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Abstract

In this paper, we present the concept of the generalized w-core inverse within the context of a Banach
*-algebra. We delineate the characteristics of this new generalized inverse by using the generalized
weighted core decomposition and elucidate its representations via the weighted g-Drazin inverse.
Additionally, we delve into an examination of the generalized w-core orders. This work broadens the
scope of the weighted core inverse and pseudo core inverse, previously defined for complex matrices
and linear bounded operators, to a more general setting.
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1. Introduction

A Banach algebra A is called a Banach *-algebra if there exists an involution * : x — x* satisfying
(x+y)* =x*+y*, (Ax)* = Ax*, (xy)* = y*x*, (x*)* = x. Rakic et al. generalized the core inverse of
a complex matrix to the case of an element in a ring (see [21]). An element 4 in a Banach *-algebra A
has core inverse if and only if there exist x € 4 such that

ax? = x, (ax)* = ax, xa® = a.
If such x exists, it is unique, and denote it by a® (see [1,6]).
Zhu et al. introduced and studied w-core inverse for a ring element (see [30]). Leta,w € A. An
element a € A has w-core inverse if there exist x € A such that

awx? = x, (awx)* = awx, xawa = a.
If such x exists, it is unique, and denote it by ag). Let A denote the set of all w-core invertible elements
in A. The w-core inverse was studied by many authors, e.g., [7,10-12,24,25,30,32]. As is well known,

2

a€ AQ < awx® = x, (awx)" = awx, xawa = a,awxa = 4, XawWX = X

(see [30], [Theorem 2.13]).

Prasad et al. extended the concept of the core inverse and introduced the notion of core-EP inverse
(i-e., pseudo core inverse) (see [8,19]). An element a € A has core-EP inverse (i.e., pseudo core inverse)
if there exist x € A and k € N such that

2

ax® = x, (ax)* = ax, xa"*1 = a*

=a.
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If such x exists, it is unique, and denote it by a®. The core-EP inverse has been investigated from many
different views, e.g., [2,8,9,14-17,19,22,27,28].

The motivation of this paper is to introduce and examine a new type of generalized weighted
inverse, which serves as a logical extension of the generalized inverses mentioned above. Let

AT = {x e A | Tim || & 7= 0},

As is well known, x € A7 if and only if 1 + Ax € A is invertible for any A € C. Set Al — {x €
A | xw € AT} In Section 2, we introduce generalized weighted core inverse in terms of a new kind
of generalized weighted core decomposition. Many new properties of the w-core inverse and core-EP
inverse are thereby obtained.

Definition 1.1. An element a € A has generalized w-core decomposition if there exist x,y € A such that
a=x+yxy=ywx=0,xec AQ,y € A

Leta,w € A. We prove that a € A has generalized w-core decomposition if and only if there
exists unique x € A such that

x = awx?, (awx)* = awx, x(aw)?

x = awx, lim ||(aw)" — awx(aw)"H% =0.
n—oo

Recall that a € A has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists x € A such

that
ax? = x,ax = xa,a — a’x € A,

Such x is unique, if exists, and denote it by a%. The g-Drazin inverse is of great importance in matrix
and operator theory (see [3]). An element a € A has generalized w-Drazin inverse x if there exists
unique x € A such that

awx = xwa, xwawx = x and a — awxwa € A™!,
We denote x by a%® (see [13]). Evidently, a%® = x if and only if x = [(aw)?]?a = a[(wa)?]? =
(aw)?a(wa)?. In Section 3, we establish equivalences between the generalized w-core inverse and the
weighted g-Drazin inverse for Banach algebra elements using involved images. We prove thata € A
if and only if a € A%% and there exists x € A such that xawx = x, xA = a®“ A, Ax = A(a®®)*.

The aim of Section 4 is to characterize the generalized weighted core inverse of an element in a
Banach *-algebra in terms of other related generalized inverses, such as the weighted core inverse. It is
shown that a € A2 if and only if a € A%® and 2% € AZ.

Finally, in Section 5, we introduce the generalized w-core order for elements in a Banach *-algebra.
Letw € Aand a,b € AJ. We say that a <{ b provided that

awaly = bwal,ala = adb.

The characterizations of the generalized weighted core order are present.

Throughout the paper, all Banach *-algebras are complex with an identity. A%® and A% denote
the sets of all weighted g-Drazin and w-core invertible elements in .4, respectively. Let C"*" be the
Banach algebra of all n x n complex matrices with conjugate transpose *.

2. Generalized w-Core Decomposition

The objective of this section is to introduce the concept of the generalized w-core inverse within
the framework of a Banach *-algebra. We begin with
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Theorem 2.1. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exists x € A such that

x = awx?, (awx)* = awx, x(aw)?x = awx, nh_r)n [[(aw)" — awx(aw)"| |% =0.
oo

Proof. (1) = (2) By hypothesis, there exist z,y € A such that
a=z+yzy=ywz=0z€ A,y Ay .

