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Abstract: In many practical applications, it is more convenient to characterize the quality of1

production processes or service operations throughout the count of nonconformities. In the context2

of SPC, noncorfomities are usually assumed to appear according to the binomial probability model.3

The conventional way for monitoring nonconformities invloves Shewhart-type control procedures4

based on both constant and time varying sample sizes. In this article, an EWMA scheme is5

proposed for monitoring the fraction of nonconforming items with time-varying sample sizes. The6

proposed control chart is referred to as the EWMAG-B and can be easily adapted to work with7

a constant sample size by fixing it at a needed value. By means of simulation, it was found out8

that the EWMAG-B chart outperforms the conventional p control chart in Phase II while detecting9

changes in the process level is wanted.10

Keywords: Average run length; binomial distribution; control charts; EWMAG control chart;11

nonconforming fraction; p control chart; Phase II; SPC.12

1. Introduction13

SPC has been implemented for some time in many areas, including applications14

in industry, service operations, health surveillance and other activities where the moni-15

toring of processes is required. Control charts have become the most widely used tool16

for process monitoring. The main goal of using control chart is to check processes for17

stability over time. In many practical applications, the quality of processes is often18

characterized by a continuous random variable, whose distributional parameters (or19

some function of them) need to be monitored in order to detect unwanted drops in them20

the soon as possible. The X̄ and R charts are good enough illustrations for monitoring21

the mean level and the dispresion of a normal distributed quality characteristic. Mont-22

gomery [3] present some relevant insights on control chart designing for monitoring23

continuous processes.24

25

However, it is not always easy or convenient in economic terms to record the26

measure of a quality characteristic. It is better sometimes to classify the producto of a27

process into one of two exhaustive and mutually exclusive categories: in compliant and28

non-compliant, for example. In these situations, process quality is formally expressed by29

a discrete counting random variable. Vargas [8], among many other authors, present the30

np, c and u control charts for monitoring the count of nonconformities of a process. The31

p control chart is the most commonly used procedure for monitoring the variations in32

the fraction of non-conforming items per sample. For instance, the p chart is used for33

monitoring the fraction of defective tires per sample in automotive industry.34

35
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The p chart is a Shewhart-type control methodology and its design, as well as those36

of the aforementioned charts, strongly depends on assumptions that must necessarily37

be met. Although chart designing requires the size of available samples to be known38

and fixed, it is also based on asymptotic normal distributional properties. In most cases,39

as in healthcare surveillance applications, a fixed large enough sample size is almost40

impossible to guarantee. As pointed out in Alvarado & Retamal [1], the normal approxi-41

mation works fairly acceptable just for n > 30, np ≥ 5 and np(1− p) ≥ 5. Quesenberry42

[6] states that when n ≤ 30 and p ≥ 0.20, the estimates of the normal parameters would43

inevitably be unreliable and could lead to an unacceptable performance of the traditional44

p control chart. Recall that the problem related to the independence of the available45

samples, which is not minor, has not even touched.46

47

Recently, some methodologies have been proposed that work fairly well when the48

assumptions for the p chart design are not fully met. Aytaçoğlu & Woodall [2] propose a49

CUSUM methodology that overcomes aforementioned shortcomings. Nevertheless, the50

construction and interpretation of this proposal may represent some challenges for some51

untrained practitioners, given the relative complexity of chart designing and implemen-52

tation. In SPC, a great effort has been focused on developing monitoring schemes whose53

control limits can be drawn not as rigidly as is done in traditional schemes. In this sense,54

Shen et al. [7] proposed the monitoring of Poisson-type counting data when sample sizes55

vary over time using an EWMA chart with probability control limits.56

57

In this article, it is proposed to adapt Shen et al.’s methodology to the special case58

of monitoring the nonconforming fraction in Phase II processes. The resulting control59

procedure is referred to as the EWMAG-B chart. This methodology avoid the need60

of using the asymptotic normal approximation for setting up the control limits and is61

especially developed to work with time-varying sample sizes. Through simulation, it62

was found out that the proposed EWMAG-B chart outperforms the traditional p chart in63

all the explored scenarios. As shown in the provided example, the EWMAG-B chart can64

be easily reformulated for dealing with a fixed known value of the sample size.65

66

2. Theoretical framework67

2.1. The EWMAG control chart68

Shen et al. [7] first proposed an EWMA chart with probability control limits for mon-69

itoring Poisson count data with time varying sample sizes in Phase II. This chart is called70

