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Highlights:

• We recalibrate a state-of-the-art model for methanol synthesis kinetics on real experimental data
taking deactivation effects into account

• We compare the mechanistic model to a hybrid model, which consists of a neural network and
first-principle knowledge, confirming the used heuristic in a data-driven manner

• We derive and carry out optimal experimental designs for both models via optimal control,
investigating the effect on the predictive performance

Abstract: The transition of the chemical industry towards the utilization of feedstocks based on
renewable energies results in a more dynamic process behavior. Advanced mathematical methods
are a key factor to handle this complexity. In this contribution, methanol synthesis from hydrogen,
carbon dioxide and carbon monoxide is investigated as promising power-2-X technology. Optimal
experimental design is used to recalibrate an existing mechanistic kinetic model. Subsequently, the
most uncertain sub-model, namely the reversible catalyst dynamics, is partially replaced by neural
networks. Several architectures were evaluated, and optimal experimental design was applied to
enhance the performance of a chosen architecture. All experiments were realized in an experimental
set-up able to acquire time-resolved data. A commercial CuO/ZnO/Al2O3 catalyst was used in a
well-mixed Berty type reactor. The combination of optimal experimental design with hybrid modeling
led to an improved quality of the kinetic model needed for process control and optimization.

Keywords: methanol synthesis; optimal experimental design; data-driven modeling; optimal control;
scientific machine learning

1. Introduction
Methanol is an essential chemical with various applications. Next to its use as an intermediary

product in synthesizing complex chemicals, it can be used to store electrical excess energy from renew-
able sources ([1]). As such, power-2-methanol processes are practical options for both synthesizing
methanol from and storing said energies. Typically, green hydrogen produced via the electrolysis of
water using electrical energy from renewable resources serves as the basis for this process. Hence,
it is subject to inherent fluctuation of the energy source and, in turn, to comparable highly dynamic
operating conditions. Advanced control schemes are needed to maximize the throughput of the process
and allow the maximization of the process conversion rate under these non-stationary environmental
conditions. Model-based (optimal) control is often at the heart of such strategies, see e.g. [2]. Although
methanol synthesis is an established process, the development and research on the mechanism has
been and still is an active field of research ([3,4]). To this end, hybrid models often serve as a valid
alternative to classical, entirely mechanistic approaches. Here, machine learning models, such as
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neural networks, replace partially unknown or uncertain parts to account for the lack of prior scientific
knowledge. Especially in the context of (industrial) chemical process engineering, training these
models poses a non-trivial issue: How can hybrid models be trained reliably with minimum amount
of data? This work shows how optimal experimental design can help to improve parameter estimation
in the physics based model for the reaction kinetics developed by [5–7], which will act as a baseline
for our evaluation, and fitting of hybrid models. The model quantifies the heterogeneously catalyzed
synthesis of methanol using hydrogenation of CO and CO2 over a CuO/ZnO/Al2O3 catalyst. The
underlying reaction network is shown in Figure 1 and hints at the complexity of the chemistry. The
overall reaction can be broken down to three main equilibrium-limited reactions: the hydrogenation
of carbon monoxide (Equation 1), the hydrogenation of carbon dioxide (Equation 2) and the reverse
water-gas shift reaction (Equation 3).

CO + 2 H2
r1−−⇀↽−− CH3OH (1)

CO2 + 3 H2
r2−−⇀↽−− CH3OH + H2O (2)

CO2 + H2
r3−−⇀↽−− CO + H2O (3)

To mathematically describe the chemical relationship, we start from the mechanistic model derived
and parameterized in [5–7] with experimental data acquired by [8]. In earlier work the deactivation of
the catalyst was not taken into account for the parameter identification, but will be considered within
this contribution. Due to that reason and additional aging effects of the catalyst stored over several
years, the mechanistic model was recalibrated first in this project. Subsequently, optimal experiments
were designed and realized to improve the mechanistic model further.

Next, we move on replacing a part of the differential algebraic equation model with a neural net-
work, following [9], which was trained on experimental data generated thus far. Using the approaches
proposed in [10], we compute an additional experimental design aimed at generating further insightful
data for the training of this hybrid model.

The rest of the paper is structured as follows: In Section 2, we introduce the used methods and
materials. We start by describing a newly built experimental set-up containing a well-mixed Berty type
reactor as the data-generating unit. In the following, we introduce the mechanistic model, motivate the
use of its hybrid counterpart, and provide a brief introduction to optimal experimental design from
the perspective of optimal control. Section 3 evaluates the results of the derived models, focusing on
the difference in predictive performance when including or excluding optimal experimental design.
Section 4 concludes this paper by discussing the results and outlining further research directions. Our
contribution focuses on new insights in:
• new experimental dynamic and steady state data for methanol synthesis considering the changes

of catalyst activity
• comparison of mechanistic and hybrid model, by replacing a subset of the heuristic model with a

neural network
• conducting and evaluating OEDs for a mechanistic and a hybrid model, examining the impact on

different hybrid model strategies.

𝑟3

𝑟1

𝑟2

CO₂

CO CH₃OH

2H₂

H₂O H₂O

H₂ 3H₂

Figure 1. Reaction network of methanol synthesis showing the different pathways and their respective reaction
rates, which depend on the current state of the catalyst.
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2. Materials and Methods
2.1. Experimental Set-Up

Experimental data is acquired in a self developed automatic set-up depicted in Figure 2. The
reaction is carried out in a gradient-less Berty-type reactor built by the FAU Erlangen Nuremberg
according to [11]. It contains a fixed bed of 4.3 g commercial CuO/ZnO/Al2O3 catalyst (CZA) from
BASF which had been ground to 0.315-0.5 mm particles to avoid intraparticular transport limitations.
The used catalyst was acquired in a former PhD project ([8]) and was stored at ambient conditions
since then. The remaining gas volume of the reactor is approximately 280 mL including inert filling
material as spherical γ-Al2O3 (charge no. 5) or 286 mL without additional filling (charge no. 6). To
verify the assumption of an ideal CSTR behavior, the rotation speed of the stirrer had been varied
during preliminary tests. Above 3000 rpm no changes were observed. Giving additional safety, we
choose to set the rotation speed to 4000 rpm. The stirrer is driven by an electric engine, equipped
with permanent magnets that disintegrate when interacting with hydrogen or hydrocarbons. Due
to constructional reasons, the engine is connected to the reaction chamber. Furthermore, permanent
magnets lose their field strength when heated, so the stirrer performance would be permanently
negatively affected. For these reasons, it is particular important to cool and flush the engine of the
stirrer with nitrogen. This constrains the concentration of the educts. Since, nitrogen is an inert for the
reaction, it is used as an indicator for the occurring volume contraction. The experimental set-up is
designed for reaction conditions up to 260 °C and 60 bar.

1 bar

µ-GC

4 bar

exhaust

MFC stirrer

MFC 1

MFC 2

MFC 3

MFC 4

PI

TI
above

TI

below
TI

jacket

CuO/ZnO/
Al2O3

N2

CO2

CO

H2

Figure 2. Scheme of experimental set-up: gas supply from gas bottles via mass flow controllers (MFC’s), Berty
type reactor filled with CuO/ZnO/Al2O3 catalyst and analytics (µ-gas chromatography from Agilent). The reactor
is monitored and controlled for temperature and pressure. The latter is regulated via a membrane back pressure
regulator. Further on the downstream side the pressure is released through a relief valve to 4 bar, ensuring a
continuous effluent flow. In order to protect the electric engine of the stirrer from the reaction media and heat,
N2 is flushed from the top into the reaction chamber. N2 is used also as an indicator component to quantify the
volume contraction caused by the reactions.

The utilized gases are supplied from gas bottles with a high purity of 99.999 vol.-% for N2, H2 and
CO2 and 99.97 vol.-% for CO. Bronkhorst mass flow controllers (MFC) are used to dose the educt gases
(further information in Section A.2). Additional piping length is given to mix the gases at the inlet
and precondition them for the reaction. In order to prevent condensation, the entire piping periphery
around the reactor is heated.
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The experimental set-up is designed to perform steady state and dynamic experiments under
isothermal and isobaric conditions. Changes in temperature and pressure during operation are
recorded and can be evaluated posterior. However, due to the sheer caloric mass of the reactor,
intentional alterations in temperature within an experiment are unfavorable. They greatly increase the
required time for an experimental investigation. Therefore experiments are mostly designed to remain
at a certain temperature.

Several temperature probes are located in and around the reactor. One sensor is situated above
and one beneath the catalyst bed. Two further sensors are measuring the heating jacket. Since only a
small amount of enthalpy is released from the reaction and the great thermal mass of the reactor itself
is acting as a dampener, one of the jacket sensors is used to control the reactor temperature. This has
proven to be the most stable operation to maintain a constant reaction temperature.

A dome pressure regulator (Equilibar) was used to control for constant pressure in the reactor
allowing a discharge during continuous experiments. As analytic devices are usually particularly
sensitive regarding their inlet pressure, the outlet stream after the dome pressure regulator is first
depressurized via a relief valve to 4 bar and afterwards further reduced to 1 bar using a Swagelok
downstream pressure regulator. This method ensures constant pressure at the analytics while inlet
conditions to the reactor can be dynamically modified. The total volumetric flow rate at the reactor
outlet is not measured. If the reactor pressure is increased during an experiment the dome pressure
regulator reduces the outlet flow until the pressure level is reached. In this case the flow rate to the
analytics could be inappropriate.

One part of the automation is managed by Siemens’ PCS7, acquiring plant related data and
operating all actors. The other part of automation is realized via MATLAB in the interest of applying
complex mathematical inlet perturbations, precise timing of new conditions, creating a flexible, user
friendly interface and recording data during the time of an experiment for simpler analysis. PCS7 and
MATLAB where connected through Open Platform Communication Data Access (OPC DA), a proven
industrial communication standard.

This allows imposing classical step changes between different constant input values with varying
time intervals, as well as periodical perturbation of inlet conditions (e.g. simultaneous modulation of
inlet concentration and total flow rate as phase shifted sinusoidal wave form) as shown in Figure 3,
making this plant an unique experimental set-up. Besides that, another degree of freedom is the use of
different fillings of the reactor with fresh catalyst. We refer to this by a catalyst "charge number".

Figure 3. Example of a single experiment (MeOH_028). Top Measured output of the reactor as mole fractions.
Middle Feed composition to the reactor as mole fractions and total volumetric flow rate. Bottom Temperature
and pressure of the reactor.
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Outlet concentrations are quantified in terms of molar fractions of the components CH3OH, CO2,
CO, H2, H2O and N2 using a µ-GC from Agilent (model 490). Samples are measured by a method that
takes approximately 90 s, which had been optimized to execute with precise component determination
and fast sampling. This enables an almost continuous collection of data points. Further details about
the analytics are summarized in Section A.1.

