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Abstract: In this paper, an adaptive proportional and integral (PI) controller for speed control of

electric drives is developed. The adaptive PI controller is designed based on model reference adaptive

identification and the Lyapunov function so that the system stability can be proved. To identify the

inertia, the viscous friction torque coefficient, and the load torque simultaneously and smoothly,

sinusoidal speed reference is usually employed. A modified motion equation considering the low-pass

filter for feedback speed and the Coulomb friction torque is introduced and the relationship between

the identified parameters and their actual values are clarified. A high-precision digital simulation

model is built based on MATLAB/Simulink. The effectiveness of the proposed method is verified by

simulations under various conditions.

Keywords: Adaptive control; disturbance estimation; inertia identification; parameter identification;

PI; speed control

1. Introduction

Due to various sources of disturbances and uncertainties, high precision control of electric

drives is very challenging [1]. It is difficult to achieve both good tracking performance and nice

disturbance rejection property by using the classical proportional-integral-derivative (PID) controller,

which is a one-degree-of-freedom controller and cannot realize the decoupling control of the tracking

performance and disturbance rejection property [2]. Therefore, various of advanced control algorithms

with two-degree-of-freedom (TDOF) characteristics have been put forward. Among many TDOF

control algorithms, TDOF PID control [3], disturbance observer-based control (DOBC) [4–6], and active

disturbance rejection control (ADRC) [7–10] are most widely studied.

Recently, generalized active disturbance rejection control (GADRC) using generalized

proportional integral control (GPIC) [11] and generalized proportional integral observer (GPIO) is

developed based on the differential flatness theory [12]. Compared with the conventional ADRC,

GADRC performs better either in disturbance rejection property for low-frequency disturbances or

in suppression performance for high-frequency measurement noise [13,14], and thus is attracting

more attentions in electric drives. Motivated by one of the original ideas in ADRC, i.e., establishing a

direct connection between the classical PID control and other modern control techniques [15,16], the

relationship between GADRC and generalized PID control has been analysed in [17]. It is found that

the GADRC can be interpreted as the generalized PID with low-pass filters or the so-called TDOF

generalized PID. However, compared with generalized PID, GADRC is easier to implement since the

GPIC and GPIO has specific physical interpretation. In GADRC, the PI regulator in GPIC and the

one in GPIO can be designed based on the same principle because of the duality between GPIC and

GPIO. Therefore, the key in designing the GADRC is to design the PI regulator. Though GADRC has

good control performance when the control gain is known, it performs poor when the control gain is
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unknown or variable [18]. To improve the system’s robustness to parameter variations, adaptive PI

regualtors are usually employed.

There are generally two methods to realize adaptive PI control. One method is the model reference

adaptive control (MRAC) based on disturbance esitmation [19], and thus is suitable for systems with

parameters vary in small range. The other method is the model reference adaptive identification

(MRAI) based on parameters identification [18], it can be applied in systems with parameters vary in a

large range. In [18], accurate mechanical parameters are identified in an adptive PI observer, of which

the design process is complicated. In addition, the speed tracking error is not considered. In this paper,

an adaptive PI controller is designed to eliminate the speed trakcing error under unknown mechanical

parameters. Two practical issues: the low-pass filter used for feedback speed and the Coulomb friction

torque, are carefully dealt with. A modified motion equation considering these two practical issues is

introduced and the relationship between the identified parameters and their actual values are clarified.

The rest of this article is organized as follows. Section 2 introduces the mathematical model of the

mechanical system and the conventional PI controller for speed control system. Section 3 presents the

designed PI controller and two practical issues in real applications. Simulation results and the analysis

are shown in Section 4. Finally, discussion about the findings are drawn in Section 5.

2. Conventional PI Controller for Speed Control

2.1. Mathematical Model of the Speed Control System

The feedback control law is designed to attenuate the speed reference tracking error as desired.

According to the feedback control law, the control output, i.e., the torque reference, can be deduced.

Therefore, the system model should be expressed as a function of the torque references. Considering

the uncertainties of the moment of inertia J, the nominal value Jn is usually employed in the control

system.