Set x = z&. Then

awx = (z+y)wzy = zwzy,
(awx)* = awx,
awx?> = (awx)x = zwzd(z +y) = zwz2z = x.
It is easy to verify that
xawx = zg(zwzy) =z = x,
x(aw)?x = (xaw)(awx) =z (z + y)wzwz§y = z$zwzwzy

2P zwzwzl = zwzd = awx.

Moreover, we have
awxa = (awx)a = zwz$ (z +y) = zwzHz = z,

and so
a—awxa=a—z=YE¢€ Al
Then
||(aw)" — awx(aw)"|| = ||(a — awxa)w(aw)" ]|
= |lyw(aw)" || = |lywaw(aw)" 2|
= |lyw(z +y)w(aw)"2[| = [|(yw)*(aw)" ||
= =)l

Since y € AZ,nil, we see that nlgn || (yw)™| |% = 0. Therefore

1
. n__ |y —
Jim [[(ow0)” — awox(aw)”[ | =0,

as required.
(2) = (1) By hypotheses, there exists x € A such that

2

x = awx?, (awx)* = awx, x(aw)?

x = awx, lim [|(aw)" — uwx(aw)"H% =0.
n—oo

Then we check that

xawx = xaw(awx?) = [x(aw)?x|x = awx* = x.

Set z = awxa and y = a — awxa. We verify that

ywz = (a—awxa)wawxa = awawxa — awx(aw)*xa
= awawxa — aw(awx)a =0,

(awxa)*y = a*(awx)y = a*(awx)(a — awxa)

= a*aw(xa — xawxa) = 0.

*

zy

We claim that z € A2 and z& = «.
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Claim 1. x = zwx?. We verify that

zwx? = awx(awx?) = awx® = x.

Claim 2. (zwx)* = zwx. Clearly, we have zwx = aw(xawx) = awx, and then (zwx)* = (awx)* =
awWx = ZWX.
Claim 3. xzwz = z. One checks that

xzwz = (xawx)awawxa = x(aw)*xa = awxa = z.

Therefore z € A2. Moreover, we see that

[|(aw)" — awx(aw)"|| = ||(a — awxa)w(aw)" ||
= lyw(aw)" | = |lywaw(aw)" ||
= |lyw(z +y)w(aw)" 2| = [|(yw)?* (aw)" 2]
= (yw)]-

Therefore
: nE _
lim [[(y)"[[+ =0,
and theny € .AZ,"ﬂ. This completes the proof. [
Corollary 2.2. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exist unique x,y € A such that

a=x+yx'y=ywx=0,x€ A,y € Al
Proof. (1) = (2) In view of Theorem 2.1, there exists v € A such that
v = awv?, (awv)* = awv,v(aw)?*v = awv, nlgrolo [|(aw)" — awv(aw)”||% =0.
Set z = awva and y = a — awva. As in the proof of Theorem 2.1, we have
a=z+yzy=ywz=0z¢€ A%,y AW
Suppose that there exist b, ¢ € A such that

a=b+cb'c=cwb=0,be A%, ce A?Unil-

Obviously, awv = aw(awv?) = (aw)?v? = - - - = (aw)"v". Since a = b + ¢, we have aw = bw + cw. As
(cw)(bw) = (cwb)w = 0, we have

n

(aw)" = i&](bw)i(cw)”i = (cw)" + ;(bw)i(cw)"*i.
Hence,
[(aw0)"]"c = [(cw)"]"c.
Since cwb = 0, we see that (aw)"b = (aw)" ' (bw + cw)b = (aw)" 'bwb = --- = (bw)"b, and

then (aw)"bw = (bw)"bw = (bw)"™*1. This implies that

(aw)"bw[(bw) )" = (bw)"[(bw)®] = (bw) (bw)®.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence
(aw)"bw[(bw)®])" bw = bw(bw)®bw = bw.

Therefore
b = bwbHb= (bw)(byb)

(
= [(aw)"bwl[(bw)®]" bw] (b3 b)
= (aw)"[bw[(bw)®]" bwbb
= (aW)”[ w|(bw)®]"*1b
= (aw)"z

where z = bw[(bw)®]"*1b. Accordingly,

b—z = b—awva="b—awv(b+c)=Db—awvb— awvc
S A S
= b—(aw)"0"b — [(aw)"v"]"c

o

b—(a )vb—(v )" ((aw)")*
(aw)"z — (aw)v(aw)"z — (0")*((cw)")"c
[(a0)" — (aw)v(aw)"|z — (v")* ((cw)")*c

Hence,
1 1k a1 10001
16— z[|" < [[(aw)" = (aw)o(aw)"|[=|[z[|7 + [[(@")*|[*[|((cw)" )| [[e][ .
Since cw € AMi,
then 1 — Acw € A~1; hence, 1 — A(cw)* € AL This implies that (cw)* € AT Thus, we prove
that nh_I};lo||((cw)”)*||% = 0. It follows that

lim [|b—z||" = 0.
n—oo

Therefore b = z, and thenc = a — b = a — z = y, as required.
(2) = (1) This is trivial. O

Theorem 2.3. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2) There exists unique x € A such that

x = awx?, (awx)* = awx, x(aw)x = awx, ’111_I>I°10||(aw)" — awx(aw)"| |% =0.