“EWMAG” because exhibits the appealing property of having geometrically-disrtibuted71

run lengths. That is, the false alarm rate of the control scheme does not depend on the72

monitoring time, nor the size of the available samples. In addition, chart performance73

does not depend on the mechanism generating sample sizes, whatever its nature.74

75

Let Xt, t = 1, 2, . . ., be the count of an adverse event during the fixed time period
(t− 1, t]. Given the sample size nt at time t, suppose that Xt independently follows the
Poisson distribution with mean θ nt, where θ denotes the occurrence rate of the event
of interest. To detect an abrupt change in the rate of occurrence from θ0 to another
unknown value θ1 > θ0, it is proposed the EWMA statistic

Zj = (1− λ)Zj−1 + λ
Xj

nj
, j = 1, 2, 3, ..., t, (1)
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where Z0 = θ0 and λ ∈ (0; 1] is the smoothing parameter of the chart determining the
weights of past observations. According to Shen et al. [7], the the upper control limit ht
of the EWMA statistic (1) a each monitoring moment t has to satisfy

P(Z1 > h1,α|n1) = α,

P(Zt > ht,α|Zt−1 < ht−1,α, nt) = α, t > 1,
(2)

where α is the previously established level of the false alarm rate.76

77

It is worth mentioning that the probability control limit is determined just after78

the nt value is observed at time t. Consequently, the EWMAG chart does not suffer79

from incorrect model assumptions on the mechanism generating the sizes of available80

samples. This property makes the proposed EWMAG chart significantly different from81

the previously proposed control charts.82

83

The calculation of the conditional probability given in (2) can be a difficult task84

to solve analytically ht(α). Computational procedures based on simulation via Monte85

Carlo and Markov chains are available. For more details, the reader is addressed to86

Shen et al. [7]. This methodology was also implemented by Morales & Vargas [5] for87

monitoring aggregated Poisson data in processes with time-varying sample sizes.88

2.2. The EWMAG-B control chart89

This section presents the theoretical and formal aspects of the EWMAG-B control90

chart, as a result of adapting the Shen et al.’s proposal to the special case of monitoring91

the nonconforming fraction.92

93

Let Xt be the number of successful trials in a sequence of n Bernoulli independent94

trials at time t, t = 1, 2, . . .. It is clear that Xt independently follows the binomial distri-95

bution with parameters nt ∈ N and 0 < p < 1, where nt is the sample size at time t and96

p is the stable probability of having a successful trial, respectively. The main goal is to97

detect an abrupt change in the probability p from a known value p0 to another unknown98

level p1 > p0 (it is also possible to make p1 < p0). The EWMAG-B chart uses the statistic99

given in (1) with Z0 = p0.100

101

The upper control limit of the EWMAG-B chart must satisfy the expressions given102

in (2) and is determined just after the value of nt is observed at time t. As mentioned103

above, due to the complexity of the conditional probability given in (2), needed ht(α)104

values are found via simulation. The procedure for calculating the upper control limit is105

summarized in the following algorithm:106

• Step 1. Set t = 1. Given p = p0 and the first sample size n1, generate a large enough107

number M of random values X1 from the binomial distribution with parameters n1108

and p0. Let X̂1,1, X̂1,2, ..., X̂1,M be the generated values of X1. Each of these values109

represent the number of successful trials in a sample of size n1.110

• Step 2. Transform each of the X̂1,i, i = 1, . . . , M, into a “pseudo EWMA” Ẑ1,i value
with the help of expression (1), such as indicated below

Ẑ1,i = (1− λ)p0 + λ
X̂1,i

n1
. (3)

There are obtained M “pseudo EWMA” values at the first monitoring moment.111

• Step 3. Sort the M transformed Ẑ1,i, i = 1, . . . , M, values in ascending order and112

find the (1− α)× 100% empirical quantile of the resulting ordered sequence of Ẑ1,i113

values. The found quantile is an estimate of the first control limit h1(α), where α is114

the previously established false alarm rate.115
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• Step 4. Calculate the actual value of the EWMAG-B statistic Z1 from the really116

observed X1/n1 value and compare it with the first control limit found in the117

preceding step. If Z1 ≤ h1(α), assume that the process is in-control at the first118

monitoring moment and continue to the next monitoring moment. Otherwise,119

delete the actual observation from the analysis.120

• Step 5. Proceed as follows for t ≥ 2 if it is decided to continue:121

1. Retain only the first M∗ = b(1− α)× Mc of the ordered “pseudo EWMA”122

values found in the preceding monitoring moment t− 1.123

2. Once the sample size nt is known, generate a large enough number M of124

random values Xt from the binomial distribution with parameters nt and p0.125

Let X̂t,i, i = 1, . . . , M, be the generated values of Xt.126

3. Transform each of the X̂t,i, i = 1, . . . , M, into a “pseudo EWMA” Ẑt,i as indi-
cated below

Ẑt,i = (1− λ) Ẑt−1 + λ
X̂t,i

nt
, (4)

where Ẑt−1 is a value randomly picked from the set of M∗ “pseudo EWMA”127

values obtained as said in Step 5-1. This is done to ensure that the process128

works under stable conditions.129

4. Sort the M transformed Ẑt,i, i = 1, . . . , M, values in ascending order and repeat130

the whole algorithm from Step 3 for the given monitoring moment t.131

If it is needed, both the lower and the upper control limits of the two-sided EWMAG-132