Ω̇ =
−BΩ + Te − TL

J

= b(T∗
e − Tn)

= bnT∗
e − (bn − b)T∗

e − dn

= bnT∗
e + dto

(1)

where Ω is the mechanical angular velocity, Te and T∗
e are the electromagnetic torque and its reference,

B is the viscous friction torque coefficient, TL is the load torque, b = 1/J and bn = 1/Jn are the control

gain and its nominal value, Tn = BΩ + TL is the disturbance torque caused by the load torque and

viscous friction torque, dn = −Tn/J is the disturbance caused by the lumped disturbance torque with a

known inertia, dto = dn + (b − bn)T∗
e is the total disturbance when considering the inertia mismatches.

The speed reference can be denoted as Ω
∗, then the speed tracking error can be expressed as

es = Ω
∗ − Ω, and we have

ės = Ω̇
∗ − Ω̇ = Ω̇

∗ − bnT∗
e − dto (2)

2.2. Proportional Control and Its Shortcomings

When using proportional control, the desired speed tracking error convergence law is designed as

ės = −kpses (3)

where kps is the proportional gain.

Substituting (3) into (2) yields
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T∗
e =

Ω̇
∗ + kps (Ω∗ − Ω)− dto

bn
(4)

In (4), the mechanical angular speed Ω, and the total disturbance dto are required. In real systems,

dto is unknown. One simple way to solve this problem is just to neglect the total disturbance. In

addition, Ω is usually calculated by the derivative of the position, which is generally obtained from

the position sensor such as the encoder or resolver. Due to the quantization noise in the measurement

of the position, the measured position and the speed calculated by the classical frequency method is

subjected to the measurement noise. Denoting δn as the quantization noise in the measured speed,

there is Ω
m = Ω + δn.

When dto is neglected and Ω
m is used for feedback, the actual torque reference can be expressed

as

T∗
e (s) =

sΩ
∗ (s) + kps [Ω∗ (s)− Ω

m (s)]

bn
=

sΩ
m (s) +

(

s + kps

)

[Ω∗ (s)− Ω
m (s)]

bn
(5)

In the practical system, the reference torque limit is usually applied as follows.

T∗
esat =

{

T∗
e maxsign (T∗

e ) , |T∗
e | > T∗

e max

T∗
e , |T∗

e | ≤ T∗
e max

(6)

where Tesat and Te max are the saturated torque reference and the maximum torque reference.

According to (1), the relationship between the torque reference and the total disturbance can be

expressed by

T∗
e (s) =

sΩ (s)− dto (s)

bn
=

sΩ
m (s)− [dto (s) + sδn (s)]

bn
(7)

Without considering the saturation of the torque reference, the system output can be obtained by

substituting (5) into (7) yields

Ω
m (s) = Ω

∗ (s) +
1

s + kps
[dto (s) + sδn (s)] = Ω

∗ (s) +
kps

s + kps
· [dto (s) + sδn (s)]

kps
(8)

It can be seen that a constant total disturbance causes a steady-state speed tracking error, which is

inverse proportional to the proportional gain kps. Increasing kps reduces tracking error but deteriorates

the measurement noise suppression performance at the same time. Consequently, many methods

are developed to reduce the effect of the disturbance and the measurement noise, among which PI

controller is a classical one.

2.3. Physical Interpretation of the Integrator in PI Controller

When the total disturbance dto in (4) is substituted by its estimated value d̂to, the control output

can be modified as

T∗
e =

Ω̇
∗ + kpses − d̂to

bn
(9)

Substituting (9) into (2) yields

ės = Ω̇
∗ − Ω̇ = Ω̇

∗ − bnT∗
e − dto = −kpses − d̃to (10)

where d̃to = dto − d̂to id the estimation error of the total disturbance.

One Lyapunov function can be chosen as
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V =
1

2
e2

s +
d̃2

to

2kis
(11)

where kis > 0 is the gain for estimating disturbance.