Proof. (2) = (1) This is obvious by Theorem 2.1.
(1) = (2) By hypothesis, there exists unique x € A such that

2

x = awx?, (awx)* = awx, x(aw)?

= 1 n__ n % =
X = awx, nh_r&H(aw) awx(aw)"|| 0.
Assume that there exists y € A such that
* . 1
y = awy?, (awy)* = awy,y(aw)?y = awy, lim ||(aw)" — awy(aw)"||+ = 0.

Set a; = awxa,a, = a — ay and by = awya, by = a — by. As in the proof of Theorem 2.1, we prove
that ]
ajay = aywa; = 0,a1 € AG,ap € AT,

biby = bywby = 0,by € A2, by € AZ,””.
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As in the proof of Corollary 2.2, we verify that awxa = a; = bj = awya. Therefore
x = (awxa)y = (m)y = () = (awya)y = y.

Accordingly, x = y, the result follows. O

We denote x in Theorem 2.3 by ag), and call it the generalized w-core inverse of a.
Corollary 2.4. Let a = x + y be the generalized w-core decomposition of a € A. Then ag) = x§;.

Proof. Let a = x + y be the generalized w-core decomposition of a € A. Similarly to the proof of
Theorem 2.1, x is the generalized w-core inverse of a. So the theorem is true. [

Theorem 2.5. Let a,w € A. Then a € A if and only if there exists a projection p € A such that

1) (1-plae(l-plawAand (1- p)aw € A%
(2) aw+ p € Aisrightinvertible and paw = pawp € Aanil,

Proof. (1) = (2) Since a € A, by using Theorem 2.3, there exist x,y € A such that
a=x+yx'y=ywx=0,x€ A,y € Al

Since x € A2, we have

2

, (cwx@)* = xwxd, x@xwx® = xP, x@xwx = x, x = xwxdx.

Xy = xw(xy)
Let p = 1 — xwxy. Then p? = p = p* and px = 0. We directly check that

(xw+1—xwx2)(x2 +1— xwx®) =1+ x(1 — xwx?) € AL,

Letg = [x§ +1— xwx$][1 + x(1 — xwx$)] L. Then (xw + p)q = 1. This implies that xw + p € A is
right invertible. Moreover, we have

1+ywg = 1+ [ywxw(x$)? +yw — (ywx)wxP][1 + x(1 — xwx )] ~?
= 1+yw[l+x(1—xwxP)] =1+ywe AL

By using Jacobson’s lemma, 1 + gyw € A~1. Therefore we check that
pa = p(x+y)=py=(1-xwxP)y=y e Al

paw(1— p) ywxwxy =0,
aw+p = xw+yw+p=(xw+ p)[l+qgyw] € Ais right invertible.

Since (1 — p)a = xwxy (x +y) = xwxHx = x € AF, it follows by [30, Theorem 2.10] that (1 — p)aw €
A*and (1 — p)a € (1 — p)awA, as required.
(2) = (1) By hypothesis, there exists a projection p € A such that (1 — p)a € A;
aw + p € Aright invertible, paw(1 — p) =0, pa € Al

Set x = (1 — p)aand y = pa. Then

vy = [a*(1-p)pa=0,
ywx = paw(l—p)a=0,
y = pac Al

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Write (aw + p)q = 1 for some q € A. Then (1 — p)awg = (1 — p)(aw + p)g = 1 — p, and so
(1~ plean(1 —p)a = (1~ plaand [(L—plg]” = (1-p)" =1 —p = (1~ p)as. Honce, (1~ p)a <
A3),

By hypothesis, (1 — p)a € (1 — p)awA and (1 — plaw € A*. In light of [30, Lemma 2.8],
w € All1=P)a_ According to [30, Theorem 2.6], (1 — p)a € AQ. Thatis, x € AQ. Thereforea € AS. [

Corollary 2.6. Let a,w € A. Then a € A® if and only if there exists a projection p € A such that

1) (1—pluaecAy
(2) a-+p € Aisrightinvertible and pa = pap € A7

Proof. This is obvious by choosing w = 1 in Theorem 2.5. [J

3. Characterizations by Weighted g-Drazin Inverses

The goal of this section is to elucidate the generalized w-core inverse through the lens of the image
associated with the weighted g-Drazin inverse. Evidently, ay) = (aw)®. But aw € A® do not imply

—i 1 i -1
a € A$. For instance, letting a = ( OZ . ),w = ( (1) 0 ) Then aw € C2*2 has the core-inverse
i

10
0
result which enable us to investigate the generalized w-core inverse by using the weighted g-Drazin

, while a has not w-core inverse. Contract to this observation, we now derive the following

inverse.
Lemma 3.1. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w-core decomposition.
(2 aw e A9.
(3) a € A% and there exists unique x € A such that

: 1
x = awx?, (awx)* = awx, nh_r}r;o ||(aw)" — awx(aw)"||" = 0.