B control chart are determined in a similar way by finding the
α

2
× 100% and the133 (

1− α

2

)
× 100% empirical quantiles, respectively, of the simulated marginal conditional134

distribution of the EWMA statistic at each monitoring moment. In this case, some minor135

adjustements should be introduced into the above described algorithm. This control136

scheme can also deal with fixed sample size by simply making nt = n, where n is a137

constant value.138

3. Simulation study139

3.1. Performance evaluation140

As usual, the performance of the proposed EWMAG-B control chart was evaluated141

in terms of the ARL. This is, the number of inspected samples until the scheme first142

signals. The performance of the EWMAG-B chart was compared to that of the traditional143

Phase II six-sigma p chart version for non-constant sample sizes. To compare the perfor-144

mance of both control procedures, a simulation-based study was conducted following145

the indications below.146

3.2. Simulation settings147

For all purposes, the target value of the nonconforming proportion is set to be148

p0 = 0.1. As the work with the EWMAG-B chart can be a bit computationally demand-149

ing, both the EWMAG-B and the conventional p chart were calibrated to reach a nominal150

false alarm rate of α = 0.005, leading to an in-control ARL value of 200 samples.151

152

For the EWMAG-B scheme, the desired in-control ARL value is achieved by setting153

λ = 0.1 in the expression (1) and generating a set of M = 50, 000 “pseudo EWMA”154

values at each monitoring moment t, just after the sample size nt is known. Every155

“pseudo EWMA” value in the same set is based on the number of nonconformities found156

in a sample of size nt with the nonconforming probability being equal to p0 = 0.1. As157

the scheme is dealing with a nonconforming fraction, unwanted increases from p0 = 0.1158

are needed to be detected. That is why, the value of the upper control limit UCLt is only159

needed to be calculated at each monitoring moment. The corresponding UCLt value is160

approximated by the (1− α)× 100% quantile of the conditional marginal distribution of161

the EWMA statistic (1) obtained with the help of the M = 50, 000 pseudo values. For162
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the conventional p chart, the desired in-control ARL value is achieved by choosing the163

constant Lt determining the width of the in-control region, once the sample size nt is164

known.165

As stated before, theoretically the design of the EWMAG-B requires neither special166

assumptions on the sample sizes themselves nor on the mecanism generating them.167

However, the conventional p chart does. To ensure that both charts work under the168

same conditions, it is assumed that needed sample size nt at moment t is uniformly169

distributed from 100 to 500. The uniform and other three scenarios for varying sample170

sizes were used in Shen et al. [7] to show that the performance of the EWMAG chart171

does not depend on the mechanism generating the sample sizes.172

173

Out-of-control scenarios were considered by introducing increases of different174

magnitudes in the in-control value of the nonconforming proportion. Explored out-of-175

control scenarios included current 5%, 10% and 15% increase from p0 = 0.1. Out-of-176

control ARL values for each combination of impacting factors were also estimated by177

computing the mean of 10,000 simulated run length values.178

4. Results and discussion179

Estimated ARL performance for both the EWMAG-B and the conventional p charts180

is reported in Table 1. As expected, all investigated control charts approximately exhibit181

the desired in-control performance. It is also noted that the greater the increase, the faster182

both charts detect it. However, the carried out simulation study suggests that for any of183

the explored out-of-control scenarios the EWMAG-B chart always takes considerably less184

time to detect planned current increases from the nominal value of the nonconforming185

proportion p0 = 0.1 than the conventional chart. Other in-control p and ARL were also186

explored and similar results to those reported in Table 1 were obtained.187

Table 1. Approximated ARL performance of the EWMAG-B and the conventional p charts.

Nonconforming EWMAG-B p
Proportion Chart Chart

0.100 197.18 200.90
0.105 110.27 149.85
0.110 71.31 118.08
0.115 50.57 95.52

Furthermore, another simulation study was conducted to investigate the in-control188

ARL performance of both schemes when working with samples of the same size. Pro-189

posed control charts were calibrated to reach the same in-control ARL value for different190

fixed sample sizes. Obtained results are reported in Table 2 for α = 0.0027 and p0 = 0.1.191

Table 2. Approximated in-control ARL performance of the EWMAG-B and the conventional p
charts leading to α = 0.0027.