The derivative of the Lyapunov function expressed by (11) can be deduced as

V̇ = es ės +
1

kis
d̃to

˙̃dto

= −kpse2
s − d̃toes +

1

kis
d̃to

˙̃dto

= −kpse2
s +

1

kis
d̃to

(

˙̃dto − kises

)

(12)

It is easy to know that the system can be stable by adopting the adaptive law expressed by (13)

˙̃dto = ḋto − ˙̂dto = kises (13)

Assuming the total disturbance is contant or the derivative of the total disturbance is zero, the

estimated total disturbance can be expressed as

d̂to = −kis

∫

esdt (14)

Therefore, the torque reference expressed by (9) can be modified as

T∗
e =

Ω̇
∗ + kpses + kis

∫

esdt

bn
(15)

The block diagram of the designed controller is shown in Figure 1, which is the same as a PI

controller. As a result, it is known that the integrator in PI controller has the function of estimating

disturbance.

 s s
*

n e
b T

 

*

e
T

 
1

n
b

*

esat
T

LT

 

p

eTTorque 
Control 
Loop

Speed Calculation

 
1

s
 

s
e

Figure 1. Block diagram of conventional PI control system.

2.4. Dynamic Performance of the Speed PI Control System

In real applications, the measured speed as Ω
m is used for feedback, and thus the actual torque

reference is modified as

T∗
e (s) =

sΩ
∗ (s) +

(

kps +
kis
s

)

[Ω∗ (s)− Ω
m (s)]

bn

=
sΩ

m (s) +
(

s + kps +
kis
s

)

[Ω∗ (s)− Ω
m (s)]

bn

(16)

According to (1), the relationship between the torque reference and the nominal disturbance can

be expressed by
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T∗
e (s) =

sΩ (s)− dn (s)

b
=

sΩ
m (s)− [dn (s) + sδn (s)]

b
(17)

Substituting (16) into (17), the system output can be obtained as

Ω
m (s) =

s2 + kpss + kis

kbs2 + kpss + kis
Ω

∗ (s) +
kbs

kbs2 + kpss + kis
[dn (s) + sδn (s)] (18)

where kb = bn/b = J/Jn is the control gain ratio.

When the moment of inertia is known, i.e., kb = J/Jn = 1, the system has an ideal tracking

performance under no disturbance and the characteristic polynomial is usually set as s2 + kpss + kis =

(s + ωc)2, where ωc is the bandwidth of the speed control loop. The two gains in PI controller can be

calculated by kps = 2ωc and kis = ω2
c . However, when the moment of inertia is unknown or it varies

with operating conditions, kb ̸= 1, the system dynamic performance will degrade. If we write the

characteristic polynomial of the closed-loop control system as kbs2 + kpss + kis = kb(s
2 + 2ζ1ωc1s +

ω2
c1), then the actual damping ratio ζ1 and the actual natural frequency ωc1 can be calculated by

ζ1 =
ζ√
kb

, ωc1 =
ωc√

kb

(19)

It can be seen that both the actual damping ratio ζ1 and the actual natural frequency ωc1 decreases

as kb increases, leading to a larger overshoot in the step response as well as a slower dynamic

performance. To solve this problem, adaptive PI controller is developed in this paper.

3. Adaptive PI Controller for Speed Control Based on MRAI

3.1. Adaptive PI Controller Considering Mechanical Parameters Uncertainties

The motion equation (1) can also be expressed as

Ω̇ = (Te − TL − BΩ)/J = (T∗
e − Td − BΩ)/J (20)

where Td = T∗
e − Te + TL consists of the disturbance caused by the load torque and the torque tracking

error.

The state equation of the speed tracking error can be expressed as

ės = Ω̇
∗ − Ω̇ = Ω̇

∗ − (T∗
e − Td − BΩ)/J (21)

Therefore, the ideal torque reference when using proportional control can also be deduced as

T∗
e = J

(

Ω̇
∗ + kpses

)

+ BΩ + Td (22)

Denote the estimated values of J, B, and Td as Ĵ, B̂ and T̂d, the actual torque reference can be

expressed as

T̂∗
e = Ĵ

(

Ω̇
∗ + kpses

)

+ B̂Ω + T̂d (23)

Substituting (23) into (2) yields

ės = Ω̇
∗ − Ω̇

= Ω̇
∗ − Ĵ

(

Ω̇
∗ + kpses

)

+ B̂Ω + T̂d − Td − BΩ

J

= − Ĵ

J
kpses −

J̃Ω̇
∗ + B̃Ω + T̃d

J

(24)
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where J̃ = Ĵ − J, B̃ = B̂ − B, and T̃d = T̂d − Td are the estimation error of inertia, viscous friction

coefficient, and disturbance torque, respectively.