In this case, aj, = x = (aw)®.
Proof. (1) = (2) Since a € A, there exist x,y € A such that
. ., . ® qnil
a=x+yx'y=ywx=0,xc AL,y Ay .
Hence, aw = xw + yw. Since x € AJ), we have
xw(x@)? = x@, (xwx@)* = xwx®, xwxdx = x.

Then

2 2

xw(x@)” = x@, (xwx@)* = xwx®, x(wxP)” = wx.

This shows that xw € A®. Obviously, yw € A1l Moreover, we check that

(xw)" (yw) = w*(x"y)w = 0, (yw) (xw) = (ywx)w = 0.

In light of [4, Corollary 2.2], aw € A®. Moreover, we have a4 = x§ = (xw)® = (aw)®.
(2) = (1) Let x = (aw)®. Then aw € A%. In view of [4, Theorem 2.5], we have

: 1
x = awx?, (awx)* = awx, nh_r)r.}o [|(aw)" — awx(aw)"||" = 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We easily check that
||awx — x(aw)2x||% = ||(aw)"x"t! — x(aw)n—i-lxn—&-lH%

< |[(aw)" — x(aw)" || ||x" L.

Hence,
1
lim ||awx — x(aw)?x||n = 0.
n—o0

Therefore x(aw)?x = awx, and then a € AY.
(2) = (3) In view of [4, Theorem 2.5],a € A% and there exists x € A such that

. 1
x = awx?, (awx)* = awx, nlglgo [|(aw)" — awx(aw)"||" = 0.

Moreover, we have (aw)(aw)“x = (aw)®. Since x = awx?, by induction, we have x = (aw)"x"*! for
any n € N. Then

[l = (@w)(aw)x||5 = ||x — (aw)(aw)’x| | 1
= Il = (aw) (@)} amo)" x5
= ll(aw)” = (aw)* a0y o x|

: n__ d n+1 % —
As nh_r)rolo [|(aw)" — (aw)? (aw)" || 0, we see that

. _ do i _
Jim [[x — (aw) (aw0) x| |» =0,

and therefore x = (aw)(aw)?x = (aw)®, as required.

(3) = (2) Since a € A%“, we have aw € A“. Therefore aw € A® by Lemma 3.1. [J

We are ready to prove:
Theorem 3.2. Let a,w € A. Then a € Ag if and only if

(1) ae Adw;
(2) There exists x € A such that

xawx = x, xA = a™ A, Ax = A(ad'w)*.

In this case, 29 = x.

Proof. = Choose x = a$. Then aw € A® and x = (aw)®. In view of [4, Theorem 3.3], aw € A% and
x(aw)x = x,xA = (aw)? A, Ax = A((aw)?)*.

Since a®* = [(aw)?)?a = a[(wa)?]> = (aw)?a(wa)?, we easily check that (aw)? = [(aw)?]2aw = a®a,
and then
(aw)? A = a® A.

On the other hand, we have (a%®)* = [(aw)%aw]*[(aw)?]* and [(aw)?]* = [((aw)?)?aw]* = w*(a®®)*.
Thus, A[(aw)?]* = A(a%®)*. Therefore

xA = a%P A, Ax = A(a®)*

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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<= By hypothesis, There exists x € A such that
xawx = x,xA = a"" A, Ax = A(a®)*.
As the argument above, we have
(aw)? A = a®® A, Al(aw)?]* = A(a®™)*.

Therefore we have

xawx = x,xA = (aw)? A, Ax = A((aw)?)*.
In light of [4, Theorem 3.3], aw € A®. According to Lemma 3.1, a§) = x. [

An element a € A has pseudo w-core decomposition if there exist x,y € A such that
a=x+yx'y=ywx=0,x € A2,y e A"l

The preceding x is unique if it exists, and we denote its w-core inverse by the pseudo w-core inverse of
a,ie., ay = xg. Evidently, ay = z if and only if there exists n € N such that

z = awz?, (awz)* = awz, z(aw)*z = awz and (aw)" = awz(aw)".

In this case, a5 = z.
Corollary 3.3. Let a,w € A. Then a has pseudo w-core inverse if and only if

1) ae AS.
(2) aw has Drazin inverse.

Proof. —> Obviously, a € A and aw € A®. In view of [8, Theorem 2.3], aw has Drazin inverse, as
desired.
= In view of Theorem 3.2, there exists x € A such that

xawx = x,xA = a®C A, Ax = A(ad'w)*.

Since aw has Drazin inverse, we have 2% = [(aw)%]?a = [(aw)P]?a = aP*. Hence,

x(aw)x = x,xA = (aw)P A, Ax = A((aw)P)*.

Analogously to Theorem 3.2, we prove that aw € A®. Similarly to Lemma 3.1, 4 has pseudo w-core
inverse. [

Let R(X) represent the range space of a complex matrix X and X* be the conjugate transpose of
X. We improve [2, Theorem 3.5] and provide a new characterizations of pseudo W-core inverse for
any complex matrix.

Corollary 3.4. Let A, X, W € C"*". Then the following are equivalent:

(1) X is the pseudo W-core inverse of A.
(2) XAWX = X, R(X) = R(X*) = R(AW)P.