2.2. Experimental Procedure

When fresh catalyst was filled into the reactor, it was reduced using 2 vol.-% of H2 in N2 with
a total volumetric flow rate of 500 NmL/min at ambient pressure starting from room temperature
heating up to 180 °C within 2 h and holding the temperature for another 12 h according to [8]. This
procedure was repeated after every plant shutdown and sometimes additionally to check for the effect
on the catalytic performance. Otherwise the catalyst was flushed with nitrogen between methanol
synthesis experiments.

To start a methanol synthesis experiment with already preconditioned catalyst the flow of the
inert flushing of the stirrer is increased depending on the aimed pressure and the stirrer speed is
set to 4000 rpm. Afterwards, the inertized reactor is heated up at ambient pressure to the desired
temperature. Meanwhile the pressure of the gas supply is adjusted. While N2, H2 and CO are fed
directly from gas bottles, CO2 is pressurized with a compressor from Maximator to reach up to 65 bar.
The CO2 piping is heated to avoid condensation. After the temperature is reached, the pressure is
built up with the dome pressure regulator feeding only N2. At the same time, the heating of the entire
piping periphery, the analytics, the process control system and the data acquisition must be prepared.
Then an experiment can be started by dosing the reactants with the MFC. When the experiment is
finished, the reactor is depressurized, inertized and most of the time cooled down to 180 °C.

Catalysts are known to deactivate during operation ([12]). The deactivation of the CZA methanol
synthesis catalyst is addressed in several studies, e.g., [13–15]. Catalyst deactivation is not the focus
of this contribution, but must be taken into account. To quantify irreversible deactivation effects,
a daily updated catalyst activity was measured prior to a new experimental run. This is done by
applying a reference condition summarized in A1. The condition is maintained until steady state is
reached. Applying this procedure, a deactivation independent evaluation of the generated kinetic data
is attempted. Additionally, due to the initial exposure to the same feed and thus the same reduction
potential the catalyst is preconditioned with regard to reversible dynamic changes of the active sites.
After that, the desired experiments were started.

The hydrogenation reactions (namely reaction Equation 1 and Equation 2) cause a reduction in
the total number of moles and thereby induce a volume contraction, which we define as the ratio of
inlet to outlet molar fraction of the inert nitrogen. Multiplying this ratio to the inlet volumetric flow
rate V̇in,n

total under norm conditions (273.15 K and 1.01325 bar, indicated in the superscript as "n" and all
flow rate values given in this paper are refering to this condition) results in the norm outlet flow rate
V̇out,n

total :

V̇out,n
total =

xin
N2

xout
N2

· V̇in,n
total (4)

Given the experimentally recorded molar fractions xi of each component i, the above calculated total
outlet volumetric flow rate V̇out,n

total and the ideal gas law concludes to the corresponding outlet molar
flow rate ṅout

i :

ṅout
i = xi ·

pn

R · Tn · V̇out,n
total (5)
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Engineering metrics as the carbon based yield of methanol can be calculated as shown in Equation 6.
This value results from the ratio of calculated outlet molar flow rate of methanol to the sum of input
molar flow rates of all carbon species (i.e. CO and CO2).

YCH3OH =
ṅout

CH3OH

ṅin
CO + ṅin

CO2

(6)

The value of the catalytic activity a is determined via calculating the current methanol yield Ycur
CH3OH,re f

with Equation 6 divided by the initial methanol yield Y0
CH3OH,re f determined with the fresh catalyst of

the corresponding charge, i.e. the stationary outlet result under reference condition after 1st reduction
(Equation 7).

a =
Ycur

CH3OH,re f

Y0
CH3OH,re f

(7)

The catalytic activity a is used as an identical pre-factor for all three reaction rates as shown in Equation
8.

rj = a · r′j, j = 1, 2, 3 (8)

We assume that the deactivation influences all three reactions Equations (1)–(3) in the same way and
does not change drastically over the course of one specific experiment. Thus, a is one fixed value for
every experiment, ranging from 0.14 to 1 for the entire data used in this work and from 0.14 to 0.33 for
the optimally designed experiments. This allows the evaluation of our data without being distorted by
deactivation effects.

The complete set of experimental data used in this contribution is available under [? ].

2.3. Mechanistic and Hybrid Modeling of the Methanol Synthesis

We base our approach upon the established kinetic model, capable to quantify the rates of the
three key reactions proceeding during methanol synthesis, derived in [5–7] (see Section Appendix B).
This kinetic model is connected to the mass balances valid for an ideally mixed, isothermal, isobaric
and continuously operated reactor model. The whole model consists of a set of differential-algebraic
equations (DAE) of the form

J(x, q, t, u)ẋ −
[

A(x, q, t, u) · a · γ(x, q, t, u)⊙ r(x, q, t, u) + b(x, q, t, u)
fϕ(x, q, t, u)

]
= 0 (9)

Here t ∈
[
t0, t f

]
denotes the time and x ∈ X denotes the state which consists of the mole fractions

of the six chemical species xi, i ∈ {CH3OH, CO, CO2, H2, H2O, N2} and an additional state ϕ which
represents the distribution of the active centers of the catalyst. The operator ⊙ denotes elementwise
multiplication, q ∈ Q denotes a set of parameters (see Section Appendix C.1) and u ∈ U the inputs
of the system, which consist of temperature, pressure, feed and flow. The matrix valued functions
J ∈ R6×6 account for the gradient of the surface coverage of the individual species and A ∈ R6×3

combines the stoichiometric coefficients with the catalyst mass (constant for every experiment) in
dependence of the states. a ∈ {0, 1} denotes the activity level of the catalyst as described in 2.2.

An important feature of the kinetic model is the incorporation of dynamic changes of the catalyst.
γ captures the influence of the degree of reduction of the catalyst ϕ on each of the reaction rates. Of
special interest are the three scaling pre-factors γ : X ×R×Q× U 7→ R3

+, which were previously
modeled based on a heuristic

γCO = 1 − ϕ

γCO2 = ϕ2

γRWGS =
ϕ

1 − ϕ

(10)
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which only depends on the catalyst state ϕ ([5,6]). In this work, we propose to replace this heuristic
with a fully connected feed-forward neural network to describe γ, resulting in a hybrid model.
Hybrid modeling aims at combining the advantages of two different modeling paradigms. First, the
interpretability and data-efficiency of rigorous modeling based on first principles and specific domain
knowledge, and second the flexibility of data-driven models such as neural networks, which are able
to learn unknown functional relationships from data. In recent research various modeling regimes and
architectures have been investigated, see e.g. [16] or [17] for an extensive overview. In the context of
differential equations, such models are commonly called universal differential equations ([9]).

The hybrid DAE model can be written in its implicit form as

f (ẋ, x, q, t, u) = fΣ

(
f̂ (ẋ, x, t, q̂, u), U(x, θ)

)
= 0 (11)

where f̂ : Xt × X × U × QP 7→ ZP describes the parts of the model which are known from first
principles and which may depend on physical parameters q̂ ∈ QP. Second, a universal approximator,
e.g., a feed-forward neural network, U : X ×QU 7→ ZU with weights and biases θ ∈ QU is used to
model the unknown parts of the dynamics. The function fΣ encodes the overall structure of the hybrid
model, i.e., how known and unknown parts of the dynamics interact. Figure 4 shows the mechanistic
model in the form of a block diagram, highlighting the catalyst impact γ which we are replacing.

[h]

Figure 4. Block diagram of the mechanistic model in the form of a DAE system. Our goal is to learn the impact γ

of the catalyst state ϕ on the reaction rates r directly from the data. The triangle △ denotes concatenation, ⊙ denotes
elementwise multiplication.

The feasibility of this approach applied already to methanol synthesis was shown in [18], however
based on synthetic data obtained via simulating the mechanistic model of [5–7]. In this study, we focus
on the training of hybrid models on experimental data.

2.4. Data Preparation

The collected experimental data D = {D1, . . . ,D44},Di = {X, U, τ} was divided into a training
DTR ⊂ D and test DTT ⊂ D data set using a stratified 80-20 train-test split, see Section Appendix
C.3. Here X = {xi|xi ∈ X ′ ⊂ X} denotes the set of state measurements of the reactor output and
U = {ui|ui ∈ U} the set of inputs consisting of feed composition, flow rate, pressure and temperature.
Finally, τ = {ti|ti ∈ R} denote the time points of the measurements.
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Table 1. Hyperparameters for initial training of hybrid model. The function swish is given by swish(x) =
x

1+exp(−x) , σ denotes the typical sigmoid function σ(x) = 1
1+exp(−x) .

Hyperparameter Hidden Layers Layer Width Activation

Options 2, 3, 4 5, 10, 15 swish, σ

2.5. Parameter Estimation

The parameter estimation was performed by solving the following optimization problem:

min
q

1
|DTR| ∑

Di∈DTR

1
|Di| ∑

tj∈Di

L
(

x̂i,j, xi,j
)

(12a)

s.t. 0 = f (ẋ, x, q, t, u) (12b)

q ∈ Q (12c)

We used an average sample-wise Equation 12a L : X × X 7→ R between the measurements x̂
(outlet molar fractions) and predictions x given by the weighted sum-of-squares error

L
(
x̂i,j, xi,j

)
=

1
|S ′| ∑

k∈S ′
wi,j,k

(
x̂i,j,k − xi,j,k

)2
, S ′ = {CH3OH, CO, CO2, H2O}

We included only a subset of species, namely the carbon-based species with a high accuracy in
the analytics and water as co-product, present often only in small amounts but very important for

the kinetic model. The weights have been chosen to be wi,j,k =
(

x̂i,j,k + ϵ
)2

, ϵ ≥ 0, to adjust the
contribution of each species relative to its magnitude. 12b describes the dynamics of the system.
Instead of modeling the domain 12c, we used the exponential transformation to ensure that a subset of
parameters is positive to account for its physical meaning. The initial conditions and domains of the
parameters have been set according to [7], and can be seen in Section Appendix C.1. We implemented
our model and optimization1 in Julia ([19]). To solve Equation 12, we used Optimization.jl ([20]), a
solver agnostic interface to several optimization routines. To fit the mechanistic model, we used
the implementation of L-BFGS ([21]) of Optim.jl ([22]). To investigate the impact of the experimental
designs, once the parameter estimation problem is solved on the full training data with all experimental
designs and once on the training data excluding the optimal experimental designs.