Choosing a Lyapunov function as

V =
1

2
e2

s +
J̃2

2Jk J
+

B̃2

2JkB
+

T̃2
d

2Jkd
(25)

where k J , kB, and kd are the adaptive gain for estimating the inertia, viscous friction coefficient, and

disturbance torque.

The derivative of the Lyapunov function expressed by (25) can be deduced as

V̇ = es ės +
1

Jk J
J̃ ˙̃J +

1

JkB
B̃ ˙̃B +

1

Jkd
T̃d

˙̃Td

= − Ĵ

J
kpse2

s −
J̃Ω̇

∗ + B̃Ω + T̃d

J
es +

1

Jk J
J̃ ˙̃J +

1

JkB
B̃ ˙̃B +

1

Jkd
T̃d

˙̃Td

= −kpse2
s +

1

J

[

J̃

k J

(

˙̃J − k JΩ̇
∗es

)

+
B̃

kB

(

˙̃B − kBΩes

)

+
T̃d

kd

(

˙̃Td − kdes

)

]

(26)

It can be seen from (26) that the system can be stable by setting the second item in the right hand

of the formula to zero, i.e.,











˙̃J = ˙̂J − J̇ = k JΩ̇
∗es

˙̃B = ˙̂B − Ḃ = kBΩes
˙̃Td = ˙̂Td − Ṫd = kdes

(27)

With assumption that the actual inertia, viscous friction coefficient, and disturbance torque are

constant, the adaptive law for the three estimated parameters can be expressed by











Ĵ(t) = k J

∫

Ω̇
∗esdt + Ĵ(0)

B̂(t) = kB

∫

Ωesdt + B̂(0)

T̂d(t) = kd

∫

esdt + T̂d(0)

(28)

where Ĵ(0), B̂(0), and T̂d(0) are the initial values.

According to (23) and (28), the block diagram of the adaptive PI controller can be shown in Figure

2.

*
ps

ks
e

s

d
k

s

*

e
T Torque 

Control 

Loop

J
k

s

B
k

s

*

esat
T

*

LT

 

p

eT

Speed Calculation

Figure 2. Block diagram of adaptive PI control system.

3.2. Practical Issues in Real Applications

In real applications, a LPF is usually used for attenuating the speed measurement noise and thus

the feedback speed is the filtered speed Ω f . Assuming a first-order LPF with a time constant of τ is

employed, the realtionship between Ω f and Ω can be expressed as
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Ω = τΩ̇ f + Ω f (29)

Using Ω f as the output and considering the Coulomb friction torque coefficient TC, the motion

equation is modified as

T∗
e = JΩ̇ + BΩ + Td + TCsign(Ω)

= (J + Bτ) Ω̇ f + JτΩ̈ f + BΩ f + Td + TCsign(Ω)
(30)

To obtain smoothed identified parameters, sinusoidal speed is usually employed as the persistent

excitation signal. Assuming the sinusoidal speed has an angular frequency of ωPE, and it can be

expressed as the sum of an AC component and DC component, i.e., Ω f = Ω f _ac + Ω f _dc, there is

Ω̈ f = −ω2
PEΩ f .

If there is no offset in the speed, Ω f _dc = 0, then the Coulomb friction torque is an AC signal

that in phase of the real speed Ω, and thus it can be approximated by TCsign(Ω) ≈ ∆J · Ω̇ f + ∆B · Ω f ,

where ∆J and ∆B are the incremental inertia and incremental viscous friction torque coefficient, and

they depends on TC and τ. As a result, the motion equation can be rewritten as

T∗
e = (J + Bτ + ∆J) Ω̇ f _ac +

(

B − Jτω2
PE + ∆B

)

Ω f _ac + Td (31)

If a large offset is added in the speed reference so that the speed becomes unipolar, then the

Coulomb friction torque is a constant torque such that it can be treated as part of the load torque. The

motion equation can be rewritten as

T∗
e = (J + Bτ) Ω̇ f _ac +

(

B − Jτω2
PE

)

Ω f _ac + Td + TC +
(

B − Jτω2
PE

)

Ω f _dc (32)