Proof. Obviously, AW € C"*" has Drazin inverse. Since AW = [(AW)P]?A and (AW)P =
[((AW)P12ZAW = APWW, we see that R(APW) = R(AW)P. Therefore we obtain the result by
Theorem 3.2 and Corollary 3.3. O
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If 2 and x satisfy the equations 4 = axa and (ax)* = ax, then x is called (1, 3)-inverse of 4 and is
denoted by (). We use A1) to stand for sets of all (1,3)-invertible elements in .A. We now derive

Theorem 3.5. Let a,w € A. Then the following are equivalent:

1) aec AL.
(2) ae A% and ot e A0SR,
(3) a € A% and there exists a projection g € A such that a®® A = g.A.

In this case, a2 = a®Pwa® (a®)(13) = gdvyg,

Proof. (1) = (2) In view of Theorem 3.2, a2 € A%®. Let x = a$. By virtue of Theorem 2.1, there exists
x € A such that

x = awx?, (awx)* = awx, x(aw)?x = awx, nh_r}r;H(aw)" - awx(aw)"||% =0.

Let z = (wa)?wx. Then

Pz = [(aw)?)?a[(wa)?wx]
= (aw)?(aw)x
= (aw)?(aw)?(aw)®
= (aw)(aw)®.
Therefore (a%*z)* = [(aw)(aw)®]* = (aw)(aw)® = a®¥z. Moreover, we verify that

ad,wzad,w _

[
QN A/~~~
X
S

Accordingly, a%® € A(13) as required.
(2) = (1) Let x = a®®wa®® (a®*)(13), Then we check that

xawx = a%Wyadw (ad,w) (L3) grwad o atw (ad,w ) (1,3)
= giwggdw (ad,w) (1,3) ( )ud,wwad,w (ad,w) (1,3)
= giwggdw (ad,w) (13) gdw (wa)wad,w (ad,w) (1,3)
= giwy dww(awadw)( dw)(13)
— gdw [ ] ( d, w)( 3)
= [a""wawa® ) wad® (ad)(13)
_ [ 400 aw0a dw( dw)(l,B)

“lw
ad,wwad,w (ad,w) (1,3)

X.
Clearly, xA C a%v A. Also we see that
ad,w — (ad,ww)Za — ud,wwad,w (ad,uJ)(l,3)ad,wwa — xad,wwa;

hence, a%% A C x A. Thus x.A = a®® A.
We easily verify that

X

ad,wwad,w(ad,w)(l,S) — ad,ww[ad,w(ad,w)(l,B)]
_ ad'ww[ad'w(ad'w)(l'3)]* — ad'ww[(ad'w)(1'3)]*[ad'w]*;
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and then, Ax C A(a%®)*. Also we check that

[ad'w]* — [ad'w(ad )( )dw] f[( d,w(uda;)( ))* dw]
— [ad,w]*adzU( dw)( 3)
— [ad'w] * [ud'wwawad'w] (ad w) (1,3)
— [adw]*[ud'wwa]wad'w(adw)(1'3)
— [ad'w]*[uwudw]wad'w(ad'w)(1'3)
— [ad,w]*aw[adw dw( dw) 13)]
[a%®]* awx,

and then A(a%®)* C Ax. Hence Ax = A(a®")*. Accordingly, a € AP by Theorem 3.2.

(2) = (3) By hypothesis, a4 € A3, and so a%® = a®®(a)(1:3)q30 and [ad® (%) (13)]*
a0 () (13) Let g = a%®(a®?)(13), Then a®® A = g A, ¢* = q = q*, as required.

(3) = (2) Let x = a““wq. Then awx = awa®“wq = aw|(aw)?)?awq = aw(aw)’q = g, and so
(awx)* = q* = q = awx. Moreover, we have

awx? = (awx)x = ga®*wq = a*“wqg = x.

d,w

Obviously, a%?w(aw) = (aw)a®*w, and then we verify that

[|(aw)" — X(W)”“II
[|[(aw)" — (a"*wq)a®w(aw)"*?] — [x((aw)"*! — a*w(aw)"+2)]]]
[I(

< l(aw)" —at® (aZU)”“H +||x||||(mv)”+1 — a®w(aw)" 2|
< (L+Ilxlllall) [ (aw)" — a®*w(aw)" 1|
= (1+IIXIIIIﬂII)II(ﬂW)”(l—ad“’WﬂW) I
= (1+|lxllllal)]|(aw — a®*w(aw)?)"|].

Since aw — a*?w(aw)? = aw — (aw)?(aw)? € AT, we have

lim ||(aw — a® w(uw)Z)”H% =0.

n—c0
Therefore ,

lim [|(acw)” — x(aw)™ 1]} = 0.
Then x = (aw)®. In view of Theorem 2.1, a € A$Y. In this case, 4§ = x = a%Pwg =

ad,wwad,w (ad,w) (1,3) 0

Corollary 3.6. Let a,w € A. Then the following are equivalent:

(1) ahas pseudo w-core inverse.
2) ae AP and P e A3,
(3) a € AP® and there exists a projection g € A such that aP®“ A = g.A.