2.6. Hybrid Model Fitting

To find a suitable candidate for the hybrid model, we performed a simple hyperparameter search
over different architectures by employing a full factorial design over the number and size of the hidden
layers as well as their activation function in Lux.jl ([? ]). We adapted Equation 12 by adding a L1 norm
regularization with regularization parameter λ = 1e − 5 on the weights of the network to counteract
overfitting. The options of this hyperparameter search are given in 1. The neural networks are modeled
to take the full state x as an input. Moreover, the output layer uses the softplus function σ+ : R 7→ R+,
σ+(x) = log(exp(x) + 1) to ensure a positive output. Each candidate architecture has been trained
five times with different random seeds used for initialization of the weights θ for a total number of
500 iterations using Adam ([23]) from Optimisers.jl and mini-batching of the data set. Next, a suitable
candidate has been selected by accounting for both complexity of the network and conformity with
the data. We selected the top-k candidates using the coefficient of determination on the training set
and subsequently retrained these models using L-BFGS.

1 Full code and versioning of all related software is available at https://kosinus.math.uni-magdeburg.de/AlCap23/berty-
parameter-estimation
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2.7. Optimal Experimental Design

To minimize the effort of experimental data collection, we want to collect as much information
about the uncertain parameters as possible from each experimental run. Optimal experimental design
(OED) is a well-established concept in Chemical Engineering ([24,25]) and a natural approach to
come up with informative experiments for subsequent parameter estimation problems or model
identification. See [26–29] for a general introduction into the topic. In [30,31] the concept was applied
to dynamical systems given by parameterized ODE or DAE models. In this context, degrees of freedom
are the decisions when to measure each observed variable y ∈ Y and how to stimulate the system
in an optimal way. The problem of computing an optimal experimental design can thus be cast as
an optimal control (OC) problem, see Section E.1 for detailed explanation. The goal is to optimize
the time-dependent inputs u ∈ U and the initial conditions x(t0) ∈ X such that a suitable objective
function of the variance-covariance matrix is minimized. This requires to augment the system using
the forward sensitivity equations and the differential equation of the Fisher information matrix, adding
states in the order of O(|Q|2).

In this work, we use OED in two ways. First, we use it to compute four informative experiments
for estimating the physical parameters of the heuristic model. More specifically, these experiments each
aim at the identification of different subsets of parameters, namely the parameters in the Arrhenius
equations of the three elementary reactions and two rate constants in the kinetic equation for the
state ϕ. Second, in the case of a hybrid model, i.e., the parameters q of the underlying model include
both physical parameters q̂ and weights and biases of a neural network θ. In this context, the OED
problem may also be solved aimed at generating data to train the embedded neural network on.
However, problems may arise due to the usually large parameter space of the neural network. The
quadratic dependence of the size of the augmented system of differential equations on the number
of parameters as explained above leads to a high computational effort even for integration of the
augmented system. Moreover, setting up the variational differential equations analytically may be
prohibitively expensive. Another difficulty arises from the observation that weights of neural networks
are not uniquely identifiable. Therefore, resulting Fisher information matrices in the underlying
optimization problem are usually ill-conditioned and not amenable to optimization. However, as
argued in [10], one can often circumvent these problems by identifying a suitable subset of parameters
q̃ ⊂ q, |q̃| ≪ |q| via a singular value decomposition of the Fisher information matrix. This way, the size
of the system of differential equations is reduced and positive definiteness of the Fisher information
matrix assured.

All OED problems were solved in a first-discretize-then-optimize single shooting approach on
a time horizon T = [t0, t f ] = [0, 7200] s with the A-Criterion as the objective function. The control
functions u include the inlet composition, i.e., xin

CO2
(t), xin

CO(t), xin
H2
(t) and xin

N2
(t) as well as the inlet

volumetric flow rate V̇in,n
total(t) and are discretized as piecewise constant values on an equidistant

timegrid. For the experimental designs for the mechanistic model we chose a discretization parameter
of ∆t = 900 s, whereas for the hybrid model it was chosen as ∆t = 600 s. The temperature T is
included as a control value, constant over time. The problems are further simplified by assuming
that measurements are taken continuously, as explained in Section 2.1. Hence, we do not need to
determine optimal measurement times. Furthermore, we need to include simple upper and lower
bounds on the control functions and values, these are stated in 2. Also, general constraints on the inlet
composition need to be fulfilled, requiring that the molar fractions of the incoming species add up to
100 percent at each point in time. Also, a minimum level of nitrogen needs to be present in the inlet
due to required flushing of the stirrer magnet. The amount depends on the current volumetric flow
rate and the pressure p. Formally, these constraints read

xin
CO2

(t) + xin
CO(t) + xin

H2
(t) + xin

N2
(t) = 1, (13)

V̇in,n
N2

(t) ≥ 8

[
mLn

N2

bar · min

]
· p[bar] (14)
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The initial conditions of the molar fractions of the species and the initial distribution of active
centers on the catalyst are given in 3. The pressure is fixed at p = 50 bar for all designs to simplify the
optimization problem. Low reactant molar fractions in the feed are realized by compensation with
nitrogen. This method also simplifies the experimental procedure and is in accordance to the assumed
ideal gas behavior. The problems are then solved via Ipopt ([32]). More information on the parameters
considered in the designs and the obtained solutions are given in Section Appendix E.

Table 2. Lower and upper bounds on control functions and control values for the optimal experimental design.

Variable Lower Bound Upper Bound Unit

T 500.0 530.0 K
V̇in,n

total(t) 0.5 4.0 Ln / min
xin

CO2
(t) 0.0 40.0 %

xin
CO(t) 0.0 40.0 %

xin
H2
(t) 0.0 75.0 %

xin
N2
(t) 0.0 100.0 %

Table 3. Initial conditions x(t0) assumed in all OED problems.

State Initial value

xCH3OH 0.00854
xCO2 0.02494
xCO 0.22906
xH2 0.55062

xH2O 0.00184
xN2 0.18499
ϕ 0.7

3. Results
This section discusses the results of the parameter identification for the deterministic and hybrid

model architectures as described in Section 2. In detail, the performance of the model is evaluated
and compared for each of the conducted studies. Furthermore, we investigate the final hybrid model
in detail. As an illustrative example for all models we choose an experiment which was not part of
the initial training or testing set, namely experiment MeOH_079. It has been carried out using a set
of heuristically informed inputs, which closely resemble industrial conditions. An overview of the
results is given in 4.
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Table 4. Results of the different model architectures and fitting procedure. We report the mean absolute percentage
error MAPE = 100

N ∑N
i=1 |

x̂i−xi
x̂i

| for the respective dataset and species (xi denotes the states). (OED) indiciates the
use of the full training data including the data from the optimal experimental designs, (NOED) the use of the
dataset without optimal designs. The hybrid model (INIT) denotes the best architecture after hyperoptimization
and subsequent fit using L-BFGS. The best value of each column is bold.

MAPE

State xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Train

Mechanistic (OED) 13.60 6.89 6.41 6.42 6.89 7.15 7.90
Mechanistic (NOED) 25.20 6.69 5.79 6.57 16.10 7.27 11.30
Hybrid Model (INIT) 14.80 7.22 6.72 6.46 9.25 7.19 8.61
Hybrid Model (NOED) 32.90 5.96 7.19 7.01 16.40 7.70 12.90
Hybrid Model (OED) 14.10 6.34 6.41 6.36 6.85 7.10 7.86

Test

Mechanistic (OED) 12.70 8.72 6.79 6.45 11.00 8.75 9.06
Mechanistic (NOED) 32.90 10.10 6.43 6.56 14.50 8.96 13.20
Hybrid Model (INIT) 16.00 9.15 6.96 6.52 12.90 8.81 10.00
Hybrid Model (NOED) 24.10 8.83 6.96 6.73 12.10 8.99 11.30
Hybrid Model (OED) 10.00 9.05 6.68 6.33 10.20 8.65 8.49

3.1. Fit of Mechanistic Model

The fit of the mechanistic model has been conducted as described in Section 2.5. The resulting set
of parameters, fitted using the training set, including the collected data from the experimental designs,
shows good parity with the data, as shown in Figure 5. Figure 6 shows the model’s prediction on the
validation experiment MeOH_079.
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Figure 5. Parity plot of the fitted mechanistic model over the test data set. The color of each species matches the
trajectory plots.
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Figure 6. Model prediction on the experiment MeOH_079. After the initial catalyst activity was determined at
the reference condition the reactor was heated up. The temperature and the following six feed compositions and
flow rates, each applied for 20 min, were chosen randomly within relevant process boundaries. Top The state
trajectory. Colored scatter denotes the data, full lines the prediction. Middle The feed of the reactor in mole
fractions using the respective color for each species. The black line denotes the incoming volumetric flow rate.
Bottom The temperature (red) and pressure (blue) over the time course of the experiment.

The exclusion of the optimal experimental designs from the training data set significantly impacts
the fitting outcome, see 4. While the overall coefficient of determination, dominated by abundant
species such as CO2, CO, H2, and N2, is still comparable to the previous model, less abundant species,
CH3OH and H2O, show a degradation in predictive power. This effect is even more visible on the test
set, where the MAPE of CH3OH increases from 22.80 to 44.80. The parameter values and additional
results for each of the fits are listed in Section Appendix C.1.

3.2. Fit of Hybrid Model

To conduct the hyperparameter search for a suitable neural network architecture and initial
parameter values, a total of ninety hybrid models have been trained, resulting from a full factorial
design of the search parameters given in 1. The top five models and their respective performance on the
training set are shown in 5. We choose two models as the foundation for further training marked as A
and B in 5. Model A was chosen due to its simple architecture and overall coefficient of determination,
model B due to its balanced performance over all individual species. Both models have 88 trainable
parameters in total, and are trained further, using L-BFGS based optimization similar to the mechanistic
model. Afterwards, we used model B to derive an optimal experimental design, MeOH_083, see
Figure 7. The design calculated in this way only takes into account the weights of the trained network
in the singular value decomposition, ignoring any physical parameters. Finally, we refitted both
models again with the collected experimental data. While model B became numerically instable after
a few iterations of optimization, model A was successfully fitted, resulting in increased predictive
performance. As a comparison we refitted the model starting from the same initial conditions without
including the experimental plan, see 4. Figure 8 shows the parity of the final hybrid model over the
test data set.
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Table 5. Top 5 results of the hyperparameter search, their respective architecture and performance on the training
set in terms of the coefficient of determination. Note we initially used the coefficient of determination instead of
the MAPE for model selection. Hence, we report these values here. See Section Appendix D for a more detailed
explanation.

State xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Architecture R2

A 2 layer, 5 neurons, σ 0.405 0.973 0.963 0.802 -0.175 0.966 0.927
4 layer, 5 neurons, σ 0.500 0.974 0.962 0.796 -0.010 0.966 0.925
4 layer, 5 neurons, σ 0.522 0.976 0.966 0.785 0.305 0.964 0.923
4 layer, 5 neurons, σ 0.440 0.975 0.966 0.774 0.097 0.963 0.919

B 2 layer, 5 neurons, swish 0.476 0.978 0.969 0.772 0.556 0.961 0.919
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Figure 7. Optimal experimental design MeOH_083 of the selected architecture B. The temperature was determined
as T = 530.0 K.
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3.2.1. Neural Network Analysis

In this subsection, we investigate the final, fully trained neural network A. In detail, we are
comparing the surrogate model with the heuristic by a) performing Shapley value analysis and b)
examining the outputs.

