounds.

Right Bounded Function Left Bounded Function

β1,1,1 = tan−1
(

z1,7
x1,7

)
+ cos−1

(
x0,6√

x2
1,7+z2

1,7

)
≥ q1 ≥ β1,1,2 = cos−1

(
x0,6√

x2
1,7+z2

1,7

)
+ tan−1

(
z1,7
x1,7

)
− 2π

β1,3,1 = π + tan−1
(
−x1,7
z1,7

)
− cos−1

(
z0,1−z0,6√
x2

1,7+z2
1,7

)
≥ q1 ≥ β1,3,2 = −π + tan−1

(
−x1,7
z1,7

)
− cos−1

(
z0,1−z0,6√
x2

1,7+z2
1,7

)

β2,1,1 = tan−1
(

z1,9
x1,9

)
+ cos−1

(
x0,8√

x2
1,9+z2

1,9

)
≥ q1 ≥ β2,1,2 = cos−1

(
x0,8√

x2
1,9+z2

1,9

)
+ tan−1

(
z1,9
x1,9

)
− 2π

β2,3,1 = π + tan−1
(
−x1,9
z1,9

)
− cos−1

(
z0,1−z0,8√
x2

1,9+z2
1,9

)
≥ q1 ≥ β2,3,2 = −π + tan−1

(
−x1,9
z1,9

)
− cos−1

(
z0,1−z0,8√
x2

1,9+z2
1,9

)

β3,1,1 = π + tan−1
(

z2,11
x2,11

)
− cos−1

(
x1,2−x1,10√
x2

2,11+z2
2,11

)
≥ q2 ≥ β3,1,2 = −π + tan−1

(
z2,11
x2,11

)
− cos−1

(
x1,2−x1,10√
x2

2,11+z2
2,11

)

β3,3,1 = π + tan−1
(
−x2,11
z2,11

)
− cos−1

(
z1,2−z1,10√
x2

2,11+z2
2,11

)
≥ q2 ≥ β3,3,2 = −π + tan−1

(
−x2,11
z2,11

)
− cos−1

(
z1,2−z1,10√
x2

2,11+z2
2,11

)

β4,1,1 = π + tan−1
(

z2,13
x2,13

)
− cos−1

(
x1,2−x1,12√
x2

2,13+z2
2,13

)
≥ q2 ≥ β4,1,2 = −π + tan−1

(
z2,13
x2,13

)
− cos−1

(
x1,2−x1,12√
x2

2,13+z2
2,13

)

β4,3,1 = π + tan−1
(
−x2,13
z2,13

)
− cos−1

(
z1,2−z1,12√
x2

2,13+z2
2,13

)
≥ q2 ≥ β4,3,2 = −π + tan−1

(
−x2,13
z2,13

)
− cos−1

(
z1,2−z1,12√
x2

2,13+z2
2,13

)

β5,1,1 = π − q1 − cos−1
(

x1,2 cos(q1)−xmin,1+z1,2 sin(q1)
x2,3

)
≥ q2 ≥

β5,1,2 =

−q1 − π − cos−1
(

x1,2 cos(q1)−xmin,1+z1,2 sin(q1)
x2,3

)
β6,1,1 = π − q1 − cos−1

(
x1,2 cos(q1)−xmin,2+z1,2 sin(q1)

x2,3

)
≥ q2 ≥

β6,1,2 =

−q1 − π − cos−1
(

x1,2 cos(q1)−xmin,2+z1,2 sin(q1)
x2,3

)
β7,3,1 = sin−1

(
z0,1−zmin,1+z1,2 cos(q1)−x1,2 sin(q1)

x2,3

)
− q1 ≥ q2 ≥

β7,3,2 =

−q1 − π − sin−1
(

z0,1−zmin,1+z1,2 cos(q1)−x1,2 sin(q1)
x2,3

)

Figure 3 illustrates the graphical representation of the boundary functions. The red lines corre-
spond to functions that are not considered in the construction of the feasible region, whereas the cyan
lines represent the functions that define this region.

Figure 3. Graphical representation of the boundary functions. Red lines indicate functions that are not considered
in defining the feasible region, while cyan lines represent the functions used to construct it. The selected feasible
region is determined by the boundary functions β1,3,1, β2,1,2, β3,3,2, β4,1,2, β7,3,1, and β7,3,2.
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Although multiple feasible regions exist, reaching them from the home pose of the planar robot
would require crossing or making contact with boundary functions, which would impose constraints
on the motion. For this reason, the selection of the feasible region shown in the figure is justified.

As observed in Figure 3, the presence of multiple boundary functions complicates the identifica-
tion of a unique solution. However, a feasible region can be constructed by identifying the intersection
points of the selected boundary functions, forming a continuous boundary, as illustrated in Figure 4.
This boundary is defined by six intersection points.

Figure 4. Construction of the feasible region by identifying the intersection points of the selected boundary
functions. The continuous boundary is formed by six intersection points, ensuring a well-defined feasible area for
the robot’s motion.