— aD,wwaD,zu<aD,w)(l,3) — gDw

In this case, ag wyq.

d

Proof. Asa € AP, we have a¥ = aP. Therefore we complete the proof by Theorem 3.5. [J

4. Relations with Weighted Core Inverses

The objective of this section is to delineate the connections between the generalized weighted core
inverse and other types of weighted generalized inverses. We now proceed to the demonstration that
forms the crux of this sections development.

Theorem 4.1. Let a,w € A. Then the following are equivalent:
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1) ae AS.
(2) ae A4 and a?® ¢ A2,

In this case,
ag = [a""w]* (a™)g.

Proof. (1) = (2) In view of Theorem 3.2, 2 € A%®. Let x = a$. Then we have

. 1
2x = awx, nh_r}rolo||(aw)" —awx(aw)"||" = 0.

x = awx?, (awx)* = awx, x(aw)
We verify that

|| (aw)" [(aw)]" — awx(aw)" [ (aw)]"|]
|| (aw)" — awx(aw)"|]||(aw)]"].

||aw(aw)? — awx(aw) (aw)?||

IA

Since nlgn [[(aw)" — awx(aw)"| |% = 0, we deduce that
(e9)

d

lim ||aw(aw)? — awx(aw) (aw)?||7 = 0.

Hence, awx (aw) (aw)? = aw(aw)?. Let z = (aw)?x. Then

aPwz = aw(aw)?x = [(aw)?Paw(aw)?x = awx,
a"wz? = (awx)z = (awx)(aw)?x = aw[x(aw)?x] = (aw)?x = z,
(a%Pwz)* = (awx)* = awx = a%Pwz,
za gt = (aw 2xqd g = aw[awx(aw)(aw)d]ad'wwad'w

)°x
(aw)(aw)d]ad:’wud'w = aw|(aw) (aw)?][(aw)?)?awa®

aw|
aw(aw)?a®? = a

Accordingly,
1" wz? = z, (AP wz)* = a"Vwz, 20" waP = o,
Then a%% € AQ and (a¥*)® = z = (aw)?a2, as desired.
(2) = (1) Set x = (a%®)$. Then we have
aPwxa®? = a®, (2" wx]* = a¥Pwx.

Hence, a%® ¢ A3), According to Theorem 3.5, a € AQ. Moreover, we have

a% — ad,wwad,uJ(wx) _ ad,wwad,ww(ad,uJ)% — [ad,ww]Z(ad,w)%.
O

As an immediate consequence, we provide formulas of the pseudo weighted core inverse of a
complex matrix.

Corollary 4.2. Let A,W € C"*". Then

A% [AD,Ww]Z(AD,W)g)V

(AW)FA[(AW)FFLATY,
where k = max{ind(AW), ind(WA)}.
Proof. By virtue of Theorem 4.1, AR, = [ADWW]2(APW)® In view of [9, Theorem 2.10],

WA = (WA A(WA)F)T
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According to Lemma 3.1, we get
Ay = (AW)@—AW( W)e]?
= AW((AW)®)?) = AjweA]
= AIWAMAWAPH]T] = (AW A[(AW)+1 AT,
as asserted. [
Example 4.3.
11 0 1 1 0
LetA=] 0 0 O JWN=1] 0 —1 0 | e C33. We take the involution on C**# as the
1 1 -1 1 0 O

conjugate transpose. Then

1 00 110
AW=10 0 0 |[WA=] 0 0 O
0 00 110
Hence, max{ind(AW),ind(WA)} = 1. Moreover, we have
AR = AWA[(AW)2A]T )
110 1 10
= 0 00 0 00
0 00 0 00
110 oo
= 000 I oo
0 00 0 00
100
= 0 00
0 00
Evidently, we check that
AW(AR)? = AR, (AWAR))* = AWAR, AW = AWAR AW.

Leta,x € A. xis called (1,4)-inverse of a and is denoted by a*) provided that axa = a and
(xa)* = xa. We use A4 to stand for sets of all (1,4) invertible elements in A.

Lemma 4.4. Let f € A be an idempotent. Then the following are equivalent:

1) fe A3,
2 fre AU,

Proof. See [20, Lemma 3.2]. [
Theorem 4.5. Let a,w € A. Then the following are equivalent:
1) aec AL.

2) ae A% and awa®?w e A3,
@) ac A% and (aw)™ € A4,
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In this case, a2 = a®“w(awa®?w)(13) = a@Ww[1 — (a™) 14 a7],
Proof. (1) = (2) In view of Theorem 3.2, 2 € A%“. For any m € N, we check that

||awa®®w — awa®awa®w||

||awa®®w — awalawa®Cw|| =
< |l(aw)™ — awad (aw)™ (||| ((aw)?)"a®* w)|.