A popular method to explain the predictions of machine learning models are Shapley values.
Originally derived as a concept in cooperative game theory, Shapley values have been adopted to
explain the contribution of individual features in complex models, such as neural networks, in a
consistent and reliable manner. Several software packages exist to (approximately) compute these
Shapley values, e.g., SHAP [33], ShapML.jl or Shapley.jl. The main idea is to build a linear explanation
model g : Rnx 7→ R with

g(x) = sx
0 +

nx

∑
i=1

sx
i xi (15)

for each input sample x in, e.g., the training set, with g being locally equivalent to the evaluated model
but allowing for an easier interpretation. Also, g must satisfy other properties, e.g., that input features
that do not change the prediction must have atrributed effects si = 0, among others. See, e.g., [34] for a
more detailed introduction to Shapley value analysis and an application to three illustrative examples.
By calculating statistics over the individual feature effects s of the underlying dataset , the individual
feature relevance can then be analyzed. 6 states the mean absolute Shapley values for the final model
A following the implementation of Shapley.jl These results reveal several instructive trends. First, for
all scaling pre-factors γCO, γCO2 and γRWGS, the state ϕ has the largest Shapley value with the other
states being mostly negligible, underlining the importance of the state on the functional relationship
and supporting the previously used heuristics Equation 10. The exception is γRWGS, where also the
states xH2 and xCO2 play a minor role.

Table 6. Mean absolute Shapley values and their standard deviations for the input features of the neural network
A evaluated on the training set computed via the implementation in Shapley.jl. A higher value indicates a stronger
influence. Similar to the previously used heuristic, the neural net bases its decision primarily on the state ϕ.

Mean absolute Shapley effect and standard deviation

State γCO γCO2 γRWGS

xCH3OH 2.99e-04 ± 4.36e-04 8.00e-05 ± 1.23e-04 4.75e-04 ± 6.72e-04
xCO2 2.94e-03 ± 8.09e-03 3.63e-03 ± 6.13e-03 2.25e-02 ± 3.85e-02
xCO 1.29e-03 ± 3.15e-03 6.07e-04 ± 8.40e-04 4.09e-03 ± 5.46e-03
xH2 1.01e-02 ± 1.23e-02 6.30e-04 ± 1.25e-03 4.94e-02 ± 5.87e-02
xH2O 2.67e-04 ± 8.11e-04 1.15e-05 ± 1.66e-05 3.55e-05 ± 8.03e-05
xN2 1.04e-02 ± 1.56e-02 2.72e-03 ± 3.18e-03 1.06e-02 ± 1.27e-02
ϕ 8.30e-02 ± 1.83e-01 8.84e-02 ± 1.04e-01 4.44e-01 ± 5.21e-01

Comparing the functional relationship encoded in the trained neural network with the heuristic
shown in Figure 9, both γCO2 and γRWGS show a high agreement with the heuristic with MAPE scores
of 17.54 and 12.52 respectively. Only γCO shows a higher deviation from the heuristic, resulting in a
MAPE of 34.69. For γRWGS there is a high level of agreement especially for small predicted values with
γRWGS ≤ 3, which account for 97% of the shown samples. Restricted to this domain, we observe a
MAPE of 10.78. For larger values of the heuristic γRWGS, the deviation increases as the output of the
neural network stays constant.
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Figure 9. Parity plot comparing the functional relationship of the trained neural network and the previous
heuristic for the impacts γ Equation 10 evaluated on the train dataset. While the neural network and the heuristic
deviate for γCO, there is a high level of agreement for both γCO2 and γRWGS. The visible mismatch for RWGS
stems from only the top 3% of data. Note The mean absolute percentage error does not indicate a goodness-of-fit
in this case, but rather the divergence between the heuristic and the ML model.

3.2.2. Optimal Experimental Design Analysis

To investigate the impact of optimal experimental design, we compared the relative coverage of
the state space using data binning. Using the final, fully trained mechanistic model, all trajectories
of the training set were simulated and assigned to regions of the state space using 30 equidistantly
spaced bins. The relative coverage was subsequently computed by dividing the number of points due
to optimal design over all points in a bin. As can be seen in Figure 10, the trajectories generated via
optimal experimental design leads to a higher coverage in several regions of the state space which are
not part of the initial set of experiments. A noticeable increase in coverage can be seen especially for
the state ϕ, where now due to the optimal experimental designs data points with ϕ ≤ 0.25 and ϕ ≥ 0.6
are preferably collected. A full graphical comparison can be found in Section Appendix E.4.
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Figure 10. Comparison of heuristic and optimal experimental designs over the prediction of the final, fully trained
mechanistic model. The color indicates the relative density of points in a bin due to optimal experimental design.
See Section Appendix E.4 for a more detailed explanation.

4. Discussion and Conclusions
In this contribution, an existing heuristic kinetic model for the heterogeneously catalyzed

methanol synthesis from [5–7] was first recalibrated utilizing new experimental data generated in
a recently built experimental set-up. From this starting point, optimal experimental designs were
computed to collect dedicated data to increase the model performance, while reducing further ex-
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perimental effort. The experiments were realized and the subsequent parameter identification led
to a further improved heuristic model. In the next step, the important but not fully understood part
of the model describing the complex influence of reversible changes of the active catalytic sites on
each reaction was substituted with neural networks. Several varieties were tested and compared
with respect to their goodness-of-fit. To further improve the data basis for the training, an additional
experimental design based on a selected hybrid model was computed and carried out experimentally.
The built experimental set-up is able to deliver time-resolved data (approx. every 90 s) for the analysis
of perturbations of the reactor inlet which is of major importance for more flexible power-2-X processes.
The reversible catalyst dynamics can not be understood based on only steady state experiments. The
possibility of fast and automated adaptions of both feed composition and total volumetric flow rate
allows for the realization of optimal designs with a high degree of freedom. Additionally, the new
experimental set-up offers the option to test forced periodic feed changes with the goal to increase the
time-averaged process performance which is part of ongoing work.

In general, we see that the hybrid model is on par with the mechanistic model. From 4 we
can see that the hybrid model in combination with optimal experimental design outperforms the
mechanistic model slightly. Initially, this might suggest that the effort of using data-driven models is
not justified. We suspect that this is a result of our decision to a) only learn a small submodel and b)
fix the mechanistic parameters. This could constrain the functional relationship too tightly, introduce
a strong bias, and hinder a sufficient exploration of alternatives. Therefore, future research should
investigate relaxing the use of prior knowledge, allowing the neural network to explore different
possible functional relationships. This remains a challenging task, given that the gained flexibility
often results in the need for more data and comes at the cost of interpretability. Additionally, the failure
of model B showcases that the training of dynamic, hybrid models requires further research.

Despite the aforementioned analysis, the results of the trained hybrid model contribute to the
understanding of the kinetic model. The results suggest that both heuristics for γCO2 and γRWGS are
capable of modeling the impact of the distribution of active centers over the catalyst. Hence, we were
able to validate two heuristics over a broad range of the data purely based on training the hybrid
model. 6 and Figure 9 indicate that the initially chosen heuristic to model the impact is indeed a good
candidate to model the distribution of active centers over the catalyst surface. ϕ dominates the learned
functional behavior of all impacts γ.

We found that optimal experimental design is helpful for both mechanistic and hybrid models.
Figure 10 indicates that the use of optimal experimental design clearly focuses on specific regions
of the state space. These informative areas of the state space, which have been little explored by
previous experiments, increase the predictive power of the model, as can be seen from 4. Especially
in the case of hybrid models, we suspect that considering experimental designs leads to an increase
in robustness of training, even if the experimental designs were derived from a structurally different
(e.g., a different architecture of the embedded neural network) hybrid model, as can be seen from
4. Confirmation of this claim requires further investigation from theoretical and practical point of
view. Also, a comparison of our approach to optimal experimental design for hybrid models to other
proposed methods from the literature could be a focus of further research. Moreover, we believe that
the methodology presented in this paper is not only useful for methanol synthesis but can also be
transferred to other synthesis reactions.
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Appendix A. Experimental Set-Up
Appendix A.1. Analytics - Gas Chromatography

The reactor outlet stream is measured with an Agilent 490 µ GC with a thermal conductivity
detector. Hydrogen, nitrogen and carbon monoxide are separated in a 10 m long column containing
a mole sieve (MSA5) as stationary phase using argon as mobile phase (130 °C column temperature,
250 kPa initial pressure, 120 ms injection time, 60 s run time). The other reactants are discarded with a
back flush after an initial separation (8 s) via a pre-column for this channel. Carbon dioxide, methanol
and water were analyzed using a 10 m long PPU column with helium as mobile phase (145 °C column
temperature, 120 kPa initial pressure, 120 ms injection time, 60 s run time). The injector and sample
line temperature were 100 °C. With this method approximately every 90 s a measurement is conducted
during experiments. The gaseous components at ambient conditions were calibrated with calibration
gas bottles. For the calibration of methanol and water a defined nitrogen stream was saturated in a
tempered steel vessel filled with glass rings and the the respective component. The saturation was
checked with a condensation trap. After a measurement series is finished, the detector signal of the gas
chromatograph is imported into Matlab and processed there. This allows a fast and flexible handling
of a large number of single measurements.

Appendix A.2. Mass Flow Controller

The mass flow controllers (Bronkhorst) were calibrated with the help of a Coriolis mass flow
meter from Bronkhorst and a pressure regulator from Swagelok to adjust the pressure in the calibration
bypass according to the aimed process conditions. The calibration factors of the MFC are interpolated
values between the calibrated points. If the flow rate, the feed pressure or the reactor pressure change,
the calibration factors are adjusted automatically while the MFC are used.

Appendix A.3. Catalyst Activity

The steady inlet conditions applied for the determination of a reference yield of methanol for the
approximation of an catalytic activity are listed in A1. Figure A1 depicts the decrease in activity of
each catalyst charge over the experiments using it. The data is published in [? ].

Table A1. Reference reaction and inlet conditions for activity measurements.

Charge-Nr. T p V̇in,n
total xin

CO2
xin

CO xin
H2

xin
N2

- °C bar Ln/min % % % %

5 230 30 2 2.56 20.82 60.59 16.03
6 230 50 3.3333 2.56 20.82 60.59 16.03
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Figure A1. Catalytic activity (see Equation 7) of all 44 experiments.