Denote J1, B1, and Td1 as the equivalent values of inertia, viscous friction torque coefficient, and

load torque, we can express the motion equation in a unified form as

T∗
e = J1Ω̇ f _ac + B1Ω f _ac + Td1 (33)

In the case of bipolar speed, J1, B1, and Td1 are expressed as















J1 = J + Bτ + ∆J

B1 = B − Jτω2
PE + ∆B

Td1 = Td

(34)

In the case of unipolar speed, J1, B1, and Td1 are expressed as















J1 = J + Bτ

B1 = B − Jτω2
PE

Td1 = Td + TC + B1Ω f _dc

(35)

Since a LPF is used for the measured speed, a same LPF should be used for the speed reference

so that the actual speed can track the real speed reference. Denote the filtered speed reference as Ω
∗
f .

When using the motion equation expressed by (33), the adaptive law for the identified parameters can

be modified as



















es = Ω
∗
f − Ω f

Ĵ1(t) = k J

∫

Ω̇
∗esdt + Ĵ1(0)

B̂1(t) = kB

∫

Ω f _acesdt + B̂1(0)

T̂d1(t) = kd

∫

esdt + T̂d1(0)

(36)
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where Ĵ1(0), B̂1(0), and T̂d1(0) are the initial values.

The block diagram of the modified adaptive PI control system is shown in Figure 3.
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J
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LPF

Figure 3. Block diagram of the modified adaptive PI control system.

4. Simulation Verification

In this section, experiments are conducted to verify the effectiveness of the proposed adaptive PI

controller and the theoretical analysis. A comprehensive comparison is made between the conventional

PI controller and the proposed adaptive PI controller.

4.1. System Configuration

The system configuration is shown in Figure 4. Table 1 shows the parameters of the examined

PMSM. In Simulations, the incremental encoder has a resolution of 2500 pulse per round (PPR). The

rotor field-oriented control (RFOC) strategy with id = 0 and space vector pulse width modulation

(SVPWM) is adopted. The DC Bus voltage provided by a programmable DC power supply is set as

150V. The sampling frequency and the control frequency for current and the speed control are the same,

i.e., 10 kHz. Decoupled PI Controller is employed for current control and the bandwidth is set as 2000

rad/s. The delay in torque control loop is so small that it can be neglected in the speed control system.

The current limit is set as 9 A. The speed is calculated by using the classical frequency method and a

first-order LPF with a time constant of 1 ms is employed to suppress the measurement noise.

SVP

WM

Two-

Level

Inverter

PMSM

PIPI

PIPI

,d q

, ,a b c

,d q

, ,a b c

Encoder

Adaptive

 PI

Speed Calculation
With LPF

Figure 4. Block diagram of the simulation system.

Table 1. Parameters of the examined PMSM

Symbol Quantity Symbol Quantity

Rated power PN 1.0 (kW) polePair numbers pn 4

Rated voltage UN 220 (V) D axis inductance Ld 3.4 (mH)

Rated speed nN 2500 (r/min) Q axis inductance Lq 3.4 (mH)

Rated torque TN 4.0 (Nm) Torque constant Kt 0.71 (Nm/A)

Current limit Ismax 9 (A) Coulomb friction torqueTC 0.1 (Nm)

Stator resistance Rs 1.18 (Ohm) Motor system inertia J 2.35 (g · m2)
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In the simulation, kps = 400 rad/s, kd = 10, k J = 5 × 10−6, kB = 0.01. Three control systems:

the conventional PI controller, the adaptive PI controller without identifying B̂1, and the adaptive

PI controller identifying B̂1, are tested. The simulation time is set as 5 s. At the time instant of 1 s,

sinusoidal speed reference is given under no load and the adaptive PI control is enabled. At the time

instant of 3 s, a load is stepped from 0 Nm to 2 Nm.

4.2. Simulation Results under Initial Inertia of 1 g · m2

The initial inertia is set as 1 g · m2. When a bipolar sinusoidal speed reference expressed by

nre f = 500 sin(10πt) r/min is employed, the simulation results of the three control systems without

considering the Coulomb friction torque are shown in Figure 5. From Figure 5(a), it can be seen

that the conventional PI controller has a poor tracking performance due to the mismatched inertia.

The identified load torque is oscillating because it is an integral of the speed tracking error, which

is sinusoidal. In Figure 5(b), the inertia is identified but the viscous friction torque coefficient is not.