Since
‘ " _ qwa® (aw)™| |7 =
Jim [[(aw0)” — awag )" | = =0,
we have
lim ||awa® w — awa%awad'wwH% =0.
m—oo
Hence awaawa®®w = awa®w, and then
[awa® ™ w][awal] = aw[(aw)?)Pawawa® = awa?,
((awa®™w) (awa2))* = (awad)* = awa® = (awa® w)(awa?),
(awa®Pw) (awa®) (awa®™w) = awal (awa®Pw) = awaawa® w
awa®Pw.
Accordingly, awa®®w € A(13), as desired.
(2) = (1) Let x = a**w(awa®*w)(13). Then we verify that
awx = awa®w(awa®?w) 13 = aw(aw)? (aw(aw)?)1A),
(awx)* = awx,
awx?> = aw(aw)?(a ( w)d)(13 w(awa®Pw)(13)
= aw(aw) (aw(aw)") (3 [ w)]? (awa®w) 1)
(aw)d(awudw )(1,3)
|[(aw)" — awx(aw)"||
= |[(aw)" — aw(aw)?(aw(aw)?) 1) (aw)"||
< l(aw)" — (aw)?(aw)" || + || (aw) (aw) (aw)" — aw(aw) (aw(aw)?) ) (aw)" ||
< |l(aw)" — (aw)? (ﬂw)”+1||+||(ﬂw)(ﬂw)d( w(aw)?) 1) (aw) (aw)? (aw)"
— aw(aw)? (aw(aw)®) ) (aw)"||
< |l(aw)" — (aw)?(aw)" || + || (aw) (aw)? (aw(aw)?) 1) ||| (aw)? (aw) 1 — (aw)"||
= |[(aw)" — (aw)* (aw)"|[1 + || (aw) (aw)* (aw(aw)?) 1A ).
Hence, :
nlgroloH(aw) — awx(aw)"||» = 0.
Therefore a € AZ. In this case, a® = a%“w(awa®*w)(13).

(2) & (3) In view of Lemma 4.4, aw(aw)? € A2 if and only if (aw)™ = 1 — (aw)(aw)? € A1A),
as desired. O

Corollary 4.6. Let a,w € A. Then the following are equivalent:

(1) ae A®.
2) ae A?andaa? € A3,
(3) ae Alanda™ e A1A),

In this case, a® = a(aa?)(13) = ¢9[1 — (a™)14)a7).

Proof. This is obvious by choosing w = 1 in Theorem 4.6. [
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5. Generalized w-Core Orders

This section is dedicated to exploring the generalized weighted core order for pairs of elements
within a Banach *-algebra. The subsequent result will be a recurrent tool in examining the characteristics
of generalized weighted core orders.

Lemma 5.1. Let a, b € AS. Then the following are equivalent:

1) a<gb.
2)  awa®® = bwa®?,a*a®" = p*a®v,

Proof. (1) = (2) Since a <3 b, we have
awa® = bwal,aSa = alb.

By virtue of 4.5, a2 = a®®wa® (a%*)(13)_ Then

awad,wwad,w(ad,w)(l,?)) _ bwad,wwad,w(ad,w)(l,l%),
and so
awa®™wa" = bwa®Pwa®?
Since % = (ad'w )2a, we have awa’® = [awa®“wa® " wa = [bwa®“wa®* wa = bwa'®

Since a$a = a$b, we have
ad'wwad'w(ad'w)(l'3)a = ad'wwad'w(ad'w)(1'3)b.
As a%® = a(wa®")?, we deduce that
a0 (g80)(13)5 — gl (i) (13)
This implies that
o a0 (i) (13) — gl g0y (13).

Therefore a*a®® = b*a®™, as required.
(2) = (1) Since awa®™" = bwa®™", by virtue of Theorem 3.5, we have

awa% =  awa®Vwatw (ad,w) (1,3)
bwa® % wa®w (ad,w) (1,3)
bwa?.

Since a*a?™ = b*a®®, we have a*a®® (a®®)(13) = p*adw (ad)(13) and then a%® (a%w)(13)q =
a® (a)(1L3) . Therefore we derive

a%a — gy dw( )(1’3)61
= aeulete ()0 )
= amfatn (at) 1))
= a9p,

thus yielding the result. [

Leta € A2,b € A. Recall that a <& b if awa® = bwal and a@a = a2b (see [32]). We are now
ready to prove:
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Theorem 5.2. Let a,b € AY. If a = a1 + ap, b = by + by are generalized w-core decompositions of a and b.
Then the following are equivalent:

1) a<gb.
2) a1 <3 by
Proof. (1) = (2) Since a <3 b, we have awa§, = bway and afa = aZb. For any m € N, we derive
mw(ar)y = (a1 +a)w(a)y = away = bwag
= bwaw(a)? = bwlawal)ay = bw[bwa]a$
= (bw)*(ay)* = -+ = (bw)"(aZ)",
byw(ay)§y = bwbGbway = bwb%bwaw(a%)z = bwb$ (bw)?(a$)?
= - = bwby (bw)™(ap)™.

Thus, we have

l|larw(ar)@ — biw(ar)g||

|[(bw)™ (a)™ — bwbg (bw)™ (ag)™||
[[(bw)™ — bwbg (bw)™|||[(ag)™ |-

IA I

In view of Theorem 2.1,
1
Jim [ (bw)™ — bwby (bw)™ || = 0.