Appendix B. Kinetic Equations
The kinetic model is taken from [5–7] and is based on a simplified Langmuir Hinshelwood

mechanism under consideration of three different surface centers: the oxidized center (⊙), the reduced
centers (∗) and the centers for heterolytic decomposition of hydrogen (⊗). The reaction rates can be
expressed as follows:

r′CO = k1 pCO p2
H2

(
1 − 1

KP1

pCH3OH

pCO p2
H2

)
Θ⊙Θ⊗4 (A1)

r′CO2
= k2 pCO2 p2

H2

(
1 − 1

KP2

pCH3OH pH2O

pCO2 p3
H2

)
Θ∗2Θ⊗4 (A2)

r′RWGS = k3 pCO2

(
1 − 1

KP3

pCO pH2O

pCO2 pH2

)
Θ∗Θ⊙ (A3)

Where pi denotes the parital pressure of the species i. The corresponding surface coverages are:

Θ⊙ =

1 + KCO︸︷︷︸
β11

pCO + K⊙
CH3OH︸ ︷︷ ︸

β12

pCH3OH + K⊙
CO2︸ ︷︷ ︸
β14

pCO2


−1

(A4)

Θ⊗ =

1 +
√

KH2︸ ︷︷ ︸
β7

√
pH2


−1

(A5)

Θ∗ =

1 +
KH2OKO

KH2︸ ︷︷ ︸
β9β10

β2
7

pH2O

pH2

+ K∗
CO2︸ ︷︷ ︸
β13

pCO2 + K∗
CH3OH︸ ︷︷ ︸

β8

pCH3OH + KH2O︸ ︷︷ ︸
β9

pH2O



−1

(A6)

The reaction constants are described by an extended Arrhenius approach [35,36]

ki = exp

 A︸︷︷︸
β1,β3,β5

− B︸︷︷︸
β2,β4,β6

(
Tref
T

− 1
), i ∈ [CO, CO2, RWGS] (A7)
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Furthermore the equilibrium constants, are calculated with empirical equations and coefficients
according to [8,37]:

log(KPj) = α1,j +
α2,j

T
+ α3,jlog(T) + α4,jT + α5,jT2. (A8)

The corresponding parameter can be found in Table A2.

Table A2. Coefficients for equilibrium constants.

Parameter Value Parameter Value Parameter Value Unit
α1,CO 13.814 α1,CO2 15.0921 α1,RWGS 1.2777 -
α2,CO 3784.7 α2,CO2 1581.7 α2,RWGS -2167.0 -
α3,CO -9.2833 α3,CO2 -8.7639 α3,RWGS 0.5194 -
α4,CO 3.1475e-3 α4,CO2 2.1105e-3 α4,RWGS -1.037e-3 -
α5,CO -4.2613e-7 α5,CO2 -1.9303e-7 α5,RWGS 2.331e-7 -

A variable amount of oxidized suface centers 1 − ϕ and a variable amount of reduced surface
centers ϕ are assumed to account for a dynamic operation. With these the reaction rates are modified
as follows:

rCO = (1 − ϕ)r′CO (A9)

rCO2 = ϕ2r′CO2
(A10)

rRWGS =
ϕ

1 − ϕ
r′RWGS (A11)

where ϕ can be obtained from the differential equation:

dϕ

dt
=
(
k+1 xCO + k+2 xH2

)
(0.9 − ϕ)−

(
k+1
K1

xCO2 +
k+2
K2

xH2O

)
ϕ (A12)

with

K1 =
k+1
k−1

= exp
(
−∆G1

RT

)
(A13)

K2 =
k+2
k−2

= exp
(
−∆G2

RT

)
(A14)

The reaction takes place in an isothermal and isobaric CSTR. The reactor model consists of the
mole balances of each component

ngas dxi
dt

+ mcatqsat

(
Nk

∑
k=1

∂Θi
∂pk

dpk
dt

− xi

Nk

∑
i=1

Nk

∑
k=1

∂Θi
∂pk

dpk
dt

)

= ṅin
(

xin
i − xout

i

)
− mcat

(
xi

Nk

∑
i=1

Nr

∑
j=1

νi,jrj −
Nr

∑
j=1

νi,jrj

)
(A15)

and the total mole balance

V̇out =
RT
p

(
ṅin − mcatqsat

Nk

∑
i=1

Nk

∑
k=1

∂Θi
∂pk

dpk
dt

+mcat

Nk

∑
i=1

Nr

∑
j=1

νi,jrj −
Nr

∑
j=1

νi,jrj

) (A16)
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describing the volumetric flow rate at the reactor outlet.

Appendix C. Parameter Fitting
In the following section, the results of the fitting procedure are shown in greater detail. We start by

presenting the parameters for the mechanistic model in Section Appendix C.1, their respective parities,
and example trajectories. In Section Appendix C.2 we briefly describe the optimization procedure
we initially used to generate optimal experimental designs. In Section Appendix C.1 the MAPE of all
models over the specific data sets and experiment are shown in greater detail, supplementing 4.

Appendix C.1. Fitting Results

This section shows the results of the parameter fitting of the mechanistic model in A3 and a
subset of trajectories. The parameters equal to zero in the initial parameter set are still zero after the
refit with the new experimental data set with and without using the optimal experimental designs
in the parameter estimation. This strengthens the assumption that those are not sensitive. β2, β4 and
β6 are directly related to the activation energies of the three reactions rates and their temperature
dependence respectively. These differ significantly between the three parameter sets, indicating
that these parameters are hard to identify. This may be due to the fact that the three reactions in
reaction network according to Figure 1 are not linear independent of each other. Whether starting
from CO or CO2 as reactant, as long as H2 and H2O are present in the reaction mixture, there are
always two pathways to methanol (direct hydrogenation and (R)WGS + hydrogenation). Thus, also
the temperature dependency of the methanol synthesis in terms of β2, β4 and β6 might be shiftable
between these three parameters. Changes of the kinetic parameters determined within this study
compared to the initial values from [7] may also simply result from the fact that the set of experiments
used in this study contains time-resolved data while the previously utilized data set ([8]) consisted
almost exclusively of steady state data.

Table A3. Result of the parameter fitting for the mechanistic model. Transformed values of the parameters are in
brackets. Initial values are taken from [7]. The different data settings are similar to 4, e.g. OED includes the full
training set and NOED the dataset excluding the experimental designs. Values ≤ −36.00 of exponentially transformed
variables equate to zero. The parameter set OED was used for the hybrid model.

qi Transform Initial Value OED NOED

G1 0.34 0.26 -0.73
G2 21.84 21.38 21.92

k1 exp -4.84 -8.25 -3.11
k2 exp -10.88 -4.19 -8.90

β1 -5.01 -5.68 -4.65
β2 exp 3.28 (26.46) 3.64 (38.18) 4.40 (81.45)
β3 -3.15 -3.86 -4.00
β4 exp 0.42 (1.53) 2.63 (13.90) 1.21 (3.35)
β5 -4.46 -1.78 -2.46
β6 exp 2.74 (15.62) 4.08 (59.42) 1.66 (5.26)
β7 exp 0.10 (1.11) -0.54 (0.58) -0.26 (0.77)
β8 exp -36.05 (0.00) -36.04 (0.00) -36.04 (0.00)
β9 exp -36.05 (0.00) -36.04 (0.00) -36.04 (0.00)
β10 exp -36.05 (0.00) -36.04 (0.00) -36.04 (0.00)
β11 exp 1.90 (0.15) -0.61 (0.54) 1.02 (2.77)
β12 exp -36.05 (0.00) -36.04 (0.00) -36.04 (0.00)
β13 exp -2.77 (0.06) -2.43 (0.09) -3.39 (0.03)
β14 exp -36.05 (0.00) -36.04 (0.00) -36.04 (0.00)
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Figure A2. Parity plot of the fitted mechanistic baseline model over the training data set excluding optimal
experimental designs. The color of each species matches the trajectory plots.
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Figure A3. Parity plot of the fitted mechanistic baseline model over the test data set excluding optimal experimental
designs. The color of each species matches the trajectory plots.
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Figure A4. Parity plot of the fitted mechanistic baseline model over the training data set using optimal experimen-
tal designs. The color of each species matches the trajectory plots.
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Figure A5. Parity plot of the fitted mechanistic baseline model over the test data set using optimal experimental
designs. The color of each species matches the trajectory plots.

Appendix C.2. Initial Fit

Given that we fitting the model while additional experiments where still conducted, we started
with a set of 37 dynamic experiments (MeOH_018 - MeOH_054).

Instead of Equation 12, we initially considered the following optimization problem

min
q

1
|DTR| ∑

Di∈DTR

1
|Di| ∑

tj∈Di

1
|S ′| ∑

k∈S ′

(
x̂i,j,k − xi,j,k

x̂i,j,k

)2

(A17a)

s.t. 0 = f (ẋ, x, q, t, u) (A17b)

q ∈Q (A17c)

with

S ′ = {CH3OH, CO, CO2} (A18)

However, we found that including the species H2 improved the models performance. Prior to the
parameter transformation, the positivity of a subset of the parameters was enforced via a penalty
approach.

In addition, we used a sequential optimization procedure starting with 1000 iterations Nelder-
Mead, to find a better starting position followed with a mesh adaptive direct search via NOMAD to
find a set of parameters. Choosing these (gradient-free) optimization algorithms was mainly due to an
earlier implementation of the model and objective, which did not allow numerical differentiation. The
final version of the model allowed the use of numerical differentiation, hence a more sophisticated
method was selected.

Note that we are not particularly interested in an exact estimate at this early stage. The initial
estimation is only about finding a sufficient starting point for the optimal experimental design.

Appendix C.3. Data Preparation

For each experiment, the mean value of observed mole fractions, the measured catalyst activity,
the mole fraction of the feed, the nominal volumetric flow rate at the inlet, temperature and pressure
were used to stratify the data accordingly. A more detailed assignment of each experiment can be seen
in the detailed result tables of Section Appendix C.4.

Figure A6 shows the histogram of the observed mole fractions at the reactor outlet and the
catalyst’s activity level.
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Figure A6. Histogram of the mole fractions of the output species and the estimated activity levels for the training
and testing data sets. The occurrence is normalized by the probability weight of each bin.