Fixed EWMAG-B p
sample size Chart Chart

50 351.32 312.13
100 358.91 326.87
200 367.98 295.31
300 371.03 345.01

To reach the established nominal FAR value, it is needed the in-control ARL value to192

be 372 approximately, whatever the scheme with geometrically distributed run lengths.193

As can be seen in Table 2, a more stable performance of the EWMAG-B chart with respect194
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to the nominal in-control ARL value of 372 is observed. Conversely, the in-control195

ARL performance of the six-sigma p chart seems to depend strongly on the sample196

size used and only approaches the preset nominal 372 value as n increases. This can197

perhaps be explained by the fact that the p chart design is based on the asymptotic198

normal approximation of the maximum likelihood estimator of the proportion p. Other199

in-control p and ARL values were also explored and similar results to those reported in200

Table 2 were obtained.201

5. Example202

A local dairy company with a well-known experience in the market provided a203

dataset on tetrapack boxes that are used for packing yogurt in 120 g presentation. The204

use of the dataset is allowed for academic and illustrative purposes only. In the following,205

the design of both the traditional six-sigma p and the EWMAG-B chart based on the206

available data is shown. Some interesting findings will be addressed as well.207

208

Nonconforming tetrapack boxes may result from a forming process due to improper209

sealing allowing packed yogurt to spill out. A retrospective phase I analysis was con-210

ducted based on 50 initial batches of n = 250 boxes each selected during a period of211

continuous operation of the production process.212

213

The two-sided traditional six-sigma p chart that was constructed for the analysis of214

the initial batches showed that a 7% fraction of boxes per batch is poorly sealed. Then,215

the lower and upper control limits for checking process stability over time were set to216

be LCL = 0.0216 and UCL = 0.1184, respectively. For further analysis, only the last 20217

batches of the dataset will be used.218

219
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Figure 1. Two-sided traditional six-sigma p control chart for the nonconforming fraction in the
tetrapack boxes example.

To check the stability of the process, 10 additional batches of n = 250 boxes each220

were collected. Nonconforming fractions corresponding to the new additional batches221

were plotted in the p chart obtained from the conducted Phase I analysis. The chart is222

presented in Figure (1). The vertical dashed blue line in the plot indicates the monitoring223

moment corresponding to the last batch inspected before collecting the new batches. The224

traditional p chart detects an increase in the target noncoconforming fraction as soon as225

the online monitoring is restarted. Samples 21 up to 25 are known to be out-of-control226

because the boxes in those batches were formed from a lower quality material. The chart227
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just correctly identifies the non-conformity of the 21st and 22nd batches. In addition, the228

chart shows a signal at the 16th sample that is known to be a false alarm.229

230

The two-sided EWMAG-B chart with smoothing parameter λ = 0.1 and nominal231

false alarm rate α = 0.0027 was also built for the same 30 batches by assuming the value232

p0 = 0.07 as the in-control nonconforming fraction. The respective plot is shown in233

Figure (2). The proposed methodology detects the change to the new level at the 23rd234

monitoring moment. Two samples later than the traditional p chart does. However, con-235

trary to the traditional chart, the EWMAG-B chart shows stronger evidence of increasing236

in the nominal nonconforming fraction. To be more exact, the process seems to work at a237

better level from the beginning of the monitoring.238
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Figure 2. Two-sided EWMAG-B control chart with λ = 0.1 and α = 0.0027 for the nonconforming
fraction in the tetrapack boxes example.

6. Conclusions and recommendations239

An EWMA control chart with varying-in-time control limits is proposed for mon-240

itoring the nonconforming fraction in samples of different sizes. The scheme is an241

adapted version of the EWMAG scheme first proposed by Shen et al. [7] and neither242

makes assumptions on the sizes of available samples nor on the mechanism generating243

them prior the monitoring.244

245

By means of simulation, it was possible to establish that the new control chart246

outperforms the conventional p chart when the main objective is the detection of un-247

wanted increases in the nominal proportion of non-conformity in Phase II. The provided248

example shows that the proposed control methodology can be easily redisigned to work249

with a fixed value of the sample sizes in two-sided schemes as well.250
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The following abbreviations are used in this manuscript:259

260

ARL Average run length
CUSUM Cumulative sums
EWMA Exponentially weighted moving averages
EWMAG EWMA chart with geometric run length distribution
EWMAG-B EWMAG for binomial-distributed nonconformities
FAR False alarma rate
SPC Statistical Process Control

261
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