Hence,
) 1
Jim,[laro(a) — bro(a) 5|7 = 0.

Therefore ayw(ay)y = byw(a)$
Since by = bwb{b, we verify that

away = mw(a)® = byw(ay)® = bwb$bwa = bwb$awal.

Thus,
[awal]* = [bwbQawal]",

and so
awa? = awabwb®.

Then we see that

(a1)Gar = af(awaZa) = af (away)a
= ay(awaQ)b
= af (awabwby)b

(a$awaQ ) bwby )b
ag (bwbpb) = (a1)wbr-

Therefore a; <& b;.
(2) = (1) Obviously, we have

away = (a1 + ap)way = ayway = bywa = bwbybwag.

Then
a8 = aw(a®)? = bwbSbw(al)?.

Since lim || (bw)" — bwb® (bw)"||# = 0, we deduce that

bwbSbwas) = bwa$).
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This implies that
awa® = bwal.

Clearly, agay = (a1)paz = (a1)gmiw(ar)gaz = (a1)G (arw(ar)G) az = (a1)G [w(ar)F ] (a1)*ar =

0.
Moreover, we have
awa® = bwb@bwal
= (bwby))(away).
Then
away = (awagy)*
= (awag)* (bwbgy)*
= aqwaSbwb?.

Hence, af = afaway = afawafbwby = afbwby). Accordingly, afyb = afbwbQb = (a1)gby =
(a1)5a1 = a$ (a1 + ap) = afa, thus yielding the result. O

Corollary 5.3. The relation <§) for generalized w-core invertible elements is a pre-order on A.

Proof. Step 1. a <{ a. Let a = a1 + a, be the generalized w-core decomposition. In view of [32,
Theorem 2.3], a; < a7. By using Theorem 5.1, a <§, a.

Step 2. Assume thata < band b <{ c. We claim thata <{ ¢. Leta = a; +ay,b = by + by and
¢ = c1 + ¢ be the generalized w-core decompositions of 4, b and c, respectively. By virtue of Lemma
5.1, we have a; <{ by and by < ¢;. In view of [32, Theorem 2.3], we have a7 <{ ¢;. By using Lemma
5.1 again, a <@ .

Therefore the relation <§ for generalized w-core invertible elements is a pre-order. [

The relation < for generalized w-core invertible elements is a pre-order, while it is not partial
order as the following shows.

Example 5.4.
1 00 1 00 1 00
LetA=| 01 0 |,B=|l01 0 |,W=]| 0 1 0 | eC33. We take the involution
0 01 0 0 2 0 00
1 00
on C3*3 as the conjugate transpose. Then APW = [(AW)P]2A = | 0 1 0 | = [(BW)P]?B =
0 0O

BPW. By using Lemma 5.1, we directly verify that A <, Band B <{} A. But A # B.
Theorem 5.5. Let a,b € Ag. Then the following are equivalent:

1 a<@b.
(2) aand b are represented as

where p = awag) and q = (wa)(wa)".
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Proof. (1) = (2) Let p = awa® and g = (wa)(wa)?. Then p> = p = p* € Aand 4> = g € A. We

check that
1 — awa®)a(wa)(wa)?

[1 — awa®)awa(wa)" [(wa)?]"

= [1-aw(aw)®](aw)" " a[(wa)]"
[(aw)" ! — (aw)ag (aw)"]al (wa)]"
0;

(1-p)ag

then (1 — p)ap = 0. Moreover, we verify that

(1—-pbg = [1—awag]b(wa)(wa)’
[1 — awa®)bwaPwa
= [1 — awa®]awa® " wa

Write b = by bz . Clearly, we have
0 b .

pbg = awawb(wa)(wa)d

= awa®bwa®"
awag awa®
awas a (wa)(wa)

paq,

dw

and so a; = b;.
Also we have

pb(1—¢q) = awadb[l — (wa)(wa)?]

= aw(a@b)[1 — (wa)(wa)?]
= aw(afa)[l — (wa)(wa)?]
pa(1—p).

Moreover, (1—p)b(1—q)=(1—p)b=b—pb=b—a(alb) =b—aaga=b—pa= (1—p)a+
(b—a) =ay+ (b —a), as desired.

(2) = (1) By hypothesis, paq pbq and pa(1 —gq) = pb(1 —¢q). Then pa = pb. Hence,
awaya = awayb. This implies that awa =aQb.

Moreover, we have (1 —p)ag = 0 = (1 — p)bg. As pag = pbq, we have ag = bg, and so
a(wa)(wa)® = b(wa)(wa)?. Then awa$ bwaw In light of Lemma 5.1, a <{ b, as asserted. [

The generalized core-EP inverse for a Banach algebra element was introduced in [5]. a <@ b if
and only if 4a® = ba® and a®a = a®b. As an immediate consequence of Theorem 5.5, we derive

Corollary 5.6. Let a,b € A®. Then the following are equivalent:

1) a<®p.
(2) aand b are represented as

where p = 2a® and g = aa”.
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