Appendix C.4. Model Evaluation

Table A4. Detailed MAPE values of the mechanistic model (OED) corresponding to 4.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 8.27 6.33 3.41 5.59 11.5 8.96 7.35
MeOH_027 16.4 8.34 7.07 9.22 8.42 5.99 9.24
MeOH_033 12.3 6.55 4.07 5.5 21.5 9.04 9.84
MeOH_041 12.4 6.35 13.6 5.69 10.9 9.92 9.8
MeOH_044 8.6 5.39 9.4 6.93 4.71 6.2 6.87
MeOH_044 41.4 157 82.8 131 8.45 7.33 71.3
MeOH_053 7.46 6.85 14.2 6.85 13.8 9.31 9.75
MeOH_054 14.8 8.82 6.79 5.12 7.28 11.1 9
MeOH_076 22.1 14.7 4.66 7.37 8.94 9.73 11.2
MeOH_079 12.8 7.51 3.11 6.49 16.5 9.73 9.34

Training MeOH_019 18.1 7.45 23.9 5.52 13.8 8.76 12.9
MeOH_020 15.6 6.78 10.9 4.55 4.54 7.88 8.37
MeOH_021 17.7 5.9 3.32 5.52 9.81 8.09 8.39
MeOH_022 30.6 8.07 1.16 4.04 8.76 3.24 9.32
MeOH_023 5.1 6.09 1.42 5.23 2.34 8.76 4.82
MeOH_024 16.4 5.92 4.79 5.35 2.78 8.56 7.31
MeOH_026 10.8 2.84 1.47 5.66 2.97 6.1 4.97
MeOH_028 23.7 6.66 5.26 6.84 12.2 4.38 9.84
MeOH_029 19.9 6.29 4.96 6.3 13.3 4.03 9.13
MeOH_030 3.59 7.08 3.43 5.89 1.79 9.12 5.15
MeOH_031 2.7 6.85 2.67 5.72 0.976 9.08 4.67
MeOH_032 4.05 6.03 2.56 5.23 1.23 8.53 4.6
MeOH_034 9 27.6 12.4 18.9 3.88 9.24 13.5
MeOH_035 2.55 5.71 2.2 5.16 0.947 8.98 4.26
MeOH_036 12.4 11.4 4.12 5.5 1.31 8.92 7.27
MeOH_037 23.1 6.14 7.07 5.55 6.66 8.93 9.57
MeOH_038 35.9 18.5 13 5.6 8.07 8.92 15
MeOH_039 19.7 7.63 16 8.24 9.99 10.9 12.1
MeOH_040 15.9 7.65 16.4 7.75 14.2 10.2 12
MeOH_043 8.79 4.9 7.61 6.44 6.05 4.75 6.42
MeOH_045 12.7 7.49 17.1 7.69 13.4 9.88 11.4
MeOH_046 9.43 6.42 10.3 7.98 5.95 6.58 7.78
MeOH_047 6.41 6.6 9.98 7.85 2.69 5.92 6.57
MeOH_048 15.8 9.66 8.74 6.96 5.31 6.13 8.77
MeOH_049 8.5 6.23 8.85 7.59 4.81 5.55 6.92
MeOH_050 4.55 5.81 9.35 7.33 3.76 5.84 6.11
MeOH_051 7.86 5.24 8.32 6.45 5.95 5.83 6.61
MeOH_052 8.95 5.62 8.39 6.4 4.98 5.16 6.58
MeOH_055 13.1 8.1 15.5 8.18 18.6 10.3 12.3
MeOH_073 21.6 6.81 10.7 6.97 16.4 8.93 11.9
MeOH_074 8.9 16.6 4.18 7.37 10.1 9.18 9.4
MeOH_077 4.43 8.19 1.11 6.56 12.4 10.1 7.13
MeOH_081 16.8 17.6 6.65 9.51 18.7 11.3 13.4
MeOH_083 16.5 14.8 3.54 7.14 19.8 9.21 11.8
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Table A5. Detailed MAPE values of the mechanistic model (NOED) corresponding to 4.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 27.8 4.97 3.63 6.37 13.6 9.87 11
MeOH_027 9.84 6.54 7.91 9.5 8.55 6.44 8.13
MeOH_033 89.8 7.23 1.32 5.42 15.7 8.78 21.4
MeOH_041 16.7 7.95 13.6 5.4 18.6 9.53 11.9
MeOH_042 42.8 17.8 6.17 5.3 16.3 6.17 15.8
MeOH_044 34.2 8.01 7.21 5.94 15.4 5.39 12.7
MeOH_053 25.2 5.39 14.3 7.68 21.1 10.3 14
MeOH_054 16 8.37 6.21 4.93 9.2 11 9.27
MeOH_076 37.2 33.4 5.87 7.35 17.5 9.79 18.5
MeOH_079 43.2 7.31 3.6 7.58 15 10.7 14.6

Training MeOH_019 35.7 9.77 24.8 5.18 12.4 8.42 16.1
MeOH_020 16.7 6.15 10.4 5.25 7.65 8.68 9.13
MeOH_021 23.9 6.42 1.26 5.59 20.7 7.93 11
MeOH_022 4.58 3.81 1.6 5.72 3.69 4.45 3.97
MeOH_023 6.2 6.33 2.37 5.32 20.1 8.76 8.18
MeOH_024 27.6 6.73 4.33 5.41 16.6 8.74 11.6
MeOH_026 17 2.56 0.581 5.97 16.8 6.31 8.21
MeOH_028 8.56 4.88 6.72 7.75 3.46 5.02 6.06
MeOH_029 11.1 4.68 6.4 7.17 3.23 4.67 6.21
MeOH_030 7.24 7.2 1.85 6.01 20.5 9.17 8.67
MeOH_031 6.36 6.97 1.08 5.84 18.4 9.13 7.96
MeOH_032 8.43 6.12 1.1 5.35 19 8.59 8.1
MeOH_034 9.78 21.7 14.9 15.1 13.1 9.44 14
MeOH_035 5.86 5.76 1.01 5.28 17.2 9.06 7.35
MeOH_036 18.7 8.74 2.9 5.8 23.1 9.04 11.4
MeOH_037 28.5 6.19 6.12 5.65 19.3 8.98 12.5
MeOH_038 51.5 9.55 12.6 5.97 23.7 9.08 18.7
MeOH_039 14.1 7.1 14.8 8.71 23.1 11.2 13.2
MeOH_040 18.8 6.21 16.4 8.65 22.5 11.1 13.9
MeOH_043 45.5 8.33 5.7 5.13 12.7 3.79 13.5
MeOH_045 21.3 6.63 16.7 8.29 23.3 10.5 14.4
MeOH_046 30 8.88 8.4 7.16 15.6 5.91 12.7
MeOH_047 35.2 9.31 8.17 7.09 14.3 5.29 13.2
MeOH_048 43.4 10.6 6.97 6.04 14.4 5.65 14.5
MeOH_049 39.5 8.38 7.18 6.83 12.3 4.93 13.2
MeOH_050 31.6 7.95 7.61 6.64 14.5 5.26 12.3
MeOH_051 23.4 6.83 6.77 5.93 14.4 5.37 10.5
MeOH_052 36 7.47 6.87 5.68 12.4 4.6 12.2
MeOH_055 33.6 6.65 16.1 9.01 22.4 11.3 16.5
MeOH_073 47.3 5.64 10.6 7.66 12.8 9.75 15.6
MeOH_074 8.15 16.9 5.53 7.34 26.2 9.11 12.2
MeOH_077 8.5 8.49 1.14 6.63 11 10 7.64
MeOH_081 47.3 16 7.9 10.6 20.8 12.2 19.1
MeOH_083 46.6 13.9 4.47 8.8 16.6 10 16.7

Appendix D. Hybrid Model Results
Appendix D.1. Hyperparameter Selection

As noted in 5, we initially selected the hybrid model based on the coefficient of determination R2.
Later on, we found that this measure was not suitable to clearly capture differences in performance
(as now visible in 4) or even misleading ( e.g. in the case of the model discrepancy as seen in Figure
9 ). Hence, we switched to a more direct and relatable measure, the mean absolute percentage error
(MAPE). Reevaluating the results of the hyperparameter search lead to a slightly different picture,
which still included our choosen models in the top ten candidates, but ranked them differently.
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Appendix D.2. Detailed Fitting Results
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Figure A7. Trajecotry of MeOH_079 using hybrid model after hyperparameter search and first L-BFGS optimiza-
tion over the training data set. (INIT)
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Figure A8. Parity plot of the hybrid model after hyperparameter search and first L-BFGS optimization over the
training data set. (INIT) The color of each species matches the trajectory plots.
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Testing MAPE = 9.66
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Figure A9. Parity plot of the hybrid model after hyperparameter search and first L-BFGS optimization over the
test data. (INIT) The color of each species matches the trajectory plots.
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Figure A10. Trajecotry of MeOH_079 using hybrid model after adding experiment MeOH_083 and second L-BFGS
optimization over the training data set. (OED)
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Figure A11. Parity plot of the hybrid model after adding experiment MeOH_083 and second L-BFGS optimization
over the training data set. (OED) The color of each species matches the trajectory plots.
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Testing MAPE = 8.49
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Figure A12. Parity plot of the fitted hybrid model after adding experiment MeOH_083 and second L-BFGS
optimization over the test data set. (OED) The color of each species matches the trajectory plots.
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Figure A13. Trajecotry of MeOH_079 using hybrid model after second L-BFGS optimization over the training data
set excluding optimal experimental designs. (NOED)
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Figure A14. Parity plot of the hybrid model after second L-BFGS optimization over the training data set excluding
optimal experimental designs. (NOED) The color of each species matches the trajectory plots.
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Testing MAPE = 11.28
E

st
im

at
e

Measurement

0.00 0.01 0.02 0.03

0.00

0.01

0.02

0.03

CH3OH MAPE =  24.06

0.0 0.1 0.2 0.3

0.0

0.1

0.2

0.3

CO2 MAPE =  6.96

0.00 0.05 0.10 0.15 0.20

0.00
0.05
0.10
0.15
0.20

CO MAPE =  8.83

0.0 0.2 0.4 0.6 0.8

0.0
0.2
0.4
0.6
0.8

H2 MAPE =  6.73

0.000 0.005 0.010 0.015

0.000
0.005
0.010
0.015

H2O MAPE =  12.13

0.2 0.4 0.6 0.8 1.0

0.2
0.4
0.6
0.8
1.0

N2 MAPE =  8.99

Figure A15. Parity plot of the hybrid model after second L-BFGS optimization over the test data set excluding
optimal experimental designs. (NOED) The color of each species matches the trajectory plots.