The oscillation in the identified load torque is greatly reduced, but not eliminated. Meanwhile, the

identified inertia oscillates at the frequency of 10 Hz, which is twice of the frequency of the sinusoidal

speed reference. The oscillation can be eliminated by identifying load torque, inertia and viscous

friction torque coefficient simultaneously, as shown in Figure 5(c). It can be seen that the actual inertia

2.35 g · m2 can be identified, B̂1 = −0.00237 Nms/rad, which is very closed to −Jτω2
PE = −0.00232

Nms/rad, and the identified load torque at 2.8 s are -0.0005 Nm and 2 Nm, which are almost the same

as the actual values. The error is caused by some unmodelled dynamics in the digital control system,

such as the delay in sampling and control.

(a) (b) (c)

Figure 5. Simulation results under the sinusoidal speed reference without offset nre f = 500 sin(10πt)

r/min when Ĵ1(0) = 1g · m2 and TC = 0. (a) Conventional PI controller. (b) Adaptive PI controller

without identifying B̂1. (c) Adaptive PI controller identifying B̂1.

When considering the Coulomb friction torque, simulation results of the adaptive PI controller

will be affected. In Figure 6(a) and (b), TC is 0.1 Nm and 0.5 Nm respectively, the identified inertias are

merely affected, they are 2.344 g · m2 and 2.323 g · m2, however, the identified viscous friction torque

coefficients are greatly affected, they become 8 × 10−5 Nms/rad and 9.9 × 10−3 Nms/rad. This is

because the incremental ineritia ∆J caused by the Coulomb friction torque is very small while the

incremental viscous friction torque coefficient ∆B is large. The Coulomb friction torque causes the

oscillation of the speed tracking error and thus leads to the oscillation of the identified parameters. To

solve this problem, a unipolar speed reference expressed by nre f = 500 sin(10πt − π/2) + 600 r/min

can be employed, as shown in Figure 6(c).

To further verify the effectiveness of the proposed adaptive PI controller, the initial inertia is

increased to 6 g · m2 and the Coulomb friction torque coefficient TC is set as 0.1 Nm, simulation results

are shown in Figures 7. Similarly, it can be seen that the conventional PI controller has a poor tracking

performance, the speed tracking error can be greatly reduced by identifying ineritia, but it cannot be

eliminated if the viscous friction torque coefficient is not identified.
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(a) (b) (c)

Figure 6. Simulation results of the adaptive PI controller under different TC. (a) Bipolar speed reference

and TC = 0.1 Nm. (b) Bipolar speed reference and TC = 0.5 Nm. (c) Unipolar speed reference and

TC = 0.5 Nm.

(a) (b) (c)

Figure 7. Simulation results under the sinusoidal speed reference with offset nre f = 500 sin(10πt −
π/2) + 600 r/min when Ĵ1(0) = 1g · m2 and TC = 0.1 Nm. (a) Conventional PI controller. (b) Adaptive

PI controller without identifying B̂1. (c) Adaptive PI controller identifying B̂1.

5. Discussion

In this paper, the PI controllers for speed control of electric drives are studied. The conventional PI

controller is designed based on Lyapunov function so that the physical interpretation of the integrator is

revealed. The influence of control gain on system dynamic performance is investigated; it is discovered

that increasing control gain causes a decrease in both the damping ratio and the natural frequency. To

improve the system robustness to parameter variations, an adaptive PI controller based on the model

reference adaptive control is developed in this paper. In real applications, the low-pass filter used for

the feedback speed and the Coulomb friction torque has an effect on parameters identification. To

solve these two problems, a modified motion equation is introduced and the relationship between the

identified parameters and their actual values are investigated.

It is worth pointing out that the principle of the adaptive PI controller is to divide the total

disturbance torque into AC and DC components, the DC component disturbance is identified by

the integral of the speed tracking error, whereas the AC component disturbance is identified by an

adaptive linear neuron (ADALINE) neural network, in which the feedback speed and its derivative

are the basis, while the equivalent inertia and the equivalent viscous friction torque coefficient are two

weights need to be trained. Therefore, the AC disturbance caused by other unmodelled dynamics can

also be identified and compensated.
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