Nevertheless, the nonlinearities of certain functions prevent their respective constraints from
being fully satisfied. This issue can be addressed through two possible approaches. The first approach
involves incorporating additional tangent points along the sections of the functions where the con-
straints are not met. The second approach, as depicted in Figure 5, consists of computing the centroid
of the feasible region and scaling it with respect to this point.

Figure 5. Scaling of the feasible region with respect to its centroid. This approach ensures that the boundary
functions do not directly imply collision while introducing a safety margin for the robot’s operation. The scaling
factor acts as a safeguard to maintain a collision-free workspace.
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The latter approach also resolves an additional issue: while the boundary functions define the
safe region, they inherently imply potential collisions. By applying a scaling factor, a safety margin
is introduced between the robot and the boundary functions. This scaling coefficient acts as a safety
factor, ensuring a collision-free operational space.

Figure 5 not only presents the closed and continuous boundary of the joint limits but also
proposes a sequence for traversing these limits. However, Figure 6 illustrates the trajectory of these
six intersection points in the geometric space, along with a simplified diagram of the planar robot
in its final pose after completing the trajectory. It is important to note that although Figure 5 defines
an ordered sequence for the boundary traversal, this does not inherently guarantee a structured or
sequential trajectory in the geometric space.

Figure 6. Trajectory of the six intersection points in the geometric space, including the simplified diagram of the
planar robot in its final pose.

Figure 7 presents two plots. The first illustrates a non-closed sequence of five points, while
the second depicts the simplified diagram of the planar robot in its final pose after completing the
trajectory. In this case, the trajectory is structured but remains open.

Figure 7. Non-closed trajectory consisting of five points. The first plot represents the joint space sequence, while
the second illustrates the planar robot in its final pose after completing the trajectory. Despite following an ordered
sequence, the trajectory remains open.
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This phenomenon can be explained as follows: the workspace with the greatest reach is directly
linked to the robot’s links when they become collinear. However, this configuration results in a joint
singularity. This issue was indirectly resolved by scaling the feasible joint region with respect to its
centroid, ensuring a structured path.

As a result, two distinct approaches exist for traversing the feasible geometric space along the
right or the left side. This choice determines the final pose of the robot as well as its reach. Due to the
limited workspace, the final link cannot transition to its mirrored pose within the same trajectory.

This second alternative is illustrated in Figure 8, which contains two plots. The first represents a
joint trajectory consisting of five points, while the second shows the corresponding geometric trajectory.
These paths are opposite to those presented in Figure 7.

Figure 8. Alternative feasible trajectory. The first plot depicts a five-point joint space path, while the second shows
its corresponding geometric trajectory.

The feasible geometric regions from Figures 7 and 8 are overlaid in Figure 9. Notably, these regions
do not exhibit symmetry, a result of the scaling applied relative to the centroid and the nonlinear
properties inherent to the trajectory.

Figure 9. Overlay of the feasible geometric regions from Figures 7 and 8, highlighting their asymmetry due to
centroid-based scaling and trajectory nonlinearities.

Figure 9 highlights the application of traditional numerical methods for solving this type of prob-
lem. Initially, a set of n random joint variables was generated. Following a conventional approach, each
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detected collision was marked with a red point, while non-colliding configurations were represented
by blue points. These methods, however, entail a high computational cost and do not produce a
continuous boundary trajectory in the joint space. Their efficiency is directly dependent on the volume
of analyzed data.

Figure 9 presents two plots from this experiment: the first in the joint space and the second in the
geometric space. In the latter, overlapping regions containing both collisions and non-collisions can be
observed. This phenomenon is associated with the poses and trajectory patterns described in Figures 7
and 8. Additionally, the lateral shapes of the geometric workspace, as seen in Figure 6, are also visible.

Figure 10. Numerical collision detection results. The first plot shows joint space sampling with red points for
collisions and blue points for non-collisions. The second plot illustrates the corresponding geometric space,
highlighting overlapping regions and the lateral shapes of the feasible workspace.

4. Conclusions
This study presented an alternative approach for defining feasible joint-space boundaries and

their corresponding geometric workspace. Unlike traditional numerical methods, which rely on
extensive sampling and collision detection, the proposed method constructs a continuous boundary
by identifying and connecting critical intersection points of boundary functions.

The results demonstrate that scaling the feasible joint region with respect to its centroid resolves
singularity issues and enables a structured path generation. Furthermore, the comparison of different
trajectory alternatives highlights how the final pose and reachability of the robot depend on the selected
traversal path.

Additionally, the overlay of feasible geometric regions confirms that symmetry is not preserved
due to the nonlinearities and centroid-based scaling. The evaluation of traditional numerical methods
further supports the advantages of the proposed approach, as random sampling methods result in
high computational costs and fragmented boundaries.

Overall, the methodology introduced in this work provides a more efficient and structured
solution for feasible workspace definition, offering improved trajectory continuity and computational
efficiency in robotic motion planning.
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