Table A6. Detailed MAPE values of the hybrid model after hyperparameter search.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 17.9 5.38 5.61 5.89 19.2 9.43 10.6
MeOH_027 32.2 8.82 7.79 8.67 9.57 5.74 12.1
MeOH_033 19.6 6.38 5.3 5.46 36.5 9.06 13.7
MeOH_041 53.8 10.1 15.4 4.33 20 8.63 18.7
MeOH_042 53.1 17 9.67 4.68 34.3 5.97 20.8
MeOH_044 45.5 7.17 11.7 5.43 38.7 5.35 19
MeOH_053 13.1 6 16.7 7.02 25.6 9.65 13
MeOH_054 84.6 14.6 6.05 3.13 43.6 9.32 26.9
MeOH_076 74 28.7 8.79 5.66 78.9 8.57 34.1
MeOH_079 25.5 8.06 3.84 6.11 17.7 9.58 11.8

Training MeOH_019 77.2 11.8 22.9 3.73 48.7 7.36 28.6
MeOH_020 41.6 9.75 8.07 4.08 45.4 7.25 19.4
MeOH_021 12.3 5.52 5.78 5.36 39.6 8.16 12.8
MeOH_022 52.4 10.6 1.19 2.99 2.1 2.56 12
MeOH_023 13.2 5.55 2.96 5.25 30 8.92 11
MeOH_024 79.6 8.23 7.61 3.46 61.1 7.47 27.9
MeOH_026 25.9 1.52 4.14 6.16 20.5 6.61 10.8
MeOH_028 48 7.9 5.53 6.03 3.39 3.91 12.5
MeOH_029 44.5 7.51 5.29 5.49 3.56 3.55 11.6
MeOH_030 12.5 6.67 5.55 5.89 20.9 9.23 10.1
MeOH_031 11.6 6.44 4.86 5.72 24.6 9.2 10.4
MeOH_032 12.9 5.62 4.62 5.23 20.9 8.65 9.65
MeOH_034 11.8 27.4 13.3 19 13.5 9.3 15.7
MeOH_035 8.73 5.36 3.98 5.17 18.1 9.09 8.41
MeOH_036 30.9 25.2 6.25 4.68 43.3 8.61 19.8
MeOH_037 28 5.87 8.46 5.54 14.8 9 11.9
MeOH_038 75.1 45.9 15.1 3.88 72 8.14 36.7
MeOH_039 15.4 6.72 18.8 8.32 30.5 11.1 15.1
MeOH_040 15.7 6.41 19.1 8.08 21.3 10.7 13.6
MeOH_043 60.6 7.88 9.56 4.45 37.2 3.59 20.5
MeOH_045 18.4 6.56 19.7 7.87 20.1 10.2 13.8
MeOH_046 47.3 8.51 12.8 6.52 35.3 5.74 19.4
MeOH_047 53.1 8.78 12.3 6.3 37 5.06 20.4
MeOH_048 55.3 10.4 11 5.47 39.3 5.53 21.2
MeOH_049 53.2 7.75 11 6.25 38.7 4.8 20.3
MeOH_050 47.3 7.36 11.7 5.97 36.5 5.08 19
MeOH_051 43.1 6.71 11 5.24 34.6 5.13 17.6
MeOH_052 51.4 6.91 10.7 5.09 38.4 4.45 19.5
MeOH_055 22.8 7.16 17.8 8.43 16.7 10.7 14
MeOH_073 12.8 6.44 10.9 6.85 19.5 8.97 10.9
MeOH_074 5.59 16.1 7.06 7.23 24.7 9.1 11.6
MeOH_077 4.54 7.9 3.83 6.44 41.2 10.1 12.3
MeOH_081 33.1 17 7.7 9.19 22.9 11.3 16.9
MeOH_083 26.8 22.2 4.67 6.96 27.2 9.3 16.2
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Table A7. Detailed MAPE values of the hybrid model (INIT) corresponding to 4.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 8.13 6.29 3.93 5.55 11 8.95 7.32
MeOH_027 14.8 8.02 7.24 9.27 10.6 6.07 9.35
MeOH_033 15 6.51 4.57 5.46 27.8 9.03 11.4
MeOH_041 20.3 5.75 14 5.94 11.9 10.2 11.3
MeOH_042 14.2 16 7.58 6.63 10.1 6.76 10.2
MeOH_044 9.29 5.33 9.07 7.04 7.55 6.23 7.42
MeOH_053 5.48 6.93 14.6 6.76 13 9.22 9.34
MeOH_054 28.4 7.36 6.84 5.33 11.7 11.4 11.8
MeOH_076 31.1 23.9 5.03 7.46 13.9 9.87 15.2
MeOH_079 15.8 7.39 3.21 6.54 15 9.78 9.62

Training MeOH_019 25.4 7.36 23.6 5.82 21.8 9.05 15.5
MeOH_020 22.7 7.81 10.4 4.54 8.11 7.89 10.2
MeOH_021 15.8 5.88 3.92 5.38 17.6 8.07 9.44
MeOH_022 26.2 7.12 1.15 4.38 10.3 3.47 8.78
MeOH_023 4.01 6.02 1.3 5.18 11.1 8.74 6.06
MeOH_024 32 4.72 5.38 5.55 9.04 8.78 10.9
MeOH_026 12.3 2.63 2.29 5.68 5.45 6.15 5.75
MeOH_028 20.7 6.21 5.33 7.09 13.3 4.52 9.51
MeOH_029 18.6 5.89 5 6.5 14.3 4.16 9.08
MeOH_030 2.8 7 4.16 5.85 7 9.11 5.99
MeOH_031 1.92 6.77 3.45 5.68 9.97 9.07 6.14
MeOH_032 3.29 5.94 3.32 5.19 7.59 8.53 5.64
MeOH_034 8.59 21.1 15.4 15.3 7.97 9.49 13
MeOH_035 2.44 5.62 2.97 5.12 7.69 8.98 5.47
MeOH_036 19.5 15.3 4.66 5.51 6.72 8.97 10.1
MeOH_037 20 6.09 7.74 5.51 6.58 8.91 9.13
MeOH_038 43.5 26.5 13.3 5.69 9.09 9.02 17.9
MeOH_039 16.8 7.8 16.1 8.09 10 10.7 11.6
MeOH_040 14.4 7.7 16.8 7.66 11.6 10.1 11.4
MeOH_043 11.5 4.67 7.07 6.65 8.68 4.85 7.23
MeOH_045 11.1 7.49 17.6 7.62 10 9.84 10.6
MeOH_046 10.6 6.4 9.97 8.08 9.31 6.61 8.5
MeOH_047 7.77 6.51 9.58 8.01 8.44 5.97 7.71
MeOH_048 17.3 9.58 8.37 7.09 7.34 6.17 9.31
MeOH_049 9.56 6.13 8.53 7.63 7.1 5.62 7.43
MeOH_050 6.17 5.8 9.01 7.43 8.68 5.88 7.16
MeOH_051 9.81 5.24 8.04 6.52 9.2 5.87 7.45
MeOH_052 8.06 5.56 8.11 6.51 6.94 5.2 6.73
MeOH_055 12 8.05 16.1 8.12 14.6 10.3 11.5
MeOH_073 11.5 7.07 10.7 6.49 15.9 8.57 10
MeOH_074 3.76 16.4 4.34 7.32 11.5 9.08 8.73
MeOH_077 8.3 8.17 1.81 6.5 20.4 10 9.2
MeOH_081 20.5 20.4 6.84 9.51 17.2 11.4 14.3
MeOH_083 16.1 15.3 3.85 7.21 17.8 9.23 11.6
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Table A8. Detailed MAPE values of the hybrid model (OED) corresponding to 4.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 27.7 5.74 4.11 5.87 4.4 9.33 9.52
MeOH_027 18 8.37 6.98 9.1 8.74 5.96 9.52
MeOH_033 30.6 6.53 1.58 5.82 19.7 9.28 12.3
MeOH_041 24.5 5.3 14.5 5.96 7.1 10.4 11.3
MeOH_042 21.9 15.1 8.97 7.01 14.9 7 12.5
MeOH_044 9.86 5.74 9.4 6.71 5.16 6.05 7.15
MeOH_053 29.7 6.47 14.6 7.06 11.7 9.57 13.2
MeOH_054 17.9 10.5 7.31 5.25 12.6 11.2 10.8
MeOH_076 32.4 17.8 4.2 7.48 13.2 9.74 14.1
MeOH_079 18.8 8.15 2.43 6.53 15.9 9.74 10.3

Training MeOH_019 34.1 8.44 23 5.56 28.7 9.1 18.2
MeOH_020 30.8 6.45 5.87 5.33 31.3 9.12 14.8
MeOH_021 32.4 5.3 2.81 5.73 8.39 8.63 10.6
MeOH_022 24.5 7.24 1.16 4.37 3.41 3.49 7.37
MeOH_023 38.9 5.18 1.01 5.74 10.8 9.39 11.8
MeOH_024 32.1 9.86 5.35 5.44 8.12 8.7 11.6
MeOH_026 40.8 1.33 4.25 6.75 16.1 7.11 12.7
MeOH_028 10.8 6.11 5.56 7.29 10.3 4.65 7.46
MeOH_029 7.61 5.89 5.14 6.73 13.1 4.29 7.12
MeOH_030 37.1 6.65 2.47 6.27 17.7 9.52 13.3
MeOH_031 36.4 6.4 1.78 6.11 14.6 9.5 12.5
MeOH_032 35.1 5.6 1.74 5.6 15.3 8.92 12
MeOH_034 20.5 27.5 11.8 19.1 12.2 9.42 16.7
MeOH_035 31.3 5.42 0.973 5.48 20.1 9.3 12.1
MeOH_036 28.7 11.7 2.7 5.87 22.5 9.14 13.4
MeOH_037 37 6 6.11 5.76 21.7 9.12 14.3
MeOH_038 22.8 15.4 12.3 5.8 18.6 8.82 13.9
MeOH_039 37.5 5.13 19.1 9.29 20 12.2 17.2
MeOH_040 33.1 5.31 19.3 8.74 12.8 11.4 15.1
MeOH_043 18.9 3.79 8.48 7.07 22.1 5.23 10.9
MeOH_045 37.9 5.81 19 8.45 6.41 10.8 14.7
MeOH_046 25.4 5.33 10.6 8.61 18.8 7.08 12.6
MeOH_047 23.4 5.5 10.2 8.4 8.09 6.33 10.3
MeOH_048 22.4 9.52 8.91 7.61 17.2 6.51 12
MeOH_049 22.8 5.38 8.95 8.17 16.6 5.98 11.3
MeOH_050 26 4.91 9.26 7.92 14.1 6.27 11.4
MeOH_051 27.8 4.75 7.73 7.02 21 6.24 12.4
MeOH_052 24.1 4.96 8.11 7.02 18.7 5.58 11.4
MeOH_055 36.6 6.92 16.6 8.75 14.1 11 15.7
MeOH_073 122 7.71 10.1 5.24 15.5 7.68 28.1
MeOH_074 38 16.8 5.43 7.69 12.9 9.69 15.1
MeOH_077 33.1 7.95 1.16 6.99 16.2 10.4 12.6
MeOH_081 22.6 14.4 6.95 9.42 19.3 11.3 14
MeOH_083 18.3 13 3.63 7.32 20 9.3 11.9
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Table A9. Detailed MAPE values of the hybrid model (NOED) corresponding to 4.

Dataset Experiment xCH3OH xCO xCO2 xH2 xH2O xN2 Total

Testing MeOH_025 27.7 5.74 4.11 5.87 4.4 9.33 9.52
MeOH_027 18 7.59 7.38 9.64 8.87 6.32 9.63
MeOH_033 30.6 6.53 1.58 5.82 19.7 9.28 12.3
MeOH_041 24.5 5.3 14.5 5.96 7.1 10.4 11.3
MeOH_042 21.9 15.1 8.97 7.01 14.9 7 12.5
MeOH_044 26.3 4.23 10.3 7.59 17.1 6.76 12
MeOH_053 29.7 6.47 14.6 7.06 11.7 9.57 13.2
MeOH_054 17.9 10.5 7.31 5.25 12.6 11.2 10.8
MeOH_076 32.4 17.8 4.2 7.48 13.2 9.74 14.1
MeOH_079 18.8 8.15 2.43 6.53 15.9 9.74 10.3

Training MeOH_019 34.1 8.44 23 5.56 28.7 9.1 18.2
MeOH_020 30.8 6.45 5.87 5.33 31.3 9.12 14.8
MeOH_021 32.4 5.3 2.81 5.73 8.39 8.63 10.6
MeOH_022 24.5 7.24 1.16 4.37 3.41 3.49 7.37
MeOH_023 38.9 5.18 1.01 5.74 10.8 9.39 11.8
MeOH_024 32.1 9.86 5.35 5.44 8.12 8.7 11.6
MeOH_026 40.8 1.33 4.25 6.75 16.1 7.11 12.7
MeOH_028 10.8 6.11 5.56 7.29 10.3 4.65 7.46
MeOH_029 7.61 5.89 5.14 6.73 13.1 4.29 7.12
MeOH_030 37.1 6.65 2.47 6.27 17.7 9.52 13.3
MeOH_031 36.4 6.4 1.78 6.11 14.6 9.5 12.5
MeOH_032 35.1 5.6 1.74 5.6 15.3 8.92 12
MeOH_034 20.5 27.5 11.8 19.1 12.2 9.42 16.7
MeOH_035 31.3 5.42 0.973 5.48 20.1 9.3 12.1
MeOH_036 28.7 11.7 2.7 5.87 22.5 9.14 13.4
MeOH_037 37 6 6.11 5.76 21.7 9.12 14.3
MeOH_038 22.8 15.4 12.3 5.8 18.6 8.82 13.9
MeOH_039 37.5 5.13 19.1 9.29 20 12.2 17.2
MeOH_040 33.1 5.31 19.3 8.74 12.8 11.4 15.1
MeOH_043 18.9 3.79 8.48 7.07 22.1 5.23 10.9
MeOH_045 37.9 5.81 19 8.45 6.41 10.8 14.7
MeOH_046 25.4 5.33 10.6 8.61 18.8 7.08 12.6
MeOH_047 23.4 5.5 10.2 8.4 8.09 6.33 10.3
MeOH_048 22.4 9.52 8.91 7.61 17.2 6.51 12
MeOH_049 22.8 5.38 8.95 8.17 16.6 5.98 11.3
MeOH_050 26 4.91 9.26 7.92 14.1 6.27 11.4
MeOH_051 27.8 4.75 7.73 7.02 21 6.24 12.4
MeOH_052 24.1 4.96 8.11 7.02 18.7 5.58 11.4
MeOH_055 36.6 6.92 16.6 8.75 14.1 11 15.7
MeOH_073 122 7.71 10.1 5.24 15.5 7.68 28.1
MeOH_074 38 16.8 5.43 7.69 12.9 9.69 15.1
MeOH_077 33.1 7.95 1.16 6.99 16.2 10.4 12.6
MeOH_081 22.6 14.4 6.95 9.42 19.3 11.3 14
MeOH_083 18.3 13 3.63 7.32 20 9.3 11.9

Appendix E. Optimal Experimental Design
Appendix E.1. Optimal Experimental Design as Optimal Control

As described in [31] we formulate the optimal experimental design problem as the following
optimal control problem:

min
u, x0, x

ϕ
(

F
(
t f
)−1
)

(A19a)

s.t. 0 = f (ẋ, x, q, t, u), (A19b)

y = h(x, q, t, u), (A19c)

0 =
∂ f
∂ẋ

Ġ +
∂ f
∂x

G +
∂ f
∂p

, (A19d)

Ḟ =
ny

∑
i=1

(
hi

xG
)T(

hi
xG
)

, (A19e)

x(t0) = x0, (A19f)

G(t0) =
∂x0

∂q
, (A19g)

F(t0) = 0, (A19h)

0 ≤ c(x, q, t, u) (A19i)

u ∈ U (A19j)

In Equation A19 a suitable criterion based on the variance-covariance matrix F−1 ∈ R|Q|×|Q| of the unknown or uncertain
parameters q ∈ Q is minimized. To this end, different criteria ϕ : R|Q|×|Q| 7→ R have been proposed, typically related to the
volume of the confidence ellipsoid of the associated parameters p. The most commonly used criteria are the A-Criterion (trace
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of F−1), the D-Criterion (determinant of F−1), and the E-Criterion (maximum eigenvalue of F−1). The degrees of freedom are
controls u ∈ U and potentially also the initial conditions x0 on the differential states. The dynamics of the original DAE system
are incorporated in A19b. The dynamics of the Fisher information matrix F is given by the weighted sum of observability
Gramians hi

x(x)G, i = 1, . . . , |Y| for each observed function in A19e. Here G ∈ R|X |×|Q| denotes the forward sensitivities of the
states x with respect to the parameters q as given in A19d. Also general constraints c : X ×Q×R×U 7→ Rnc may be present to
model path constraints in A19i.

Given the Equation A19, we need to solve an augmented system of differential equations f ′(ẋ′, x′, q, t, u) = 0 with
x′ ∈ X ′, |X ′| = |X | + |G| + |F | states. Using the fact that F is positive semidefinite and symmetric, we only need to add
|F | = |Q|(|Q|+1)

2 state variables to model its dynamics, which in total leads to |X ′| = |X |+ |X | · |Q|+ |Q|(|Q|+1)
2 states, i.e., the

size of the augmented system scales quadratically with the number of parameters |Q|.

Appendix E.2. OED for Physical Parameters

After a first re-calibration of the mechanistic model described in Section Appendix C, we computed four optimal
experimental designs for different subsets of model parameters in order to collect insightful data to reduce parameter uncertainty.
The specific parameters for which we compute experimental designs are the two parameters in the Arrhenius equation of each
of the three elementary reactions, i.e., CO and CO2-hydrogenation and RWGS reaction, and the two rate constants k+1 , k+2 in the
kinetic equation for the state ϕ.

The solutions to the four experimental design problems are illustrated in Figures A16–A19.
In the optimal design for the CO hydrogenation (Figure A16) no CO2 is present in the feed. Thus, the CO hydrogenation is

the only reaction in this experiment yielding specific information for this reaction kinetics. The design for the CO2 hydrogenation
(Figure A17) is an interesting result. Switching between one feed containing the reactants CO2 and H2 of the desired reaction
and another feed completely without both was suggested. Thus, a broad range of reactant concentrations is included in the
experiment. In the RWGS design (Figure A18) no CO is present in the feed, forcing the reverse path of the reaction. Interestingly,
in the first time period of the experiment all carbon species are purged out of the reactor with N2 and H2. In the design for the
reversible conversion of active catalytic sites (Figure A19) first a low reduction potential via a low hydrogen concentration (and
no CO) is applied which is later on increased in the experiment to influence the state ϕ. All in all, the optimal experiments are
qualitatively meaningful with regard to their design purpose, but nevertheless not trivial in their specific quantitative design.
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Figure A16. Experimental design for estimating parameters in Arrhenius equation of the CO hydrogenation. The
temperature was determined as T = 257 °C.
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Figure A17. As in Figure A16, but for the CO2 hydrogenation. The temperature was determined as T = 233 °C.
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Figure A18. As in Figure A16, but for the RWGS reaction. The temperature was determined as T = 227 °C.
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Figure A19. As in Figure A16, but for the kinetic equation for the differential state ϕ. The temperature was
determined as T = 227 °C.

Appendix E.3. OED for Hybrid Model

After training the hybrid model on the collected experimental data, we computed an additional experimental design to
collect insightful data for further training of the embedded neural network. We identified the most important weights and biases
of the network by decomposing the Fisher information matrix in a singular value decomposition which we truncated to the two
largest singular values. In contrast to the previous experimental designs, for this experiment we chose a discretization parameter
of ∆t = 600s, while the other options, bounds and initial values remained the same. The obtained solution is illustrated in
Figure 7.

Appendix E.4. Graphical Comparison of Optimal and Heuristic Designs

We compare the exploration of the state space using optimal experimental design with the previously collected experiments
using the relative density

ρOED(x) =
1

|Bx | ∑
xi∈Bx

1OED(xi) (A20)

over the training set. Here Bx denotes a (data) bin centered at x ∈ X and 1OED : X 7→ {0, 1} is the indicator function
which returns 1 if the point was generated using optimal experimental design.

Figure A20 shows the full set of states and controls of the reactor over all trajectories available. A10 shows the relative
density for all pairs of variables corresponding to the data shown in Figure A20.
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Figure A20. Comparison of the relative state space exploration due to optimal experimental design. Each pair
represents a two-dimensional slice of the full state space, the color indicates the ratio ρOED. The state space has
been divided into 15 equidistant bins for each variable.

Table A10. Relative density ρOED over two-dimensional sections of the entire state space and all related controls.

CH3OH CO2 CO H2 H2O N2 ϕ p T V̇ u(H2) u(CO2) u(N2)

CO2 0.247
CO 0.146 0.286
H2 0.245 0.415 0.292
H2O 0.219 0.399 0.225 0.523
N2 0.205 0.357 0.291 0.272 0.487
ϕ 0.18 0.233 0.208 0.349 0.364 0.306

p 0.0615 0.229 0.119 0.142 0.305 0.0964 0.127
T 0.252 0.267 0.234 0.333 0.364 0.287 0.219 0.154
V̇ 0.149 0.337 0.245 0.259 0.461 0.181 0.253 0.126 0.243
u(H2) 0.294 0.366 0.198 0.47 0.468 0.44 0.223 0.239 0.281 0.281
u(CO2) 0.127 0.218 0.202 0.266 0.235 0.22 0.159 0.132 0.18 0.143 0.202
u(N2) 0.227 0.395 0.276 0.388 0.513 0.311 0.29 0.125 0.235 0.173 0.325 0.153
u(CO) 0.231 0.372 0.264 0.366 0.478 0.383 0.291 0.13 0.214 0.148 0.303 0.178 0.209

Mean 0.199 0.323 0.232 0.337 0.408 0.278 0.223 0.151 0.231 0.186 0.277 0.166 0.209
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